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Validity conditions for the adiabatic approximation are useful tools to understand and predict the
quantum dynamics. Remarkably, the resonance phenomenon in oscillating quantum systems has
challenged the adiabatic theorem. In this scenario, inconsistencies in the application of quantitative
adiabatic conditions have led to a sequence of new approaches for adiabaticity. Here, by adopting a
different strategy, we introduce a validation mechanism for the adiabatic approximation by driving
the quantum system to a non-inertial reference frame. More specifically, we begin by considering
several relevant adiabatic approximation conditions previously derived and show that all of them fail by
introducing a suitable oscillating Hamiltonian for a single quantum bit (qubit). Then, by evaluating the
adiabatic condition in a rotated non-inertial frame, we show that all of these conditions, including the
standard adiabatic condition, can correctly describe the adiabatic dynamics in the original frame, either
far from resonance or at a resonant point. Moreover, we prove that this validation mechanism can be
extended for general multi-particle quantum systems, establishing the conditions for the equivalence
of the adiabatic behavior as described in inertial or non-inertial frames. In order to experimentally
investigate our method, we consider a hyperfine qubit through a single trapped Ytterbium ion Y71Yb*,
where the ion hyperfine energy levels are used as degrees of freedom of a two-level system. By
monitoring the quantum evolution, we explicitly show the consistency of the adiabatic conditions in the
non-inertial frame.

The adiabatic theorem'~* is a fundamental ingredient in a number of applications in quantum mechanics. Under
adiabatic dynamics, a quantum system evolves obeying a sufficiently slowly-varying Hamiltonian, which prevents
changes in the populations of the energy eigenlevels. In particular, if the system is prepared in an eigenstate |E,(0))

. of the Hamiltonian H(t) at a time ¢t =0, it will evolve to the corresponding instantaneous eigenstate |E,(t)) at later

. times. The concept of adiabaticity plays a relevant role in a vast array of fields, such as energy-level crossings in
molecules*’, quantum field theory®, geometric phases”®, quantum computation®~'3, quantum thermodynam-
ics'*!®, quantum games theory'®, among others. However, despite such a wide range of applications, both suffi-
ciency and necessity of quantitative conditions for the adiabatic behavior have been challenged'. In particular,
inconsistencies in the application of the adiabatic theorem may appear for oscillating Hamiltonians as a conse-
quence of resonant transitions between their energy levels'®-2. Such inconsistencies have led to a revisitation of
the adiabatic theorem, yielding many new proposals of adiabatic conditions (ACs) and bounds for the energy gap
in more general settings (see, e.g., refs*'~%6).

The first experimental investigation on the comparison among these proposals has been considered by Du
et al”’, where the authors considered a single nuclear spin-1/2 particle in a rotating magnetic field manipulated
by nuclear magnetic resonance (NMR) techinques. It is then shown the violation of both the sufficiency and
necessity of the traditional AC, with partial success via some other generalized ACs. It is remarkable such possible
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violations are already apparent for a single quantum bit (qubit) system. More specifically, the ACs analyzed in
ref.?” can be cast in the form of adiabatic coefficients C,(t) which, for a qubit, are given by

1~ | B |
tef0,7] [Eo(t) - E1(t)] (1a)
C, = max i(—<Eo(t)|I_I(t)‘El(tz)> T,
teloql|dt  [Ey(t) — E|(1)] (1b)
C,=m |d @) ‘,
te(o,7] ‘El(t) — Ey(t) — A10(t)| (1c)
¢ - max{ PEOF PE]) - ||H<t>||}
= - 2
telo,7]| |Ey(t) — E(t)] |Eo(t) — E(2)] (1d)

where |E,(t)) are eigenstates of H(t) with energies E, (t), 7 is the total evolution time, A (t) = iy(t) — iy (t)+

%arg[idlo(t)], do(t) = %, and,(t) = (E,(t)|E,(t)), with the dot symbol denoting time derivative and
||| denoting the usual opgratorlnorm. The adiabaticity coeflicient C, is the well-known standard (traditional)
adiabatic condition*?*?%, while the conditions C,, C; and C, as shown above were derived by Tong et al.??,
Wu et al.?** and Ambainis-Regev?!, respectively. In general, the adiabatic behavior in a quantum system is
achieved when C, < 1. Inref.%, it is shown that the condition C, is neither sufficient nor necessary for guarantee-
ing the adiabatic behavior, while the conditions C,, C;, and C, seem to successfully indicate the resonant phenom-
ena observed in their specific experiment (even though their validity is debatable for more general quantum
systems).

Here, instead of looking for new proposals of ACs, we adopt a different strategy to analyze the conditions in
Eq. (1). More specifically, we consider the dynamics of the system in a non-inertial reference frame, where it is
possible to show that all the conditions in Eq. (1), including the traditional AC, work with no violations with
respect to the exact solution of Schodinger equation. We emphasize that this approach implies in a validation
mechanism already applicable for currently adopted adiabatic conditions, yielding a general yet simple solution
for analyzing adiabaticity, including in a resonance setting. Therefore, the approach put forward here generalizes
that presented originally in ref.'”, where the reference frame change has been used as a tool to reveal inconsisten-
cies in the framework of the standard AC. To carry-out our approach, we consider a Hamiltonian that leads to a
failure of all coeflicients in Eq. (1), which means that all the ACs in Eq. (1) are neither necessary nor sufficient to
describe the adiabaticity of the system. Then, by implementing a change of reference frame, all of ACs are shown
to become both necessary and sufficient conditions for the example considered. Remarkably, we can generalize
our results to a generic many-body Hamiltonian, where we provide conditions for the equivalence of the adia-
batic behavior in both inertial and non-inertial reference frames These theoretical results are realized in a single
trapped Ytterbium ion 7'Yb™ system, with excellent experimental agreement.

Results
Oscillating hamiltonian for a single qubit in trapped ions. Let us begin by considering the
Hamiltonian

H(t) = (wy/2)g, + (wq/2) sin(wt)a,, @)

where we assume |w;| 3> |w|. The set of eigenvectors of H(t) is given by |E,(t)) = N, '(t)[—(—1)"a,,(t)[0) + [1)],
a,(t) = %cos&csc(wt)[—z(—l)” cosf + E],and/\/'ﬁ(t) =1+ oznz(t),withE2 =3 + cos(260)—2cos(2wt) sin’ (6),
6 = arctan(wy/wy), and n € {0, 1}. The energies are E,(f) = — (—1)"wysec() /4. Here we describe the system
dynamics by

p(t) = (—ilM)[H(), p(1)]. (3

The experiment is performed using a single Ytterbium ion 7'Yb™, which is trapped in a six needle Paul trap,
with the experimental setup schematically shown in Fig. 1. The qubit is encoded in the hyperfine energy levels of
171Yb* (a hyperfine qubit), represented as|0) = 25, , |[F=0, mz=0)and|1) = °S,,|F = 1, my = 0)*. We coher-
ently drive the hyperfine qubit with a programmable arbitrary waveform generator (AWG)* after Doppler cool-
ing and standard optical pumping process. A 369.5 nm laser is used for fluorescence detection to measure the
population of the|1) state. Observation of more than one photon implies population in |1).

The system is initialized in the state|0) with optical pumping, so that the adiabatic dynamics is achieved if the
system evolves as |t,4(t)) = |E,(t)), up to a global phase. It is possible to show that the Hamiltonian presents a
near-to-resonance situation when we set|w — wy| < |w|. Thus, to study the adiabaticity validity conditions in
our Hamiltonian in Eq. (2) we compute the coefficients in Eq. (1) for different values of the w. In our experiment,
we set the detuning w, = 2m x 1.0 MHz, the coupling strength w; = 27 x 20.0 KHz, and w = a X w,
(a = 10.0, 1.0173, 1.0, 0.9827 and 0.1, respectively).
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Figure 1. Experimental setup for the validation of the adiabatic dynamics through non-inertial frames. The
single 7'Yb* ion is trapped in a six-needle Paul trap. The qubit is encoded in the hyperfine energy levels and
coherently driven with a programmable AWG. The 369.5 nm laser is used to implement the quantum state
detection.
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Figure 2. Theoretical and experimental fidelities for the quantum dynamics. The symbols and lines represent
experimental data and theoretical results, respectively. The error bars are obtained from 60,000 binary-valued
measurements for each data point and are not larger than 1.6%. We setw, = 27 x 1.0 MHz,

wp = 2w x 20.0 KHz,and 7 = 100 us.

In Fig. 2, we experimentally compute the fidelity of obtaining the system in the 1), 4(¢)), where we use the fidel-
ity as F(t) = [Tr[p(t)p ()], where p(t) is solution of the Eq. (3) and g ,(t) = |E (1)) (E(t)|. We show the experi-
mental results for three different situations, where we have w > wj, w < wy and w = w,. When we have
|w — wy| > |wq), the condition should provide us C, < 1. However, looking at Fig. 3(a) we can see that such
result is not obtained in case w > wj. Therefore, all the ACs provided by Eq. (1) are not necessary, once we have
adiabaticity even in case where the ACs are not obeyed. On the other hand, in the near-to-resonance situation we
have no adiabaticity (once the fidelity is much smaller than 1), in contrast with Fig. 3(a), where we get C, < 102,
Therefore, the ACs are not sufficient for studying the adiabatic behavior of our system. In conclusion, rather dif-
ferently from the system considered in ref.?’, all the ACs provided by Eq. (1) are not applicable to the dynamics
governed by the Hamiltonian in Eq. (2). These results imply that a direct application of the ACs yields neither
sufficient nor necessary.

At this point, providing a new condition for adiabaticity could be a natural path to follow. Nevertheless, in order
to investigate the applicability of ACs, we will implement, similarly as in classical mechanics, a transformation to a
non-inertial frame in Schrédinger equation. By considering frame representation in quantum mechanics, Eq. (3)
can be taken as Schrddinger equation in an inertial frame®'. To introduce a non-inertial frame, we can perform a
rotation using the unitary time-dependent operator O(t) = ¢"'=. In this frame, the dynamics is given by
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Figure 3. (a) We show the coefficients C, as function of w/w, computed for the inertial frame. (b) We show the
coefficients C, as function of w/w, computed for the non-inertial frame. We set w, = 27 x 1.0 MHz,
wp = 21 x 20.0 KHz, and 7 = 100 us.

where H(t) = O(t)H(t)O'(t) + ihO()O'(t)and p,(t) = O(t)p(t) O'(1). The contribution ihO(£) O'(t) in Hy ()
can be interpreted as a “fictitious potential”*'. This procedure is a common strategy, e.g., in nuclear magnetic
resonance, where we use the non-inertial frame to describe the system dynamics®>*. By computmg the
non-inertial Hamiltonian Hy(f) we find Ho(t) = (wy — w)a,/2 + s1n(wt)tan0w (t) - @, with
o, (t) = wyl cos(wt)x — sm(wt)y] /2and G, = 0% + o,§. Now, if we compute the conditions C, consu:f‘érlng the
sef of eigenstate and energies of the new Hamlltonlan H é) we obtain the curves shown in Fig. 3(b). Thus, consid-
ering the results in Figs 2 and 3(b), it is possible to conclude that the coeflicients C, computed in the non-inertial
frame allow us to successfully describe the adiabaticity of the inertial frame. This is in contrast with previous
results, which indicated that the ACs may be problematic as we consider oscillating or rotating fields in resonant
conditions'*?. In particular, notice that even the traditional AC, when analyzed in this non-inertial frame,
becomes sufficient and necessary for the adiabatic behavior of the single-qubit oscillating Hamiltonian in Eq. (2).
Moreover, it is worth highlighting that the conditions C,, C,, and C; vanish for a far-from resonance situation,
while condition C, presents an asymptotic value of 2tan’@ ~ 10"~ in the regime w >> w, (see Methods section for
a detailed discussion).

Validation mechanism for ACs and frame-dependent adiabaticity. We now establish a general
validation mechanism for ACs connecting inertial and non-inertial frames, with special focus on cases under
resonant conditions. This approach is applicable beyond the single-qubit system previously considered, holding
for more general multi-particle quantum systems. First, it is important to highlight that rotated frames have been
originally considered by Marzlin and Sanders in ref.!”. More specifically, they show an example of inapplicability
of the adiabatic approximation for highly oscillating Hamiltonians governing a two-level system. Rotated frames
were then applied in order to analytically solve the quantum dynamics. Here, the results of ref.!” are generalized,
with the role of non-inertial frames explicitly formalized and extended to discrete quantum systems of arbitrary
dimensions.

Let us consider a Hamiltonian H(f) in an inertial reference frame and its non-inertial counterpart H,(t), where
the change of reference frame is provided by a generic time-dependent unitary O(t). The Hamiltonians H(f) and
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H(t) obey eigenvalue equations given by H(t)|E,(t)) = E,(t)|E,(t)) and Ho(t)|E,?(t)) = Ef(t)|E,?(t)), with
[H(t), H(t")] = 0and[H(t), Hp(t')] = 0, in general. The adiabatic dynamics in the inertial frame, which is gov-

erned by H(t), can be defined through its corresponding evolution operator U(t, to):zne'fto 9"(5)d5|En(t)) (E(to)]s
where ,(t) = —E,(t)/h + i(E,(t)|E,(t)) is the adiabatic phase, composed by its dynamic and geometric contribu-
tions, respectively. Then, we can connect the adiabatic evolution in the inertial and non-inertial frames through the
theorem below.

Theorem 1 Consider a Hamiltonian H(t) and its non-inertial counterpart H,(t) = O(t)H(t) O'() + OB O'(1),
with O(t) an arbitrary unitary transformation. The eigenstates of H(t) and Hy(t) are denoted by|E,(t)) and|ES(t)),
respectively. Then, if a quantum system S is prepared at time t = t in a particular eigenstate|E;(t,)) of H(t,), then
the adiabatic evolution of S in the inertial frame, governed by H(t), implies in the adiabatic evolution of S in the
non-inertial frame, governed by H(t), if and only if

[{E (D] OM|E(D)| = [(E, (1) Ot) [E(t))| Y £, m, (5)

wheret € [t,, 7], with T denoting the total time of evolution. Conversely, if the adiabatic dynamics in the non-inertial
frame starts in|ES(t,)), then the dynamics in the inertial frame is also adiabatic if and only if Eq. (5) is satisfied.

The proof is provided in Method section. Notice that Theorem 1 establishes that, if Eq. (5) is satisfied, then a
non-adiabatic behavior in the non-inertial frame ensures a non-adiabatic behavior in the original frame and
vice-versa, provided that the evolution starts in a single eigenstate of the initial Hamiltonian. Then, we can apply
this result to general time-dependent resonant Hamiltonians, since we have no restriction on the Hamiltonian in
Theorem 1. A typical scenario gchibiting resonance phenomena appears when a phyical system E coupled to
both a static high intensity field Band a time-dependent transverse field B(t), where|| B(t)|| < || By||. Here, we
will consider that the transverse field E}(t) is associated to a single rotating or oscillating field with frequency w.
In this context, we can write a general multi-qubit Hamiltonian as

H(w, t) = hwyH) + hwHp(w, t), (6)

where the contributions fiw,H, and iwH(w, t) depe_>nd on the ﬁe&ls E:) and ?T(t), respectively. Since E, L E)T(t),
we observe that [H(w, t), Hj] = 0. In the case||By(t)|| < || By} the eigenstates|E,(t)) of the Hamiltonian
H(w, t) can be written as|E,(t)) ~ |EJ), where |E_) is a stationary eigenstate of the Hamiltonian fiw,H,.

If we have a far-from-resonance situation, we can approximate the dynamics obtained from H(w, f) as that one
driven by hwyH,. However, in a near-to-resonance field configuration the most convenient way to study the sys-
tem dynamics is by adopting a change of reference frame. A general approach to frame change is obtained by the
choice O(w, t) = ¢“F*. Then, from Eq. (6), we can show that

Hyp(w, t) = Mwy — w)H, + ﬁwTHO,T(w, t). (7)

where Hp, (w, t) = O(t)HT(t)(f(t). It is worth mentioning that[H, ((w, t), Hy] = 0,once[H(w, t), Hy] = 0.
In addition, since Hy, (w, t)is constrained to Hy(t) through a unitary transformation, ||[Hy(w, t)|| = ||Hp {(w, )|}
Therefore, due to the quantity w, — w in the first term of H(w, t), the contribution of H(w, t) cannot be ignored in
this new frame.

As shown in Method section, by considering the generic Hamiltonian in Eq. (6), we obtain that Eq. (5) in
Theorem 1 is automatically satisfied if the quantum system is in a far-from resonance configuration
|w — wy| > |wq) so that the adiabatic dynamics in the inertial frame can be always predicted from the adiabatic-
ity analysis in the non-inertial frame. For this reason, the curves in Fig. 3(b) can correctly describe the adiabatic
behavior exhibited in Fig. 2, yielding C, < 1for|w| > |wy|and|w| < |wp| On the other hand, at resonance (or
near-to-resonance) configuration|w — wy| < |wg), Eq. (5) in Theorem 1 reduces to the rather simple condition
HESW)|ED)| = |[(ES(t,)|EX) | Hence, provided a generic Hamiltonian given by Eq. (6) at resonance (or
near-to-resonance) situation, if the corresponding Hamiltonian in the non-inertial frame has time-dependent
eigenstates obeying|(EZ(t)|E{)| = constant, V¢, m, for a particular initial state|E}), then a non-adiabatic evolu-
tion in the non-inertial frame implies in non-adiabatic evolution in the inertial frame. This is exactly the case for
the Hamiltonian in Eq. (2), with the violation of adiabaticity at resonance illustrated in Fig. 3(b) for all the ACs
considered.

Revisiting the problem of the spin-1/2 particle in a rotating magnetic field. We now apply our
general treatment to the NMR Hamiltonian discussed by Du et al.”’. The dynamics describes a single spin-1/2
— —
particle coupled to a static field B, = B,z and a transverse radio-frequency field B¢(t) = B,¢[cos(w)X + sin(w)j],

with Hamiltonian given by

H, (1) = (wy/2)a, + (wy/2)[cos(wt)o, + sin(wt)ay], (8)

where |wy| > |w,g. The system is prepared in an eigenstate of ¢, and the frequencies are chosen such that the
standard AC is satisfied?’. In this scenario, the violations and agreements about ACs for this system have widely
been discussed in literature**—*”. Here we analyze this Hamiltonian from a different point of view. By writing the
system dynamics in the non-inertial frame through O(¢t) = ¢72'% we obtain HH™ = (wy — w)a,/2 + (wy/2)o,.
Since this Hamiltonian is time-independent, the dynamics under H;™ is trivially adiabatic, with all ACs in
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Eq. (1) satisfied. Therefore, the is no direct visualization of the resonant point. However, Theorem 1 cannot be
directly applied here near to resonance because the initial state in this case is not an individual eigenstate of H5™,
since Hy™ is approximately proportional to o,. We can circumvent this problem by taking advantage of the
time-independence of H;™. More specifically, we start from the evolution operator Uy(t, t,) = e ~iHo(t=1) i the
non-inertial frame and investigate under which conditions we may obtain an adiabatic dynamics in the inertial

frame. This can be suitably addressed by Theorem 2 below.

Theorem 2. Consider a Hamiltonian H(t) and its non-inertial counterpart H,, = OWMHMO'(t) + iO®) O'(1),
with O(t) an arbitrary umtary transformation and H, a constant Hamiltonian. The eigenstates of H(t) and H, are
denoted by|E,(t)) and|EL), respectively. Then, if a quantum system S is prepared at timet = t, in a particular eigen-
state|E,(t,)) of H(t,), then the adiabatic evolution of S in the inertial frame, governed by H(t), occurs if and only if

{E(D|Uo(t: 1) | E,(1))| = [(E(to)[E,(t))] ¥t K, )

wheret € [ty, T}, with T denoting the total time of evolution, and Up(t, t,) = O'(t)e 110" t,).

The proof is provided in Method section. Notice that Theorem 2 can be applied to any time-dependent
Hamiltonian H(t) associated with a constant non-inertial counterpart H,. The experimental results in ref.?” can
be validated by Theorem 2, since the Hamiltonian in Eq. (8) satisfies Eq. (9) in a far-from resonance situation and
violates it at resonance. In fact, the initial state |1)(0)) can be approximately written as [1)(0)) = |E,(0)) ~ |n)
[with o;|n) = (—1)""V|n)]. Thus, Eq. (9) provides the condition \(k\eiﬁHO’\ ny| = |(k|n)| = &> Vk and
Vte[0,7]. In a far-from-resonance situation, we have Hy™ ~ “’a , and we conclude that

|(k\e"H@t| )| & 6y, This shows that the dynamics in the inertial frame is (approximately) adiabatic far from
resonance. On the other hand, near to resonance, we get H(‘;‘m ~ %Ux’ where we can immediately conclude that

|(k\e7%H0t|n) |6, is not valid for any ¢ € [0, 7).

Conclusion

We have introduced a framework to validate ACs in generic discrete multi-particle Hamitonians, which is
rather convenient to analyze quantum systems at resonance. This is based on the analysis of ACs in a suitably
designed non-inertial reference frame. In particular, we have both theoretically and experimentally shown that
several relevant ACs [provided by Eq. (1)], which include the traditional AC, are sufficient and necessary to
describe the adiabatic behavior of a qubit in an oscillating field given by Eq. (2). In this case, sufficiency and
necessity are fundamentally obtained through the non-inertial frame map, with all the conditions failing to
point out the adiabatic behavior in the original reference frame. The experimental realization has been per-
formed through a single trapped Ytterbium ion, with excellent agreement with the theoretical results. More
generally, the validation of ACs has been expanded to arbitrary Hamiltonians through Theorems 1 and 2, with
detailed conditions provided for a large class of Hamiltonians in the form of Eq. (6). Therefore, instead of
looking for new approaches for defining ACs, we have introduced a mechanism based on “fictitious potentials”
(associated with non-inertial frames) to reveal a correct indication of ACs, both at resonance and off-resonant
situations. In addition, as a further example, we discuss how the validation mechanism through non-inertial
frames can be useful to describe the results presented in ref.?’, where the adiabatic dynamics of a single spin-
1/2 in NMR had been previously investigated. More general settings, such as decoherence effects, are left for
future research.

Methods

Proof of theorem 1. Let us consider two Hamiltonians, an inertial frame Hamiltonian H(t) and its non-in-
ertial counterpart Hy(t), which are related by a time-dependent unitary O(t). The dynamics associated with
Hamiltonians H(t) and H,(t) are given by

() = L
ot) = . [H(t), p(1)], (10)

o1

where Ho(t) = O(H(t)O'(t) + ihO()O'(t) and p,,(t) = O(t)p(t) O'(t). Then, the connection between the
evolved states|1/(t)) and [¢),(t)) in inertial and non-inertial frames, respectively, is given by [¢)(1)) = O(t)|¢(t)),
Vt € [t, 7]. By considering the initial state in inertial frame given by a single eigenstate of H(t), namely
[1(ty)) = |E(t,)), the adiabatic dynamics in this frame is written as

[o(t)) = eifto ek@dg\Ek(t)), (12)

where 6,(t) = —Ei(t)/h + i(Ei(t)|(d/dt)|Ei(t)) is the adiabatic phase composed by the dynamical and geometri-
cal phase, respectively. On the other hand, an adiabatic behavior is obtained in non-inertial frame if and only if

HER 0 bo®)] = [EL @) olt)], Ym, Yt € [t, 7). (13)

SCIENTIFICREPORTS|  (2019) 9:10449 | https://doi.org/10.1038/s41598-019-46754-z 6


https://doi.org/10.1038/s41598-019-46754-z

www.nature.com/scientificreports/

Therefore, we can write

HEm®)o®)] = [{Exq(t)ltolty)],
{Em[OOY0)] = [(Exlt)| Ote)|¥ity)],
(E()|OW|ELD)] = [{En(t)| Oto) [ Exlt))]- (14)

Thus, Eq. (14) establishes a necessary and sufficient condition to obtain an adiabatic evolution in the
non-inertial frame, assuming an adiabatic evolution in the original frame. To conclude our proof, let us consider
the converse case, where the system starts in a eigenstate of |E,(3 (t,)) in non-inertial frame. If the dynamics is adi-

abatic we write
t
 NUAGLS
[Yo(t)) = e J, |E(6), (15)
where 0 (t) is the adiabatic phase collected in this frame. The dynamics will be adiabatic in the inertial frame if
and only if
(E (D[P0)] = [(E,(t)[e(to))], Vi, Vt € [t, ]. (16)

Therefore, by using the same procedure as before, we get the condition

{EDIO (DIE,(1))] = [(Ex(te)| O' (1) E,. (1)) (17)

which is equivalent to Eq. (14). This ends the proof of Theorem 1.

Application of theorem 1 to a time-dependent hamiltonian for a single oscillating field. Letus
consider a generic system under action of a single time-dependent oscillating field with characteristic frequency
w, whose Hamiltonian reads

H(w, t) = hwyHy + hwHp(w, t), (18)

where we consider the transverse term fiw Hp(w, t) as a perturbation, so that ||wyHy|| > ||wrHp(w, 1)},
V t € [0, 7]. In this case, the eigenstates |E,(t)) and energies E,(t) of H(w, t) can be obtained as perturbation of
eigenstates|E”) and energies E_ of fiw,H, as (up to a normalization coefficient)

E () = |Ey) + O(||hwH(w, B)]), (19)

E (t) = E? + O(||hwHp(w, t)|]). (20)
On the other hand, in the non-inertial frame, we have Hy(t) = O(t)H(t) O'(t) + ihO) O'(t), which yields
Hp(w, t) = Mwy — w)Hy + AwHg (w, ). (21)

where H, r(w, t) = O(t)H(w, t) O'(t). Now, we separately consider two specific cases:

o Far-from resonance situation |wy, — w| > |wy|: In this case, the term fwH, (w, t) in Eq. (21) works as a
perturbation. Therefore the set of eigenvectors of H(w, t) reads

EQ(1) = |E) + O(||hwrH(w, D)), (22)

where we have used that the energy gaps Ef - Eko of the Hamiltonian /(w, — w)H, are identical to energy
gaps E,) — E{ of hwyH, and||hwiHy (w, t)|| = ||hwHy(w, t)||. Thus, from Eqs (19) and (22) we conclude,
for any eigenstate|E;(t)), that
w B
(EJ (0] OW)|E(1)) ~ e h 6, (23)
so that we get| (ES(t)|O(t)|E(t))| = constant, Vm, V¢ € [t,, 7).

o Resonance situation|w, — w| < |wr| Now, we have a more subtle situation. Firstly, we can use Egs (19) and (20)
to write

W B
OM)|E(t)) = e“0n ') + O(||hwrHy(w, 1)]]), (24)
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¢ 0
INCGES —%(t — 1) + O(|fiwHy(w, D],

o (25)
so that
0

cw Bk
(ESQ(1)| O)|E(t)) ~ e'%an (ES(t)|EY). (26)

Now, it is possible to see that if [(ES()|E))| = [(ES(t,)|EY)|, Vt € [ty 7], then we obtain
(ES(1)| O1)|Ey(1))| = constant.

Proof of theorem 2.  Let us consider a time-independent Hamiltonian H,, in the non-inertial frame, so that
its evolution operator can be written as Up(t, t,) = e ! ~'), Thus, we can write the dynamics in non-inertial

frame as
[bo(0) = ¢ 1 i) @7)
Moreover, assuming adiabatic dynamics in the inertial frame, we get
{ED[D)] = [{E(t)[¢:8))]- (28)

By using the relationship between inertial and non-inertial frames as|(¢)) = OT(t)WO(t)), we can write

[EDIO' 07wl = [ty 29)
where we have used the Eq. (27). Now, by taking |1»(t,)) = O(t,)]1(t,)), we obtain

B0 70 it = Bttty (30)
Thus, by inserting the initial state|¢(t,)) = |E,(t,)) in Eq. (30), we get

[(Ey(D)| O (1) 1" 0(1y) |, (t,)) | = [(Ex(to)|E,(t))]- (31)

This concludes the proof of Theorem 2.

Asymptotic behavior of the adiabaticity parameters C,,. Due to the large analytical expressions for
the eigenstates and eigenvalues of the Hamiltonian, it is suitable to analyze the quantities C;, C, and C; from a
numerical perspective. By applying a such a treatment, we can show that in the regime where w < w; and
w > w,, we have C, — 0 for n = {1, 2, 3}. However, the same numerical treatment shows that C, has a
non-vanishing asymptotic behavior. In this case, since the expression for C, just depends on the spectrum of H(f),
an analytical study about the asymptotic behavior can be considered. Therefore, let us write

_ IHGIP  PEG] - [HO |
welorl| [Eo(t) — Ex(t)|* |Eg(t) — (D) (32)

By computing the quantities in the above equation for the Hamiltonian in Eq. (2), we get

C(l)(t) _ | H) |P _ 2r% cos 0 sin® 0
* TE) —E\(OF 3+ 2(=2+r)r+ [1 4 2(=2 + r)rlcos(20) — 2cos(2riwy)sin?6}? (33)
C(Z)(t) A - HO || 1673 | cos(rtwy) | cos 6 sin® 0
* B [Eo(t) — El(f)|3 N [[34+2( =2+ r)r+ [1+2( =2+ r)r] cos (20) — 2 cos (2rtwy) sin® I ? (34)

where we already used that w = rw, and we adopted the total evolution time as 7 = 1/wj,. A first point to be high-
lighted is that in the limitr — 0 (w < w), we have{Ci”(t), Ciz)(t)} — {0, 0}, so that C; < 1. On the other hand,
let us look at the regime where r > 1 (w > wy). First, notice that, for r > 1, we can approximate

273 cosf sin’ 0

C(l) ~ ’
4 (t)‘r>>1 [2(_2 + r)r[l —+ COS(Za)]]2 (35)

1677 cos(rtw,)| cosfsin’0
[2(=2 + r)r[l + cos(20)]|3/2' (36)

2
CAE )(t)|r>>1 ~

since the terms[3 4+ cos(26) — 2cos(2rtw,) sin® 0] in the denominators of Eqs (33) and (34) are at zeroth order
in r and, therefore, can be neglected. Now, the maximum value of C‘El)(t) as a function of ¢ is obtained when
|cos(rtw,)| = 1, which happens att = 7/(2rw,). Therefore, we obtain
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21 cosOsin® 0

max Czil)(l‘)|r>>1 R =,

te(0,7] [2(=2 + r)r[1 + cos(20)]] (37)
167> cos@sin?0

max C(8)],, ~ 3

te[0,7] [2(=2 4 )l + cos(20)]] (38)

Finally, we can now expand the above equations for values of r > 1and we can show that

(1) —1 (2) 2 -1
tlél[g,)i]c‘l )]ys1 ~ 04+ OG ), tlél[g’)i] Cy7()|,sq ~ 2tan" 6 4+ O(r7), (39)

where we are neglecting terms depending on r~”, with # > 1 in the limit r > 1. Thus, we conclude that

Cylysy ~ 2tan’d. (40)

In the particular case of the Fig. 3(b), we have G|, , ~ 0.8 - 107",

References

<RSI NI S

~

34,

35.

36.

37.

. Born, M. & Fock, V. Beweis des adiabatensatzes. Z. Phys 51, 165 (1928).

. Kato, T. On the adiabatic theorem of quantum mechanics. J. Phys. Soc. Jpn. 5, 435 (1950).

. Messiah, A. Quantum Mechanics. Quantum Mechanics (North-Holland Publishing Company, 1962).
. Landau, L. D. Zur theorie der energieubertragung ii. Phys. Z. Sowjet 2, 46-51 (1932).

Zener, C. Non-adiabatic crossing of energy levels. Proc. R. Soc. A 137, 696 (1932).

. Gell-Mann, M. & Low, E. Bound states in quantum field theory. Phys. Rev 84, 350-354, https://doi.org/10.1103/Phys-Rev.84.350

(1951).

. Berry, M. V. Quantal phase factors accompanying adiabatic changes. Proc. R. Soc. A 392, 45 (1984).
. Wilczek, F. & Zee, A. Appearance of gauge structure in simple dynamical systems. Phys. Rev. Lett. 52, 2111-2114, https://doi.

org/10.1103/PhysRevLett.52.2111 (1984).

. Farhi, E. et al. A quantum adiabatic evolution algorithm applied to random instances of an np-complete problem. Sci 292, 472-475

(2001).

. Bacon, D. & Flammia, S. T. Adiabatic gate teleportation. Phys. Rev. Lett. 103, 120504, https://doi.org/10.1103/Phys-RevLett.103.120504

(2009).

. Hen, I. Quantum gates with controlled adiabatic evolutions. Phys. Rev. A 91, 022309 (2015).

. Santos, A. C,, Silva, R. D. & Sarandy, M. S. Shortcut to adiabatic gate teleportation. Phys. Rev. A 93,012311 (2016).

. Albash, T. & Lidar, D. A. Adiabatic quantum computation. Rev. Mod. Phys. 90, 015002 (2018).

. Abah, O. & Lutz, E. Energy effcient quantum machines. Eur. Lett. (EPL) 118, 40005 (2017).

. He, ], Chen, ]. & Hua, B. Quantum refrigeration cycles using spin-1/2 systems as the working substance. Phys. Rev. E 65, 036145,

https://doi.org/10.1103/PhysRevE.65.036145 (2002).

. de Ponte, M. & Santos, A. C. Adiabatic quantum games and phase-transition-like behavior between optimal strategies. Quantum Inf.

Process. 17, 149 (2018).

. Marzlin, K.-P. & Sanders, B. C. Inconsistency in the application of the adiabatic theorem. Phys. Rev. Lett. 93, 160408 (2004).
. Tong, D. M,, Singh, K., Kwek, L. C. & Oh, C. H. Quantitative conditions do not guarantee the validity of the adiabatic approximation.

Phys. Rev. Lett. 95, 110407 (2005).

. Duki, S., Mathur, H. & Narayan, O. Is the adiabatic approximation inconsistent? arXiv preprint arXiv: quant-ph/0510131 (2005).

. Amin, M. Consistency of the adiabatic theorem. Phys. Rev. Lett. 102, 220401 (2009).

. Ambainis, A. & Regev, O. An Elementary Proof of the Quantum Adiabatic Theorem. arXiv e-prints quant-ph/0411152 (2004).

. Tong, D. M., Singh, K., Kwek, L. C. & Oh, C. H. Su_ciency criterion for the validity of the adiabatic approximation. Phys. Rev. Lett.

98, 150402 (2007).

. Wu, J.-d,, Zhao, M.-s,, Chen, ].-l. & Zhang, Y.-d. Adiabatic Approximation Condition. arXiv e-prints arXiv:0706.0264 (2007).
. Jansen, S., Ruskai, M.-B. & Seiler, R. Bounds for the adiabatic approximation with applications to quantum computation. J. Math.

Phys 48, 102111 (2007).

. Wu, ].-D,, Zhao, M.-S., Chen, J.-L. & Zhang, Y.-D. Adiabatic condition and quantum geometric potential. Phys. Rev. A 77, 062114

(2008).

. Deift, P.,, Ruskai, M. B. & Spitzer, W. Improved gap estimates for simulating quantum circuits by adiabatic evolution. Quantum Inf.

Process. 6, 121-125 (2007).

. Du, J. et al. Experimental study of the validity of quantitative conditions in the quantum adiabatic theorem. Phys. Rev. Lett. 101,

060403 (2008).

. Sarandy, M. S., Wu, L.-A. & Lidar, D. A. Consistency of the adiabatic theorem. Quantum Inf. Process. 3, 331 (2004).

. Olmschenk, S. ef al. Manipulation and detection of a trapped Yb ™" hyperfine qubit. Phys. Rev. A 76, 052314 (2007).

. Hu, C.-K. et al. Experimental implementation of generalized transitionless quantum driving. Opt. Lett. 43, 3136-3139 (2018).

. Klink, W. Quantum mechanics in nonintertial reference frames. Ann. Phys 260, 27-49 (1997).

. Oliveira, L, Sarthour, R. Jr., Bonagamba, T., Azevedo, E. & Freitas, J. C. NMR quantum information processing (Elsevier, Oxford, UK,

2011).

. Nielsen, M. A. & Chuang, I. L. Quantum Computation and Quantum Information: 10th Anniversary Edition, 10th edn (Cambridge

University Press, New York, NY, USA, 2011).

Tong, D. M. Quantitative condition is necessary in guaranteeing the validity of the adiabatic approximation. Phys. Rev. Lett. 104,
120401 (2010).

Comparat, D. Comment on “quantitative condition is necessary in guaranteeing the validity of the adiabatic approximation”. Phys.
Rev. Lett. 106, 138902, https://doi.org/10.1103/PhysRevLett.106.138902 (2011).

Zhao, M. & Wu, J. Comment on “quantitative condition is necessary in guaranteeing the validity of the adiabatic approximation”.
Phys. Rev. Lett. 106, 138901 (2011).

Tong, D. M. Tong replies. Phys. Rev. Lett. 106, 138903 (2011).

SCIENTIFIC REPORTS |

(2019) 9:10449 | https://doi.org/10.1038/s41598-019-46754-z 9


https://doi.org/10.1038/s41598-019-46754-z
https://doi.org/10.1103/Phys-Rev.84.350
https://doi.org/10.1103/PhysRevLett.52.2111
https://doi.org/10.1103/PhysRevLett.52.2111
https://doi.org/10.1103/Phys-RevLett.103.120504
https://doi.org/10.1103/PhysRevE.65.036145
https://doi.org/10.1103/PhysRevLett.106.138902

www.nature.com/scientificreports/

Acknowledgements

We thank Yuan-Yuan Zhao for valuable discussion. This work was supported by the National Key Research
and Development Program of China (No. 2017YFA0304100), National Natural Science Foundation of China
(Nos 61327901, 61490711, 11774335, 11734015), Anhui Initiative in Quantum Information Technologies
(AHY070000, AHY020100), Anhui Provincial Natural Science Foundation (No. 1608085QA22), Key Research
Program of Frontier Sciences, CAS (No. QYZDY-SSWSLHO003), the National Program for Support of Top-notch
Young Professionals, the Fundamental Research Funds for the Central Universities (WK2470000026). A.C.S. is
supported by Conselho Nacional de Desenvolvimento Cientfico e Tecnologico (CNPq-Brazil). M.S.S. is supported
by CNPq-Brazil (No. 303070/2016-1) and Fundagao Carlos Chagas Filho de Amparo a Pesquisa do Estado do Rio
de Janeiro (FAPER]) (No. 203036/2016). A.C.S., EB. and M.S.S. also acknowledge financial support in part by the
Coordenagio de Aperfeigoamento de Pessoal de Nivel Superior - Brasil (CAPES) (Finance Code 001) and by the
Brazilian National Institute for Science and Technology of Quantum Information (INCT-IQ).

Author Contributions

A.C.S., EB. and M.S.S. developed and performed the theoretical analysis. C.-K.H., J.-M.C., Y.-EH. and C.-FL.
designed the experiment. C.-K.H., J.-M.C. and Y.-EH. performed the experiment. C.-K.H., Y.-EH., A.C.S,,
EB. and M.S.S. wrote the manuscript. C.-EL. and G.-C.G. supervised the project. All authors discussed and
contributed to the analysis of the experimental data.

Additional Information
Competing Interests: The authors declare no competing interests.

Publisher’s note: Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International

License, which permits use, sharing, adaptation, distribution and reproduction in any medium or
format, as long as you give appropriate credit to the original author(s) and the source, provide a link to the Cre-
ative Commons license, and indicate if changes were made. The images or other third party material in this
article are included in the article’s Creative Commons license, unless indicated otherwise in a credit line to the
material. If material is not included in the article’s Creative Commons license and your intended use is not per-
mitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this license, visit http://creativecommons.org/licenses/by/4.0/.

© The Author(s) 2019

SCIENTIFICREPORTS|  (2019) 9:10449 | https://doi.org/10.1038/s41598-019-46754-z 10


https://doi.org/10.1038/s41598-019-46754-z
http://creativecommons.org/licenses/by/4.0/

	Validation of quantum adiabaticity through non-inertial frames and its trapped-ion realization

	Results

	Oscillating hamiltonian for a single qubit in trapped ions. 
	Validation mechanism for ACs and frame-dependent adiabaticity. 
	Revisiting the problem of the spin-1/2 particle in a rotating magnetic field. 

	Conclusion

	Methods

	Proof of theorem 1. 
	Application of theorem 1 to a time-dependent hamiltonian for a single oscillating field. 
	Proof of theorem 2. 
	Asymptotic behavior of the adiabaticity parameters Cn. 

	Acknowledgements

	Figure 1 Experimental setup for the validation of the adiabatic dynamics through non-inertial frames.
	Figure 2 Theoretical and experimental fidelities for the quantum dynamics.
	Figure 3 (a) We show the coefficients Cn as function of computed for the inertial frame.




