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Abstract

Mathematical Morphology on sets can be understood as a formal language,
whose vocabulary are crosions, dilations, compleinentation. intersection and union.
This language is complete, that is, it is cnough to perform any set operator. Since
the sixties special Machines, called Morphological Machines (MMach’s), have been
built to implement this language. In the literature. we find hundreds of MMach
programs that are used to solve image analysis problems. However, the design of
these programs is not an clementary task. Thus. recently much research effort has
been addressed to automating the programming of MMach’s. A very promissing
approach to this problew is the deseription of the target operator by input-output
pairs of images and the translation of these data into cfficient MMach programs,
This approach can be decomposedd in two equally important steps: i-learning of
the target operator from pairs of images: ii-search of econotical representations for
the operators learned. The theory presented in this paper is nseful in the second
step of this procedure. We will present some set operations on collections of closed
intervals and give cfficient algorithms to perform them. These operations will he
used to paralelize MMach programs aud to prove the equivalenee between distinet
MMach programs.
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1 Introduction

Binary Image Analysis is an important tool for various areas such as industrial process
control, office automation, quantitative microscopy, etc.

A patural model for a procedure used in Binary Image Analysis is a set mapping applied
on a Discrete Random Set [10]. The set mappings will be called here set operators.
Mathematical Morphology (MM) is a general framework to study set operators |21, 23, 24].

Two simple familics of set operators are the so called erosions and dilations. A central
paradigma in MM is the representation of set operators by a concatenation of erosions and
dilations through the operations of composition. intersection, union and complementation.

This paradigma can be formalized by the use of a formal language, called here the Mor-
phological Language, whose vocabulary are erosions, dilations, intersection, union and
complementation [4]. This language is complete (i.e., it is enough to describe any set
operator) and expressive (i.e., most useful operators can be described by phrases that
use relatively few words). A plirase of the Morphological Language will be called here a
Morphological Operator.

Since the sixties special machines, called here Morphological Machines (MMach’s), have
been built to perform this language [1. 17, 11, 16, 5, 3]. A program for a MMach is just
an implementation of a Morphological Operator.

In the literature, we find hundreds of applications of Morphological Operators for the
solution of Image Analysis Problems [23, 1, 15]. However, the design of Morphological
Operators is not an elementary task. Classically this task is performed empirically based
just on the experience of the user with the use of Morphological Operators.

The classical approach for the design of morphological operators restrict the universe of
MMach programmers just to the experts in MM. In order to overcome this restric-
tion, recently much research effort has been addressed to antomate the programming of
MMach’s [20, 19, 5, 8, 22. 15. 25. 12. 6}. Lk goal is to find suitable knowledge repre-
sentation formalisms and to develop tools that transiate them into MMach programs.
Some of these tools use collections of fuput-ourput pairs of images as the knowledge
representation formalism.

The problem of designing a Morphological Operator from pairs of images can be decom-
posed in two equally important steps: i- estimation or learning of the target operator
from input-output image pairs; ii-search of economical representations (i.e.. that use a
minimumn mumnber of words) for the set operator estimated. The theory presented in this
paper is useful to approach the second step of this procedure.

A particular kind of Morphological Operator used in the automatic programming of
MMach's is the canonical decomposition structure: union of intersections of erosions
and complemented dilations . This decomposition structure is strongly parallel and is
enough to perform any set operator. The erosions and dilations used in the canonical
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decomposition of a given set operator are characterized by a collection of closed intervals,
called the operator basis. An interesting property of the operator basis is that it charac-
terizes uniquely the operator, that is. cach set operator has a basis that is distinct from
the basis of any other set operator [2].

We will present some set operations ou collections of closed intervals and give efficient
algorithms to perform them. This study will be the background for the definition of a
set of rules that permit the generation of Morphological operators that are synonymous
of a given Morphological Operator. Particularly. these rules will permit to compute
the basis of any set operator from any Morphological Operator that represents this set
operator. Hence, they will be useful to parallelize MMach programs, once the basis
characterizes a strongly parallel representation, and to prove the equivalence between
distinct Morphological Operators. once any representation can be reduced to the basis
that determines unicuely a set operator.

Following this introduction. section two reviews some aspects of lattice theory and study
some lattice propertics of the set of collections of maximal closed intervals. Section three
presents some results that permit the computation of set operations on collections of closed
intervals. Section four reviews some concepts in MM and presents the generalization
of the canonical decomposition to W-operators. In scction five, we use the results of
section three to show how to compute the basis of the intersection. of the union and of
the composition with an crosion (with a dilation or with the complementation) of given
operators. In scction six, we show how the rales presented in section five can be used to
compute the basis of any set operator. Finally. we take some conclusions and propose
some future steps in this rescarch.



2 Elements of lattice theory

Let E be a non empty set and let IV be a finite subset of E. Let P(W) be the collection
of all subsets of . Let C be the usual inclusion relation on sets. The pair (P(IV),C)
is a complete Boolean lattice [9]. The least and the greatest elements of P(W) are,
respectively, @ and V. The iutersection and the union of X, and X; in P(I¥V) are,
respectively, .X; N X, and .X, U.X;. The complementary set of a subset .\ in P(IW), with
respect to 1, is denoted .X*, that is, Y= {zr € IV : 2 ¢ X}.

A particular property of a Boolean Lattice is de Morgan's Law: V.X,.X; € P(W),
(XTNX5) =X u.X,.
Given A, B € P(IV’), the subcollection [, 8] of P(IV) defined by

[L.B]={X eP(V): AC X C B)

is called a closed interval or, simply, an interval If A C B, then the elements A and B
are called, respectively, the left and the right extremities of [A, B]. For all pairs (4, B)
such that A € B, [4, B] represents the empty collection also denoted 0.

In this paper we will denote subcollections of P(I¥) by upper case script letters, that is,
A,B, ..., X, Y, 2. The collections of closed intervals will be denoted by upper case bold
face letters, that is, A, B, ..., X,Y, Z.

An element of a collection of closed intervals X is called mazimal in X if no other element
of X properly coutains it, that is. V[.1, B8] € X.

[4, B] is maximalin X <= Y[\ 8] € X.[.|,B]C [, B) = [1.B] = [4. 8]

The collcction of all maximal closed intervals in X is denoted Max(X). Of course, if all
the intervals in X are maximal. we have X = Maz(X).

Let .Y be a subcolleetion of P(11). The colleetion of all saximal closed intervals contained
in X is denoted AL(.V). that is.

M(X) = Max({[.1. B] C POV) : [4, B] € x}).

Usually, we will denote a subeollection and the set of maximal intervals contained in it
by the same letter. For example, X = M(.Y).

We denote by UX the collection of all clements of P(IV) that are elements of closed
intervals in X, thar is,



UX = {X e P(II'): X € [4, B.[4, B] € X}.

Note that, for any X C P(W), UX = X. Note also that, once IV is finite and X C P(IV),
for any [A, B] C X, there exists [4', B’} € M(X) such that [4, B] C {4, B'). Hence, any
collection X can be represented by its maximal closed intervals.

For simplicity of notation, we will represent the subsets of 1V by strings of 0's and 1's,
where 0 means that the point does not belong to the subset and 1 means that it does.
For example, if IV is the set {(~1.0).(0.0).(1.0)}. the subset {(0.0), (1,0)} will be rep-
resented by 011.

Subsets of finite Boolean Lattices can he represented by diagrams as the ones in Figure
1. The small boxes represent the lattice elements and the line segment (i.e., the edges of
the lattice) represent the partial order. The bold faced boxes represent the clements of
the subset. The maximal intervals inside a subset are represented by bold face edges. If
two maximal intervals of a subset have a common edge. just to be clear, we will represent
them in two distinct diagrams.

Examples 2.1 illustrates some of these concepts.

Example 2.1 a) Let IV = {(-1,0), (0.0).(1.0)} and let
x={000,100,010,001.110. o1t}

The set of mazrimal intervals contained in X 1s:

M(x) ={[o00. 110], [000. or1]}.

Figure 1a and 1b show X and M(.YX) .

b) Let

Y ={[oo00. ooo]. [oo0. oo1].[oro. 011 1}
The set of mazimal intervals in Y 1s:

Max(Y) ={[000. oo1].[ot0. 01 1] }

Figure 1c shows UY and Max(Y).
m)

Note that M (UX) is not necessarily cqual to Mar(X). Example 2.1b illustrates this
fact, since M (UY)= { [000. 01 l] }



Let P(P(W)) be the collection of all subcollections of P(I¥). Let C be the usual inclusion
relation on sets. The pair (P(P(11')), C) is a complete Boolean lattice. The least and the
greatest elements of P(P(1¥/)) are, respectively. @ and P(1¥). The intersection and the
union of X} and &; in P(P(W)) are, respectively, X;NA; and X UX;. The complementary
collection of a subcollection X in P(P(IV')), with respect to P(W), is denoted X¢, that
is, X**={XeP(IV): X ¢ x}.

Let Iy denote the set {M(X): X C P(IV)}. We will define the partial order < on the
elements of Ify by setting : VX, Y € Iy,
X<Y < V[4dBle X.3[1.B)eY:[4,B)C[A,B]

It is immediate that the relation defined above is reflexive and transitive. This relation is
also anti-simetric, since the collections of closed intervals considered are maximal. In fact,
the poset (/liy, <) constitutes a complete Boolean lattice, where the infimum, supremum
and negation operations are given, respecrively, by: VX, Y € Iy,

XNY =M(@AnNY).
XuY =MXUY),
X = M(X),

where X = M(X) and Y = M()).

These expressious follow because the mapping M(- ), defined from P(P(W)) to Iy, is
a lattice isomorphism. The inverse of the mapping M(-) is the mapping U(- ).

In particular, note that the least and the greatest elementys of ({1, <) are, respectively,
M(@) = {8} and M(P(IV)) = {[0.11]}.

Let {0, 1}P") denote the set of ail Boolean functions defined on P(11). The pair
((0,1}P0}, <), where < is the partial order inherited from the total order in the chain
{0,1}, constitutes a complete Boolean lattice, This lattice is isomorphic to the lattice
(Ihy, <), since the mapping £, defined from My to {0, 1}70) by

1 if X euX
F(X)(.Y) = (X e P(I'Y),
0 otherwise
is a lattice isomorphism. The inverse of the wappiug [7 is the mapping F~!, defined by

FU)=M{X eP(IV): f(X)=1}) (fe€{0,1}7™").

Figure 5 illustrates the lattice isomorphisms between (P(P(1V)). C), (Ihy, <). and
({0, 1}, <).



3 Set operations on collections of closed intervals

In computational applications usually collections of sets in P(W) are represented by their
maximal closed intervals in order to minimize the storage space. Thus, it is useful to
express the operations of intersection. union and complementation of collections of sets
in terms of their maximal closed intervals. In this section, we will give a procedure that
computes the set of maximal intervals contained in the intersection of two collections of
sets from the set of maximal intervals contained in each input collection. Similar results
will be given for the operations of complementation and union.

Proposition 3.1 Let [A. B] aud [C". D} be two closed intervals contained in P(IV), then

[4,B]n[C.D}=[AUC, BN D).

The proof of this result is immediate.
Theorem 3.1 Let X and Y be two elements of Iy, then
XNY = Max({[AvC,.BnD|: |\ Ble X.[C,D| e Y}).

Proof:

Let denote X = M(Y) and Y = AM()).

Xny =Mixn)y)

(by the lattice isomorphism between P(P(117)) and fhy)
= Maz({{\. B]C P(W): [L.B]C X nY})

(by the definition of M)
= Mar({[L.B]C P(WV): [L. B} C .Y and |.1. Blcy))
= Maz({[4, B)C P(I1"): 3[.V. B) e X.[A.B]C [V, B]

and



3c’.D)eY,[A B C[C,D})
(by the definition of Afaz with {I” finite)
= Max({{A,. B]CP(W): 34 . Ble X and J[C', D] €Y,
[LB]C[A. B]n[C.D]})
(since N is the infimum in P(P(117)))
= Maz({[A, Bjc P(11'): IV B')e X and J[C". D] € Y.
[4.8]C A uC.BnD)})
(by Proposition 3.1) '
= Max({[A.B]CPW): 3[V.B)e X and I[C", D] €Y,
[LB]=[Yul. . B'nD]}
(by eliminating the non maximal elements in a chain)

= Ma({{[YuC,BnD|:[N.B)e X and [, D]eY})

In the following, we give an example that ilustrates the application of this theorem.

Example 3.1 Let £ = {(-1.0),(0.0).(L.0)}. Let
X={000,100.010.001.110.011)}

and

y={000, 100,001.110.101. lll}.

Figure 2a and 2b show X and Y. respectively.

The mazimal closed intervals of these collections are, respectively,
X=Mx)={[oovn.1 1o]. [ouo. ot L] }-

and

Y=MY)={[o0o0. 1ot], [1a0. 1]}

Applying Theorem 4.1, we have;



XnY =Maz({[000, 110]nfooon. 101],[000, 110]n
[100,111], [000,011]n[000. 101],
[000,011]0[100,111]})

= Maz({ {000, 100]. [100.110]. [voo.001].0})

={[000,100], [noo.um]. [100.110]}

Figure 2c shows XNY and X NY.
a

Let [4, B] be a closed interval in P(1V). Ler [.L BJ denote the complementary collection
of {4, B] in P(IV’). that is.

(LB = {X eP(r): X ¢[1B)}.

Now we will study the representation of the subeollection [ 1],

Proposition 3.2 Let .1 be a non empty subset of 1. then

M 0]) = {0 {a}]:a €1}
Proof:

M([A, W) = M({X € POV): X € [.LW]))
=M{NeP(IV): AZ NorX Z11})
=M{NeP():1Z X}
=M{XNeP():Jae.l:ag\N})
= MU{[d{a}]:a €.1))

= {0 {u}]:a €.}

The last step holds. since, for any o € .1 [@ {a}] € U{[A {a}] : a € .1} and [4, ).
the only interval contained in P(17) that contains properly [A. {a}], is not inchided in
[4, W]

a

Now we will study the representation of the subeollection [@. BJ.



Proposition 3.3 Let B be a non empty subset of W, distinct of W, then

M([0. BF) = {[{b}, W] : b € B}
(m|

This result is dual of the result of Proposition 3.2. Now we will study the representation
of the subcollection [, BJ°.

Proposition 3.4 Let A and B be two non empty subsets of W, such that A C B and B
is distinct of V. The set of maximal closed intervals contained in [A, BJF is given by the
following expression:
M([, BF) = {[0. {a}]: e € A} U {[{b}, W] : be BY).

Proof:
M([4, B)') = M({([.1. W] A (8. B)))

= ML WU R, B))
(by de Morgan'‘s law)

= MU{[d {a}]:ae 1} U U{[{b}.1V]:be BY))
(by Propositions 3.2 : ut 3.3)

= (0 Aa}Tsae ) U ({0} b e BT)
The last step holds, since, for anv « € .1 and b € B¢, [@, {a}7] and [{6},1}] are maximal
elements contained. respectively, in L1V and [, B, and [@.1V]. the only set that is
bigger than [, {a}] or [{6}.11]. is not included in {1, B

a

Obviously, when [.1. B] = P(II") and [.1. B} = @ we have. respectively, M([.4. B]") = {#}
and M ([, B]) = {{h.11]}.

.\_’Vc will apply Theorem 3.1 and Propositions 3.2 to 3.1 for finding a procedure to compute
X.

Theorem 3.2 Let X be an clement of 1y . then

X =n{M({.1.B]'): ). B] e X}
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Proof:

X = M((UX)°)
(by the lattice isomorphism between (P(P(11')).C), and (I, <))
=M({X € P(IV): X ¢UX})
=M({{X € P(W): X ¢|[4,B.Y[-}, B] € X})
= M({X € P(I¥): X € [, B],V[4, B] € X})
= M({{X € P(W): X € [4, BF},[4, Bl e X})
= M("{[4, B : [A, B eX})
=n{M([4, BJ): [\ B] € X}

(by the lattice isomorphism between (P(P(11)). €) and ({lw, <))

O
In the following, we give an example that illustrates the application of this theorem.
Example 3.2 Let IV = {(—1,0),(0.0),(1.0)} and let
x={[1o0,110], 001, 011]}
Applying Theoremn 3.2, we have:
7=M([1oo.uu]°)nM([unl.nu]') .
={[ovo,011], [o01, 111 jn{fooo. 110}, |100, 11i]}
= Maz({[000.010].0.0. [tor.111] )
={[ooo.010]. [ror. 111]}
Figure 8 shows UX and X.
a

In the following, we show how Theorems 3.1 and 3.2 can be applied to compute the
supremum of two maximal collections of closed intervals.

11



Corollary 3.1 Let X and Y be elements of Iy, then

Xuy=XnY.

Proof:

This corollary is de Morgan's law for the complete Boolean lattice ([fw. <).

Example 3.3 gives an application of this Corollary.

Example 3.3 Let E = {(—1.0).(0.0).(1.0)} and let

x ={[100,110],[010,110]}

and

y={[100,101],[101, 111]. [or1.2111]}.

Figure {a shows UX and X, while Figure {b showsUY and Y.
We apply Corollary 3.1 to compute X UY . First we compute X .

X’:AJQIOO,110r)nﬂlq010.110r)
={[oo0o,011], [oor, 111]}nf[ove, 101], 001, 111]})
=Ahu“[000,001],[001.011][001,101][00i,111]}
={[o00,001]. [001,111]}.

Now we comnpute Y .

?H=A4Q1uu.101r)nAJQ101.111T)nA4d011.111]3
={[ooo,011], [oro, 111]}n{[0v0.110], [000,011]}
n{[e00,101], [000,110]}
=Ahw“[00“.010].[UUD.UI[].[UlU.llO].[UlO,Ull]D
n{[ooo.101]. [000.110]}

={[uon,011],[010.110]}n{[uuu.101].[000,110]}

12



=Ma.7:({[000,001], [000,010],(0, [o10, 110]})

={{o000,001],[000.010], [v10,110]}

Now we compute X NY .

XnyY ={[000,001], [oo01. 111]}n{[000,001], [000,010],
[010,110]}
=Maz({[000,001],[0()().0()()],0, [001.001],0,0})
={[000,001]}.

Finally, we compute Xxny.
XnY =M([000,001])={[100. 111], [oro0. 1]}

Figure 4c and 4d show U(X UY ) and X LY.

The results of Theorems 3.1 and 3.2 were implemented by efficent algorithms. The per-
formance of these algorithms in some applications are given in Tables | and 2. These
experiments were performed in a SPARC Station 2 and the processing time was measure
in seconds. For more details about these algoriths see {7).
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4 Canonical decomposition of set operators

The set £ is assumed to be an Abelian group with respect to a binary operation denoted
by +. The zero element of (£. +) is denoted by o. This zero element is also called the
origin of £ and is represented by a bold face character in the string description of a
subset of E. For example, let E be the set {(-1,0,(0,0),(1,0)} and let .X and ¥ be,
respectively, the subsets {(~1,0), (0,0)} and {(=1.0),(1,0)}. The subsets .X' and ¥ will
be represented, respectively, by the strings 110 and 101.

Let .X* be the transpose of a subset .\, that is. \* = {y€ E:y = —z,7 € X}.

Foranyh € Eand X C E, theset X+ = {2 € E: 2~ h € X} is called the translation
of X by h. In particular, X, = X.

A set operator is any mapping defined from P(E) into itself. The set ¥ of all the opera-
tors from P(E) to P(£) inherits the complete lattice structure of (P(E), C) by setting,
th wz € \I’i

i SYn = 0(X)CwmlX) (X eP(E).
The supremuin and infinmum of a subset O of the complete lattice (¥, <) verify
(VO)X) =Uuld(X): 0 e B} (X e P(E))
and
(AD)(X) =n{0(X): 0 € ®) (X € P(E)).

respectively.

A set operator v is called translation invwriant (r.i.) ift, Vh € E,
vw(N+h)=uv(X)+ 4 (X € P(£E)).

Let 11 be a finite subset of £. A set operator ¢ is called locally defined within o window

W itf, Vi € E.

he v(X) < heo(XNn{l' +4) (X € P(E)).
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Let Wy denote the collection of t.i. operators locally defined within a window W. The
elements of ¥y are called W-operators. The pair (¥, <) constitutes a sublattice of the
lattice (¥, <).

The Kernel Kw (1) of a W-operator v is the subcollection of P(W) defined by

Kw(¥) = {X € P(IV) : 0 € $(X)}.

Proposition 4.1 The mapping Ky from ¥y to P(P(IV)) defined by
Kw(w)={YeP(Il):veuv(X)} (ve¥y)

constitutes a lattice isomorphisin between the lattices (W, <) and (P(P(WV)),C). The
inverse of the mapping K is the mapping K;)' defined by

KiHX)XN)={z € E: (X -)nIV e X} (X €PE)).

Proof:

Let us prove the bijection between ¥y and P(P(1V)). At first, we are going to prove
that Ky is injective. ;

K (Kw(@)X) = {z€ E: (X —2)NW € Ky (v)}  (by the definition of Ky')
= {r€E:0eu((X —2)nIF)}  (by the defiuition of Ky)
={re kv (N -)N{V +0))

—{reE:o€u(N -x)] (since o is locally defined)
—{z€E:zep()} (since v isti)

= y(X),

that is, v = K, (K- (7)) and Ky is injective.

Now we are going to prove that Ky is surjective.



Kw(Ki (X)) = {X € P(IV) 10 € K (X)(X)} (b the definition of Ky)
={NeP(IV):oe{reE: (X -x)NWW € X}} (by the definition of Ky')
={X eP(IF): XnlI'e X}
={XeP(V): X e x}
=X,

that is, X = Ky (Ky' (X)) and so Ky is surjective. Hence. K is injective and surjective,
consequently, it is bijective,

Let us now prove that Ky preserves the partial order.
¥ Sy = VX € PIE). ¢i(X) C tal(N)
= VX € P(E). x € vy (N) = 2 € wa(Y)
=> VX € P(E). 0 € 1) (X —x) => 0 € (X — 1)
(since ¥; and v, are t.i.)
< YN eP(E), o€t ((X —r)n ') => 0 € u((.X —2)NI)
(since ¥, and ¥ are locally defined)
= VX eP(E). (X =-2)nIV € Ky(ey) = (X —2)NTV € Ky (tn)
(by the definition of Kyy)
= YY e P(II'). ¥ € Ky () =} € Ki(v2)
= Ku(ty) € Ky(uy).
Therefore.
W Sy = Ku(en) € Kn(ey). Vinooy € Wy,
Hence, Ky is a bijeetion that preserves the partial order. so it is a lattice isomorphism.
a
As a consequence of Proposition L1, the following equalities hold: Vi, vp € ¥y,

K (e Aey) = K(en) NK(uy)
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and
K (w1 V e) = K{w ) U K(ya)-
The set operators ¢ and v defined by
(X)=X (X eP(E)
and
v(N)=X" (X €PL)).

are called, respectively, the identity and the negation operators.

Let A, B € P(E). The operations
A B =UpepA+band 160 B =Nyegd = b

are called, respectively, Minkowski addition and subtraction.

Let B € P(IV). The t.i set operators dy and ey defined by
giX)=Xa B (X € P(E))
and
ep(X)=NeoUs (X € P(E))
are called, respectively, dilution and crosion by B. ‘The parameter £, that characterizes

a dilation or an crosion. is called a struerural elewent.

Let A, B € P(IV), such that 4 € B. The ti set operators Al g and Hi. detined by

Mig(X)={reE:A1C (X -1)NnWC B} (XePE)
and
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pas(X)={z€eE: (X —a)nA' #dor (N —x)nIFHYUB' £ W'} (X € P(E)),
are called. respectively, sup-generating and inf-generating operators.
Note that these operators are locally defined within, respectively, W and W The sup-

generating and the inf-gencrating operators cau be decomposed in terms of erosions and
dilations, respectively, by

z\,'_!;.m(‘\') =e(X)Nwdp(X) (X € P(E))
and
(X)) = 64X )Urepa(X) (X € P(E)),
where the complement of B is taken relatively to 117,
Proposition 4.2 The Kernel of a sup-generating operator is a closed interval, that is,
K:“'(’\l‘.ll'.lfl) =[.L B}
proof:

KOa) ={XYeP():0e AL}
={YeP(W):velre E:AC (X -s)n(II')C B}}
={XePI):AC NN CB)

= [1.3).

Theorem 4.1 Let ¢+ be a Weoperator, then

e(X) = UIN () (LB S K ()} (Y € P(E)).

18



Proof:
Kw(¥) =U{[A, B] C P(IV) : [ B] € K (v)}

(since any subset of a complete lattice can be built by the union of its closed intervals)
Kw(¥) = U{Kw(\Lg) : [ B] € K (v)}

(by Proposition 4.2)

¥ =v{Mipg: [ B]C Ku(v))

(since Kw is a lattice isomorphism between (¥, <) and (P(P(1V)), C)).
The dual operator of the operator ¢, denoted by v*, is
et =,
An example of dual operators are ’\ll-"i'.lil and /t[‘_'{:_,,q, that is, ":K:-B'I = (’\{.‘4/,01).-
Theorem 4.2 Let ¢ be ¢« W-operator, then
YY) = e (X) : [ B] € K ()} (X € P(E)).

Proof:

By Theorem 4.1, we have:
PHN) = UL () : [ B € K ()} (X € P(E)).
By the definition of ©° we have:
o= et

Therefore, V.X' € P(E).
B(X) = vUA (V) : L B] C Kn (7))
=N p(X) : (4 B] € K ()}

=0 wg(X) : [LB] S Kne)
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The decompositions of Theorems 1.1 and 1.2 are called, respectively, canonical sup-
decomposition and canonical inf-decomposition.

Though these decompositions are quite general. they may lead to inefficient computational
representations for most W-operators. in-the sense that a smaller family of sup-generating

or inf-generating operators may be sufficient to represent the same operator.

The set Byy-(v) of all maximal closed intervals contained in Ky(¢) is called the basis of
¥, that is, By (¢) = M(Ku(v)).

The basis of the sup-gerating operator A\ , is the unitary collection {[4, B]}. Particu-
larly, the basis of the erosion operator € 4 is {{l 11°]} and the basis of the identity operator
is {[{o}, W]}

The basis of the dilation operaror 4, is the collection {{{a}. 0] : a € A},

Theorem 4.3 Let ¢ be a W-operator, then

e(X) = UINEm(N) s L Bl € Bu(w)) (X e PE)).

Proof:

Once 1V is finite, we can built Ky (¢2) in terms of its maximal closed intervals, that is.

K (o) =V B) S POW) : L B] € Bu(u)}.
The result follows from the same arguments used to prove Theorem 1.1,
]
As a consequence of Theorem 13, the decomposition of Theorem 1.2 can also be simplified.

Theorem 4.1 Let v e a Wenperator, then

e(X) = Wi (X)L B) € By ()} (X € P(E))
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Proof:

This result can be proved by the same argments used in the proof of Theorem 4.2, with

Theorem 4.3 taken the role of Theorem 4.1.
0

We have seen that the W-operators can be represented by their Kernel or their basis.
We will study now a third way of representing these operators: the equivalent Boolean
functions.

Let T be the mapping between Wiy and {0, 1}7") defined by

Tl Y = 1 ifoevlY) (X e P(W))
T)(Y) _{ 0 otherwise ’

The mapping T constitutes a lattice isomorphism between the complete lattices (W, <)
and ({0,1}7*"), <) and its inverse 1! is defined by

T f)N)={ee £ f((XY —o)nW) =1} (X € P(E)).

We should note that under all these decomposition results are the isomorphisms between
the lattices (¥1y, <). (PCP(IV)).C). (<) and ({0. 1}P"),<). Figure 5 presents a
picture that describes graphically these four basic isomorphisms.

Figure 6 illustrates the application of the decomposition theory presented in this section,
showing the representation of the vertical edges detector by its Boolean function, Kernel
and Basis. An application of this operator to a particular image is also presented.

Finally, we should observe that if 117 = £ the class of W-operators is itself the class of t.i.
operators and, under this condition. the decomposition results presented in this section
reduce to the ones presented by Banon and Barrera [2].



5 Composition of operators in the canonical form

In this section, we use the resnlts of the previous sections to show how to compute the basis
of the intersection, of the nnion and of the composition with an erosion ( with a dilation
or with the complementation) of given operators. from the basis of these operators.

The results presented in this section extend the work of Jones [13, 14], who has studied
the particular case of increasing t.i. operators.

Let X be a subcollection of P(11). We denote by X + h the collection built by the
translation of the clements of X by the vector L, that is.

X+h={XeP(IV+h): X -heX)

Particularly, [.1. B} + /i denotes the translation of all the elements of the interval {A. B]
by the vector . that is.

LBl +h={XePW +h): X -hell Bl}.

Let X be a collection of closed intervals coutained in P(1V). We denote by X + h the
collection of intervals buile by the trauslation of the clements of X by the vector A, that
is,

X+ h={[LBCPOV +h):[L,B]-he X}

Let ¥ be a subcollection of P(11). with X = M(X). For h € E. we have:

X+h=UX +0)=(UX)+h

Now we will study some properties of compositions of locally defined operators within
distinet windows.

Proposition 5.1 If a set operator is locally defined within a window AV, then it is locally
defined within any window 11" D 1y,

Proof:

Let W' 211, For any X € P(E) sl /i € E.

<
o



REPN NIV +h) = hev((XNn(F +)n (I +4)
(since ¥ is locally defined within 1)

e heo(XNM" +m)NIV+4)

= heuv(XnW+h)
(since W C IV')

— hevlY)
(since ¥ is locally defined within 1]
Hence, o is locally defined within 7.

' o

Note that to change the representation of the basis of an operator ¥ locally defined within
N » - - ot e e
a window IV, from this window to another window 1" DIV, it is enough to complete the
. e . . - » ot .
right extremitics of the iutervals wirh the complement of 11 relatively to 117, that is,

By (¢)={[V.B)CPM): 0 = Land B = Bul [\ B8] e By(v)}

Of course, By () aud By (y) are equivalent representation of v, Note that for each
[A", B'] € By {¥). there exists [-. B) € By () such that 1 = Aand {reW:z¢g
B}={z€ W' :z ¢ ). The next example illustrates this change of representation for
the operator presented in Figure G.

]
Example 5.1 Let W = 111 wud W' = 111 . Let ¢ be the operator that perforins
1

vertical edge detection. The basis of ¢ i the wnndows VU and W are, respectsvely,
Bw(w)={ [010 . 110 ].{ow o]}

and

0 t 0 1
By(¢)={ [010 . 110 [ .| 010 .01l | .
0 1 0 L

Proposition 5.2 If ¢ and vy are Lo locally defined operators unthin windows, respec-
tively, W, und Wy, then the operators ©y Aty and ) V vy are locally defined wnthin the
window W U115,

O



Proof:
Vh € E and X € P(E).
h € (i An)(Y) &= I € Ly (X)) N ey(X)
< h € uy(X)and h € 15(X)
= he (XN +h) and h € vy(X N (I, + h))
(since ¢y and , are locally defined operators, respectively, within 1V, and V)
= he (XN ((IWUy) + k) and h € uo(X N (W, UHY) + h))
(since ¥, and ¥ are locally defined within any 11° 211, uUlly)
= e (L4 A )X NIV UI) + h)).
Henee, 3 A ¢y s locally defined within Hyuits,.

By similar arguments. we prove the result for o v Uy,
A 4 t 2

For any u € £. the set operator 7, defined by
T N)=N+u (X € P(E)).

is called the transtation vperator by u.
Proposition 5.3 If v is a locally defined operator within o window W and. for any
u € E, 1, is the trauslation opevator by u, then Tot 15 a locally defined operator within
the window W — .
Proof:
Vhve E and X € P(E).
heny(XN) = heu(X)+u
=l -ue ()

= h—ue (XN + (h - )

(since ¥ is locaily detined within 117)



e heuv(Nn{(lV —u)+h))+u
e hen(XnN((W ~u)+h)
(by the definition of 7).

Hence, 7w is locally defived within the window I - u

O

Proposition 5.4 If v is an operator locally defined within a window W', then the op-
erators bpy and egu are locally defined. respectively. within the windows W & B and
WeB.

Proof:
Yh e E and X € P(L).
heegp(XN) &= hempe(X)-b
&= h € (A 7o) (Y)
= h € (A T oU)(X N (Uucnll +0) + 1))
(by Proposition 5.2 and 35.3)
= I € (N pT 2NN O (D B) + )
= h€Nepue(XO [V BB)+h)—1b
e h ez (XN((WeDB)+h)
Hence, € p¢? is locally defined within W & 8.

A similar proof can be wrirten for dpee.

8]

Note that the operators » and ¢ are nentral operators in relation to the size of the window.
that is. if v is a locally defined operator within the window 1 then v, vr. re, and e
are also locally defined within 117

Corollary 5.1 If vy and vy are two locally defined L. set operators within windows.
respectively. Wy and Wy, then the operator 2t is a locally defined operator unthin the
window 1V & W,.

e
K}



Proof:

Let (A, B] € Bu,(ty). The operator £ ¢ is locally defined within the window IV,® 4 (by
Proposition 5.4), then it is locally defined within 11, @ 114, since 4 C 1¥%,. The operator
vépatpy is locally defined within 11, @ (B%) =1 & B (by Proposition 5.4 and because
v is neutral in relation to the window). then it is locally defined within 1V, @ 1V;, since
B¢ C 3. Consequently. the operator €44 A vdga ey is locally defined within W, @ IV,.
Hence, the operator vy = Vi{eawy Avdyar, : [A,B] € Buw,(¥n)} is locally defined

within I, & I1%,.
(8]

Note that Proposition 3.1 and Corollary 3.1 give worst case conditions for the increase of
the window in composition of operators. It may even happen that the composition of two
specific operators locally defined with the same window produces a new morphological
operator that also depends on this window. An example of this fact is the following
composition: (d.4€4)(d.c ).

In the following, we will show how to compnte the basis of the infimum of two given
W-operators. from the basis of the given operators.

Proposition 5.5 If ¢y and ¢ are two W-operators, respectively, within the windows W,
and W, and with busis By, (1) and By, (1), then

By, (v Awy) = By, oy (en) N By, iy (1)
Proof:

This result is an immediate consequence of Proposition 5.2 and the lattice isomorphism
between (Y, ;. <) and (U, . <),
(@]

The next example gives an application of this property.
Example 5.2 Let oy and ¢+ be two W-operators. with basis. respectively,

Bw(y) = { [010 , m] }

and
Bu-(¥2) = { [ 000 . v11].[vo0 . 101 ]-[voo . 120] }.
where V" = 111.

We epply Proposition 5.5 to cotmpute By (¢ A ey) from By (uy) and Byy-(v4).



Bw(¥1 Atyg) = Bu(v1) N Bu(vz)

={[ow . 1] }n{[voo . o1t ].[oov . 101] .

[000 . 110] }

={[omw . out |.{o10 . o] }.

Figure 7 shows two possible representations of the operator presented in Example 5.2.
In this paper, one and zero pixels of images are represented. respectively, by black and
white. The pixels outside of the image window are supposed to be zero. In Figure 7 and
in others, we use the following notatiow: I'gy,, = V{€1 A dy [4.B] € B(v)}.

In the following. we will show how to compure the basis of the composition of a W-operator
with the negation operator. from the inpur operator basis.

Proposition 5.6 If ¢ is a W-operator with basis By (v), then
B, (ru) = By (v).

Proof:

This result is an immediate consegquence of the lattice isomorphism between (Y. <) and

(I, <).

a
The next example gives an application of Propuosition 5.6.
Example 5.3 Let v be o Weoperator, with basis
100 111 000 111 000 111
By(w)=4¢ (000 . 111 |.| 010 . 121 {.| 000 . 111
voo 11l 000 11l ool 111
111
with IV = 111 .
111
The basis of the operator v unll be
[ oo (1] 9
By () = 000 . 101 .
(000 L1o
(]



Figure 8 shows two possible represeutations of the operator presented in Example 5.3.

In the following, we will show how to compute the basis of the supremum of two given
W-operators, from the basis of the given operators.

Proposition 5.7 If v, and vy are two W-opcrators, respectively, within the windows W,
and W and with basis B, (¢,) and By, (1), then
By, (4 V ty) = By iy () U By, ().

Proof:

This result is an immediate consequence of Proposition 5.2 and the lattice isomorphism
between (¥ii,up,, <) and (1w, oy <).

o
The next example gives an application of Proposition 5.7.
Example 5.4 Let ¢y and oy be two W-operators, with basis, respectively,
oL 111
Bu'(t/}l) = 111 111
010 111
and
010 111
By () = 101.101
010 111 |
111
withiV= 111
111
Applying Proposition 5.7, we compute the basis of 1) V 2y
010 111 010 111
By (v, vuy) = 111.111 u 101 .101
0ro 111 010 111
agro 111
= 101 .111
vre 11|
0



Figure 9 shows two alternative ways to represent the operator presented in Example 5.4.

Now, we will show how to compute the basis of the composition of a W-operator with a
dilation or with an erosion. from the operator basis.

Proposition 5.8 If v is a W-operator with busis By (v) and. ¥b € E. 7 is the transla-
tion operator by the vector b, then

By o(nv) = Bu () - b

Proof:
Bw_y(n¥) = M(Ky (1))
(by the definition of Byy')

=M{{X e PN =) :0€ (nu)(X)})
(by the definition of Ky')

= M({X e P(V' =b):0€ c(X)+b})
(by the definition of 7,)

= M({X € P(V = b): 0 € (X +B)})
(since ¥ is t.i.)

= M({X € P(W):0€ (X)) - h)
(by a property of the translation)

= M(Kw(v) - 1)
(by the definition of Ky-)

=By (v)-b

(by the definition of By and a property of the translarion).
a

Proposition 5.9 If v+ is u W-operutor wnth busis By (C) and oy is the dilation by 3.
then

B“-‘: "vl()."l ') = U HBH'--‘H‘(ThL')-
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Proof:
Bivgu (Ouy) = MKy (50))
(by the definition of By and Proposition 5.)

=M{X € P & B :0€ (Gpe)X)})
(by the definition of Ky )

=M{XeP(IV®B'): 0euyue(X)+b})
(by the definition of ;)

=M{XeP(W@B): e B:oe p(X)+0))
(by a property of U)

=M{XNePI&B):3be o€ ny(\)))
(by the definition of r,)

= MUy u{X € POV & B') : 0 € 7,0(Y)})
{by a property of U)

= M (U sKvy-zan (T02))

(by the definition of Ky and hecanse 70 is locally defined within 11° @ B,
since W - bC 11" )

= Uy By (10)

(by the lattice isomorphism between (P(P(I @ 13'). C) and (L, <)).

Example 3.5 gives an application of Propusition 5.9.

Example 5.5 Lot ¢ be a Weoperator, with busis
By, (w)={[vov . vot).[vor. vit] . forr. t11] }.

where W) = 111, and et 3 = 01). Appling Proposition 5.9, we compute the basis of
6[3(«' 5
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Bw(dsv) = { [0000.1001].[0001.1011] o011, 1111}
u{[oooo.0011[.[0010.0111],[0110, 1111]}
={[0010.0111].[0000,0011],[0110,1111]
[uuou.1001].[0011.1111],[0001.1011] 1.
where IV = 11y @ B* = L111.
a

Figure 10 shows two alternative ways to represent the operator presented in Example
5.5.

Proposition 5.10 If v is a W-operator with basis Buw (v) and 2 is an erosion by B,
then

Buonlzut) = My e Buran(toe)-

Proof:

Bwaslesy) = M(Kwonleny))
(by the definition of By and Proposition 3.1)
=M({XNeP(WaDb):oe Gue) X))
(by the definition of Ay )
= M({X € P(W & B3) : 0 € Nuc (X)) — b})
(by the definition of £4)
=M({N eP(IV®B):veE(X)-bVLE B})
(by a property of N)
= M(MuplX € PV E B) o€ (X))~ b})
(by a property of N)

= I\f(ﬂ,,( “{.\. € P(” 5 U) T0ET hL'(.\-)})
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(by the definition of 7,)
= MMy Ky pp(me))

(by the definition of Ky and becanse 7 4o is locally defined within 1V @ B, since
W+bC Ve D)

=My e Byp(rpe) i

(by the lattice isomorphism between (PP @ B)), C) and (Mg, <}).

Example 5.6 gives an application of Proposition 5.10.

Example 5.6 Let v be a W-operator. anth basis

B.‘.-,(z;-):{[lu.11}.[01.11]}. )

where Wy = 11, and let B = 110, Applying Proposition 514, we compute the basis of
the operator ey :

Bu(epy) = { [ 010 . 111 ] . [vor. 1] }n{ [100 . 111 ]. [010 . 111] }
={ v . 11 }.[ 101 . 1]}

where IV =111 & B = 111,
O

Figure 11 shows two alternative wavs o represent the operator presented in Example
i
9.0.



6 Incremental computation of operator basis

The results given in the last section are the key to compute the basis of any W-operator
for which is known a representation in the Morphological Language. The idea is to use
recursively these results to compute incrementally the basis of the operator. In this
process, the initial condition is the trivial basis of the identity operator.

Figure 12a shows the icou which represents the basis of the identity operator. Figure 12D
shows the icoms which represent the elementary operations used to compute basis incre-
mentally. We usethese icons in diagras thae illustrate graphically the computation of
basis. These diagrams will be graphs that describe the known representation of operators
in the Morphological Langnage. .

Now, we will give some examples that illustrate the ineremental computation of basis.

Example 6.1 Lct us study the operator that perforin the catraction of interval edges. Let

us call this operator ¢ and adopt sts wswal representation, that is, v = 1 Avegt, with
i

B= 111 .
1

-

We compute incrementally the basis of © from the basis of the identity operator:
Bw () = Bu (1 Aveyi)
= By (1) By (vent)

= By (1) N By (1)

0 0 0 l 1] 1 0 i
= 010 . 111 |, ] 010 . 011 | .| 010 . 110 |.] 020 . 11l
¢ 1 0 1 0 1 0 )]
|
where 11 = {o}u({o} & (B {0})) = 111 .
1

Figure 13 shows a qraph representing thes procodur,
a

Example 6.2 Let us study the operator that performns the divectional thinning. Let us
call this operutor v and edopt its wsual representation, that is, © =t Av(€ v Avdpt), with

111 111
A= 010 and B = 000 .
000 000



We compute incrementally the basis of o from the basis of the identity operator:

Bw(¥) = By (1 Av(eat Avdgt))
= By (1) N By ({2t A vdgt))

= By (1) ﬂfu-(:‘_u A V(S[;l)

=By (1) By(ea)N By (1dyt)

= By (1) N By (€.0) N By (dyst)

000 11t ooo 1Ll ooo L1l 000 110
= i .1 /.l .1 |1 .1 |,|] 1,1
00l L1

0w 1l 100 111 000 111
00y 101
105 IRt
000 11l
111

where 11" = {0} U({o} B (LN {o))U(({e}® B) S {foeh)))= 1
111

LS |

oon - o1l
0o 1Ll

Figure 14 shows a graph representing this procedure.
a
Let I = {1,2,3,...,n} be aser of indices. Now we give a result that shows how to compute

the basis of an operator from the basis of its dual.

Proposition 6.1 If ¢* is @ W-operator with basis By (v) = {[.i.B) : i € [}, then the

basis of its dual vperator ©* oS

B|1'(L") = U{{}U:.l',i} t1 € 1}
Proof:

©* =wvyr  (by the definirion of ©°)
= l/(V{A;f;._,,'l ci€ ) (by the canonical sup-decomposition of 17)
=v(V{e | Avdyr L€ r (O the decomposition of ,\;4'_\",,1)
=y(v{e ¥ Arvdgv i €1})

=u(V{rd g Acy i € 1}) (sinee 2 v = 1 ¢ and vagar = Egc).
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From the lattice isomorphisius between (9. <) and (1hy. <). we have:

By(y*) = B“'(V{I/().J: Aégr : t€l}))

= U{B||'(l/(5_.|: A Eu:') MY E /}.
Furthermore,

Bw(l/(s,p A Euc) = .B"-(V(S‘p) n Bu'(:‘ur)

= {l{a}. 0] e ) ni{s. 1]}

(since By (d.4) = {[{}. W] : a € .1} and By(zy) = {[B.WV]} )
={[- (s} (by Theorew 3.2)
={[B.1]} (by Theorem 3.4).

Hence,

By (v") = u{{[B. 17} :ie {}

0

Now we will give a result that shows Low to compnte the basis of the compaosition of two
operators from the basis of these operators.

Proposition 6.2 If ¢, and ¢y are W-operators, respectively, with windows 1V} and 115,
and the busis of vy is By, (vy) = {[.\,. B : i € 1}, then

Bil',.;:\l';,(t'-_:('l) = U‘Bu, -u?(f |,l‘|) nﬁn'l.“u"(l)-“:d l-‘|) o l € l}

Proof:

Y = (V{/\;_xf'u,l 1€ 1))y

(by the canonical sup-decomposition of 1)
= (V{(ea, Avdyr) s 2 € L))y

(by the decomposition of ’\Il-l-;f-l‘-l)

=V{z o1 A m)',,i-: ey i€}



From the lattice isomorphism between (¥, <) and (Hw, <) and Corollary 5.1, we have:

Bl\'p{)ll'-;(“ﬂ-'l) = U{BH'IQ:H‘,(E,[.LH) nﬁurl,my:(Jﬂfl !1")|) 11 € I}.
0

One practical application of the incremental computation of the basis is in the automatic
proof of the equivalence between morphological operators, since two \V-operators are equal
if and only if their basis (represented in the window 1¥) are equal. The next example
illustrates this procecdure. Figure 15 shows the icon used to represent the comparison of
equality between the basis of two operators.

Example 6.3 Let the operators ¢y and vy be defined by dpept and dpepdpe i, respec-
tively, with B = 111.

Computing the busis of vy, we have:

By, (w) = { [ 11200 . 1111 ][ oo . 1w ].[ o011t , 11111 ] }.

with 11, = B'® (B @ {o}) = 11111

Computing the basis of vy, we have:

By () = { [ 001110000 . 1111111141 ][ voorrtovo . 111111111 s

[oo()muuu . 111111111] }

with W, = B'® (B @ (B' @ (B ® {0}))) = 111111111

Note that these basis are equivalents. Figure 16 shows a graph representing this procedure.
]

Another application of the increnental computation of basis is in the parallelization of
morphological operators. This rechuique is aseful in the programming of highly parallel
MMach’s.

In the parallelization of a morphological operator we could choose between the two canoni-
cal decompositions. Fignre 17 shows the highly parallel structure of these decompositions.

Note that the muuber of sup-generating operators wsed in the sup-decomposition depends
on the basis of the operator. while the mmber of inf-generating operators in the inf-
decomposition depends on the basis of the dual operator. Thus. to choose the best
parallel represeutation we must cotnpire the eardinally of the operator basis with the
cardinally of the dual operator hasis.

The next examples illustrate the procedure of parallelization of MMach’s programs.
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111
Example 6.4 Let the operator v be defined by © = 1 Av(e i Avdge), with A = 010 and

000
111
B = 000 . This representation of v is illustrated in Pigure 18a. By (¢) was computed
000

in Example 6.2. Computing the basis of ©° we have:

000 000 000 111
By*)=¢{ | 000 . 111 |,| 010 . 131 | §,
11 111 000 111

that is used in the inf-decomposition. This representation of U is dllustrated in Figure 18b.
Note that this last representation is wmore cfficient that the first, since it has less levels of
data processing.

(m]

010
Example 6.5 Lct the operator o be defined by o = (Avegt)V (i Adg) with B = 111,

010
This representation of v is illustrated in Figure 19a. The basis of © has twenty elements.
Computing the basis of 0 we have:

000 101 ol 11
By (y) = 000 . o000 |.| 111 . 111 .
000 101 ol Lt

that is used in the wf-decomnposition.  This representation of v is illustrated in Figure
19b. Note that this last representation is more efficient than the first. siuce it has less
data processing levels,

a
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7 Conclusion

In this paper. we have presented some fast algorithms to compute set operations on
collections of closed intervals. We have also showed how to apply these algorithms to
solve a problem refated with the antomatic programming of MMach’s: the incremental
computation of basis of W-operators.

The algoriths proposed are supported by a sound Mathematical theory that studies
operations on collectious of sets. represented by collections of closed intervals. A funda-
mental fact in this theory is that. for a given fnite snbset 117 of a set £, equipped with an
Abelian group +. the posets (P(P(11)). C). (Uw.<). ({0.1}°M"), <) and (¥, <) are
isomorphic complete Boolean lattices.

As erosions and dilations are built from set operations. their basis are built from the
corresponding closed iutervals operations. Ouce the set operators can be decomposed in
terms of crosions and dilations. their basis can be computed also from the basis of these
elementary operators.  Thus. the algorithus that perform operations on collections of
closed intervals constitute the kernel of asoftware systemn for the incremental computation
of the basis of set operators.

The incremental computation of the bisis can be applied in practice for the parallelization
of MMach programs or for the automatic proof of the equivalence between distinct
muorphological operators.

Another contribution of this paper was the derivation of the canonical decomposition
expressions for the family of Weoperarors, that generalizes the known results for the
family of t.i. operators.

The computational vesults presented in this paper were implemented in a software system
for the antomatic design of progrims for MMach’s. This software was implemented as
a Toolbox of the khoros system [18] and Las routines for the extraction of examples from
pairs of images. learning of Boolean functions from the examples extracted. application
of operators learned on images and incremental computation of operator basis.  Some
applications of this svstens into real workd problems are given in [6].

Finally, this work shonld be the basis for the study of the transformation of the canonical
representations into other representation stmetures that use smaller muubers of crosions
and dilations. This problem. that ¢an be nuderstood as the inverse of the incremental
computation of the basis. is extremaly cotplex. but shonld play an important role in the
design of a svstem thar perfors the antomatic design of efficient programs for MMach’s.
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IX] |[iY] I X NY|| ]| Comnparisions | Time (s)
808 1.210 | 961 37 | 27.807.299 102.7
1.210 | 808 961 37 85,738.988 240.0
L7 117 02 11 209,783 1.7
698 658 27438 Il 26.132.630 74.0
2113 | 2.1 13 | 2.766 39 | 219.718.589 720.%
Table t:

X1 | IX] | W] Comparisions | Time (s)

20 28 9 1. 193 2

13 1561 | 20 3.008. 112 8.1

1561 | 13 2 28.916.001 63.8

) 9 15 135.695 1.2

337 136 | 77 1.536.591 1.1
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