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Abstract 

Mathematical Morphology on sets can be understood as a formal language, 
whose vocabulary are crosions, dilations, complementation. intersection and union. 

This language is complete, that is, it is cuough to perform any set operator. Since 

the sixtics special Machines, called Morphological Machines (MMach’s), have been 

built to implement this language. In the literature. we find hundreds of MMach 

programs that are used to solve image analysis problems. However, the design of 

these programs is not an elementary task. Thus. recently much research effort has 

been addressed to automating the programming of MMach’s. A very promissing 

approach to this problem is the description of the target opcrator by input-output 

pairs of images and the translation of these data into efficient MMach programms. 

This approach can be decomposed in two equally important steps: i-learning of 
the target operator from pairs of images: ii-search of economical representations for 

the operators learned, The theory presented in this paper is useful in the second 

step of this procedure. We will present some svt operations on collections of closed 

intervals and give efficient algorithms to perform them. These operations will be 

used to paralelize MMach programs and to prove the equivalence between distinct 

MMach programs. 

Keywords: Mathematical Morphology, closed interval. canonical decomposition, 

operator basis. 
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1 Introduction 

Binary Image Analysis is an important tool for various areas such as industrial process 

control, office automation, quantitative microscopy, etc. 

A natural model for a procedure used in Binary Image Analysis is a set mapping applied 

on a Discrete Random Set [10]. The set mappings will be called here set operators. 
Mathematical Morphology (MM) is a general framework to study set operators [21, 23, 24]. 

Two simple families of set operators are the so called erostons and dilations. A central 

paradigma in MM is the representation of set operators by a concatenation of erosions and 

dilations through the operations of composition, intersection, union and complementation. 

This paradigma can be formalized by the use of a formal language, called here the Mor- 

phological Language, whose vocabulary are erosions, dilations, intersection, union and 

complementation (4]. This language is complete (i.e., it is enough to describe any set 
operator) and expressive (i.e., most useful operators can be described by phrases that 
use relatively few words). A phrase of the Morphological Language will be called here a 
Morphological Operator. 

Since the sixties special machines, called here Alorphological Machines (MMach’s), have 
been built to perform this language [-1, 17, 11, 16, 5, 3]. A program for a MMach is just 

an implementation of a Morphological Operator. 

In the literature, we find hundreds of applications of Morphological Operators for the 
solution of Image Analysis Problems (23, 1, 15]. However, the design of Morphological 
Operators is not an elementary task. Classically this task is performed empirically based 
just on the experience of the user with the use of Morphological Operators. 

The classical approach for the design of morphological operators restrict the universe of 
MMach programmers just to the experts in MM. In order to overcome this restric- 

tion, recently much research effort has been addressed to automate the programming of 
MMach’s [20, 19, 5, 8, 22. 15, 25. 12. 6}. ‘Lhe goal is to find suitable knowledge repre- 
sentation formalisms and to develop tools that translate them into MMach programs. 
Some of these tools use collections of input-output pairs of images as the knowledge 

representation formalism. 

The problem of designing a Morphological Operator from pairs of images can be decom- 
posed in two equally important steps: i- estimation or learning of the target operator 
from input-output image pairs; ii-search of economical representations (i-e.. that use a 
minimuin munber of words) for the set operator estimated. The theory presented in this 
paper is useful to approach the second step of this procedure. 

A particular kind of Morphological Operator used in the automatic programming of 
MMach's is the canonical decomposition structure: union of intersections of erosions 
and complemented dilations . This decomposition structure is strongly parallel and is 
enough to perform any set operator. ‘The erosions and dilations used in the canonical 
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decomposition of a given set operator are characterized by a collection of closed intervals, 

called the operator basis. An interesting property of the operator basis is that it charac- 

terizes uniquely the operator, that is, each set operator has a basis that is distinct from 

the basis of any other set operator [2]. 

We will present some set operations on collections of closed intervals and give efficient 

algorithms to perform them. This study will be the background for the definition ofa 

set of rules that permit the generation of Morphological operators that are synonymous 

of a given Morphological Operator. Particularly. these rules will permit to compute 

the basis of any set operator from any Morphological Operator that represents this set 

operator. Hence, they will be useful to parallelize MMach programs, once the basis 

characterizes a strongly parallel representation, and to prove the equivalence between 

distinct Morphological Operators, once any representation can be reduced to the basis 

that determines uniquely a set operator. 

Following this introduction. section two reviews some aspects of lattice theory and study 

some lattice properties of the set of collections of maximal closed intervals. Section three 

presents some results that permit the computation of set operations on collections of closed 

intervals. Section four reviews some concepts in MM and presents the generalization 

of the canonical decomposition to W-operators. {n section five, we use the results of 

section three to show how to compute the basis of the intersection. of the union and of 

the composition with an crosion (with a dilation or with the complementation) of given 

operators. In section six, we show how the rules presented in section five can be used to 

compute the basis of any set operator. Finally. we take some conclusions and propose 

some future steps in this research.



2 Elements of lattice theory 

Let E be a non empty set and let IV’ be a finite subset of E. Let P(W) be the collection 
of all subsets of 1V. Let C be the usual inclusion relation on sets. The pair (P(IV),C) 
is a complete Boolean lattice (9]. The least and the greatest elements of P(W) are, 
respectively, @ and 'V. The intersection and the union of X, and Xz in P(HW) are, 

respectively, Y, 9X2 and X,U.\z. The complementary set of a subset X in P(W), with 

respect to WW’, is denoted V°, that is, Yo = {7 EW: 2 ¢ NX). 

A particular property of a Boolean Lattice is de Morgan's Law: V.X,,.X2 € P(W), 

(XP ANX3)° =X, U No. 

Given A, B € P(II’), the subcollection [-1, 8] of P(IV) defined by 

(A.B) ={V e PW): ACN CB) 

is called a closed interval or, simply, an interval, If 1 C B, then the elements A and B 
are called, respectively, the left and the right extremities of [A, B]. For all pairs (4, B) 
such that A Z B, (A, B] represents the empty collection also denoted @. 

In this paper we will denote subcollections of P(IV’) by upper case script letters, that is, 
A,B,...,¥,Y,Z. The collections of closed intervals will be denoted by upper case bold 
face letters, that is, A, B,...,.X,Y, Z. 

An element of a collection of closed intervals X is called mazimal in X if no other element 
of X properly contains it, that is. V[.1, B) € X. 

[A, B] is maximal in X <=> Vf. B')] © X. (1, B] C [H’, B') => (4, B] = [4'. B'). 

The collection of all maximal closed intervals in X is denoted Maz(X). Of course, if all 
the intervals in X are maximal. we have X = Maz(X). 

Let .Y bea subcollection of P(IV). ‘he collection of all maximal closed intervals contained 
in ¥ is denoted AL(2’). that is. 

M(X) = Max({[.1. B] © PW) : [A,B] C ¥}). 

Usually, we will denote a subcollection and the set of maximal intervals contained in it 
by the same letter. For example, X = M(.Y). 

We denote by UX the collection of all clements of P(I) that are elements of closed 
intervals in X, that is.



UX = {X € PI): X € [A, B}.[4, B] € X}. 

Note that, for any Y € P(W), UX = ¥. Note also that, once IW is finite and ¥ C P(IV), 

for any [A, B] G 2, there exists [.1, B'] € M(%) such that [A,B] ¢ {4', B’]. Hence, any 

collection ¥ can be represented by its naximal closed intervals. 

For simplicity of notation, we will represent the subsets of IV by strings of 0's and 1's, 

where 0 means that the point does not belong to the subset and 1 means that it does. 

For example, if 1 is the set {(—1.0). (0.0), (1.0)}. the subset ((0.0), (1,0)} will be rep- 

resented by 011. 

Subsets of finite Boolean Lattices can be represented by diagrams as the ones in Figure 

1. The small boxes represent the lattice elements and the line segment (i-e., the edges of 

the lattice) represent the partial order. “The bold faced boxes represent the elements of 

the subset. The maximal intervals inside a subset are represented by bold face edges. If 

two maximal intervals of a subset have a common edge. just to be clear, we will represent 

them in two distinct diagrams. 

Examples 2.1 illustrates some of these concepts. 

Example 2.1 a) Let WW = {(-1,0), (0.0). (1.0)} and let 

# ={000,100,010,001. 110. o1t}. 

The set of maximal intervals contained in ¥ is: 

M(X) ={[000. 110], [ooo,. oii] }. 

Figure ta and 1b show X and M(¥) . 

b) Let 

Y ={[000. ooo]. [oon. oot]. [o1o.ott ] }- 

The set of maximal intervals in Y 1s: 

Maz(¥) = { [000. voi}. [010.01 1] }. 

Figure 1c shows UY and Maz(Y). 
0 

Note that A4(UX) is not necessarily equal to Mar(X). Example 2.1b illustrates this 

fact, since M(UY)= { [ooo. 01 1| }.



Let P(P(W)) be the collection of all subcollections of P(H’). Let C be the usual inclusion 
relation on sets. The pair (P(P(II’)), C) is a complete Boolean lattice. The least and the 
greatest elements of P(P(l’)) are, respectively. @ and P(IV). The intersection and the 
union of XY and 4, in P(P(W)) are, respectively, 4) NA and 4,UA2. The complementary 

collection of a subcollection ¥ in P(P(IN’)), with respect to P(H’), is denoted ¥°, that 
is, 1° = {X € P(W): NX ¢ AX}. 

Let [Hw denote the set {A4(1): % C P(IV’)}. We will define the partial order < on the 
elements of J{y by setting : VX,Y € ly. 

X<SV = V[A.Ble X31. Be Y: [A,B] C [4,8]. 

It is immediate that the relation defined above is reflexive and transitive. This relation is 

also anti-simetric, since the collections of closed intervals considered are maximal. In fact, 

the poset (//y, <) constitutes a complete Boolean lattice, where the infimum, supremum 

and negation operations are given. respectively, by: VX, Y € Lhy, 

XNY=M(XNY). 

XuUY=M(XUY), 

X = M(X), 

where X = M(%X) and Y = M(y). 

These expressions follow because the mapping M(-), defined from P(P(W)) to hy, is 
a lattice isomorphism. The inverse of the mapping M(-) is the mapping U(- ). 

In particular, note that the least and the greatest elementys of (/, <) are, respectively, 
M (0) = {0} and M(P(IN)) = {(0.10)}. 

Let {0,1}7"") denote the set of ail Boolean functions defined on P(I’). The pair 
({0,1}?°"), <), where < is the partial order inherited from the total order in the chain 
{0,1}, constitutes a complete Boolean lattice, This lattice is isomorphic to the lattice 
({hy, S), since the mapping £, defined from Hy to (0. LJP) by 

1 if X¥ eux 
P(X)(X) = (X € P(H')), 

QO otherwise 

is a lattice isomorphism. The inverse of the mapping £ is the mapping F~', defined by 

Fo'(f) = M({X € PUW): F(X) = 1) Ff © {0,1} 70%), 

Figure 5 illustrates the lattice isomorphisms between (P(P(IV)), C), (hy, <). and 
({0, 1370"), <).



3 Set operations on collections of closed intervals 

In computational applications usually collections of sets in P(W) are represented by their 

maximal closed intervals in order to minimize the storage space. Thus, it is useful to 

express the operations of intersection. union and complementation of collections of sets 

in terms of their maximal closed intervals. In this section, we will give a procedure that 

computes the set of maximal intervals contained in the intersection of two collections of 

sets from the set of maximal intervals contained in each input collection. Similar results 

will be given for the operations of complementation and union. 

Proposition 3.1 Let [A.B] and [C’. D] be two closed intervals contained in P(\V), then 

[A, B]N(C. D] = [AUC, BN D). 

The proof of this result is immectiate. 

Theorem 3.1 Let X and Y be two elements of Ihy, then 

XY = Maz({[AUC, BND]: [A.B] € X.[C, D] € Y}). 

Proof: 

Let denote X = M(¥) aud Y = AI()). 

XnY =M(XN)Y) 

(by the lattice isomorphism between P(P(W)) and hv) 

= Max({[-A. B] C P(W): LL BE CY Y}) 

(by the definition of Af) 

= Mar({[-A. B] C PW) : [A BY CY and [LL B)¢ y}) 

= Maz({[A, B) ¢ P(W): ALY. BB] € Xf BC [., B' 

and



aC’. D'}€ Y,[4, B) ¢ [C’, D'}) 

(by the definition of Afaz with {\" finite) 

= Max({[A, B] C P(W) : 3’. BY] € X and IC’, DEY, 

[41. B] ¢ [a B] O[C.D')}) 

(since N is the infimum in P(P(I))) 

= Maz({[A, B] C PW) : 3. BD] e X and ICD] Ee Y. 

[4. B} C [a’ UC’. BN D'}}) 

(by Proposition 3.1) | 

= Max({[A. B] C PU): ALY. BY] € X and YC’, D')e Y, 

[A Bp = (uc, BB aD')} 

(by eliminating the non maximal elements it a chain) 

= Mar({lVuC, BaD]: (4. BB} eX and (Cc, ,D]eéY}) 

In the following, we give an example that ilustrates the application of this theorem. 

Example 3.1 Let E = {(-1.0), (0.0). (1.0)}. Let 

X={000, 100.010.001.110. 011} 

ond 

y={o000, 100,001,110.101. ee) 

Figure 24 and 2b show ¥ and Y, respectively. 

The mazimal closed tutervals of these collections are, respectively, 

X=M(xX)={[000.1 10]. fvoo.or 1] }. 

and 

Y = M(y)={ (000. 1o1], [100. itt] }. 

Applying Theorem 4.1. we have:



XNY = Maz({{000, 110] n[ooo, 101], [000, 110]n 

[100,111], [000,011] m[oo0, 101], 

[ooo, o11]r{[100, 111] }) 

= Mar({{o00, 100]. [100.110], [000.001]. 9}) 

={[000, 100], [oo0. 001]. [1v0.110]} 

Figure 2c shows XN Y and XNY. 
Q 

Let [A, B] be a closed interval in P(W"). Let [-L. Bf denote the complementary collection 

of {.4, B] in P(IW’), that is. 

(A.B) = {Xe PUN) X ¢ [1 B}}. 

Now we will study the representation of the subcollection (4. 1]. 

Proposition 3.2 Let .1 be a non empty subset of WV. then 

M((-4, AU] = {[@- {a}']  @ © eA}. 

Proof: 

M((AIW]) = M({LX € PUW) N @ LW T)) 

= M({X € PIN): AZ NorX ZW) 

= M({\ €P(W):Ag X}) 

= M({X € PUI): Ja Lsag N}) 

= A1(U{[0. {a}‘] sa € 1) 

= {(@. {a} }:ae Ay 

The last step holds. since, for any a € 1. [O {a} | G Uf[@ fe} ] sa © Ap and (8, WW), 

the only interval contained in P(W)) that contaitns properly (0. {a}*], is uot included in 

{.A, Wy. 
QO 

Now we will study the representation of the sabcollection [@. BY’.



Proposition 3.3 Let B be a non empty subset of W, distinct of W, then 

M({0. BI) = {[{b}, WW]: 6 © BY}. 

Qo 

This result is dual of the result of Proposition 3.2. Now we will study the representation 

of the subcollection [4 B]*. 

Proposition 3.4 Let A and B be two non empty subsets of W. such that AC B and B 
is distinct of WV. The set of maztimnal closed intervals contained in [.A, B]® is given by the 
following expression: 

M (A. BI) = (0. {a}"]@€ AP U {L{o}, 1] 2b © By. 

Proof: 

M (A, B)') = AC (((A.] AO. BY) 

= M([AAW PU (0, BY) 

(by de Morgan'‘s law) 

= M(U{[@. {a} :ae A} Go Uff[{op.iV] 6 € Bey) 

(by Propositions 3.22 at 3.3) 

= {(0.{a}]swe a) U {[l0).t0] 0 BF 

The last step holds, since, for any a € .L and 6 € BS, (0, {a}‘] and [{6}, 1] are maximal 
elements contained, respectively, in [1 1V]" and {@, B]°, and [@. IV]. the only set that is 
bigger than {@. {a}*] or [{0}, UW). is not inetuded in (1. BY. 

QO 

Obviously, when (1, B] = P(W) and [.1. B] = 0 we have. respectively, M([.4. B]°) = {0} 
and M((A, By) = [0.1] }. 

We will apply Theorem 3.1 and Propositions 3.2 to 3.1 for finding a procedure to compute 
Xx. 

Theorem 3.2 Let X be an clement of Uy . then 

X =A (LA. Bl): LLB) eX}. 
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Proof: 

X = M((UX)*) 

(by the lattice isomorphism between (P(P(IV’)).C), and (hy, S) ) 

= M({X € Pil’): X €UX}) 

= M({X € P(W): X ¢ [A,B]. ¥[-1, B] € X}) 

= M({X € P(IV): X € [A,B], VLA, B] € X}) 

= M(N{{X € PUI): X € [A, BI}, (4, B) € X}) 

= M(N{[A, BI : [A, B] €X}) 

=n{M([A, B}‘) : [4B] € X} 

(by the lattice isomorphism between (P(P(I)). C) and (dw, S)). 

Oo 

In the following, we give an example that illustrates the application of this theorem. 

Example 3.2 Let WV = {(—1,0), (0,0), (1.0)} and let 

X={[100, 110], [oor 011) }. 

Applying Theorem 3.2, we have: 

K=mM((100,110]°) mn a foor.o1i}) L 

={[{ovo0,o11], [oo1, rit} }n{[ooo. 110], |100, bit] } 

= Maz({[000.010]. 0.0. [ror.adi]}) 

={[ooo0, 010]. [104.144] fe 

Figure 3 shows UX and X. 

QO 

In the following, we show how Theorems 3.1 and 3.2 can be applied to compute the 

supremum of two maximal collections of closed intervals. 

1



Corollary 3.1 Let X and Y be elements of lly, then 

XuY=Xny. 

Proof: 

This corollary is de Morgan’s law for the complete Boolean lattice (Iw. <). 

Example 3.3 gives an application of this Corollary. 

Example 3.3 Let E = ((—1.0). (0.0). (1.0)} and let 

X ={[100,110], [o10,110]} 

and 

Y={[{100,101],[201, 111]. [ors ait]}. 

Figure 4a shows UX and X, while Figure 4b shows UY and Y. 

We apply Corollary 9.1 to compute X UY. Mirst we compute X. 

X =mi(100,110])n aor. 110)’ 

={[o00, 011], [001,111] }n{[ovo, 101], [o01, 111] }) 

= Maz({ [000,001], [001.011] {001, 101] {o01, 111} 

={ [000,001], [o01,111]}. 

Now we compute Y. 

Y=m({100. 101] yom({ior. iti} yna(ors. 111) 

={[o00,011], [o10, 111] }n{ fooo. 110], [oo0, 011] } 

n{ [000,101], [o00, 110) } 

=Mazx({ [000.010]. [ooo.o11]. foro. 110]. [o10, 011] }) 

n{fooo. 101]. [000.110] } 

={ [000,011], [oro. 110] }n{[ooo. 101]. [ooo, 110] } 

12



= Maz({ [000,001], [ooo, o10],9, [o10, 110] }) 

={{000,001], [000.010], [o10, 110]} 

Now we compute XNY . 

xXn¥ ={{000,001], (001. 111] }n{[000, 001], [o00, 10], 

[o10, 110] } 

= Max({[000,001],[v00. 000] ,0, [001,001], 9, @}) 

={[000, 001] }. 

Finally, we compute XKMY. 

XNY = M([000, 001])={[100. 111], [o10. 111] }. 

Figure 4c and 4d show U(X UY) and XUY. 

The results of Theorems 3.1 and 3.2 were implemented by efficent algorithms. The per- 

formance of these algorithms in some applications are given in Tables | and 2. These 

experiments were performed in a SPARC Station 2 and the processing time was measure 

in seconds. For more details about these algorithius see {7}. 
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4 Canonical decomposition of set operators 

The set £ is assumed to be an Abelian yroup with respect to a binary operation denoted 
by +. The zero element of (£.+) is denoted by 0. This zero element is also called the 
origin of £ and is represented by a bold face character in the string description of a 
subset of &. For example, let E be the set {(—1,0, (0,0), (1,0)} and let X and Y be, 
respectively, the subsets {(—1,0), (0,0)} and {(-1.0), (1,0)}. The subsets Y and Y will 
be represented, respectively, by the strings 110 and 101. 

Let X‘ be the transpose of a subset \', that is. ¥' = {y€ E:y = —2,2 € X}. 

For any h € E and XN C E, the set V +h = {2 € £: 2—h € X} is called the translation 
of X by h. In particular, VY, =. 

A set operator is any mapping defined from P(£) into itself. The set W of all the opera- 
tors from P(E) to P(L) inherits the complete lattice structure of (P(E), CG) by setting, 
Ven, we c vy, 

Wi Sd. => w(NX)Con(X) (XN € P(E). 

The supremuin and infimin of a subset © of the complete lattice (VY, <) verify 

(VO)(N) = U{A.N):0€ 0} (N © P(B)) 

and 

(AO)\(X) =N{O.N):0€ 0} (XN € P(E)). 

respectively. 

A set operator wv is callect translation invariant (t.i.) iff, VA € E, 

WV +h) = uN) +h (V € P(E)). 

Let WV" be a finite subset of B.A set operator v is called locally defined within a window 
W iff, Whe BE, 

he u(X¥) = hec(X¥Y a +h)) (X € P(£)). 

Lt



Let Wy denote the collection of t.i. operators locally defined within a window W. The 
elements of Wy are called W-operntors. The pair (Wy, <) constitutes a sublattice of the 

lattice (Y, <). 

The Kernel Kyw/(w) of a W-operator y is the subcollection of P(W) defined by 

Kw(v) = (X € P(IV) 0 € W(X) }.- 

Proposition 4.1 The mapping Ky from Wy to P(P(IV)) defined by 

Kuw(v) = {Ye PIV): ce w(N)} | (we Vy) 

constitutes a lattice isomorphisin between the lattices (Wy,<) and (P(P(IW)),C). The 

inverse of the mapping Ky is the mapping Ky} defined by 

Kal(4\(X) = {re E:(X-2)NWEX}  (X © P(E). 

Proof: 

Let us prove the bijection between "yy aud P(P(IW)). At first, we are going to prove 
that Ky is injective. 7 

Kw (Kw(¥))(X) = {2 BE: (NX —2)NW eKu(v)} (by the definition of Ky’) 

= (rE E:0€u((N —2)NIN)} (by the definition of Kw) 

={xE BoE a((¥ — +) NV +0))} 

={r€E:0€uWN—z)} (since g is locally defined) 

={rEE:reEwlX)} (since y is ti.) 

= p(X), 

that is, y = Ky! (Ku: (22)) and Ay is injective. 

Now we are going to prove that Ayy is surjective.



Kw(Kq@(2)) = {X € PIV) 0 € Ky'(XYN)} (by the definition of Ky) 

={YeP(W):0€ {re £:(X—«) OW €4}} (by the definition of Ky) 

={YeP(W):YoWe a} 

={NeP(W):X eX} 

=X, 

that is, Y= Ky-(Kj/ (4) and so Ky is surjective. Hence. Ky is injective and surjective, 
consequently, it is bijective. 

Let us now prove that Ky: preserves the partial order. 

Yi Str <> VN € P(E). yi(X) S en(.X) 

= VN E€ P(E). 2 € oy (XN) => a € W(X) 

= VN € P(E). 0 € uy (X —7) = oO € W(X —2) 

(since ¥, and v2 are t.i.) 

— VN € P(E), 0€ (CX — 2) OW) Soe WKLY —2z) NW) 

(since ¥, and yf. are locally defined) 

<=> VN € P(E). (X -— x) AW € Ky (ey) => (X — 2) NW € Ky (ey) 

(by the definition of Ky) 

<=> WY E P(N). VY © Xu (ey) => Y € Ka (y) 

= Kier) S Mier). 

Therefore. 

va Se => Ki (en) © Aw (ey). Vorcy © War. 

Hence, Ky: is a bijection that preserves the partial order. so it is a lattice isomorphism. 

Oo 

As a consequence of Proposition LL. the following equalities hold: Vy, 2 € Vy, 

Kiley Aty) = K(en)AK(v2) 

1G



and 

Ku (v V v2) = Kl) UK (y2). 

The set operators « and v defined by 

(X)SX (XN € P(E)) 

and 

v(X)= AS (X € P(E)). 

are called, respectively, the identity and the uegation operators. 

Let A,B € P(E). The operations 

A®B=UsepAtband 1O6 B=Meacl -—b 

are called, respectively, Minkowski addition and subtraction. 

Let BE P(W). The c.i set operators dy and ¢y defined by 

dg(K) =H XN GB (\ € P(E)) 

and 

éax(X)= NOB (X € P(E)) 

are called, respectively, dilation aud crosion by B. ‘The parameter 8, that characterizes 

a dilation or an crosion. is called a structural clement. 

Let A,B € PWV), such that LC B. The ci set operators ALS jy, and 14\\ny defined by 

Mio (X) = {teks AC(X-+2)AW CB} (XE P(E)) 

and 

LT



Mao(X) = {re B: (NX -2)NA' Aor (XN -2) NW )UB AW} (XE P(E), 

are called. respectively, sup-gencratiug and inf-generating operators. 

Note that these operators are locally defined within, respectively, WY and W*. The sup- 

generating and the inf-gencrating operators cau be decomposed in terms of erosions and 

dilations, respectively, by 

Mia (X) = EAC) AN vdbye(X) (X € P(E)) 

and 

Mw X) = O(N) Uvene(X) (XN € P(E)), 

where the complement of B is taken relatively to I". 

Proposition 4.2 The Kernel of a sup-ygenerating operator ts a closed interval, that is, 

Ka (ian) = [1B]. 

proof: 

KAM a) = LY € POV) so € AM ai(X)} 

=(NeP(W):0€ rE BE: AC (XN —ry Ni) ¢ By} 

={VYeP(w):ACNOAW CB 

= [1.8]. 

Theorem 4.1 Let cs be @ W-eoperator, thea 

X(N) = Ufa) £1 B) o Kiley} CY € P(E). 

18



Proof: 

Kw(#) = U{[A, B] S PUN) : [1 B] C Kie(w)} 

(since any subset of a complete lattice can be built by the union of its closed intervals) 

Kw(b) = Ul Al ay): [4B] S Kiv(e)} 

(by Proposition 1.2) 

w= V{AM a : [eB] S Ku(v)} 

(since Ky is a lattice isomorphism between (Wy. <) and (P(P(W)), S)). 

The dual operator of the operator vo. denoted by v*, is 

uw Sv, 

An example of dual operators are el and Hye ase: that is, HN, o4 i OS a)°: 

Theorem 4.2 Let w be «@ W-operator, then 

OX) = Matha X) : [A.B] Kar(e)} CX € P(E). 

Proof: 

By Theorem <L.1, we have: 

PUY) = OAR XD: FB] S ae(e")} (XY € P(E). 

By the definition of w* we have: 

C= vey, 

Therefore, V.Y € P(£). 

W(X) = V(UPAP wy(X) = LB) S Ka (ery) 

= MALY V(X) = (BS Kav (Or) 

= Me aq(@X) 2 EL BES Kiecer) 

19



0 

The decompositions of Theorems 4.1 and 1.2 are called, respectively, canonical sup- 

decomposition and canonical iuf-decomposition. 

Though these decompositions are qnite general. they may lead to inefficient computational 

representations for most \W-operators. in-the seuse that a smaller family of sup-generating 

or inf-generating operators may be sufficient to represent the same operator. 

The set By-(w) of all maximal closed intervals contained in Ky-(u) is called the basis of 

¥, that is, Bu-(¢) = M1 (Ki-(w)). 

The basis of the sup-gerating operator A/\\ gy is the unitary collection {[.4, B]}. Particu- 
larly, the basis of the erosion operator € 4 is (A. If"]} and the basis of the identity operator 
is {{{o}, VJ}. 

The basis of the dilation operator dy is the collection {[fa}. W] sae A. 

Theorem 4.3 Let v be a \W-operator, then 

W(X) = ON (XB) BQ} (Ne P(E). 

Proof: 

Once W is finite, we can built Cy (:) in terms of its maximal closed intervals. that is. 

Ki(e) = ULL. 8) SC PU): LB] © Bur(e)}. 

The result follows from the same arguments used to prove Theorem 4.1. 

0 

Asa consequence of Vheoorem 1.3. the decomposition of Theorem £2 can also be simplified. 

Theorem 4.4 Lett: be a W-eoperator, then 

LCN) = Vein X) LL Ble Bute} (XN € P(E) 
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Proof: 

This result can be proved by the same arguments used in the proof of Theorem 4.2, with 

Theorem 4.3 taken the role of Theorem -{.1. 
a 

We have seen that the W-operators can be represented by their Kernel or their basis. 

We will study now a third way of representing these operators: the equivalent Boolean 

functions. 

Let T be the mapping between Wy andl {0,1} 7") defined by 

ory ay chic 1 wfoeév(\) (X € P(W)) 

T(v)(X) -{ 0 otherwise , 

The mapping T constitutes a lattice isomorphism: between the complete lattices (Wy, S) 

and ({0,1}?@"), <) and its inverse 7°! is defined by 

TOUP(N) = {ce Bs f(¥ —c) NW) = 1} (X € P(E)). 

We should note that wider all these decomposition results are the isomorphisms between 

the lattices (Wi, <). (P(P(IV)).C). Udi. S) and ({0,1}7C"), <). Figure 5 presents a 

picture that describes graphically these four basic isomorphisms. 

Figure 6 illustrates the application of the decomposition theory presented in this section, 

showing the representation of the vertical edges detector by its Boolean function, Kernel 

and Basis. An application of this operator to a particular image is also presented. 

Finally, we should observe that if 1 = £ the class of W-operators is itself the class of t.i. 

operators and, wader this condition. the decomposition resuits presented in this section 

reduce to the ones presented by Banon and Barrera [2].



5 Composition of operators in the canonical form 

In this section, we use the results of the previous sections to show how to compute the basis 
of the intersection, of the union and of the composition with an erosion { with a dilation 
or with the complementation) of given operators. from the basis of these operators. 

The results presented in this section exteud the work of Jones {13, 14], who has studied 
the particular case of increasing t.i. operators. 

Let & be a subcollection of P(I'). We denote by Y +h the collection built by the 
translation of the clements of & by the vector h, that is. 

Vth={VePUW 4h): NX —he 2X}. 

Particularly, [.1, B] + f denotes the translation of all the elements of the interval {A. B] 
by the vector /. that is. 

[A Bl+h=({Ve Piven): X —he [A B}}. 

Let X be a collection of closed intervals coutained in P(N). We denote by X + A the 
collection of intervals built by the tauslation of the elements of X by the vector A, that 
is, 

X+ h= (LB) Co PAV +h): [., B]~ hh eX}. 

Let ¥ be a subcollection of PCW). with X = M(¥). For hé E. we have: 

Vth =UX +h) = (UX) +h. 

Now we will study some properties of compositions of locally defined operators within 
distinct windows. 

Proposition 5.1 Uf « set operator is locally defined unthin a window WW. then it is locally 
defined within any window W" DAV. 

Proof: 

Let W" DV. For any X € P(E) and he £. 

We
 

n
w



REWXA(I +h) > hE u(VA(M' +h) OW +h) 

(since y is locally defined within 1) 

> he Va +h a(W +4) 

= heu(X A(t +h) 

(since W C I’) 

=> hev(X) 

(since y is locally defined within WW) 

Hence, w is locally defined within 1". 

| O 

Note that to change the representation of che basis of an operator y locally defined within 

. . . . of yore 

a window IV, from this window to another window i" DIV, it is enough to complete the 

. ae . . . 2 af . 

right extremities of the intervals with the complement of 1 relatively to 1, that is, 

Bye (es) = {LV BLS PU): Vo = Lane B = BUWS [AB] € Bu (e)}- 

Of course, Buy-(v) and By-(y) are equivalent representation of y. Note that for each 

(4°, B') € By--(¥). there exists [A.B] € By(e) such thar = Vand (2 eW:2r¢€ 

By ={zre W :2¢ B'). ‘The next example illustrates this change of representation for 

the operator presented in Figure 6. 

1 

Example 5.1 Let Wo= 111 and Wo = LLL. Let 0 be the operator that performs 

1 

vertical edge detection. ‘The basis of can the tinuudows Wand W' are, respectively, 

By(y)={ [010 , 110 ].[oao . 011 | } 

and 

0 t 0 1 
By(v) =§ | O10. 110}. ] O10. ULL | P. 

d ! 0 L 

Proposition 5.2 Uf cy and uy, are tno locally defined operators unthin uiiitous, respec- 

tively, W, and W,, then the operators oy A 02 und Oy V ty are locally defined unthin the 

window WW’, U1). 

Qo



Proof: 

Vh é€ E and XN € P(E). 

AE (Hi A ve)(X) > hh € (NX) MUN) 

= hh © an (NX) and h € w4y(X) 

> hE ey ( NYO +A) and h € vy(N 1 (1% + A) 

(since #4 and y are locally defined operators, respectively, within 1, and 3) 

= hE (NO (CW UW) + A) and h € ve(X A (1) UTNQ) + A) 

(since ¥, and tz are locally defined within any 1 2 IV, UW) 

oh (04 Avy)(X (I UN) + A). 

Hence, 9 A v2 is locally defined within Wut. 

By similar arguments. we prove the result for ty V Uy. nN g t 2 

For any u € &. the set operator 7,. defined by 

n(N)=N +a (Y € P(E£)). 

is called the translation operator by u. 

Proposition 5.3 If v is a locally defined operator within a window (WW and, for any 
wé BE, 1, is the translation operator by a, then Tye! ts a locally defined operator within 
the uindow W = tu. 

Proof: 

Vheé Band XV € P(E). 

hE nV(N) —heu(NX) tu 

== lh- we w(V) 

== hh we o( NOW + (h = a))) 

(since a? is locally defined within I)



es he u(X (ih -—u)+h))t+a 

=> he r,u(Y A((W =~ a) + A)) 

(by the definition of 7,.). 

Hence, 7,1 is locally defined within the window Wo-u. 

oO 

Proposition 5.4 /f v is an operator locally defined within a window WW’, then the op- 

erators Spy and égu' are locally defined. respectioely. within the windows W @® Bt and 

Woes. 

Proof: 

Vhe Eand X € P(E). 

h € egu(X) > he Mc ne(X) - 4 

<> h € (Aue sto) (-¥) 

= hE (Ac nT ov)(N OO ((Uic wl’ + 4) + )) 

(by Proposition 5.2 and 5.3) 

= he (Ag aT ee) CY O(UE BB) + hy) 

hE Mee nel X A((I BB) + h)) = b 

> he syu{XNa((W @ B) +h) 

Hence, € y4? is locally defined within W® 8. 

A similar proof can be written for dye. 

0 

Note that the operators 4 and ¢ are neutral operators in relation to the size of the window, 

that is. if cis a locally defined operator within the window Wothen vo. ow re. and or 

are also locally defined within WW’. 

Corollary 5.1 Jf ey and cy are two locally defined t.. set operators within windows, 

respectively, WV, and Wy. then the operator G20) ix a locally defined operator unthin the 

window W, @ Wa. 

be
 

w
e



Proof: 

Let [A,B] € Byy,(c4). The operator ¢ 4 is locally defined within the window IV,@A (by 
Proposition 5.4), then it is focally defined within IV) ® WW, since 4 C WW. The operator 
vdpe%, is locally defined within I, (8%)! = 1), ® BS (by Proposition 5.4 and because 
y is neutral in relation to the window), then it is locally defined within IV, @ Io, since 
Be C Wo. Consequently. the operator £44 A vdgev, is locally defined within W, @ Io. 
Hence, the operator v0, = V{eaey A vdyety : [A.B] € Bw, (t2)} is locally defined 
within 117) @ IW. 

0 

Note that Proposition 3.1 and Corollary 5.1 give worst case conditions for the increase of 
the window in composition of operators. It may even happen that the composition of two 
specific operators locally defined with the same window produces a new morphological 
Operator that also depends on this window. An exainple of this fact is the following 
composition: (6.4€.4)(6\2.4). 

In the following, we will show how to compute the basis of the infimum of two given 
W-operators. from the basis of the given operators. 

Proposition 5.5 [fo aud oy arv two WW-aperutors, respectively, within the windows WW; 
and W'2 and unth basis By, (v1) and By, (vy), then 

Bui, (uy Avy) = Buy, (en) a Bry oi, (v2). 

Proof: 

This result is an immediate cousequence of Proposition 5.2 and the lattice isomorphism 
between (Wy), 013. <) and (fy. <). 

O 

The next example gives an application of this property. 

Example 5.2 Let oy anid (+ be two W-operators. with basis, respectively, 

Bw(i) = { [ o10 , 111 | } 

and 

Bu(¥2) = { [000 . 011] .[vo0 . 104 ].[ 900 . 120] }, 

where Wo= 111. 

We apply Proposition 3.5 to compute By (ey Ay) from By (ey) and By-(v2).



By (Wy A vy) = Bu (ts) Bue) 

={ [010 . 111] }m{ [000 . o11].[ 000 . 101 | . 

[ooo . 110] } 

={ [010 . ou |.{ oro . 110 | }. 

Figure 7 shows two possible represeutations of the operator presented in Example 5.2. 

In this paper, one and zero pixels of images are represented. respectively, by black and 

white. The pixels outside of the image window are supposed to be zero. In Figure 7 and 

in others, we use the following notation: Vp, = Vler A dae [A.B] € B(w)}. 

In the following, we will show how to compure the basis of the composition of a W-operator 

with the negation operator, from the input operator basis. 

Proposition 5.6 Jf u is a W-operator aith basis By (uv), then 

By (vu) = Bu (wv). 

Proof: 

This result is an immediate consequence of the lattice isomorphism between (Wi. <) and 

Uy, <)- 
oO 

The next example gives an application of Proposition 5.6. 

Example 5.3 Let u be a W-operator, with basis 

100 lil 000 1li 000 lil 

By(w)=4 | ooo . at |.| oro . tat |.} ooo . 11d 
yoo Ld ooo ILL ook = Lil 

lll 

with IVW= Ll. 
111 

The basis of the operator vis antl be 

O00 O11 

Buy (vw) = vou . 101 : 

O00 110 

i]



Figure 8 shows two possible representations of the operator presented in Example 5.3. 

In the following, we will show how to compute the basis of the supremum of two given 
W-operators, from the basis of the given operators. 

Proposition 5.7 Jf ( wad y» are two W-operators, respectively, within the windows |W; 
and WW, and with basis By,(v) and By, (v2). then 

By, (ty V ty) = By ow (Us) U Biyuw, (2). 

Proof: 

This result is an immediate consequence of Proposition 5.2 and the lattice isomorphism 
between (Wii, <) and (14, on. <)- 

Oo 

The next example gives an application of Proposition 5.7. 

Example 5.4 Let cy and 0, be two WV-operators, with basis, respectively, 

OlLO Il) 

Biy-(¥) = Ti!t.i11 

O10 111 

and 

O10 a1] 

By-(2) = 101.101 

O10 Itt 

}1l 

wih W= 11) 

T1i 

Applying Proposition 5.7, we compute the basis of 4 V we: 

O10 Lt 010 111 
Bi (v V vy) = Jliciai1 u 101.101 

OL0 Lid O10 a11 

O10 11 

= 1Ol.t1i 

OL1O Lit 

0



Figure 9 shows two alternative ways to represent the operator presented in Example 5.4. 

Now, we will show how to compute the basis of the composition of a W-operator with a 

dilation or with an erosion, from the operator basis. 

Proposition 5.8 Jf w ix a W-operator with basis By-(v) and, Wb € E. 7% ts the transla- 

tion operator by the vector b, then 

Bw u(mv) = Buy) - 6. 

Proof: 

By-v(td) = M(Kw (me) 

(by the definition of By) 

= M({X € P(W — db): 0€ (Tue )(X)}) 

(by the definition of Ky) 

= M({X € P(IW —b):0€ OX) + 4}) 

(by the definition of 7,) 

= M({X € P(W — 6) :0€ eX +4)}) 

(since # is t.i.) 

= M({X € PW) :0€ e(X)} - 4) 

(by a property of the translation) 

= M(Kw(v) = 4) 

(by the definition of Kir) 

= By(u)—b 

(by the definition of Buy and a property of the translarion). 

Oo 

Proposition 5.9 If tis u W-operator with basis By (ec) and dy is the dilation by B. 

then 

Bu. aldgt ‘) = Uw nBy nn (Tee')- 
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Proof: 

Bwes (Sey) = M (Kina (Sae)) 

(by the definition of By: and Proposition 5.) 

= M({X € PU @ B) 2 0 € (6uy)(X)}) 

(by the definition of Ky: ) 

= M({X € P(W @ BY): 0 € Ux we(X) + b}) 

(by the definition of 5) 

= M({X € P(N @ BY): bE Bs 0 € w(X) + 0}) 

(by a property of U) 

= M({X € P(W @ BY): bE Bs 0 € Hy(X)}) 

(by the definition of 7) 

= M(Ux uf{-¥ € PW & BY): 0 € meX)}) 

(by a property of U) 

= M (Vn wKivnae (2) 

(by the definition of Ay and because 70° is locally defined within Wo @ BS 
since W-b CW @ BY 

= Ue 6 Bric (t) 

(by the lattice isomorphisia beaween (P(PU @ B')).C) and (iver, <)). 

Example 5.5 gives an application of Proposition 5.9. 

Example 5.5 Let o be ua Weeperator, ath basis 

By(v)={ {v00. vo1}.[oor. vii]. fois. 111] }. 

where Wy = 111. aud let B= 011. elppling Proposition 5.9, we compute the basis of 
Opv 5 

30



Bwy(5sv) = { joooo. 101]. [ovor. rors], [oor . 1111] } 

u{[oooo,oo11].{ooro.orri]
,[0120, 1111] } 

={[oo10,0111].{o0o0, ov11],[or20, 1121] 

[oooa.1001].[oorr. ria], [ooor, 103]. 

where W = 11, @ BY = L111. 

Qo 

Figure 10 shows two alternative ways to represent the operator presented in Example 

5.5. 

Proposition 5.10 {fy ts 4 W-operator with basis By (e) and £y is an erosion by B, 

then 

Bysalene) = Moc Burns lt). 

Proof: 

Bwenlest) = M(Kwusleae)) 

(by the definition of By and Proposition 5.4) 

=M({X € P(W BB) i0€ (EneyUN)}) 

(by the definition of Ay ) 

= M({X € PUW @ B): 0 € Mc we(X) — 4}) 

(by the definition of 24) 

=M({X € PW @B): ve o(X)-b. whe B}) 

(by a property of N) 

= M(Mical{X € PUW & B) 0 € (NX) — UY) 

(by a property of 0) 

= AT (ux ul E PI > B) 10ET pe(X)}) 

$1



(by the definition of 7,) 

= M (Mea Kw va(me)) 

(by the definition of Ky and because 7 ye: is locally defined within IV @ B, since 
W+bhC1V @B) 

= Oe ot Birisnlme) . 

(by the lattice isomorphisin between (P(P(W & B)),C) and (hivesa, S)). 

Exmnple 5.6 gives an application of Proposition 5.10. 

Example 5.6 Let uv be a W-operator, with basis 

Bu,(v)={ [10.11]. fot.ai] } ; 

where Wy = TL, aud let B= 110. Applying Proposition 5.10, we compute the basis of 
the operator € yu : 

Byles) ={ [01.1 ] . [oo . 11 | }n{ [ 100. 111}. [ o10 . 111 | } 

={ [010 . 111 }.[ tor . 111] }. 

where WV =, @ B= 111. 

0 

Figure Lf shows ovo alternative wavs to represeut the operator presented: in Example - 
5.6.



6 Incremental computation of operator basis 

The results given in che last section are the key to compute the basis of any W-operator 

for which is known a representation in the Morphological Language. The idea is to use 

recursively these results to compute incrementally the basis of the operator. In this 

process, the initial condition is the trivial basis of the identity operator. 

Figure 12a shows the icon which represents the basis of the identity operator. Figure 12b 

shows the icons which represent the elementary operations used to compute basis incre- 

mentally. We usethese icons in diagrams that illustrate graphically the computation of 

basis. These diagrams will be graphs that describe the known representation of operators 

in the Morphological Language. 

Now, we will give some examples chat illustrate the incremental computation of basis. 

Example 6.1 Let us study the operator that perform the catraction of interval edges. Let 

us call this operator wo and adopt its asual representation, that is, uw = ¢ Avene, with 
1 

B= 111. 

I ® 

We compute incrementally the basis of U from the basis of the identity operator: 

By (¢) = Bw (st Avent) 

= By (QO By (vent) 

= By) Bu ten) 

0 0 0 1 0 1 0 1 

= 010 . 111 ],]) 010 . O11 |.) O10). Llo}.| 020. 111 

(0) 1 0 1 0 1 0 0 

1 
where Wo= {oe} U(fo} & (Bw {o})) = LL. 

1 

Figure 13 shows a qraph representing thes procalun, 

o 

Example 6.2 Let us study the operator that performs the dirvctional thinning. Let us 

call this operator U and adopt its usual cepreseutation, that is, Us tAv(e se Avdnt), with 

dll lil 

A= 010 and B= 000. 

000 000



We compute incrementally the basis of « from the basis of the identity operator: 

By(¥) = Bu (iA vey A vby1)) 

= By (i) 1 By (oz A du) 

= By) WByw (ey Avdyt) 

= By) NB (E) WB y (vay) 

= By) Bw lea) 1 Buw(dur) 

O00 Ll! ooo LLL oud Ld 000 = 110 

= 1.24.) 2.1 4.) 2.1 4,] 1. 1 

OOL til Ol Id loo) Lt 000 111 

000 TOL O00 O11 

> Aaa .. a 

  

o0v 8 = DOO ILL 

lil 

where Wo = {0} U((o} B(LI@ {e}) U(( Lo} @ BY) B {o})))= 1 
Lil 

Figure 14 shous @ graph representing this procedure. 

Oo 

Let J = {1,2,3,...,2} be aset of indices. Now we give a result that shows how to compute 

the basis of an operator from the basis of its dual. 

Proposition 6.1 /f «is a Weoperator unth basis By (ve) = {[.4i. Bi] si € £}. then the 

basis of its dual operator cos 

By (e’) = uf {ee ky} :1€ I}. 

Proof: 

we syyw (by the definition of 0") 

= WEA ant :i€f})e (by the canonical sup-decomposition of 7) 

SU(V{E 1 A voy 6 € f})v (by the decomposition of Map) 

SU(V{E uu Avogiv 7 € Ff) 

= u(Vivd yp Acme 26 € 1}) (since 244 = vd ye and vdgel = Eyc)- 
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From the lattice isomorphisins between (Wy). <) aud (dv. <). we have: 

Bu (v") = Bu(V(viy Aen 20 €7)) 

Furthermore, 

By (vb Neue) = By (vb) A By (En) 

= {Ife} W] rae apn q[er]} 

(since Bu(64) = {[{a}.W] 2a € 0} aud Buen) = ((B.W]} ) 

= {(0. 1] 0 ([B]} (by Theorem 3.2) 

= {[B° 19} (by Theorem 3.4). 

Hence, 

Bw (wv) = uf [BS AD sie fy 

o 

Now we will give a result that shows Low to compute the basis of the composition of two 
operators from the basis of these operators. 

Proposition 6.2 {f ty and wy are W-uperators. respectively, with windows Wy and Ws 
and the basis of v, is By,(v2) = (4. B26 1}, then 

Bayar, (eaer) = U{ Bu, Wyle wen) OF Biy.ary (Opes t4) o i € i}. 

Proof: 

We = (VE a8 20 L})ey 

(by the canonical sup-decumposition of cy) 

=(V{ (En Avidyne) 2 € Ler 

(by the decomposition of MN ng) 

HV{Eq CLA MO iE Lt



From the lattice isomorphism between (Ww, S) aud (Hw, <) and Corollary 5.1, we have: 

Buy, (e2e1) — Uf{ Bion, (E16) N Bue (Sue un) :1€ J}. 

0 

One practical application of the incremental computation of the basis is in the automatic 

proof of the equivalence between morphological operators, since two \V-operators are equal 

if and only if their basis (represented in the window 1’) are equal. The next example 

illustrates this procedure. Figure 15 shows the icon used to represent the comparison of 

equality between the basis of two operators. 

Example 6.3 Let the operators 4 and wy be defined by Spept and Spe pope Bt, respec- 

tively, with B= 111. 

Computing the basis of Uy. we have: 

Bw,(o) ={ [ ta00 . 1a ].[ orto. dan ], [oats , 11n11 |} 

with W, = BY @ (B@ {o}) = 11111 

Computing the basis of U2. we have: 

Buy, (v2) = { | 01120000. LNLL1I 11 ].[ poora1000 . 112111111 ]. 

[ 000011100 . biatai1it | }. 

with W, = B® (B @ (B® (B® {o}))) = MAM 

Note that these basis are equivalents. Figure 16 shows a graph representing this procedure. 
oO 

Another application of the incremental computation of basis is in the parallelization of 

morphological operators. “Chis technique is useful in the programming of highly parallel 

MMachi’s. 

In the parallelization of a morphological operator we could choose between the two canoni- 

cal decompositions. Figure 17 shows the highly parallel structure of these decompositions. 

Note that the number of sup-generating operators used in the sup-decomposition depends 

on the basis of the operator. while the immber of inf-generating operators in the inf- 

decomposition depends on the basis of the dual operator. Thus, to choose the best 

parallel representation we hinst: compare the cardinally of the operator basis with the 

cardinally of the dual operator basis. 

The next examples illustrate the procedure of parallelization of MMach’s programs. 
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All 
Example 6.4 Let the operator uv be defined by v = tAv(eqtAvoge), with |= 010 and 

000 

11 

B= 000 . This representation of v is illustrated in Figure 18a. Byy(¢:) was computed 

000 
in Example 6.2. Computing the basis of vo" we have: 

000 = aN0 ooo ALL 
Biwt)=¢ | 000 . 111 |,| 010 . vat | 5, 

Wb Lt yoo 1d 

that is used in the inf-decomposition. This representation of y) is ulustrated in Figure 186. 

Note that this last representation ts more efficient that the first, since it has less levels of 

data processing. 

QO 

O10 
Example 6.5 Let the operator uo be defined by co = (Ave gt) V(t Adge) with B= 111. 

010 
This representation of v is illustrated in Figure 19a. The basis of v has twenty elements. 

Computing the basts of uo" we have: 

000 101 plo dL 
Buy-(y") = 000 . 000 |.| Lak. da ; 

000 lol Olu Add 

that is used in the inf-decomposition. This representation of v is illustrated in Figure 

196. Note that this last representation ex more efficient than the first, since it has less 

data processing levels, 

QO 
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7 Conclusion 

In this paper, we have presented some fast algorithms to compute set operations on 

collections of closed intervals. We have also showed how to apply these algorithms to 

solve a problem related with the automatic programming of MMach’s: the incremental 

computation of basis of W-operators. 

The algorithms proposed are supported by a sound Mathematical theory that studies 

operations on collections of sets. represented by collections of closed intervals. A funda- 

mental fact in this theory is that. for a viven finite subset IW of a set £, equipped with an 

Abelian group +. the posets (P(P(IV)).C). Ud. S). (0, 1}? <) and (Wy, S$) are 
isomorphic complete Boolean lattices. 

As erosions and dilations are built from set operations. their basis are built from the 

corresponding closed iutervals operations. Ouce the set operators can be decomposed in 

terms of erosions aud dilations. their basis can be computed also from the basis of these 

elementary operators. Thus. the algorithms that perform operations on collections of 

closed intervals coustitute the kernel of a software system for the incremental computation 

of the basis of set operators. 

The incremeutal computation of the basis can be applied in practice for the parallelization 

of MMach programs or for the automatic proof of the equivalence between distinct 

morphological operators. 

Another contribution of this paper was the derivation of the canonical decomposition 

expressions for the family of W-operators. that generalizes the known results for the 

family of t.i. operators. 

The computational results presented in this paper were implemented in a software system 

for the antomatic design of programs for MMach’s. This software was implemented as 
a Toolbox of the khoros svstem [18] aud has routines for the extraction of examples from 

pairs of images. learning of Boolean finetions from the examples extracted. application 

of operators learued on images and incremental computation of operator basis. Some 

applications of this system into real world problems are given in [6]. 

Finally, this work shonld be the basis for the study of the transformation of the canonical 

representations into other representation siuctures that use smaller numbers of crosions 

and dilations. This problem. that can be nuderstood as the inverse of the incremental 
computation of the basis. is extremaly complex, bue should play an important role in the 
design of a system that performs the antomacic design of efficient programs for MMach’s.
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