





Looney and Peters (1985). Nevertheless, no explicit assumption concerning the waiting
time to process shift is made. Assuming that shift occurs after a geometrically distributed
number of items is produced, Nayebpour and Woodall (1993) proceed to develop precise
mathematical expressions to assess m*, both in case 1 and case 2, and compare the results

achieved with those of Taguchi et al.
In this paper, a general mathematical model is constructed to move a step ahead and

examine the effect of diagnosis errors in the inspection procedure, an assumption not
taken into account in previous studies. The basic assumptions and cost structure follow
closely those of Nayebpour and Woodall (1993). Specifically we assume that:

(1.1) Items are individually and independently produced at each time unit;

(1.2) After a geometrically distributed number of time is produced, process fraction de-
fective shifts rom Q to 7, 0 < 7 < 1;

(1.3) While production is on, a single item is inspected after every m, (m > 1), produced;

(1.4) Inspection is instantaneous and imperfect in the sense that with probability «,
0 < a < 1, a non-defective item is considered defective and with probability 3,
0 < A < 1, a defective item is considered non-defective;

(1.5) As soon as an inspected item is considered defective, process adjustment begins.
Process adjustment is a two-phase operation in which phase 1 (process stop) takes
I, 1 > 0, time units to complete and phase 2 (process recovery) is instantaneous.
During process stop inspection is suspended and after process adjustment fraction
defective shifts back to 0 and the cycle just described is repeated;

(1.6) The cost of adjustment is C) if shift occurs during the cycle and C; otherwise;
(1.7) The cost of inspecting an item produced is Cs;

(1.8) The last unit inspected as well as the ! units produced during process stop are
scrapped and the unit costs of producing and scrapping defective and non-defective
items are C, and Cs, respectively;

(1.9) The cost of producing and not scrapping a defective item is Cg;

There are of course some differences between the assumptions (1.1)-(1.9) and those in
force in Nayebpour and Woodall (1993) that are worth commenting. The most important
concerns (1.8), the scrapping of the last (I+1) units produced in a cycle. Since inspection
is allowed to be imperfect, retrospectively searching for defectives among the last (m + 1)
items produced in a cycle, which is one of the options in Nayebpour and Woodall (1993},
wouldn’t be effective. We could however impose the scrapping of the last (I + m) items
instead of just the last (I +1). Mathematically, this causes no extra difficulty and, in fact,
one can readily obtain the appropriate results if it is interesting to consider scrapping
the last [ 4 k units produced for some fixed value of k, ¥ > 1. Imperfect inspection
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and scrapping also impose differences in cost structure. Since under imperfect inspection
process adjustment can be incorrectly called up, a different cost of adjustment must be
considered and this is what is done in (1.6), Scrapping on the other hand generates the
extra loss of discarding non-defective item and this is taken care of in (1.8).

2 The mathematical setup

Since under the assumptions (1.1)-(1.9) the successive cycle costs and lengths, {(K;, L) :
§ > 1}, can be thought of as a sequence of independent and identically distributed random
vectors, the renewal theorem can be invoked to show that the monitoring prooedure s cost
up to the n-th item produced, A(n), satisfies

E(Ky)
E(L,)

The left hand side of (2.1) defines the objetive function of interest, namely, the pro-
cedure’s long run expected cost per item produced C, for which we will now develop an
expression in terms of basic process parameters. To do that we will describe & production

cycle by the set

limn o =E[A®)] = 21)

{"stv (Dl,S],T]), sees (DE’SE!TELR} (2'2)

of random elements, in which:

{2.2a) W denotes the (unobservable) time to process shift;
(2.2b) £ denotes the (observable) total number of inspections;

(2.2¢) {Dy,..., D¢} denote the (unobservable) numbers of defective items produced be-
tween the successive inspections;

(2.2d) {Sy,...,S¢} denote the (unobservable) states of the inspected itens,that is

S; = 1if the j-th inspected item is defective
0 otherwise;

(2.2¢) {T,...,Te} denote the (observable) results of the successive inspections, that is

T; = 1if the j-th inspected item is considered defective
0 otherwise;



(2.2f) R denotes the number of defective items produced during process stop.

Notice that in case 1 (= = 1), {(Dy,51),...,(D¢,Se), R} is determined by W and
§, so that production cycle is completely described by {W,£,T3,...,T¢}. To describe
the joint distribution of (2.2) we let W be geometrically distributed with parameter p,
0<p<1,and {(D;,5;T;): j 2 1} be conditionally independent given W such that for
d=0,1,...,m;,s=0,1and t=0,1,

P{D; = d,S;=3T;=t|W=uw}

Lopd)1gop(s)et(l — )09 i 5 <int(%)

= B(my,7,d,8)mf' (1= BYP[(1 — ) (1 = a) ' if - j > int(2)

(2.3)
where
m; = mj—-1l-wVm(-1)
and
B(n,m,k,3) = 1my(k)lgy(s) if r=1
= Ckr*(l—-7x)"* if O0<n<l.

Obviously,

§ = inf{j:T;=1} (2.4)

and we let R be conditionally independent of {(D;,S;,T;) : j 2 1} given W and ¢, and
such that forr =0,1,....,1.

PR=r|f=kW=w} = Lg(r) i w>mk+I

Bl(mk+1—-w)Alm,r1] if w<mk+!
(2.5)



Since L; and K; in (2.1) have the same distribution as m{ + [ and Ni{mE+1 <
W}+Tel{mé < W <mf+1} + T3l {W <mé}, respectively, where

' = C'1+€Cs+(l+1)05,
Py = Ci+£C3+RC+(1-R+1)Cs
Iy = Ci+€Cs+(Se+R)Co+(I— 8 — R+1)Cs+ Z¢Ce,

with Z; = D, and Z; = Di+ 5 +... +D,'_1 + 81 + Dj for j > 1, it follows from
(2.3)-(2.5) that

E[L1] - m(l — ,qu)

A—a-ema-m " 25)

and

. ag™" 1-7q"
ElKi] = G+ (@O —aym T A= - -a™

(Ca—Ce) [ raq™ (‘ _q1— Q‘)) +

1-(Q1-a)m) 1-4
(1l —q™) ( 1—ﬂ)l
(1-(1—a)™) ey
mn 7"(1_‘1’") 1
Ca(l+1)+06{(1_(1-a)qm)_(1-(1—a)¢1"‘)[l—q—

(2229}

where y =76+ (1 —-7)(1—a).
A sketch of the calculation leading to (2.6) and (2.7) can be found in the Appendix.
In order to compare (2.6) and (2.7) with the results of Nayebpour and Woodall (1993)
when a = f# = 0, we must set C5 =0 and C, = Cs. Doing this, the expected cycle cost
and length reduce to
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1-(—m)q™ m q
E(Ky)=C1 + Cs_-(l—T)w +C, [(m - m)ﬂ +m(l—-7)+ l7r]
(2.8)
and
E(Ly) = ml:l(lf-;:l!”‘_ﬂ 4 (29)
i = (_1 l_(;:))im =1 _1 e = T (2.8) and (2.9) reduce to (4.4) and (43) of

Nayebpour and Woodall(1993), respectively. Note that the difference between the co-
efficients of Cj in (2.8) and C; in (4.4) of Nayepour and Woodall(1993) is due to the fact
that in the present setting, inspection is suspended during process stop. This causes the
elimination of int(;ll-) from the coefficient of Cy in (2.7) and (2.8). There is also a match
between the coefficients of Cy in (2.9) and Cp in (4.5a) of Nayebpour and Woodall (1993),
when no retrospective inspection is in force, and this completes the comparison.

Observe also that if, in the present setting, scrapping the last (I + 1) units produced
in the cycle is replaced by 100% inspecting the last (I + m) units, and Cy, Cy and Cg are
substituted by C; and Cp as in Nayebpour and Woodall (1993), the coefficients of these
two new cost factors in the corresponding expression for (2.7) would be:

E(Z¢ + S¢ + R) — E(Ug) (2.10)

and

E(U) (2.11)

where Uy =0and Up = Dy +81+...+ Dy + Sky, k > 1. Carrying through the required
calculation [see Appendix for details], we get:

E(Z¢+S:+R) =
b, mx b l_qm 1 E- B L
S l=gi 1—(1'“)""‘{1”‘1+[7 (m 1)]1—7}T

(1 —B)(1—q™) ag™ ’ b
T - T I- e [”““’"1‘-‘«;]"
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1-4™)

+ ——1—(1—a)q"‘hr
and
B =TTy [enop -ty BT |,
=1 -  1-(1—a)™ 1—7 1—=v 1-gq|

Thus, when a = 8 =0, (2.10) and (2.11) reduce to

E(Z;+ S¢+ R)— E(Ue) = [11nqm - i-z_q] 2+ mr(l —n)+Ilr+(1-7)
(2.12)
and
E(Ue) = [l—_’ﬁq; L T{’_—q] r1—7)+ml—7) - (1-7). (2.13)

Comparing (2.12) and (2.13) with the coefficients of Ca and Cp in (4.2) of Nayebpour
and Woodall (1993), respectively we notice that a missing factor of (1—) and (v —1) in
the later two. The two missing terms cancel out when Cy = Cp so that when a = 8 =0,
E(Z¢+Se+ R) reduces to the coefficient of Cp in (4.5a) of Nayebpour and Woodall (1993).
The difference criginates since in the calculation of (4.1) in Nayebpour and Woodall
(1993), the state of the inspected component is left random when in fact this is not the
case. The state of the inspected components are in fact determined by §.

3 The optimium inspection interval

As in Nayebpour and Woodall (1993), the problem of finding an inspection interval that
minimizes the procedures long run expected cost per item produced, that is, a positive
integer m* for which

f(m*) = inf{f(m) :m,1,2,...},

where f(m) is defined by the ratio,EEz(—IL{qT)), of (2.6) to (2.7), is hard to solve analytically.

The main reason is that the objective function f(m) is of the form
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ko + kym + kaq™ + kgmg™
es + e1m + exq™ + egmg™’

with coefficients k; and e;, i=0,1,2, and 3, being well defined (but not very charming)
fuctions of the system parameters, a, 8, 7 and q, and cost factars, C;, i=1,2,...,6.

The alternative route is, therefore, computer assisted simple direct search. Plots of
f(m) versus m as well as values of m*, for specific choices of the system parameters and
cost factors, can easily be obtained with the aid of a software package such as Mathematica
or Maple. Figure 3.1, constructed with Mathematica, for example, exhibits the convex-like
behavior of f(m) versus m for

a=001,8=0.01,7 = 1,¢q = 0.999661, ! = 1000 (3.1)

C1=C2;=4.000,C3 =150,Cy = Cs = 5 and C5 = 5.5. (3.2)

The values in (3.1) and (3.2) match, to some extent, the system parameters and cost
factors reported by Berry(1974) and used in example 1.1 of Nayebpour and Woodall (1993)
for comparison purposes. In several test plots for different sets of values, the behavior
of f(m) versus m exhibit the same overall pattern of Figure 3.1. The difference between
them lies mainly in the extention of the flat portion of the graph around m*. Figure
3.2 illustrates this fact when the value of v used in 3.1 shifts from 1 to 0.6. Figure 3.3
provides a sharper image of difference in flatness between the two previous plots.

Tables 3.1-3.3 exhibit the values of m* and f(m*) for different choices of the system
parameters a, §, v and g. The cost factors were kept fixed as in (3.2). The reported
m® values are the integer parts of the optimum values produced by Mathematica’s Find-
Minimum procedure. These values reveal that diagnosis errors can greatly influence the
optimum choise of the inspection interval and some of the patterns are worth commenting.
It is intuitive that an increase in § (with the other system parameters and cost factors
remaining fixed) will slow down process shift detection, requiring an increase in inpection
effort. This behavior is revealed in Tables 3.1-3.3, except in Table 3.3 when g = 0.999661.
While in the former an increase only in 8 causes m* to decrease and f(m*) to increase,
in the later it causes both m* and f(m®*) to incresse. It is also intuitive that an increase
in a (with the other system parameters and cost factors remaining fixed) will speed up
false alarm, requiring a reduced inspection effort. This behavior is revealed in Tables
3.1-3.3, except in Table 3.3 when g = 0.999661. While in the former an increase only in
a causes both m* and f(m*) to increase, in the later it causes m* to increase but f(m*)
may increase or decrease. It is also worth noticing that a decrease in g causes m* initially
to decrease and then increase.

Test cases with other values of x and g also revealed either extremely long flat portions
of f(m) around m* or a monotone decreasing behavior of f(m). The FindMinimum
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procedure of Mathematica failed to provide a solution to m* in these cases. To illustrate
this fact, note that setting 7 = 0.4 and keeping the other system parameters and cost
factars as in (3.1) and (3.2), we get from Mathematica that

£(100000) = 2.42006
F(1108432) = 2.42001
f(m) = 2.4 for m > 1108433

and the application of FindMinimum does not provide a solution to m®. Also setting
g = 0.998 and keeping the other system parameters and cost factors as in (3.1) and (3.2),
we get from Mathematica that

f(100000) = 5.01624
£(327969009) = 5.00001
f(m) = 5 for m > 327969010

and the application of FindMinimum also does not provide a solution to m*.



Table 3.1.A - Values of m* and (f(m"*)) for x = 0.9999 when § =9, x = 1 when 8> 0.

[

9

Values of 8

0.00

0.01

0.05

0.10

0.999990
0.999900
0.999661
0.999000

0.999990
0.999900
0.999661
0.999000

0.999990
0.999900
0.999661
0.999000

0.999990
0.999900
0.999661
0.999000

0

0.01

0.05

0.1

0.2

0.3

04

0.5

2491
(0.209)

2467
(0.210)
860

(1.140)
500
(2.673)

859
(4.706)
3145
(0242)
1077
(1.211)
714
(2.735)
980
(4.718)
5012
(0.327)
1688
(1.396)
1077
(2.901)
1342

(4.749)

6648
(0.400)
2229
(1.546)
1404
(3.031)

1661
_(4T71)

2373
(0.215)
829
(1.153)
571
(2.687)
844
(4713)

3025
(0.248)
1039
(1.226)
691
(2.752)
964

(4.725)

2259
©0.221)
791
(1.169)
547
(2.707)
826
4.722)

2880
(0.256)
992

(1.246)
663
@.774)
945
(4.734)

4594
(0.349)

2044
(0.235)
720
(1.206)
501
(2.750)
790
(4.743)

2608
(0.274)

903
(1.289)
609
(2.822)
908
(4.753)
4161
(0.376)
1423
(1.506)
929
(3.012)
1269
(4.785)

5530
(0.462)
1890

(1679)
1223
(3.157)

1593
(4.807)

1841
(0.252)
652

(1.248)
458

(2.799)
756
(4.763)

2348
(0.294)
818
(1.339)
557
(2.878)
873
(4.776)

3752
(0.407)
1293
(1575)

854
(3.081)
1235

(4.807)

4901
(0.502)
1722
(1.762)
1131
(3-235)
1562
(4.828)

1648
(0.211)

586
(1.298)
416
(2.858)
726
(4.789)

2101
(0.318)
737

(1.398)
507
(2.943)
842
(4.801)
3350

(0.444)
1167

1456
(0.295)
522
(1.359)
374
(2.930)
702

(4.820)

1858
(0.348)
656
(1.470)
456

(3.023)
819
(4.832)

2074
(0.489)
1042
(1.753)
708

(3.256)
1188
(4.861)

3962
(0.606)
1396
(1.972)
948
(3.429)

1529
(4.879)
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Table 3.1.B - Values of m* end (f(m*)) for x =0.9999 when =0, 7 =1 when >0

@ q Values of
0 0.01 0.05 0.1 0.2 03 04 0.5
020 0.999990 9167 9083 8749 8345 7576 6846 6142 5450
(0.499) (0.503) (0.519) (0.540) (0.585) (0.636) (0.697) (0.771)
0.999800 3063 3038 2043 2825 2598 2377 2160 1944
(1.740) (1.748) (1.779) (1.820) (1.909) (2.008) (2.122) (2.256)
0.999661 1905 1893 1847 1789 1674 1560 1446 1330
(3.190) (3197) (3.226) (3.262) (3.340) (3.427) (3.525) (3.639)
0.899000 2109 2105 2092 2076 2048 2024 2010 2014
(4794) (4796) (4.803) (4812) (4.830) (4.851) (4.873) (4.89%)
0.30 0899990 11098 10996 105977 10114 9192 8315 7468 6634
(0.577)  (0.581) (0.600) (0.624) (0.677) 0.737) (0.807) (0.893)
0.999300 3704 3676 3565 3429 3163 2004 2648 2392
(1.882) (1.891) (1.926) (1.971) (2.069) (2.179) (2.303) (2.448)
0.999661 2289 2276 2225 2162 2034 1907 1778 1647
(3.302) (3309) (3.339) (3.378) (3461) (3.552) (3.654) (3.771)
0.999000 2424 2420 2400 2396 2372 2355 2348 2360
(4.809) (4811) (4817) (4826) (4844) (4.864) (4.885) (4.908)
040 0.999990 12743 12628 12174 11625 10575 9575 8607 7654
(0.641) (0.646) (0.666) (0.694) (0.752) (0.820) (0.898) (0.992)
0.999900 4250 4219 4097 3946 3650 3360 3073 2785
(1.99372) (2.003) (2.041) (2.090) (2.194) (2.310) (2.442) (2.595)
0.999661 2612 2599 2545 2478 2343 2206 2067 1925
(3.385) (3.303) (3.424) (3.465) (3.550) (3.644) (3.748) (3.866)
0.999000 2671 2667 2657 2646 2626 2613 2611 2630
(4.819) (4821) (4.827) (4.836) (4853) (4.872) (4.892) (4.914)
0.50 0.9999%0 14202 14074 13574 12967 11806 10698 9625 8567
(0.696) (0.701) (0.724) (0.753) (0.817) (0.890) (0.975) (1.077)
0.999900 4734 4700 4568 4406 4085 3770 3457 3141
(2.086) (2.096) (2.136) (2.187) (2.297) (2.418) (2.555) (2.712)
0.999661 2896 2882 2826 2756 2615 2472 2326 2177
(3452) (3.460) (3.492) (3.533) (3.620) (3.715) (3.820) (3.938)
0.999000 2873 2870 2861 2851 2834 2824 2826 2850
(4826) (4828) (4.835) (4.843) (4.860) (4.878) (4.898) (4.918)
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Table 3.2.A - Values of m* and (f(m*)) for x =0.75

Values of 8

0.00

0.01

0.08

0.10

0.999990
0.999900
0.999661
0.999000

0.999990
0.999900
0.999661
0.999000

0.999990
0.999900
0.999661
0.999000

0.999990
0.999900
0.999661
0.999000

0 0.01

0.05 0.1

0.2

0.3

225¢ 2236
(0.223) (0.224)
828

(1169) (1.172)
682
(2.667) (2.670)

2885 2363
(0.257) (0.259)
1045 1038
(1.240) (1.243)

838

(2.716) (2.719)

2166 2081
(0.220) (0.234)
798 768

(1183) (1.197)
661 640
(2.680) (2.695)

1913
(0.247)
710

1747
(0.262)

(2.955)

4939
(0.508)

(1.723)
1518
(3.045)
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Table 3.2.B - Values of m* and (f(m*)) for x =0.75

Values of 8

020

0.30

0.40

0.50

0.999990
0.999900
0.999661
0.999000
0.999930
0.999900

0.899661
0.999000

0.999990
0.999900
0.999661
0.999000

0.999920
0.999900
0.999661
0.999000

0

0.01

0.05

0.1

0.2

03 0.4

0.5

8870 8805 8550 8236 7621

(0.515)
3216
Q.77
2474
(3.013)

11045
(0.582)

(1.822)
(3.066)

13025
(0.632)
4z
(1.898)
(3.100)

14890
(0.671)
5389

(1.850)
(3.123)

(0.518)
3196
(1.723)
2464

(3.017)

10967
(0.585)

(1.828)
3037
(3.070)

12935
(0.636)
4702
(1.802)
3526
(3.104)

14789
(0.675)
5362
(1.957)
3956

(3.127)

(0.531)
3120
(1.745)
2427
(3.033)

10657
(0.600)
3900
(1.852)
2997

(3.085)

12579
(0.651)

4604
(1.827)
3486
(3.119)

14391
(0.691)

(1.982)
3486
(3.119)

(0.548)
3024
(1.775)
2379
(3.052)

(0.584)
2836
(1.839)
2284
(3.095)

(0.659)
3569
(1.951)
2848
(3.146)

11284
(0.715)
4236

(2.028)
3335
(3.178)

12944
(0.758)

(2.085)
3767
(3.200)

7017

6419
(0.674)
2480

(1.992)
2094
(3.191)

(0.757)
(2.108)
2647
(3.239)

(0.819)
3749
(2.187)
3132
(3.268)

11093
(0.886)
4335

(2.243)
3564
(3.285)

5819
(0.732)
2271

(2.086)
1999
(3.247)

7361
(0-820)
2900

(2.203)
(3.292)

(0.883)
3503
(2280)
3030
(3317)

10181
(0.932)
4069

(2.334)
3463
(3.337)
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Table 3.3.A - Values of m* and (f(m*)) for x = 0.50

Values of 3

0.00

0.01

0.06

0.10

0.999990
0.999900
0.999661
0.999000

0.999990
0.999900
0.999661
0.999000

0.999990
0.999900
0.999661

0.9938000

0.999990
0.999900
0.999661

0.999000

0

0.01

0.05

0.1

0.2

0.3

0.4

0.5

2008
(0.235)
864
(1.176)
2093
(2.473)

2085
(0.236)
859
(1.178)

3002
(2.473)

(0.272)
(1.240)

3749
(2.476)

(0.361)
1848
(1.385)

(2.481)

6159
(0.428)
2597
(1.483)

(2482)

2031
(0.240)
839

(1.187)
3047

(2.475)

2619
(0.277)

(1.250)
3805

(2.478)

1963

1827
(0.257)
764
(1.224)
3344

(2.484)

2359
(0297
983
(1.292)

4161
(2.485)

3933
(0.397)
1668
(1.448)
6229
(2.488)

5474
(0.470)
2368

(1.549)
7684
(2.488)

1688
(0.271)
712
(1.255)

3778
(2.489)

(1.590)

(2.401)

1546
(0.288)
660

(1.202)
4779
(2.495)

(0.334)
854
(1.366)
5695

(2.495)

1398
(0.309)
606

(1.337)
9088
(2.499)
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Table 3.3.B - Values of m* and (f(m*)) for 7 = 0.50

Values of g

020

0.30

040

0.80

0.999990
0.999900
0.999661
0.999000

0.999990
0.999900
0.999661
0.999000

0.999990
0.999900
0.999661
0.999000

0.999990
0.999900
0.999661
0.999000

0

0.01

0.05

0.1

0.2

0.3

0.4

0.5

9095 9046 8850 8606

(0.507)
3893
(1.584)
8948
(2.482)

11732
(0.556)
5035

(1.637)
10042
(2.481)

14273
(0.588)
6093

(1.668)
(2.480)

16781
(0.609)
7088

(1.685)
11458
(2.480)

(0.510)
3877
(1.587)
8062
(2.482)

(0.519)
3816
(1.600)
9024

(2.483)

11436
(0.568)

(1.653)

10104
(2.483)

13832
(0.600)
6000

(1.683)

(2.481)

(0.531)
3740

(1.617)
9113

(2.485)

11141
(0.581)
4862

(1.670)

10174
(2.485)

(0.613)
5906
(1.699)
10942
(2.483)

8118
(0.557)
3585
(1.653)
9337

(2.487)

10555
(0-607)

(1.704)
(2.486)

12021
(0.640)
5718
(1.732)

(2.485)

15269
(0.661)
8695
(1.747)
11657
(2.483)

7629
(0.586)
3432

(1.692)
9655
(2.490)

(0.637)
4513
(L741)

(2.488)

12252
(0.669)
5530

(1.787)
(2.487)

14526
{0.690)

(1.781)
11797
(2.485)

7135
(0.620)
3276

(1.735)
10128
(2.493)

8632
(0.659)
8118
(1.784)
10889
(2.495)
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Appendix

Far the sake of completeness we shall here present a sketch of the calculation that led to
(2.6) and (2.7), from the model setup in (2.3)-(2.5).
From the remark following (2.5), we have:

ElL] = mE[]+1 (A1)
and
ElK)] = Ci+(Ca—C)P(mE+1 S W)+ C3E(€) +
(Cs— C5)[E(RymE S W <mf +1) + E(R+ Sg; W < mf)] +
Cs(l+ 1) + CoE(Ze; W < mé).
(A2)
Now

E€) = ép(pn)

1+§1E[P(£>n|W)]

oo oo m(j+1)=1

1435 Y pen(1 -y

n=1j=0 w=mj

- 1—yq™
= T-A-ami- (A3)

where v = 78 + (1 — a)(1 — =), since from (2.3)

Pé>n|W=w) = ﬁP(T}=O|W=w)

J=1

— (1 _ a)iﬂ!(w/m)l\n,yu—int(w/m)l\u.
Similarly,

oo oo

Y Y p*(l-a)le

k=1 w=mk+{
aqm+l
T 1-(1-a)m

Pmé+1<W)
(A4)
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since from (2.3)
Pt=k|W=w) = (1-a)*'a if intlw/m)=I1>k

= (1-a)y* ¥ (1-1) otherwise. (A.5)

The expected value of R on the set A = {m§ < W < m{+1} is obtained by noting that
on A, R is, conditionally on W and £, binomially distributed with mean x(m§ +1 — w).
Consequently, it follows from (A.5) that

E[E(RI|W,£)ym& <W < mf +1]

E[R;mE W <mé+]]

= tEmé+1-—W;mE <W <mf+1]

oo mhkH—1
Y. Y (mk+l-w)pg*(l-a)a

k=l w=mk

I

raq™ g(1—¢')
- Teart et (A6)

Similarly,

E[R;W <mf] = =nlP(W <mf)

oo m(j+1)~1 oo

Y, Y X p*(l-afy -y

J=0 w=mj k=j+l
7i(1—q™)
o l-(1-a)™
since on the set B = {W < m{} R is, conditionally on W and &, binomialy distributed
with mean #l. From (A.6) and (A.7), one gets

(A7)

E[R] = f—(_%ﬁﬁ[l—(l—ql)liq”' l_l(f_q:)qm.'w. (A.8)

The calculation of the expected value of S¢ on the set B is straightforward since

E[S:|W=w=kl=PSe=1|(=kW=w) = %ﬁwﬂw < mk

= 0 otherwise .
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So,

E[S{| = E[Ss W <m§] = E[E(S¢|W,£;W < mf]

= ;:gnP(W < m¢)
(1-¢™)(1—B)r
1-(1-a)g™)(1-7)

(A.9)
It is also not difficult to see that

E(Z¢|W =w,6=k = [m(int(w/m)+1)—w-1r+
[ — (int(w/m) + 1)][(m - D)z + gr]

on B. From this result it follows that

E[Z]=E[ZgW < mé]=E[E(Z|W,£);W < m{]
oo m{j+1)-1 oo
= E E Z{[m(j+1)—w—1]+[k—(j+1)][(m~—1)+

j=0 w=mj k=j+l

-g]}wm“’(l —afy" 7 (1=7)

. mr P = { 1
1-(1-a)™ 1-(1-a)™ |1-¢
B -2\
E-m-niL e
(A.10)
Substituting the expressions (A.3), (A.4), (A.6)-(A.10) in (A.1) and (A.2) lead to (2.6)
and (2.7).

Fina.lly, letting Uy =0andUk=D1+S,+...+D,,_1+Sk_1 for k > 1, it is not
difficult to see that

EWe W&l = [m(int(o) +1) =W = in

18



+([—int(—;”;) —2)(m - 1x
W, B
+[k - tﬂt(;n") - 1);]1!’.

Consequently,

E[U¢} = E[Us W

A

m€] = E[E{U; | W,£ W < mé]
oo m{j+1)-1 oo

Y Y Y imGE+l)—w—1r+(k—j—2)(m—1)x

j=0 W=mj k=ji3

Hk—j— 1)§1r] pg*(1 — a) (1 )

mym l1—gq

i e

= —0-a¢ 1-(l-a)g" P e
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Figure 3.1: Values of f(m) versus m for (3.1) and (3.2).

21



sao____ 1000 1500 2000 2500 3000

Figure 3.2: Values of f(m) versus m for 7 = 0.6 and other parameters remaining fixed
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