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Abstract We compute the perturbative expansion of the
two- and four-point functions of color charges in the Color
Glass Condensate framework considering the quartic correc-
tion to the McLerran—Venugopalan (MV) model of Gaussian
color charge fluctuations. Expressions for these correlators in
the perturbative expansion for small and large non-Gaussian
color charge fluctuations are derived for arbitrary orders in
perturbation theory. We explicitly show that the perturbative
series does not converge at higher orders as expected. We
apply the Borel-Padé resummation method to our problem
to construct a convergent series. It is shown that the fully
non-perturbative solution can be described by the Borel—
Padé approximants constructed from the first few terms of
the perturbative series for small non-Gaussian fluctuations.

1 Introduction

The color glass condensate (CGC) effective theory [1,2] has
been successively used in understanding initial particle pro-
duction processes at high energy hadronic collisions and the
initial phase of collisions of heavy nuclei. The Mclerran—
Venugopalan (MV) model [3-5] of color charge fluctua-
tions in nuclei assumes a Gaussian weight function, which
is believed to be a good approximation for large systems.
One expects that non-Gaussian corrections to the MV model
may become important for describing color charge fluctua-
tions in small collision systems. These corrections may also
be relevant to the dijet correlations. In particular, the recent
observation of a “ridge” in two-particle correlations from
high-multiplicity pp and pA collisions [6—17] motivates us
to consider the non-Gaussian effects. The ridge for Au + Au
collisions [18-22] is believed to be due to collective effects
and the signature of the formation of quark-gluon plasma,
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which can be described by hydrodynamic evolution [23,24].
An outstanding question remains: whether the ridge effect
observed in collisions involving small systems is due to col-
lective effects or initial state dynamics [23-25].

Non-Gaussian corrections for the weight function have
been derived up to the fourth-order in the color charges [26—
28]. In Ref. [28], the two- and four-point functions of the
color charges are computed at leading order in the regime
where the quartic term is assumed to be a small perturbation,
and showed that infrared behavior of the leading connected
two-particle production diagram is different from the case of
a quadratic action. We discussed the properties of the non-
perturbative solution in Ref. [29] for arbitrarily large non-
Gaussian fluctuations. The non-Gaussian action could be
employed for generating initial conditions for the JIMWLK
evolution equation [30-39]; in particular, it would provide
corrections to the JIMWLK evolution equation for the four-
point function of color charges not considered in [40].

In this paper, we extend the work of Ref. [28] by comput-
ing these color charge correlators at higher orders in pertur-
bation theory. We explicitly compute diagrams up to next-
to-next-leading-order (NNLO). Computing each diagram is
helpful to understand the structure of the theory. However,
when going to several orders beyond the leading one, it may
not be useful anymore to see the complicated graphs. Instead,
we propose a general method to compute two- and four-point
functions at any order in the perturbation. It is well known that
the perturbative expansion in quantum mechanics and quan-
tum field theory often has zero radius of convergence [41—
44]. The asymptotic character of perturbation theory is also
suggested by the fact that the number of Feynman diagrams
at order n typically grows factorially. In general, perturba-
tive solution yields extremely good accuracy, e.g. quantum
electrodynamics, but it will diverge at the terms of order of
the inverse of coupling constant. We shall show that our per-
turbative series is also divergent, and the optimal order for
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truncating the perturbative series depends on the values of
coupling constant.

The Borel algorithm in perturbation theory is a resumma-
tion method to construct a convergent perturbative series, see
e.g. [45,46]. Based on the Borel method, several resumma-
tion methods are proposed [47,48]. We will apply a widely
used one for our problem: the Borel-Padé resummation
method [47]. In this method, a Padé approximant replaces
the Borel-transformed series expansion by a rational func-
tion whose numerator and denominator are chosen so that
its power series expansion agrees with the original power
series up to the term whose degree is equal to the sum of the
degrees of the numerator and the denominator of the rational
function. We shall show that almost exact solutions can be
obtained by taking only the first few terms of the divergent
series.

This paper is organized as follows. After describing the
setup of our problem in Sect. 2, we work out perturbative
expressions for the limit of small non-Gaussian fluctuations
and compare its results to the full non-perturbative calcula-
tion in Sect. 3. A formulation of the perturbative series in the
limit of large non-Gaussian fluctuations is given in Sect. 4. In
Sect. 5, we show the results of the Borel-Padé approximant
for our problem. The conclusion is given in Sect. 6.

2 Color charge averaging for small/large deviations
from the MV model

We consider the asymptotic expansion of the quartic correc-
tion to the MV model' [28]

[ Do Olp)e=So-I sk
= po e—S(;—dewpf},/K
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where Sg = f d*x ,0)% /2u? denotes the Gaussian action. On
the other hand, in the regime of large non-Gaussian fluctua-
tions, one may consider the expansion of the action as:

Z,02 p4
[ oo e |25 - 22

o) 2\ k 4

1 zZp P
= [ Do > — -5 -, 2
/ pxk_ok!( 2,12> eXp[ K} @

1 We note that we absorbed a factor 3 into the definition of k': k = ka/3,
as compared to [29]. We also inverted the notation for the coupling in the
MYV model and the quadratic term in the non-Gaussian action to make
comparisons with [28] easier: p in this paper is the coupling of the
quadratic term in the non-Gaussian action while j is the renormalized
color charge appearing in the MV model.
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where Z = j1%/u? is the renormalization factor, and /i is the
coefficient of the two-point function in the MV model, i.e.,
the renormalized color charge:

(0" @)p" () = (pfph) = 88(x — y)ia®. 3)

Following [28,29], we compute the functional integral in
lattice regularization, assuming a square lattice with Ny x N;
sites of length a. In the case of a local operator, which is the
one we consider here, the color charge average in the SU(N,)
theory can be written as:

2
[ dr rNe=20, e Wr

<Or) f dr rNg_z e_Wr ’ (4)
2_
where 1% = Z;V‘:'I : p%p¢ and
a2rr a2
W= ®

In the next section, we compute the two- and four-point
function of color charges in the limits where (i) Eq. (5) is
dominated by its quadratic term, and (ii) Eq. (5) is dominated
by its quartic term, corresponding to the regimes of small and
large non-Gaussian fluctuations, respectively, and compare
the result from different orders in perturbation to the non-
perturbative result.

3 Perturbation theory in the limit of small
non-Gaussian fluctuations

A leading order (LO) calculation in 1/« for two- and four-
point function of color charges has already been presented
in [28]. We start by summarizing their result, then extend
calculations to next-to-leading order (NLO) and next-to-
next-to-leading order (NNLO). Then, we present the struc-
ture of these correlators at N"LO order in perturbation
theory.

3.1 Leading order

We summarize the LO result for the two- and four-point func-
tion [28]. The color factors of the basic diagrams contributing
at this order are shown in Fig. 1, where x, y, u, and v repre-
sent coordinates in position space and a, b, ¢, and d represent
color indexes. We suppress color indexes in other figures to
avoid cluttered diagrams.

From Eq. (1), the two-point function at the order 1/«
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Fig. 1 The color factor for diagrams contributing at LO for the two- and four-point function of color charges
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Given that the two-point function of color charges must

bd dsb
be the same in both the MV model and its non-Gaussian +968% 4 6987 xySubuv- (16)
extension, we identify the renormalized the average charge
squared at order O(1/k) as: 3.2 The next-to-leading order
[ﬁ [1 — 4_ (N 24 1)] (10) We now compute the two- and four-point functions using Eq.
(1) at NLO in 1/k. The two-point function reads:
Thus, the two-point function reads ,
(s oY)
a b 5ab5x,v -2
(oxpy) = —5—H". (1D y y
a YooY 1
The four-point function at leading order in 1/« evaluates to: = ‘ Tk @ + 22 g + @@
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Thus, the color charge squared is renormalized as
@ o=’ [1 — 4—(N2 +1)
+32—(N2 (N2 + 2)} . (20)

For the four-point function there are six connected diagrams
that contribute at NLO, whose color factors are:

X v

w

N

u y

=16 x 16(N> + 1)

=16 x 4(N>+7) =8 x 16(N>+1)
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y v
@ @ =[N + DI
X u
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=16(N>+1)2 x2x2

=16(N>+1)? x 2 x 2. (22)

Let us define the four-point function as

(0508 5P = (88,388

+896 81,878y + 8978878 1) Adis
+(8b§cd + 59¢8b 4 599 55) 8 84u8uv Acon, (23)
where the disconnected (MV) part, Agjs, must be the square

of the two-point function (at the given order in perturbation
theory) as seen in the computation at leading order presented
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in the previous section:
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The connected part is given by

4 4 4
7 2z 16u” 5
Acon = | 82 (1 - N2+ 1
on T g4 |: ka? < Ka? (N ))

8
+32—(N2 + 7)} (25)

The first term is renormalized by the left-most diagram in
Eq. (21) and we can replace u — [t in the second term as it
is already a term of order O(1 /Kk3):

/14 it AN
Acon = e |: 8— + 32—(N + 7)i| (26)

An explicit computation of each diagram that contributes
for the two- and four-point function of color charge at NNLO
(O(1/k3)) is presented in the Appendix A.

We shall work out the structure of these correlators for an
arbitrary order in perturbation theory in the next section. For
this purpose, it would be helpful to show Egs. (27) and (28) in
aslightly different way, which can be extend to the evaluation
of the renormalized coefficients at N"LO. The non-vanishing
part of the two- and four-point function before and after re-
normalization may be expressed as

2
w
(pipd) = (N = D=5 [l —cx(1 4+ a10)]
2
= (N; — 1) [1 —cy(I+c1y)]
2
= (N — 1)—, @7)
4
(p)‘:p;’pi’pf) (N;1 - 1)a_4 (1 +ax +a2x2)
ﬂ4
= WE-DE (Thay+en?). @)
where
c=4(N2+1), a=—8(N>+2),

az =16 (SN +24N2 +31),
c1 = —8, ¢ =32(N>+7), (29)

andx = p*/ka? and y = i* /ka®. From Eq. (27), the renor-
malization condition is obtained as

w2l —cx(1+aix)] = a2 (30)
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from which we have
x[1—cx(I+ax0)? =y. (31)

Solving this equation for x up to the next-to-leading order
yields:

x = y[1 + 2¢y 4+ (7¢* + 2car) y?1. (32)
Then, the four-point function can be renormalized as

x(14+ajx + a2x2) = y[l + (a1 +2¢)y
—i-(7c2 + 6ca; + az)yz]. (33)

Thus, we also obtained ¢; = a; +2¢c = —8 and ¢ = 7¢% +
6car +a; = 32(N? + 7).

It is worth recognizing that the two-point function has the
same coefficients as the four-point function: c1, in the case of
NLO. In other words, the coefficients of the four-point func-
tion are obtained by dividing the coefficients of the two-point
function by ¢ = 4(N, Cz + 1) as expected by the cutting rule.
Starting from the vacuum graph at order 1/x, we note that
the contribution for the two-point function can be obtained
by cutting a loop from that graph in all possible ways, as indi-
cated in Eq. (34) (a cut is indicated by the x symbol). The
fully connected graph for the four-point function at order 1/«
can be obtained by cutting a loop in the resulting diagram for
the two-point function, which has been shown in the case of
scalar field theory with ¢>4 self-interaction [49]:

y
X v
w
u y
X

We note that scalar ¢ interaction has the same diagrams
as our problem in the perturbative expansion. The corre-
sponding color factor for the second diagram above may be
obtained by dividing the vacuum graph by (&, cz —1), then one
may multiply it by the MV-part of the two-point function:
n28bs, v/ a” to get the O(1/k) contribution to the two-point
function of color charges. The tadpole diagram always have
the color factor 4(N, CZ +1). This factor disappears after cutting
the loop. The O(1/k) contribution for the four-point func-
tion of color charges can be obtained by dividing the color
factor of the O(1/x) contribution to the two-point function
by 4(N? + 1) and then multiplying it by 2893, /a’.

In Fig. 2, we compare the LO, NLO, and NNLO results
with the non-perturbative result for the four point function
(left panel) and the solution of the renormalization equation
(right panel). We obtain a better agreement as the perturbative
order increases. We see that the NNLO result is enough to
reproduce the exact solution when the deviation from the
Gaussian approximation is less than 10%. In the next section,
we will show the N"LO results.

3.3 The N"LO order

We consider a perturbative expansion in 1/« at an arbitrary
order. To get a total sum of all diagrams, it is easier to work
with the Gaussian integrals rather than by using the Wick
contraction. We define N,, as

d n —SG
N f l_[ ’OX _S , (35)
JTadpg e=56
for which we have the recursive expression:
2 w2 .
Nps2 = (N2 —1+n) (—) N, withNo=1,  (36)
a

for n > 0 and even. A derivation of Eq. (36) is presented in
the Appendix B. By using N, the two-point and four-point
function at N"LO can be expressed as:

n+1 1 a2 k
(pypY) = (ZE <—?> N4k+2>

k=0

<n+1 L/ a2\ -
()
|
Pt k! K
n
k=0
n+1 1 a2 k
(0l ptplpl) = (Z o <_?> N4k+4>

Zakxk, (38)

where x = pu*/ka?. Note that the four-point function has
the same coefficients a; since it can be obtained by cutting
diagrams of two-point function at each order as mentioned
in previous sections. The factor ¢ = 4(N, L2 + 1) is a contribu-
tion of a loop, which disappears after cutting the loop when
calculating the four-point function. The coefficients a; are
listed in the Appendix C up to ten orders in perturbation.

Imposing the condition that the two-point function must
be matched with the MV model is written as:

Eu—zzl—cZakx 39)

where ji? is the renormalized color charge squared appearing
in the two-point function in the MV model. The renormalized
expression is obtained by substituting

(1—cx—ca1x -7 !

(1 +cx + (cay + ¢ )x + (cay + 202a1 + c3)x3
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Fig. 2 The left panel shows the 1.00 - 0.008f
ratio of the four-point function suG) Non-Perturbative
as a function of Z from LO, 0.99 0.006
NLO, and NNLO calculations : '
for SU(3). The right panel N 0.98 N
shows the Z dependence of 3 X 0.004
y = ji*/ka?. The full squares =2 0 . =
Q
represent the fesult of the. = 96 0.002
non-perturbative calculation -~ 10
S e NLO
0.95 /‘/ ‘ ‘ ‘ —‘ NNLO 0.000 ‘ N(‘Jn-Pertu‘rbative ‘ ‘ ‘ ‘
0.70 0.75 0.80 0.85 0.90 0.95 1.00 070 0.75 0.80 0.85 090 0.95 1.00
V4 V4

+(casz + 2¢%a; + cza% +3c%a; + c4))c4 +--+) (40)

successively until all powers of x are replaced by powers
of y = i*/ka® at a desired order so that we obtain the
renormalization of Eq. (39):

n
Z=1- chkka.
k=0

The four-point function can be renormalized following the
exact same procedure. After renormalization, Eq. (38) may
be written as:

(41)

—4 n+l1
"
(plpipidy = (NS = D=3 Texy”. (42)
k=0

The coefficients c; can be found in the Appendix C. The
four-point function of color charges in continuum notation
becomes

a

(oS it [S“baw’a(x — y)8(u — v)

d )

+8%8Pd 5 (x — u)s(y — v) (1 +

Pl pspd)
—4

1+ %Acon 5(x — u)

_4

i

—Acon6(x —y)

K

_4

i

1+ 7Acon 8(x —y)

)
)]

+8%8P5(x — v)8(y — u) (

(43)
where
Acon =c1 402y + a3y’ +eay’ +-- + cup1)” (44)
with y determined by solving Eq. (41).
The ratio of the four-point function is given by
4 n+1

n+2

where y’ is a solution of Eq. (41) at order y"*=. These results

suggests that we can sum divergent series:
oo
1-Z
R = chyk =
k=0

CYoo

(46)
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providing that we know a exact solution ys, for the renor-
malization equation.

We plot the result from Eq. (45) in Fig. 3 for SU(3) group as
a function of Z up to the eighteenth order in the expansion.
These ratios go up (down) for N>**1LO (N**LO). Such a
behaviour indicates that a large value is added or subtracted
at each order. The perturbation in 1/« works up to Z ~
0.85, and perturbative solutions strongly disagree with the
full solution. The right panel shows the Z dependence of
y = ji*/ka®. We can see that the perturbative solutions also
deviate from the full solution around Z = 0.85, which is
the source of the divergence in the ratio of the four-point
functions.

Usually, the partial sum of the asymptotic expansion
(order by order) will first approach the true value, then it
starts to diverge for larger orders. The perturbative solu-
tion is known to be good approximation up to the term of
the order of the inverse of coupling constant. Let us esti-
mate what order in the perturbative series the expansion
around 1/k ~ 01is optimal (optimal truncation). By using the
Stirling approximation, we make an rough estimate for the
coefficients:

k

! N.
Ck’\’ﬁ

which grow factorially at large k. This gives the order esti-
mate of the optimal number of terms kope ~ 1/(16x) =
Zz/(16y) [42]. When we substitute the value of y = 0.004
at Z = 0.84, the optimal value is kopy ~ 11. For the value
of y = 0.0057 at Z = 0.78, the optimal value is kopt ~ 6.
In Fig. 4, we show the difference between the exact solution
and the result of perturbation at Z = 0.84 and Z = 0.78 as
a function of the order in perturbation theory in SU(3). The
origin of the divergence are non-perturbative terms that do
not contain in a Taylor expansion [43,44].

612

K

_ TQk+ (N} —1)/2) (—4x)*
- T((N2—-1)/2) k!
~ (—16x)k!,

47
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Fig. 3 Left panel: The ratio of 1.00 ) 0.008} 3
. . \ = Non-Perturbative N’LO
the four-point function as a N NSLO
function of Z for SU(3). Right 0.99r Y SuU(3) 0.006 N7LO
\ . I 8
panel: The Z dependence of z | S N°LO
y = ji* /ka? for different orders é; 0.98; X — N3LO o
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_ H ; Q .
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0.95¢ / / —— N!%Lo 0.000F " Non-Perturbative
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Fig. 4 The difference between SUG)
the exact solution and the N"LO 0.005 SUB) 0.009
calculations for SU(3) at 0.008
Z = 0.84 (left panel) and 0.004
Z = 0.78 (right panel g g 0.007
= 0.78 (right panel) 2 2
@ 0.003 2 0.006
(] (U
£ £
T 0.002 5 0.005
0.004
0.001
0.003
0.000 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
0 5 10 15 20 0 2 4 6 8 10
order order

4 Perturbation theory in the limit of large
non-Gaussian fluctuations: the N"LO order

In this section, we consider an arbitrary order in perturbation
theory in the limit of large non-Gaussian fluctuations. The
integral for the evaluation of each order in this regime is
given by

f dr rNCZ—Z—i-n e—Sr
fdr PNe=2 =S

1 _
N, = ./\_/0 / Udpg p;e W= (48)

where Sy = fdsz p;‘/ic and S, = a®r*/k. By using

[ee) 4
1 1\ =«
/ dx x" exp [—x—] —.r <"+ )K T, (49)
0 K 4 4
and I'(z + 1) = zI'(2), the integral in Eq. (48) yields:
N (N2 = 1) T((N? —1+n)/4) (K )n/4
T4 T((N2+3)/4) \a?
(N2 +n—-5) «
== M, (50)
with the initial conditions Ny = 1 and
v, — DUNZ 4 D/4) Ge/a®) VD
2 =
T((N2 = 1)/4) (e/a?)NE=D/4
_ (N2 = DTN+ 1D)/4) .

4 LC((N2+3)/4) a

By using Eq. (50) one can calculate the two- and -four point
function of color charges for an arbitrary order O(Z") in
perturbation theory:

-1

n n

1 1
iey = (> H(—x)kN4k+2 > E(—x)sztk
n
K
= (NZ—])% 3 dj uwk, (52)
k=0
—1
(0 p%pbpl) = > 1 0 Naka > 7 0 Nak
k=0 k=0
N2 _1 n—1
:(47)% 1=2 Y ekt | (53)
a k=0
where x = Za?/2 % and w = Jk x/a = ZaJx/2 %

The coefficients dj are listed in the Appendix D. The require-
ment of matching the two-point function of color charges of
the MV model yields the following constraint

n
2 dewtt =z (54)
k=0

at the order O(Z"). Thus, by noting that w> = Z?/4y, the
ratio of the four-point function of color charges in the non-
Gaussian and Gaussian theories is given by

n—1
(1 -2 dewk+1>
k=0

w2

T N2+ DZ2

n
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w?/Z? 1-Z
N 5—(1-2)=—F5—,
NZ +1 4(N: + Dy

(55)
which is the same as Eq. (45) that is obtained by the expansion

in 1/k. In the Z — 0 limit, we have y = d7 then,

_ 1 AT(NZ+3)/4?
A2+ DA (N2 DT(NZ + 1D/

Ro (56)
which is consistent with our previous work [29]. Lastly, at
the order O(Z) (LO), R; is given by

(—dy + D)? ( do )
= 077 (14 %4 -D)),
4(N2 + 1)d2Z? 4 DD

D =,/d} +2d,Z, (57)

recovering the result presented in [29].

Let us now compare results from both perturbative calcu-
lations worked out in this and previous sections to the full
non-perturbative (numerical) calculation. The left panel of
Fig. 5 shows the ratio of the four-point function of color
charges in the non-Gaussian and the Gaussian theories for
SU(3) and SU(6) from the perturbation in 1/k — 0 (dashed
lines) and Z — 0 (solid lines), corresponding to small
and large deviations from the MV model, respectively. The
perturbation in Z shows a good agreement with the non-
perturbative calculation up to Z = 0.7 for SU(3). We showed
in [29] that deviations from the MV model for (o¢ p¢ P)]Z pf )
when Z — 0 — which is the region where one finds maxi-
mum deviation in both theories for this particular correlator
—become smaller as N, increases (with differences fully dis-
appearing in the limit of large N,). Thus, by increasing N,
we expect that the perturbation in 1/k becomes better while
the perturbation in Z becomes worse. Indeed, comparing the
results for SU(3) and SU(6) confirms this expectation. In
the right panel of Fig. 5, we also compare Z dependence of
y = jii*/ka® with the non-perturbative results obtained by
numerical integration. The range of agreement between the
different perturbative calculations and non-perturbative one
for the Z dependence of y is similar to the range of agreement
for the four-point function of color charges.

Ry

5 The Borel-Padé resummation

The previous sections showed that the perturbative series
for the four-point function of color charges in both the
limit of small and large non-Gaussian fluctuations diverges.
In this section, we employ the Borel-Padé resummation
method [47] to construct a convergent series for our two-
and four-point functions of color charges.

The procedure of the Borel-Padé resummation is the fol-
lowing. Let Z(y) = 2, ¢, y" be a divergent series, where
¢y, are the coefficients of the perturbative series and y is the

@ Springer

expansion parameter. As a first step, one calculates the Borel-
transformed coefficients: b, = ¢, /n! to remove the facto-
rial growth of each coefficient, which is a typical reason for
the divergent series. The coefficients b, define the Borel-
transformed series: B(t) = ) _,_, b,t". In the Borel-Padé
summation, Padé approximants are then used to approximate
the Borel sum by a rational function:

L
Zn:() p nTn
1 + Zﬁil qn L
where N = L + M gives the order of the Padé approxi-
mant. The coefficients g, and p,, are found by equating order
by order the Taylor series of B(t). Then one performs the
Laplace transformation,

BL/M('L’) = (58)

o0
Zo.m(y) = / ¢ By (ty)dr, (59)
0

in order to reintroduce the contribution of the factorial factors
removed in the first step.

As an example, let us consider the perturbative series in
the limit of small non-Gaussian fluctuations for L = M =1,
in which we solve Eq. (41) up to the order of N = 2:

Z =1—4(N*+ 1)y +32(N? + 1)y>. (60)
The [L/M] = [1/1] Padé approximant is given by
1 —4N2t

B = — 61

/1] 1 +4r e
The value y is obtained by solving

® 1 —4N?
7= / e T—— ety (62)
0 144ty

for a fixed value of Z and the ratio of four-point functions of
color charges is given by

00 2
Rri/m =/ e*’—l +2WN + 3Ty
1+2(N2+ Tty

Higher-order approximants can be easily obtained in the
Borel-Padé resummation method, usually providing a bet-
ter approximation for the divergent series (in case the series
is Borel-Padé summable).

Figure 6 shows a comparison of Borel-Padé approximants
of different orders with the fully non-perturbative result for
the ratio of the four-point function of color charges as a func-
tion of the renormalization factor, Z, for SU(3) (left panel)
and SU(6) (right panel). As can be seen, the Borel-Padé
resummation of order [2/2] can reproduce in a good approx-
imation the entire Z dependence of the ratio for SU(3) and
SU(6), even though we only utilize information from the
regime of small deviations from the MV model. A possible
reason for this fast convergence is due to the small values of
v, which are fixed by the condition Eq. (3) that the two-point
functions of the non-Gaussian and the Gaussian theory are

(63)
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Fig. 5 Left panel: The ratio of 1.00
the four-point function as a === Large ZN*LO
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function of Z for SU(3) and 0.98}
SU(6) group. Right panel: Z >
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E
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0.92
0.90"
0.0 0.2 0.4

the same. The condition gives the value of y = dg = 0.027
at Z = 0 for SU(3) as worked out in Sect. 4.

6 Conclusions

In this work, we considered the extension of the MV model
by adding the first C-even correction and studied the structure
of the perturbative series for the two- and four-point function
of color charges at N"LO orders in perturbation theory both
in the limits of small and large non-Gaussian color charges
fluctuations.

Starting with the regime of small deviations from the MV
model, we first extended previous results for these correla-
tors to NLO and NNLO in 1/« by explicitly calculating each
Feynman diagram contributing at each one of these orders in
perturbation. Next, a way to calculate these correlators at an
arbitrary order, N"LO, in 1/« was provided. We found a sim-
ple expression for the four-point function of color charges.
Such a calculation allowed us to explicitly show that the
resulting perturbative series is divergent; the optimal trun-
cation for the perturbative series was estimated. A similar
procedure to calculate the two- and four-point function of
color charges at N”"LO in the limit of large non-Gaussian
color charges fluctuations has also been presented.

Lastly, we showed that the perturbative series in 1/« is
Borel-Padé summable, and one is able to recover the non-
perturbative result by employing a Borel-Padé approximant
that only involves the first few terms of this series.
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Extensions of the MV model of Gaussian color charges
fluctuations may be relevant for describing small collision
systems in the Color Glass Condensate framework. This
model may potentially be relevant and useful for the mod-
elling of energy-momentum correlations in the initial state
of heavy-ion collisions [50], and of eccentricities and their
fluctuations [51,52].

Acknowledgements We are grateful to Adrian Dumitru for his
helpful comments, and careful reading of the manuscript. Y. N.
acknowledges the support by the Grants-in-Aid for Scientific Research
from JSPS (JP21K03577). A. V. G. acknowledges the support from
FAPESP through the Grants 17/05685-2, 17/14974-8, 18/24720-6 and
21/04924-9.

Data Availability Statement This manuscript has associated data in a
data repository. [Authors’ comment: The calculations carried out in the
manuscript have been explained in detail, which suffices to reproduce
the results with additional data provided by Appendix C and D].

Open Access This article is licensed under a Creative Commons Attri-
bution 4.0 International License, which permits use, sharing, adaptation,
distribution and reproduction in any medium or format, as long as you
give appropriate credit to the original author(s) and the source, pro-
vide a link to the Creative Commons licence, and indicate if changes
were made. The images or other third party material in this article
are included in the article’s Creative Commons licence, unless indi-
cated otherwise in a credit line to the material. If material is not
included in the article’s Creative Commons licence and your intended
use is not permitted by statutory regulation or exceeds the permit-
ted use, you will need to obtain permission directly from the copy-
right holder. To view a copy of this licence, visit http://creativecomm
ons.org/licenses/by/4.0/.

Funded by SCOAP3.

@ Springer


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

109 Page 10 of 14

Eur. Phys. J. C (2022) 82:109

Appendix A: The two- and four-point function of color
charges at NNLO in the limit of small non-Gaussian fluc-
tuations

The diagrams contributing for the two-point function at the

next-to-next-to-leading order (NNLO) in the limit of small
non-Gaussian fluctuations are:

(@ y

YN =312 x 32(N2 4+ 1) x 4N2 + 1)
w
X

(b) ¥

N
=31 x 4% x 6(N? + 1)?
w
X

)y

S
z =3 x4 N2+ 1)?
w
X

(d) vy

$ 3 2 2
2 =3x8 x2N2+ (N2 +7)
w
X

y (e)

(AD)

(A2)

(5) =3 AW + 1P

O

X

y )

G YwxD) = 3! x [V + DT

X
y (g)

W L3 02 % V2 + DP
)

X

@ Springer

y (h)

s =3x2x 43N> +1)} (A3)

X

There are 3! = 6 permutations of the three vertices z-w-s
except the diagrams (c) and (h). (¢) and (h) have 3 distinguish-
able permutations for the three vertices z-w-s. The sum of
the color factors yield:

s‘;_‘:] = 64(N7 + DIS(NZ + 1)
+12(N? + 1) + 2(N? +7))]

= 64(N2 + 1)(5N* 4+ 24N? + 31), (A4)

and the two-point function of color charges at NNLO order
is given by:

sabs I/L4
(prf*) = M27xy[1 - 4@(1\’3 +1
8
-I-SZW(NCZ + 1)(N? +2)
12

_64%(1\/3 + 1)(SN? +24N? + 31)]. (AS)
K-d

Thus, renormalized p is defined as

4 8
-2 2 H 2 M 2 2
Mlz
—64——(NZ + 1)(SN} + 24N; +31)]. (A6)
K-a

The connected diagrams for four-point function at order
1/(3!k3) are:

X v

w\
u y
X v

w\ =31 x 4 x 8[4(N2 + 1)]?

=31 x4 x 8[4(N> + 1)]?

u y
X v
é\ =3!x 6 x 8[4(N> + ]? (A7)
w
u y
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=31x4x8x32(N>+1) (A8)

=31 x4 x 32N> +7) x 4N>+ 1)

v
x y
E:% =31x 2 x 32(N>+7) x 4(N2 + 1)
u v
(A9)
x Y
V4
Eﬂ =31 x 128(N? + 4N? 4 15)
S
u v
x oy
Z
S/@U = 3! x 2 x 128(10N? + 34). (A10)

We note that these connected graphs are also obtained by
cutting the graphs of the two-point function.

sum 2 2 2
353 = 128L6(NE + D? + 8(N + 1)
+6(N? 4 1)(N? +7) + N?
+4N? + 15 4 2(10N? + 34)] (A1)
= 128(2IN* + 108N? 4 147). (A12)
total sum 6 4
i = 128ONC + 37N

+65N2 + 35+ 21N* 4 108N + 147)

= 128(7NS 4+ 58N2 + 173N? + 182).  (A13)

The renormalized expression at 1/« is obtained as

4 4 8
0 w 0 )
Acon = — | —8—5 +32—-—F (N, + 11

con a4 [ Kaz K2a4( c )

12
—1285— 21N} + 108N2 + 147)] (A14)
K-a

_4 _4 -
R i A s
= [—8m +32 5 (N +7)

=12
— 1285 (N} 24N + 83)] . (A15)
K-a

Appendix B: Gaussian integral for n-th order

The two- and four-point functions can be obtained by means
of one-dimensional Gaussian integrations. We define N,, as

1 a n —S
Nn:A_[O/IZIdpxpxe ¢
Using the following Gaussian integral

+1
o0 n ax? 1 n+1 V2 "
ny = dx x" exp -~ |=5T .
0 2u 2 2 a

(B2)

(BI)

The normalization is obtained as

ﬁ(ﬁu)

(B3)

nyg = —
a

2

2_
Ny = /nd,o? ePiat/Cu?) név" ' (B4)
a

Then, for even n,

1 -
Nn=j\—/0/1:[dp;/7;le ¢
[ dr pNe=2n g=a®r?/@p?)
- fdr rNg_z e_a2r2/(2M2)

N2_1 ch—l-i-n
(k) ()

P ()"

a
n/2

= [IN2=14+n—20) (%)

k=1
2

"
= (N> -3+ n)Nn_za—z, (B5)

where we have used I'(z + 1) = z I'(z) to get

I N2—1+n
2

_N3—1+n—2F<N3—1+n—2>

5 5 (B6)

The first few terms are given by
w2
M=w2-n(5)
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[\S]

Ni= N2+ DN (5)
Ne = (N> +3) Ny (%)2 : (B7)
Ny =2 +5)Ns (1),
Nio = (N* +7) N (%)2 . (B8)

The four-point function in the NLO may be obtained as

2 22092 2 4
fdrrNc 24 pmatr /(2“)[1—%r4+2‘j(—2r8]

(o =

[dr rNE=2 e=a?r?/uH[] — ‘f(—zr“ + 8]

4
a

27

22

a? a* a? a* B
=|N4——Ng+—5Npp||1——Ng+ —5Ng
K4 23 K4 2%}

ke 4
2 4
a a
N - (Ng - N}) + (le — 3N4Ng + 2N3) .
K4 2/c4

(B9)

The last term in the above equation is evaluated as

1
5 (le — 3NyNg + 2N2)

u8

= 25N [OMEB) - 36BN + 2V 17?]

2
= (V¢ = DE16 (5N + 2482 +31) (B10)
a
where (n) = (N, Cz + n). Thus, we get the same result shown
in Sect. 3.2 after using Eq. (B10) into Eq. (B9) and factoring
out (Nf — 1)p*/a*, which is common to all terms.

Appendix C: Coefficients of the perturbative series for
small non-Gaussian color charge fluctuations

We list the coefficients ¢, ak, and ¢ appearing in the per-
turbative series for the two- and four-point function of color
charges in the limit of small non-Gaussian color charge fluc-
tuations. The ten first coefficients of the series before apply-
ing the renormalization procedure are:

c=4(N? +1), (CD
ap =1, (C2)
a; = —8(N? +2), (C3)
ay = 16(5 N} + 24 N? + 31, (C4)
a3 = —128(7 N8 + 58 N* + 173 N? + 182), (C5)
ag = 51221 N3 + 260 N¢
+1306 N* + 3100 N + 2873), (C6)
as = —4096(33 N0 + 562 N3 + 4146 NS
+16312 N¥ 4 33621 N? + 28486), (C7)

ag = 4096(429 N}? 49520 N 1°
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+95377 N8 + 544768 N® + 1841863 N*
43437392 N2 4 2719291),

a7 = —32768(715 N}* + 19898 N2 + 257207 N 1°
+1977490 N8 + 9630017 NS + 29269870N?
450652541 N2 + 37921862),

ag = 1310722431 N® + 82452 N4
+1326100 N2 + 13062468 N
+85096170 N8 + 370462908 NS
+1038627956 N2 + 1692065772 N
+1210080143),

a9 = —1048576(4199 N® + 169766 N
+3306284 N!* + 40291196 N2 4 334606770 N °
+1939973736 N8 + 7757897212 N®
+20392359076 N + 31601443135 N?
+21735270226),

ajp = 2097152(29393 N2 4+ 1391720 N

+32136215 N® + 471973040 N
+4829037610 N2 + 35560069248 N
+188741774926 N® + 705359761744 N®
+1757875371253 N + 2610819668248 N>
+1735955801003).

(C8)

(€9

(C10)

(C11)

(C12)

The ten first coefficients for the renormalized perturbative
series are listed next.

co =1, (C13)
c) = -8, (C14)
¢y =32(N>+7), (C15)
c3 = —128 (N* + 24 N2 + 83), (C16)
cq = 512(N8 4 55 N* + 571 N2 + 1357), (C17)
c5 = —2048 (N8 4104 N®

+2266 N* 4 14976 N2 + 27933), (C18)
c6 = 8192 (N0 + 175 N3 4+ 6770 N®

488886 N + 438621 N2 + 688971), (C19)
c7 = —32768 (N2 + 272 N!0 + 16885 N?

+377600 N¢ + 3564163 N

+14301296 N2 + 19746759), (C20)

cs = 131072 (N* 4399 N2 + 37093 N/©
+1288331 N3 + 20104579 N® + 150092653 N*,
(C21)
+515838295 N2 + 644057785
cg = —524288 (N® + 560 N4
+74116 N2 4 3754624 N 1°
188827950 N¥ + 1072010352 N¢
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+6711810900 N 4 20446471008 N>
+23543136377)

c10 = 2097152 (N3 4759 N 16
+137556 N* 4+ 9706268 N
1328292526 N !° 4- 5895609522 N?

58633472228 N® + 320047345068 N2

4885046782489 Nf + 953277309583).

(C22)

(C23)

Appendix D: Coefficients of the perturbative series for

large non-Gaussian color charge fluctuations

We list the coefficients dj appearing in the perturbative series
for the two- and four-point function of color charges in the

limit of large non-Gaussian fluctuations.

IT((N2+1)/4)

D= TN 138

dy = d3(N?* — D=3

dy = d3(N? — 1)> — —(N? = 2),

d<3—2>(N3—1>

O
4
2
dy = dj(N* — 1)° — 30

+ ! (N? —3)
48 ¢ T
5 2 4 Sdg 2 2 2
dy = dy (NG = D) = T2 (NG =2 (N = 1)
d
+%(ch2 —5)(2N2 —3),

d4
ds = dS(N? —1)° — 7°(Nf —2)(N?>—1)°
2
240 0 (N2 — )(17N* — 68N? + 65)

- (N2 2
480(N 3H(N; —2),

7d3
de = dJ(N? —1)° — 1—20<N3 —2)(NZ - D*

LT
+42 ;’0 (N2 = 1)2(22N* — 88N2 + 85)

5760

8 2 7 2d8 2 2 5
dy = dy(NE = 1) = = (NZ =D(NE = 1)

d4
+6—8(N3 —1))3N? —7)(3N? - 5)
2

—0 (N2 —2)(34N* — 136N2 + 117),

DD

(D2)

(D3)

(D4)

(D5)

(Do)

D7)

2
——% (N2> —2)(N? — DBIN? — 124N? + 111)

2520

1
+——(N? = 3)(17N* — 68N? + 63),

80640

(D8)

9/ a2 8 Sdg 2 2 6
dy = dO(N‘ — 1) = SR = (N 1)

(N2 — )*(32N* — 128N2? + 125)

160
11d, O 2 2 2 4 2
N? —2)(N? — 1)2(80N?* — 320N? + 293
40320( )( )7 (80N, - +293)
+— do (496N8 — 3968N$
645120
+11468N* — 14128N? + 6237), (D9)

5d8
=dio(N? —1)° - —0(N2 —2)(N*> -1

A (N2 = 1)°(37TN? — 148N? 4 145)

a4
d4
—E(Aﬂ —2)(N? — 1)*(53N* — 212N? 4+ 197)
2 2 8
N2 — 1)(691 N}
+362880( )

—5528N° + 16106 N — 20200N? + 9180)

- (N?>=3)(N*>-2
1451520( ¢TI =2

(BIN* — 124N? 4 105), (D10)

11d]
dio = d}' (N? — 1)10—1—2°(N3—2)(N§—1)8

1 ld 2 6 4 2
+ 2180 —O(N2 - 1)°(14N* — 56N? + 55)
11d3 N2 — (N2 —
120960( — b*
(578N} — 2312N2 +2171)
11d3 5 X 6
—— 0 (N2 — 1)2(10256N® — 82048 N
29030400
+240256 N+ — 304640N? + 140895)
d—(N2 2)((11056N8 — 88448 N°
116121600 ¢ ¢
+252064 N} — 300672N? 4 126945), (D11)
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