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Abstract 

In this paper, working with the positive definite function 

111/H,(r) s d o a-1/2H ( ) 
W ( ) - ------- s + ,:.n,-, p x 

o;,/J x,y - 0 (l+a2)s2+a1s+l 

where Hp(x) = [2 for g(u)du + {3]112, with {3 > 0, we study the qualitative behavior of 

the solutions of the equation x+ fi(x)± + fi(x)±2 + g(x) = 0 of the point of view of 

periodicity and oscillation. 

l. lntroduction 

In [l], working with the positive definite function 

11 1" v x - 5 ds + g( u )du 
o,/J( 'y) - 1 as2 + {3s + 1 o 

we establish sufficient conditions for the equation 

x+ f1(x)± + h(x)±2 + g(x) = 0 (1.1) 

to admit periodic solutions, as well as sufficient conditions for the solutions of (1.1) to be 

oscillating. Now, using the positive definite function 

{"/H,(z) s ds + enrl/2 Hp(x), (1.2) 
w .. ,,p(x,y)= lo (l+a2)sl+a1s+l 

where Hp(x) = [2 J; g(u)du + p]1f2, with f3 > 0, other of such conditiona will be 
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2. The Pos·t· 
l ive Deflnite Function 

Throughout thi W 01,tl· Auxilliary Lemmas. 
. s Work We suppose J J R :ntO Jt 

satisfying the f, ll . 1 ' 2 and g are functions from .,,. 
o ow1ng cond't· 1 1ons: 

a) Ii, h and 
g are of ciass c1. 

b) xg(x) > 0 r ' 
ror x::/: O; 

c) r+oo 
Jo g( x )dx == +oo _ r-oo 

Th - Jo 9(:r)dx 
e equation ( LI) is . · 

equiva.Jent to th e system 

{ 
i:== y 
y == -J ( (2.1) 

The condition I x)y - f2(x)y2 - g(x). 
a) ensures ex:isten 

that (O O) . ce and uniq b) 05ures ' 1s the onlv . . ueness of solutions for (2.1) and e 
J equ1li briu . 

solutions f rn P0int for (2 1) I . . . d that the 
. 0 the equation · · t can be irnmediately verifie 

dy 

do ;f; == -fi(x) - h(x)y _ g(x) 
not admi - t vertical y 

- asymptotes 
either ' consequentJ h · thelll 

· Y t e solutions of (2.1) do not admit 

Let o1 o /3 
' 2, E R be with a If 2 µ>Q W,· 01 - 4a2 _ 4 < 0 · e Jndicate by 

and o2 > -1 
or o1 == 0 and o2 = -1 

0 6ets. nQ;,/1 the following ope 
(2.2) 

(2,3) 

where 
n"'i..8 == {(x,y) E Rl 

I 11 > P1H1J(x), x E R}, 

or 

P1::: -...!.. '( 
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If o~ - 4o2 - 4 ~ 0, o1 < 0 and 02 ~ -1 

no,,,8 = {(x, y) E R2 I y < p2Hp(x), X E R} 

where 

if 02 > -1 

or 

1 
p2 = - - if 02 = -1. 

01 

11
0
;.P = {(x, y) E R2 I p1Hp(x) < y < P2Hp(x), x E R} 

Where 

(02+l)p;+o1p;+l=0 (i=l,2) 

Witb P1 < 0 and P2 > 0. 
Let the positive definite function H'0,,p : !la,,,8 -+ R be given by (1.2)- It can be 

ixnmediately verified if (2.2) occurs, then, for each (xo, Yo) E R2
, the level curve 

(2.6) 

is a closed curve. If (2.3), (2.4) or (2.5) occurs, for eacb (xo, Yo) E !la,,,8, the level curve 

<2-6) is a closed curve and shows the following aspect: 

If (2.3) occurs If (2.4) occurs 

' .... -- - - 
, _yap1H8 (x) ... __ 

- --- 

- ... - ~ - 

If (2.5) occurs 

(2.4) 

(2.5) 

b . . . · . · I · . · 0 + . Observe .also tha the . 
L.: i~ O~pg,taW~t.~f:cil9)~a~d'~r t,y, 11 €ffltrU1~ e va a, e proteqidos pe a Le1 
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derivative of Wa;,,8 relative to the system (2.1) is given by 

. y2la1g(x)H;1(x) - f1(x)J + y3[a2g(x)Hi\x) - h(x)] 
Wa;,p(x,y) = (a2 + l)y2 + a1yHp(x) + H$(x) 

The sign of Wa;,,8(x, y) is the same of the numerator because, (o2 + l)y2 + a1yHp(x) + 

(2.7) 

Hj(x) > 0 for (x, y) E !1a,,.8· 

Lemma 1. Suppose that the conditions a), b) and c) are verified. Suppose, also, there 

are a1, a2, {J, b E R, with fJ > D, b > 0 and 

Oi - 402 - 4 < 0 and 0'2 > -1 

or 

0 I = Q and 0'2 = -1 

such that, for all x 2: b, 

and 

Then, for every solution ,(t) = (x(t), y(t)) of (2.1), with 1(t0) = (b, y0), Yo > 0, there 

is t1 > t0 such that ,(ti)= (x1,D), X1 > b. 

Proof: 

Let Yt > v«. L = lVa,-,p(b, yi) and 

,(t)EK, to5t$t2. 

On the other hand, being (0, 0) the only point of equilibrium of (2.1) there is IJ ti 

such that 
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From Wo-;,tJ(x, y) $ 0 for x ~ b and y ~ 0, it follows that -y(t) does not leave K 

tbrough the are 

x~ b, y ~ 0 and W0,,p(x,y) = L. 

Therefore, there is t1 > to such that -y(t1) = (x1,0), x1 > b. • 
Lemma 2. Suppose that the eonditions a), b) and e) are verified. Suppose also there are 

o1, 02, /3, b E R, with b> 0, {J> 0, o1 > 0, o2 ~ -1 and of - 4o2 - 4 ~ 0, such 

that, for all x ~ b, 

and 

Then, for every solution -y(t) = (x(t),y(t)) of (2.1) with -y(t0) = (x0,0), x0 > b, 

there is t1 > to such that -y(ti) = (b, y1), with p1Hp(b) < y1 < 0 where 
-01 + Ja:i - 402 - 4 

P1 = 2(02 
+ l) if 02 > -1 or p1 = -"t if o2 = -1. 

Proof: 

Let W0;,tJ(x1,0) = L, with x1 > x0, and 

J{= {(x, y) E no-;,,d I x~ b, y S O and H'o;,fJ(X, y) $ L}. 

From Wo-,,tJ(x,y) $ 0 for x~ b and y :S 0, it follows that -;-(t) does not leave K 

through the are 

x?_b, y$0 and W0,,p(x,y)=L. 

The eonclusion there is t1 > t0 such that 1tt1) = (b,y1), with p1Hp(b) < Vt <0 
is, therefore, immedio.te. 
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' ' ; 
, Y _/ W (x.y)=L 
;---- a; ,B ""':--- ... 

• 
In a similar way, we can prove the following lemma. 

Lernrna 3. Suppose that the conditlons a) b) and c) are verified. Suppose also there are 

"11 ei~1 /31 a. E R with /9 > 0, a.< 0 and 

a·f -402 -4 < 0 and 02 > -1 

or 

a1 = 0 and 01 = -1 

such that, for all x S a. 

and 

Then, for every solution ,( t) of (2.1 ), with ,(to) = ( a, Yo ), y0 < 0, there is t 1 > t0 
such that ,(ti)= (r1 ,0), x1 < a. 

Lemma 4. Suppose that the conditions a), b) 1111d c) are verified and assurnc also chat 
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1) there are 011, 012, /3, r1 E R, with /3 > 0 and r1 > 0, such that, for 

0 < :r < r1, 

and 

2) there are 021, 022, /31, r2 E R, with /31 > 0 and r2 < 0, such that, for 

r2 <x< 0, 

and 

Then, every solution of ('.U) starting at (z0, 0), with x0 > 0, crosses the y < O 

half-axis and every solution starting at (r1,0), with :r1 < 0, crosses the y > O hal!-axia. 

Proof: 

It is enough to observe that for L > 0 sufticiently small 

are closed curves and that 

11/011,p(:r,y) ~ 0, for O < r < r1 and y :5 0, 

and 

1"1'o,;,J,(z,y)~O, for r1<z<O and y2::0. • 
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3. Phase Portrait of the Equation (1.1) where f1(x) = 01g(x)Hp1(x) and 

f2(x) = 02g(x)Hp2(x) 

Theorem 1. Consider the equation 

(3.1) 

where o1, o2, /3 E R, with /3 > 0, and g satisfies the conditions a), b) and c) of the 

previous section. Then 

1) If oi - 40:2 - 4 < 0 and o2 > -1 or 01 = 0 and 02 = -1, then any non-trivial 
solution of ( 3.1) is periodic, 

2) If O:i - 402 - 4 ~ 0, a·1 > 0 and 02 2:: -1, then any non-trivial solution of 

(3.1) starting at (x0,y0), with y0 > p1Hp(xo) being P1 according to (2.3), is periodic. 

Besides, any solution starting at (x0,y0), with Yo ~ p1Hp(xo), is not periodic. 

3) If o; - 4a
2 
- 4 :2: O, o1 < O and o2 2'. -1, then any non-trivial solution of 

(3.1) starting at (x0,y0). with y0 < p2Hp(xo) being P2 according to (2.4), is periodic. 

Besides, any solution starting at (l·o, y0), with Yo 2'. p2Hp(xo), is not periodic. 

4) If o2 < -1, then any non-trivial solution of (3.1) starting at (xo, Yo), with 

being p1 and p2 according to (2.5), is periodic. Besides, any solution starting at ( x0, y0 ), 

with y0 2'. p2Hp(x0) or y0 ~ p1llp(:r0), is not periodic. 

Proof: 

It is enough to observe that 

~i10,.p(x,y) = 0 for (x,y) E flo,,/J 

and, for each (x0,y0) E 00;,/J, the level curve Wa,,tl(x,y) = Wa,,11(xo,Yo) is a closed 

curve. • 
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4. Sufflcient Conditions for Oscillating Solutions 

A solution :z: = :r(t) of (1.1) is o,cillla.ting if there is a sequence (t,.)n>l tending 

monotonically to +oo sueh that :z:( t,.) = 0 for n ~ 1. 

Theorem 2. Suppose that the conditions a), b) and c) of the section 2 are verified. 

Suppose also that 

l} there are 011, 012, fJ, b E R, with fJ > 0, b> 0 and 

Oi1 - 4012 - 4 < 0 and 012 > -1 

or 

a11=0 and 012=-l 

such that, for all x 2::: b, 

and 

2) there are 021, 022, {,1, a E R, with fJ1 > 0, a< 0 and 

a~1 -4022 -4 < 0 and 022 > -1 

or 

0·21 = 0 and 022 = -1 

such that, for all :r :S a, 

and 

3) there are ru, r12, {h, r E R, with /J,> 0 and r > 0, such that, for O <:i:< r, 

Lei do Direito Autoral. todos os direitos reservados e protegidos pela Lei 
9.610/1998. Este arquivo naa pode ser reproduzido ou transmitido sejam 
quais forem os meios integrado: eletr6nicos, mecanicos, fotoqraficos ou 
quaisquer outros 



-116- 

and 

h(x) ~ r12g(x)Hi/(.x); 

4) there are r21, r22, /33, r1 E R, with /33 > 0 and r1 < 0, such that, for 

r1 <x< 0, 

and 

h(x) S ~22g(x)Hi/(x). 

Then, any non-triviaJ solution of (1.1) is osciilating 

Proof: 

From hypothcses 2-3 and lernmas 3-4 and by the fact that the solutions of (2.1) do 

not admit vertical asymptotes. it Iollows that every solution starting at (x0, 0), .r0 > o, 
crosses the x < O half-axis. From hypotheses 1-4 and lemmas 1-4, it follows that every 

solution starting a, (.i:1• 0), x1 < 0, crosses the x > 0 half-axis. Therefore, any 

non-trivial soiution is oscillating. • 
Remark 1. Comi.ining the hypot heses of this theorem 2 with ones of theorem 1 in [l] 

J ' 

other sufficient conditions for the solutions to be oscillating can be established. 

Theor.em 3. Suppose diat the ::onditions a), b) and c) of the section 2 are verifiecl. 

Assume also that 

1:- there are a,, /3 E R. with ~' > 0, such that 

2) there is o: E R such that 

3) there are ;-1, ,- E R, with TJ > 0 and r > 0, such that, for O < lxl < r, 

h(x) S r1lg(x)IH;1(x). 
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Then, for any non-trivial solution x = x(t) of (1.1), with (x(0),±(0)) E !la;,P, 1s 

oscillating and ( x( t), ±( t)) approaches to the origin as t -+ +co. 

Proof: lmmediate. • 
Remark 2. If the hypothesis 3), in theorem 3, is not satisfied, it can only assert that any 

solution ;(t) of (2.1), with ;(O) E !10;,/I, approaches to the origin as t-+ +oo. 

5. Sufflcient Conditions for Existence of Periodic Solutions 

The next theorem establishes a sufficient condition for any non-trivial solution of 

i+ f2(x):i:2 + g(x) = 0 ( 4.1) 

to be periodic. 

Theorem 4. Suppose that the conditions a), b) and c) of the section 2 are verified. 

Assume also that 

1) there are /3, b E R, with 8 > 0 and b > 0, such that, for all x ~ b, 

2) there are /31, a E R. with /31 > 0 and a< 0, such that, for all x$ a, 

Then, any non-trivial solution of ( 4.1) is periodic. 

Proof: 

The origin (0, O) is a local center (see [21). Then, according to theorem 2, any 

non-trivial solution of ( 4.1) is oscillating. Therefore, any non-trivial solution is periodic. 

t Observe if y = y(x) is a solution of ~ = -h(x)y - lif. The same occurs with 

l/ = -y(x).) • 

The next theorem establishes sufficient conditions for any non-trivial solution of (1.1) 

to be periodic, wherc fi, h and g are supposed odd functions. 
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Theorem 5. Suppose that the conditions a), b) and c) of the section 2 are verified. 

Assume also that 

1) /1, h and g are odd functions, 

2) there are ou, 012, 022, {3, b E R, with f3 > 0, b> 0, 021 > -1, oi1-4o22-4 < o 
and oi2 - 4o22 - 4 < 0, such that, for all x ~ b, 

and 

3) there are T1, T2, f31, r E R. with /31 > 0 and r > 0, such that, for 0 <x< r, 

and 

Then, any non-trivial solution of (2·. l) is periodic. 

Proof: 

The conditions 

and 

for x ~ b, and the hypothesis 3 ensures that every solution starting at (0, !/o ), Yo > 0, 

crosses the y < 0 half-axis. The conditions 

and 
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for z ~ b, ensure that, for each !11 < 0, there is z0 > 0 such that the solution starting 
at ( z0, 0) aosses the y < 0 half-axis at ( 0, 11i). The hypothesis 1 ensures that every 

solution -y(t) of (2.1), with -y(ti) = (0, 110), !lo > 0, and -y(t2) = (0, yi), y1 < 0, for 

some t1 and t2, is periodic. Therefore, any non-trivial solution of (2.1) is periodic. a 

Remark 3. The hypothesis 2, in theorem 5, can be replaced by: there are b > 0, /31 > 0, 
/32 < 0 and o > 0, with o2 

- 4/11 < 0 and o2 - 4/32 < 0, such that, for all x 2: b, 

and 

f-i(x) ~ og(x) 

( see [l ]). 

Remark 4. If the hypothesis 2, in theorem 5, is replaced by: there are 01, 02, /3, b E R, 

with J3 > 0 and b> 0, such that , for all x~ b, 

and 

Then, we can only aasert that every solution -y(t) of (2.1), with -y(O) = (xo, Yo) E f2o;,tl, 
x0 2: b and 1/0 2: 0, is periodie. 

Theorem 6. Suppose tbat the conditiona a), b) and c) of the section 2 are verified. 

Suppose also that 

1) there are 01, 02, /J, b E R, wi1i, o1 > 0, o2 > 0, /3 > 0, b > 0 and 

o? - 402 - 4 ~ 0, IUCh that, for all :r ~ b, 
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and 

2) there are 011, 012, /31, a E R, with /31 > 0, a < 0 and 

ai1 -4012-4 < 0 and 012 > -1 

or 

011=0 and 012=-l 

such that, for all x S a, 

and 

3) the origin is repulsive. 

Then, the system (2.1) admits at least one non-trivial periodic solution. 

Proof: 

The hypotheres ensure that any non-trivial solution is os.:illating. The hypothesis 1) 

ensures that every solution starting at ( b, Yo ), with Yo > 0, crosses the ~ra.ight line 
. r;;2 - 40'2 - 4 

x= b at (b,yi), with P1Hn(b) < y1 < 0 where p = ~- 
' I 2( 0'2 + 1) 

From theorem of Poincare-Bendixson there 1-8 t 1 .. 1 periodic solution. ' n east one non-tnv1a 
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• 
Remark 5. A sufficient condition for the origin to be repulsive is: there is r > O such 

that, for O < l:rl < r, fi(x) < 0. It is enough to observe that the derivative of the 

positive definite function given by 

V(x,y) = y2 e2J; t,(,)d, + r e2f: h(u)dug(s)ds 
2 lo 

relative to the system (2.1) is 

Remark 6. Cornbining the hypotheses of the theorem 6 with ones of the theorem 3 in [l], 

other sufficient conditions for existence of periodic solutions can be established. 

Remark 7. The hypot heses 1 and 2 in theorem 6 can be replaced by: 

l') there are 01 < 0, 02 > 0, /3 > 0 and a< 0, with of -4o2 -4 2'. 0, such that, 
for all x$ a, 

and 

2') there are 011, 012, /31, b E R. with /31 > 0, b> 0 and 

or 

0-11=0 and 012=-l 

such that, for all x 2'. b, 

f1(x) ~ oug{:r)Hi.1(:r) 
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and 

Corollary. Suppose that the conditions a), b) and c) of the section 2 are verified. Suppose 

also that 

1) there are o ~ -1 and /3 > 0 such that 

fi(x) = ag(x)Hi7(x); 

2) there are a1 > 0 and b> O, with af - 4o2 - 4 2'. 0, such that, for all x~ b, 

3) there are 011, a E R, with a < 0 and 

a i 1 - 4o2 - 4 < 0 if 02 > -1 

or 

011 = 0 if 02 = -1 

such that, for all x ~ a, 

4) the origin is repulsive. 

Then, the systern (2.1) admits at least one non-trivial periodic solution. 

Remark 8. In this corollary, a sufficient condition for the origin to be repulsive is: there 

are r
1
, r E R, with r > 0, such that, for 0 < [r] < r, f1(x) < T19(x)H;i1(x). 

To close, we observe that the positive definite function 

W (xy)=1"/H,(r) s~-1 ds+ln[,8-(2n)-'H9(x)J 
a,.9 , 32n + ~- o·s' + 1 

0 .oi'..J1=l I 
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[ J.s ] (2n)-1 • where H fl( x) = 2n O g( u )du + /3 , with /3 > 0, can be utilized for studying the 
qualitative hehavior of the solutions of the system 

{ 
:r = y2n-l 

ii= - I:~=I f;(x)yi - g(x). 
(4.2) 

When k ~ 2n, the results obtained in this work can be extended for the system ( 4.2). 

Systems of the type 

ii= - [~=1 f;(x)v2i-J - g(x) 

are studied in [3) and [4]. 
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