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Abstract

In this paper, working with the positive definite function

W s e > ds + tnf™1/?
Qi,ﬂ Ivy)_‘/o 1+02)32+013+1 s+ nﬂ Hﬁ(:)

w
here H4( (z) = [2 [ g(u)du + B)/2, with B >0, we study the qualitative behavior of
th

€ solutions of the equation # + fi(z)% + f2(z)#? + g(z) = O of the point of view of

Periodicity and oscillation.

L. Introduction

In (1], working with the positive definite function

v k4
’ s d
Vo.8(z,y) /; o +ﬂs ds+[) g(u)du

we : g ;
establish sufficient conditions for the equation

i+ fi(z)i + fa(z)E’ +9(z) =0 (L1

t : : . ;
© admit periodic solutions, as well as sufficient conditions for the solutions of (1.1) to be

o 2 . .
scillating. Now, using the positive definite function

W e - ds + tnf 2 Hy(a)
a"p(.’t,y) = ‘/0 (1 +07)32 +al3+1 3 n s\Z), (1.2)

where Hp(z) = (2 S g(u)du + B2, with B > 0, other of such conditions will be
established,
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f ol ~40,-4>0, a; <0 and ay > -1 (24)
Qeis = {(z,y) € R? |y < p2Hp(2),  ER}
where
- —ay —Va? —4a, -4 B m 0]
2(ag +1)
or
p L
== if az=-1
o35 -1 (25)
Qu. 5 = {(z,y) € R? | pHg(z) <y < p2Hp(2), = € R}
where

(a2 + 1)t +api+1=0 (i=12)

¥ith p) <0 and pg > 0.

Let the positive definite function Woa,,4 : Qai,s = R be given by (1.2). It can be

immedia‘ely verified if (2.2) occurs, then, for each (z0,40) € R?, the level curve
Wa, 4(z,y) = Wai,8(z0, %0) (2:6)
is a closed curve. If (2.3), (2.4) or (2.5) occurs, for each (z0,¥0) € Qa;,8, the level curve
(2‘6) 1s a closed curve and shows the following aspect:
If (2.3) occurs If (2.4) occurs If (2.5) occurs
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Observe that Way.a(z,0) -is strictly increasing in_ [0, +0o[. Observe also that the




~110=

derivative of W, s relative to the system (2.1) is given by

. _ Pleas(@)Hz (2) - @) +¥loag(@)Hy (=) — fal2)
Waip(z,9) = (@1 3 DV + onyBy(@) + 30 o e

The sign of Wa, s(z,y) is the same of the numerator, because, (as + 1)y? + ayyHs(z)+
H}(z) >0 for (z,y) € Qa5
Lemma 1. Suppose that the conditions a), b) and c) are verified. Suppose, also, there

are ap, a2, ﬂ7 b€R1 Wlth ﬂ>0v b>0 a.nd

0 ~407-4<0 and a; > -1

or
a;=0 and a;=-1

such that, for all = > b,
filz) 2 ang(z)Hy ' (2)

and
f2(z) 2 axg(z)H7(2).

Then, for every solution ¥(t) = (2(),y(t)) of (2.1), with v(ty) = (b,y0), yo > 0, there

is t1>to such that 7(t1)=(1'],0), T > b.

Proof:
Let y1 >y, L= Wa,.8(b,y1) and

K={(2,y) €, 0|22 y>0 and W, slz.y) < L}.

From 2(tg) =yo >0, thereis t; > t; such that
Wt)EK, to<t<t
On the other hand, being (0,0) the only point of equilibrium of (2.1) there is t3 > t;

such that
v(ta) € K.
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From Wy, s(z,y) <0 for z > b and y 2 0, it follows that +(t) does not leave K
through the arc

z2b y20 and Wy, g(z,y)=L.
Therefore, there is ¢, > tg such that ~(t,) = (z,,0), z; > b. |

Lemma 2. Suppose that the conditions a), b) and c) are verified. Suppose also there are
oy, @, B, bER, with >0, >0, a; >0, az > -1 and a? —4a; —4 >0, such
that, for all z > b,

hi(z) 2 avg(z)Hg ' (2)
and

fa(z) € agg(z)H;?(2).

Then, for every solution +y(t) = (z(t),y(t)) of (2.1) with y(tg) = (z0,0), zo > b,

there is &, > to such that +(t;) = (b,y;), with p;Hg(b) < y3 < 0 where
—-ay + \/o", —4a, — 4

2Aaz+1)

= ifa3>-1 or p|=—;% if a; =-1.
Proof:

Let le_g(Il,O):L, “’ith Iy > Ty, and
K={(z,y) € Qa; 1225, y<0 and W, 4(z,y) < L}.

From Wa.-,p(:r,y) <0 for 22 b and y <0, it follows that ~(t) does not leave K

through the arc

z2b, y<0 and W, 4(z,y) = L.

The conclusion there is t, > tg such that ~(t,) = (b,y,), with pyHg(b) <y <0

is, therefore, immediate.
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In a similar way, we can prove the following lemma.
Lemma 3. Suppose that the conditions a), b) and ¢) are verified. Suppose also there are

ay, a2, B, a€R with >0, a< 0 and

a';'-4az—4<0 and a; > —1

or

ay=0 and a;=-1

such that, for all z < a,

fi(x) 2 ag(2)Hy' (2)

and

fa(z) < aag(z)H™?3(z).

Then, for every solution ~(t) of (2.1), with 7(to) = (a,¥0), yo < 0, thereis t; > t,

such that ~(t;) = (7;,0), 7, < a.

Lemima 4. Suppose that the conditions a), b) and ¢) are verified and assume also that



1) there are amn, a2, f, 1y € R, with >0 and r, > 0, such that, for
0<z <y,

fi(z) S ayg(z)Hz ' (2)
and
f2(z) 2 azg(z)H7 (2);

2) there are az, ax, B, r2 € R, with g >0 and r; < 0, such that, for
rp <z <0,

fi(z) £ 0219(1’)}1;‘1(1)
and
fa(z) < ang(z)Hz (z).
Then, every solution of (2.1) starting at (zp,0), with zo > 0, crosses -the y<0
half-axis and every solution starting at (z,,0), with z;, < 0, crosses the y > 0 half-axis.

Proof:
It is enough to observe that for L > 0 sufficiently small
“.ﬂn.ﬂ(zv y)= L and “’Q,.‘,ﬂ](z! y) =L

are closed curves and that

Wa,.8(z,y) 20, for 0<zr<r, and y<0,

and

‘i'o‘li"l(xv y) 2 Ov for <z <0 md Vi 2 0. .
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3. Phase Portrait of the Equation (1.1) where fl(x)=alg(x)H;1(x) and

fa(x) = azg(x)Hp*(x)

Theorem 1. Consider the equation
i + oug(z)Hy (2)% + azg(z)Hy (2)2 + 9(z) =0 (3.1)

where a;, az, B € R, with #>0, and ¢ satisfies the conditions a), b) and c) of the
previous section. Then

1)If o —4a;-4<0 and a; > =1 or @y =0 and a; = -1, then any non-trivial
solution of (3.1) is periodic.

2)If o} -407-420, 0, >0 and az 2 —1, then any non-trivial solution of
(3.1) starting at (zo,y), with yo > p1Hg(zo) being py according to (2.3), 1s periodic.
Besides, any solution starting at (z0,¥0), With yo < p1 Hpg(zo), is not periodic.

3)If a?—4a;—420, oy <0 and a3 2 —1, then any non-trivial solution of
(3.1) starting at (zo,y0)» With yo < p2Hp(zo) being p2 according to (2.4), is periodic.
Besides, any solution starting at (zo,yc), With yo 2 p2Hs(zo), is not periodic.

4)If a; < —1, then any non-trivial solution of (3.1) starting at (zo,yp), with
prHj(z0) < yo < p2Hg(20),

being p; and p; according to (2.5), is periodic. Besides, any solution starting at (zo,yo),

with yo > poHg(ze) or yo < prHg(7o), is not periodic.
Proof:
It is enough to observe that

Wo plz,y) =0 for (z,y)€ Qa,p

and, for each (zg,y0) € Qa;,5. the level curve Wo, 45(z,y) = Wa..5(z0,y0) is a closed

curve. |
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4. Sufficient Conditions for Oscillating Solutions

A solution z = z(t) of (1.1) is oscilllating if there is a sequence (tp)n>1 tending
monotonically to +oco such that z(t,)=0 for n> 1.

Theorem 2. Suppose that the conditions a), b) and c¢) of the section 2 are verified.
Suppose also that

1) there are ayy, ayz, 3, bER, with >0, >0 and

031 —4012-4<0 and aj3 > -1
or

an =0 and ajp = -1

such that, for all = > b,

filz) 2 ang(z)Hy'(z)

and
fa(z) 2 ang(z)H5(z);

2) there are a2, a2, A1, a € R, with $, >0, a<0 and

0;1—4022—4<0 and azp > -1
or
an = 0 and ay = -1

such that, for all r < a,

fi(2) 2 eng(2)Hy) (2)

and
fa(z) < ang(z)Hg ().
3) there are 1y, T2, B2, r € R, with §; >0 and r > 0, such that, for 0<z <,

fi(z) € rugla)H3)(2)
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and
fa(z) 2 mag(x)H ) (2);

4) there are Ty, T22, B3, 1 € R, with B3 > 0 and r; < 0, such that, for

ry <z <0
‘ filz) € Tna(z)Hg (2)

and
falz) € Tr29(z)HZ (2

Then, any non-triviat solution of (1.1) 1s oscaiiating.

Proof:

From hypotheses 2-3 and lemmas 3-4 and by the fact that the solutions of (2.1) do

not admit vertical asymptotes, it follows that every solution starting at (z9,0), zo > 0,

crosses the z < 0 half-axis. From hypotheses 1-4 and lemmas 1-4, it follows that every

solution starting at (2,.0), 71 < 0, crosses the z > 0 half-axis. Therefore, any

non-trivial solution is oscillating. |
Remark 1. Combining the hypotheses of this theorem 2 with ones of theorem 1 in (1],

other sufficient conditions for the solutions to be oscillating can be established.

Theorem 3. Suppose that the conditions a), b) and c) of the section 2 are verified.

Assume also that
1) there are a;, # € R. with A > 0, such that

falz) = azg(z)Hz (z), z€R;
2) there i§ a; € R such that
fl(1J>019(1')Hg—l(1'). for = #0;

3) there are =, r € R, with 71 >0 and r > 0, such that, for 0 < |z| < r,

filz) € nylg(z)|H 7 (2).
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Then, for any non-trivial solution z = z(t) of (1.1), with (z(0),2(0)) € Qa,s, is
oscillating and (z(t),z(t)) approaches to the origin as ¢ — +oo.

Proof: Immediate. -]

Remark 2. If the hypothesis 3), in theorem 3, is not satisfied, it can only assert that any

solution ¥(t) of (2.1), with ¥(0) € Q,, 5, approaches to the origin as t — +00.
5. Sufficient Conditions for Existence of Periodic Solutions
The next theorem establishes a sufficient condition for any non-trivial solution of
i+ fo(2)i* + g(z) =0 (4.1)

to be periodic.

Theorem 4. Suppose that the conditions a), b) and c¢) of the section 2 are verified.

Assume also that

1) there are g, b€ R, with #>0 and b >0, such that, forall z > b,
fa(z) 2 —g(2)Hz (2);
2) there are f;, a € R, with ) >0 and a <0, such that, for all z <a,
fa(z) < —g(2)Hz2(2).
Then, any non-trivial solution of (4.1) is periodic.

Proof:

The origin (0,0) is a local center (see [2]). Then, according to theorem 2, any
non-trivial solution of (4.1) is oscillating. Therefore, any non-trivial solution is periodic.

{Observe if y = y(z) 1s a solution of dy - —fa(z)y - l-‘;’-l

9t The same occurs with

y=-y(z)) u

The next theorem establishes sufficient conditions for any non-trivial solution of (1.1)

to be periodic, where f;, f2 and g are supposed odd functions.
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Theorem 5. Suppose that the conditions a), b) and c) of the section 2 are verified.

Assume also that
1) fi, f» and g are odd functions,
2) there are a1, a1z, @22, B, bE R, with >0, b> 0, azn > —1, a?,—4a;—4 < 0

and o}, —4ay3; —4 <0, such that, for all z > b,
ang(z)Hz'(z) < fi(z) < ang(z)H;(2)

and

fa(7) 2 ang(z)Hz*(z);
3) there are 7, 72, 81, r€ R, with 8, >0 and r >0, such that, for 0 < z < r,
filz) £ mg(z)Hz (2)
and
fa(z) 2 1ag(z)H 3 (2).
Then, any non-trivial solution of (2:1) is periodic.

Proof:
The conditions

filz) 2 ang(z)H;'(z)

and
fa(x) 2 ang(z)H;*(x)

for > b, and the hypothesis 3 ensures that every solution starting at (0,%0), vo > 0,

crosses the y < 0 half-axis. The conditions

fi(z) < ang(z)Hy' ()

and
fa(z) 2 ang(z)H;*(z)
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for z > b, ensure that, for each y; <0, thereis zo > 0 such that the solution starting
at (z9,0) crosses the y <0 half-axis at (0,y;). The hypothesis 1 ensures that every
solution 7(') Of(z'l)v with 7(‘1) e (O'VO)v Yo > Ov and ‘Y(tg) = (ovyl)s yn < 0) for

some t; and tj, is periodic. Therefore, any non-trivial solution of (2.1) is periodic. M
Remark 3. The hypothesis 2, in theorem 5, can be replaced by: there are >0, 8, > 0,

By <0 and a >0, with o’ =48, <0 and a?-4p3; <0, such that, for all z > b,

Bag(z) < fi(z) < Prg(z)
and
fa(z) > ag(z)

(see [1]).

Remark 4. If the hypothesis 2, in theorem 3, is replaced by: there are a1, az, 3, b € R,

with >0 and b> 0, such that, forall z > b,

fi(z) 2 arg(2)Hj' (2)
and
fa(2) 2 eag(z)Hy*(2).

Then, we can only assert that every solution ~(t) of (2.1), with ¥(0) = (z0,%0) € Qa: 5,
zo > b and yo 2 0, is periodic.

Theorem 6. Suppose that the conditions a), b) and ¢) of the section 2 are verified.
Suppose also that

1) there are ay, az, f. b€ R, with a;, >0, a2 >0, >0, b >0 and
a} —4a7 — 4 2 0, such that, for all = > b,

filz) 2 avg(2)H5' ()
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and
~g(2)H3%(z) < fa(x) < aag(z)Hg (2);
2) there are a1, o1z, B1, ¢ €R, with £, >0, a<0 and
al, —4a12-4<0 and ap; > -1
or

an =0 and ajp=-1
such that, for all z < ;z,
fi(z) 2 ang(z)Hz '\ (z)
and
fa(z) £ 0129(1)}15‘2(1);
3) the origin is repulsive.
Then, the system (2.1) admits at least one non-trivial periodic solution-

Proof:

The hypotheres ensure that any non-trivial solution is oscillating. The hypothesis 1)

ensures that every solution starting at (b, yg), with yo > 0, crosses the straight line

: !
z=bat (byi), with pHa(b) <y <0, where p, = __O’lj’i:l?)fl"
2(ag +

-~

J V —

e B y=oIHB(x)

From theorem of Poincaré-Bendixson, there 158 Yeast one non-trivial pcriodic solution.
non-
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Remark 5. A sufficient condition for the origin to be repulsive is: thereis r > 0 such

that, for 0 < |z| < r, fi(z) < 0. It is enough to observe that the derivative of the

positive definite function given by

2 x z »
V(z,y) = y?e:?fo flo)ds +/ ezfo I’(')d"g(s)ds
4 0

relative to the system (2.1) is

“’(Ia y) = —fl(I)y2¢2 f: fa(s)ds

Remark 6. Combining the hypotheses of the theorem 6 with ones of the theorem 3 in [1],

other sufficient conditions for existence of periodic solutions can be established.

Remark 7. The hypotheses 1 and 2 in theorem 6 can be replaced by:

1') there are ay <0, a; >0, >0 and a <0, with a? —4a;—4 >0, such that,

for all = <a,
filz) 2 arg(z)Hz ' (x)
and
azg9(z)H; () < falz) < —g(2)H; (z);

2’) there are ayy, ayg, 1, be R, with 8, >0, b>0 and
03, —4a)2-4<0 and a2 > -1

or
ay = 0 and 12 = -1
such that, for all z 2 b,

fi(z) 2 ang(z)Hz ' (z)
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and

f2(z) 2 anag(z)H 2 (2).

Corollary. Suppose that the conditions a), b) and c) of the section 2 are verified. Suppose

also that

1) there are @ > —1 and S > 0 such that
fi(z) = ag(z)Hg " (2);

2) there are a; >0 and b> 0, with a? —4a; —4 > 0, such that, for all z 2>,
filz) 2 ang(2)H (2);

3) there are a;;, a € R, with a <0 and

o}, —da;-4<0 if az>-1

or

ap =0 if az=-1

such that, for all z < a.

filz) > ang(x)H; ' (2);

4) the origin is repulsive.

Then, the system (2.1) admits at least one non-trivial periodic solution.
Remark 8. In this corollary, a sufficient condition for the origin to be repulsive is: there
are 7, r € R, with r >0, such that, for 0 <|z[<T, fi(z) < mg(2)Hg ' (2).

To close, we observe that the positive definite function

o v/ Ha(2) a2l
Wa, 8(z =/
wip(3,Y) = | sn 4 T ais' +1

ds + €n[f~ "7  Hy(z))
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z = .
where Hy(z) = [2n [ g(u)du + ﬂ](h) » with # >0, can be utilized for studying the
qualitative behavior of the solutions of the system

T= yln—l
(4.2)
{ j= -, filz)y' - 9(z).

When k < 2n, the results obtained in this work can be extended for the system (4.2).
Systems of the type

T = yZn—l
{ )= = Loy filz)y* ! = g(2)
are studied in (3] and [4].
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