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Abstract – The description of acoustical waves can be achieved using an expansion over basic functions with
weighting coefficients which may be called beam shape coefficients (BSCs). There is a strong analogy between
the scalar formalism of acoustical waves and the vectorial electromagnetic formalism, known as generalized
Lorenz–Mie theory (GLMT), describing the interaction between a homogeneous sphere and an arbitrary
illuminating beam. In particular, BSCs have been introduced as well in GLMT and the mathematical arsenal
to evaluate them, developed since several decades, can be used mutatis mutandis to evaluate BSCs in acoustics.
In particular, the present paper introduces a method named localized approximation to the evaluation of the
acoustical BSCs, similar to the localized approximation used to evaluate electromagnetic BSCs, in the case
of Bessel beams. Such a formalism akin to the electromagnetic GLMT may be viewed as an acoustical GLMT
and should allow a renewal of the calculation of various properties of acoustical wave scattering, in particular to
the design of acoustical tweezers similar to optical tweezers.

Keywords: Acoustic scattering, Beam shape coefficients, Bessel beams, Generalized Lorenz–Mie theory,
Localized approximation

1 Introduction

In some laser light scattering theories, like in generalized
Lorenz–Mie theories (GLMTs), e.g. [1, 2], or in Extended
Boundary Condition Method (EBCM) for structured
beams, e.g. [3–5], the illuminating laser beam may be
encoded using beam shape coefficients (BSCs) which inter-
vene when expanding the fields over vector wave functions.
There exists an arsenal to evaluate these BSCs, including
quadratures and localized approximations (LAs), e.g.
Gouesbet et al. for a review [6].

It however happens that the structure of scalar scatter-
ing theories exhibits many analogies with the one of vecto-
rial scattering discussed above, so that the arsenal
developed in this framework, may be transferred, mutatis
mutandis, to the case of acoustical scattering. The present
paper is then devoted to a discussion of quadratures and
localized approximation methods to the case of acoustical
Bessel beams.

When no analytical, rigorous solutions can be found for
the BSCs, it is usually advantageous to have recourse to
alternative, approximate schemes such as the LAs [7–9].

Although widely known and explored in optics, these
methods remained largely overlooked in the field of acoustic
scattering.

To the best of the authors’ knowledge, the first paper
that introduced the concept of localized approximations
for explicit BSC calculation in acoustic scattering appeared
in 2022 and is due to Li et al. in the evaluation of radiation
forces on elastic spheres [10]. In this work, LA BSCs are
calculated for Gaussian-like beams under both on- and
off-axis configurations, the BSCs for the latter configuration
being found from the former through the use of a transla-
tional addition theorem of spherical wave functions. Then,
in 2023, Li and Zhang, again using LA schemes, evaluated
acoustic forces over multilayered, eukaryotic spherical cells
arbitrarily positioned in space with respect to a Gaussian
beam [11]. In both works, LA schemes as borrowed from
optics were shown to provide good results, with the proviso
that the confinement parameter remains small. Finally, and
also in the field of scattering by acoustic beams, the van de
Hulst principle of localization has been introduced by
Marston in 2007 in the interpretation of the scattering
dependence on the axicon angle of Bessel beams [12] and
in the analysis of scattering of focused beams by spheres
considering quasi-Gaussian Bessel beam superpositions [13].*Corresponding author: leo@sc.usp.br
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The paper is organized as follows. Section 2 deals with
generalities for arbitrary shaped acoustical waves satisfying
the Helmholtz equation, and introduces acoustical BSCs
using a quadrature approach. Section 3 deals with the
LA-procedure using an empirical approach, introduces a
variant named Integral Localized Approximation (ILA),
and applies it to the case of on- and off-axis Bessel beams.
Section 4 provides simulation results and discussions, which
validate the localization procedures for beams having small
axicon angles and in the absence of topological charges.

These observations are similar to the ones obtained in
optics where it has been observed that the quality of the
procedures deteriorates when the axicon angle increases
[14–19], and/or when the topological charge increases
[20–23]. These observations concerning the LAs reinforce
the parallel between vectorial and scalar scatterings.
Section 5 is a conclusion.

2 Generalities

Let us start by introducing the usual set of two Carte-
sian coordinate systems (x; y; z) and ðu; v;wÞ in acoustic
and ultrasonic scattering, with origins atOP and OB, respec-
tively, see Figure 1. The first system is assumed to be
attached to a homogeneous spherical particle and the sec-
ond to the incident beam. Here,þu, þv and þw are parallel
to þx, þy and þz, respectively. Even though we shall not
be interested in the geometrical and physical properties of
the scatterer, the relative position ðx0; y0; z0Þ of the beam
with respect to the center of the sphere (at which the origin
OP is located) is of importance. For x0 ¼ y0 ¼ 0 and �z
propagation, we have the simplified on-axis configuration,
while for arbitrary x0; y0 6¼ 0, the beam is under an off-axis
configuration. Spherical (r; h;/) and cylindrical ðq;/; zÞ
coordinates are attached to (x; y; z) for convenience and fur-
ther calculations. In cylindrical coordinates, the relative
position of OB is designated as ðq0;/0; z0Þ.

Let us assume a þz-propagating incident acoustical
beam with a time harmonic factor expðþixtÞ, where x is
the operating frequency, written in terms of a complex
scalar potential wiðr; h;/Þ expressed as a partial wave
expansion using spherical wave functions [24–26]:

wiðr; h;/Þ ¼ w0
i

X1
n¼0

Xn

m¼�n

cpwn gmn jnðkrÞP jmj
n ðcos hÞeim/; ð1Þ

where w0
i is the field strength, cpwn ¼ ð�iÞnð2nþ 1Þ (“pw”

stands for “plane wave”), jnð:Þ are spherical Bessel functions
of the first kind and of integer order n and Pm

n ðcos hÞ are
associated Legendre functions, which follows Robin’s con-
vention [27]. This choice for Pm

n ðcos hÞ reflects the preference
of the authors and incorporate a factor of ð�1Þm which
might not be present in other works. Finally, k ¼ 2p=k is
the wave number and k is the wavelength. Assuming the
absence of nonlinear effects and propagation of the acousti-
cal waves in a lossless medium [28–32], equation (1) is a
rigorous solution to the scalar Helmholtz equation which
can be used to describe acoustic radiation pressure fields
in inviscid fluids.

The expansion coefficients gmn – known as the Beam
Shape Coefficients (BSCs) – can be isolated in equation
(1) using orthogonality relations for Pm

n ðcos hÞ and
expðim/Þ, see e.g. Refs. [2, 24, 33]:

gmn ¼ 1
4pcpwn

ðn� jmjÞ!
ðnþ jmjÞ!

2nþ 1
jnðkrÞ

�
Z 2p

0

Z p

0

wiðr; h;/Þ
w0

i

P jmj
n ðcos hÞe�im/ sin hdhd/: ð2Þ

For beams which exactly satisfy the scalar Helmholtz equa-
tion r2wi þ k2wi ¼ 0, the r-dependent factor 1=jnðkrÞ is
cancelled after integration. This is the case of Bessel beams,
see Gong et al. [34]. The BSCs calculated from equation (2)
are called the quadrature BSCs.

3 The localized approximation

According to the localization principle of van de Hulst
[35], one can associate to each partial wave in equation
(1) (or to each term of order n in the plane wave amplitude
functions [2]) an acoustical ray or bundle of rays parallel to
the w axis and travelling at a transverse distance
ðnþ 1=2Þ=k from Ouvw. The formal justification for the
use of a LA approach in optics relies on the asymptotic
behavior of Bessel functions of order (nþ 1=2) in the
expressions for the Mie scattering coefficients [2, 35]. Since
similar functions also appear for spherical scatterers in
acoustics, see equation (5) in Mitri and Silva [36] for the
case of a rigid sphere, Mitri [37] (Appendix B) for the gen-
eral case of an elastic sphere in an ideal fluid and equation
(4) in Hasegawa [38] for both fluid and solid isotropic

Figure 1. Coordinate systems for acoustic-matter analysis.
A Cartesian coordinate system ðx; y; zÞ is introduced supposing a
hypothetical spherical scatterer centered at its origin OP .
A second Cartesian coordinate system ðu; v;wÞ is attached to
the impinging beam, with origin OB. The position of OB with
respect to OP is here denoted as ðx0; y0; z0Þ. Attached to the xyz
system is a cylindrical coordinate system ðq;/; zÞ such that the
relative position of OB can also be written as ðq0;/0; z0Þ.

L.A. Ambrosio and G. Gouesbet: Acta Acustica 2024, 8, 262



spheres, it is plausible to conjecture that a LA scheme do
indeed exist in acoustics.

Let R ¼ kr. Slightly modifying a procedure justified in
optics [39], we then empirically propose the following proce-
dure for finding the acoustic LA BSCs as follows:
(i) Decompose the original, intended field wi into

azimuthal waves:

wi ¼
X
m

wm
i : ð3Þ

(ii) Express the azimuthal modes wm
i under a form that

emphasizes a “plane wave” factor which is multiplied
by the remaining part of wm

i , viz., w
m
i :

wm
i ¼ A0

i e
�iR cos heim/

� �
wm

i ; ð4Þ

where A0
i is the field strength [e.g., w0

i of equation (1)].
(iii) Then, the localized approximation gmn;LA to gmn is given

by:

gmn;LA ¼ �i
L1=2

� �jmj
wm

i R ¼ L1=2; h ¼ p=2
� �

; ð5Þ

where L � LðnÞ is a function of n and is still to be found,
see below.

It is seen from equations (3)–(5) that the azimuthal waves
wm

i carry a plane wave factor w0
i expð�iR cos hÞ which,

together with the /-dependent exponential expðim/Þ, is
removed before application of a localization operator, saybG½:�, which sets h ! p=2 and R ¼ kr ! L1=2. In compact
form, therefore, the LA BSCs can be written as:

gmn;LA ¼ Zm
n
bG wm

i

h i
; ð6Þ

with

Zm
n ¼ �i

L1=2

� �jmj
: ð7Þ

For a plane wave of the form wi ¼ w0
i expð�ikzÞ ¼

w0
i expð�iR cos hÞ, one sees that wm

i ¼ dm;0, where dij is the

Kronecker delta. Therefore, gmn;LA ¼ gmn ¼ dm;0, 8n, as
expected [40, 41].

An important point concerns the choice of L in the LA
scheme and, consequently, of Zm

n . In Refs. [10, 11], no
explicit mention to a choice of L is made, since for on-axis
Gaussian beams, the only non-zero LA BSCs are those for
which m ¼ 0 and, therefore, Zm

n ¼ 1 regardless of the choice
of L, see equation (5) of Li et al. [10]. For off-axis beams, the
use of addition theorem for evaluating gmn obscures the
explicit appearance of Zm

n , so that a general formalism
cannot be devised from such an approach.

But in the optical domain, Zm
n have different expressions

for m ¼ 0 and m 6¼ 0 [9, 42], and it could be the case that
L1=2 should assume different values for different m as well.
That such is not the case is inspired by the rigorous proce-
dure presented by Gouesbet [39] in optics and, after an
empirical slight modification, we propose:

Zm
n ¼ �i

nþ 1=2

� �jmj
; ð8Þ

valid for both on- and off-axis beams. In other words, since
now L1=2 ¼ nþ 1=2, the bG operator will set h ! p=2 and
R ¼ kr ! nþ 1=2.

The quality of the empirical procedure is now checked
by modeling the case of Bessel beams.

3.1 LA BSCs for acoustical Bessel beams

An acoustic or ultrasonic Bessel beam is an ideal
solution to the scalar homogeneous Helmholtz equation in
cylindrical coordinates. It carries resistance to diffraction
and, consequently, self-healing properties, so that their
transverse field profile is, except for phase variations, invari-
ant under propagation [43, 44].

Let a v-order Bessel beam with axicon angle a have
transverse and radial wave numbers kq ¼ k sin a and
kz ¼ k cos a, respectively. For on-axis beams (x0 ¼ y0 ¼ 0)
with z0 ¼ 0, we can express it as:

wiðq;/; zÞ ¼ w0
i J vðkqqÞeiv/e�ikzz: ð9Þ

For off-axis beams, the field of equation (9) is displaced by
(x0; y0; z0). Instead of equation (9), one then finds an expres-
sion in terms of cylindrical coordinates q, / and z:

wiðq;/; zÞ ¼ w0
i J vðkqqGÞeiv/Ge�ikzðz�z0Þ; ð10Þ

where

qG ¼ q2 þ q2
0 � 2qq0 cosð/� /0Þ

� 	1=2
;

q0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x20 þ y20

q
;

/0 ¼ tan�1 y0
x0

;

/G ¼ tan�1 y � y0
x� x0

� �
: ð11Þ

In order to expand equation (10) into azimuthal modes, we
proceed as follows. First, we introduce Neumann’s addition
theorem for Bessel functions [45]:

JvðkqqGÞeiv/G ¼
X1
p¼�1

JpðZ0ÞJpþvðZÞe�ip/0eiðvþpÞ/; ð12Þ

with
Z0 ¼ kqq0;

Z ¼ kqq:
ð13Þ

From equations (12) and (13), equation (10) can be rewrit-
ten as:

wiðq;/; zÞ ¼ w0
i

X1
p¼�1

JpðZ0ÞJpþvðZÞeiðvþpÞ/e�ikzze�ip/0eikzz0 :

ð14Þ
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Now, let m ¼ p þ v, or p ¼ m� v. Then, from equation
(14),

wiðq;/; zÞ ¼
X1

m¼�1
w0

i Jm�vðZ0ÞJmðkqqÞe�iðm�vÞ/0eikzz0
� 	

eim/e�ikzz;

ð15Þ
which, for highly paraxial beams, cos a � 1, and expð�ikzzÞ ¼
expð�ik cos azÞ � expð�ikzÞ ¼ expð�ikr cos hÞ. This means
that, under this restrict case, a plane wave factor of the
form w0

i expð�ik cos hÞ can be put into evidence in equation
(15). Using the fact that R ¼ kr, equation (15) can then be
recast under the form:

wiðq;/; zÞ �
X1

m¼�1
w0

i e
�iR cos heim/

� �
Jm�vðZ0ÞJmðkqqÞe�iðm�vÞ/0eikzz0
� 	

:

ð16Þ
Notice that the condition of highly paraxial beams is neces-
sary to ensure a quasi-plane wave factor under the brackets
of equation (16), but that we have not applied the paraxial
approximation cos a � 1 and sin a � a to the remaining
part of equation (15) because, for all practical purposes
regarding the determination of an approximate expression
for the BSCs, the paraxial approximation does not need
to be forced to hold for all factors in equation (16). As
observed in optics using a variant known as the integral
localized approximation, the LA is not able to accurately
remodel a Bessel beam for high axicon angles [16].

Comparison between equations (4) and (16) allows us to
identify wm

i . Using the fact that kq ¼ kr sin h, one then
finds:

wm
i ¼ Jm�vðZ0ÞJmðR sin a sin hÞe�iðm�vÞ/0eik cos az0 : ð17Þ

Applying the localization operator bG½:� on equation (17)
leads to

bG wm
i

h i
¼ Jm�vðZ0ÞJm nþ 1

2

� �
sin a

� �
e�iðm�vÞ/0eik cos az0 :

ð18Þ
Substituting equation (18) in equation (6) and making
use of equation (8) then leads to the final expression
for the BSCs of a general off-axis arbitrary-order Bessel
beam:

gmn;LA ¼ �i
nþ 1=2

� �jmj
Jm�vðZ0ÞJm nþ 1

2

� �
sin a

� �
e�iðm�vÞ/0eikzz0 ;

ð19Þ
with Z0 given by equation (13).

Equation (19) is the most important formula of the
present work. It can be readily compared with the exact
BSCs calculated from quadratures [34] which, using the
time harmonic convention expðþixtÞ, can be recast under
the form:

gmn;exa ¼ ð�1Þmi�jmj ðn� mÞ!
ðnþ jmjÞ! Jm�vðZ0ÞPm

n ðcos aÞe�iðm�vÞ/0eikzz0 :

ð20Þ
Since ð�1Þm ¼ ð�1Þjmj and i�jmj ¼ ð�iÞjmj, gmn;exa can be put
in a form best suited for comparison with gmn;LA:

gmn;exa ¼ ð�1Þjmjð�iÞjmj ðn� mÞ!
ðnþ jmjÞ! Jm�vðZ0ÞPm

n ðcos aÞe�iðm�vÞ/0eikzz0 :

ð21Þ
For on-axis beams (Z0 ¼ 0), equations (19) and (21) sim-
plify, respectively, to:

gmn;LA ¼ �i
nþ 1=2

� �jmj
Jm nþ 1

2

� �
sin a

� �
eikzz0dm;v ð22Þ

and

gmn;exa ¼ ð�1Þjmjð�iÞjmj ðn� mÞ!
ðnþ jmjÞ! P

m
n ðcos aÞeikzz0dm;v: ð23Þ

It is seen that, for on-axis Bessel beams, the only non-zero
BSCs are those with m ¼ v, as expected [34].

3.2 Asymptotic correspondence between the LA and
exact BSCs

Besides the N-beam method used in optics, and under
study in acoustics, an alternative way to at least partially
justify the choice of Zm

n for acoustical fields is by looking
at the asymptotic behavior of the associated Legendre
polynomials for large n (n ! 1) and small axicon angles.

To see it clearly, let [33]

Pm
n ðcos aÞ ¼

ðnþ mÞ!
ðn� mÞ! ð�1ÞmP�m

n ðcos aÞ; ð24Þ

so that, from equation (21), gmn;exa for m � 0 can be put
under the form

gm�0
n;exa ¼ Gð�iÞmP�m

n ðcos aÞ; ð25Þ

where

G ¼ Jm�vðZ0Þe�iðm�vÞ/0eikzz0 : ð26Þ
Similarly, for m < 0, it is readily seen from equations (21)
and (26) that

gm<0
n;exa ¼ Gð�iÞjmjð�1ÞjmjP�jmj

n ðcos aÞ: ð27Þ

In a similar fashion, from equation (19), it is inferred that:

gm�0
n;LA ¼ G

�i
nþ 1=2

� �m

Jm nþ 1
2

� �
sin a

� �
ð28Þ

and, remembering that J�mðxÞ ¼ ð�1ÞmJmðxÞ,

gm<0
n;LA ¼ G

�i
nþ 1=2

� � mj j
ð�1ÞjmjJ jmj nþ 1

2

� �
sin a

� �
: ð29Þ
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Next, we introduce the MacDonald expansion for associ-
ated Legendre polynomials as their degree n ! 1, see
equation (1), Section 5.72 in Watson [45]:

P�jmj
n ðcos aÞ ¼ nþ 1

2

� ��jmj
cos

a
2


 ��jmj�
J jmjðxÞ

þ sin2 a
2

1
6
xJ jmjþ3ðxÞ � J jmjþ2 þ 1

2
x�1J jmjþ1ðxÞ

� �
þ :::

�
;

ð30Þ
with x ¼ 2ðnþ 1=2Þ sinða=2Þ.

For highly paraxial beams, a first approximation can be
set with cos a=2 � 1 and sinða=2Þ � a=2, such that
x � ðnþ 1=2Þa � ðnþ 1=2Þ sin a and, retaining only the
first term in equation (30),

P�jmj
n � nþ 1

2

� �� mj j
J mj j nþ 1

2

� �
sin a

� �
;

n ! 1; a veryð Þ small: ð31Þ
It is then seen from equations (25), (27)–(29) and (31)
that, for sufficiently small axicon angles, large n and for
all m, gmn;exa=g

m
n;LA ! 1. Under these conditions, the choice

R ¼ L1=2 ¼ ðnþ 1=2Þ is fully appropriate. Since L1=2 must
be independent of the choice of the acoustical field (other-
wise, one would have to deal with a different LA scheme
for each incident beam, therefore leading to an infinite
number of LAs), it is admissible at the present time to take
this form of L1=2 to be best suited for achieving accurate
results using the LA approach.

3.3 The acoustical integral localized approximation

In 1998, Ren et al. proposed a variation of the LA
scheme whose main advantage was to avoid, in the process
of obtaining the BSCs of optical wave fields, the decompo-
sition into azimuthal modes, which corresponds in the
acoustical or ultrasonic case to equation (3) above.

The main idea behind such proposal was to gain a
certain level of flexibility in dealing with arbitrary-shaped
beams, since such a decomposition could, in principle, be
tedious.

Such an approach can be readily translated to acoustic
and ultrasonic fields. Since the modes wm

i in equation (3) are
proportional to expðim/Þ [for Bessel beams, this is seen
from equation (15)] and using simple orthogonality rela-
tions for exponential functions, step (i) in the LA scheme
can be avoided if we evaluate wm

i according to:

wm
i ¼ 1

2p
eim/

Z 2p

0
wiðr; h;/0Þe�im/0

d/0: ð32Þ

In view of equations (6) and (32), the BSCs can now be
found from:

gmn ¼ Zm
n

2p

Z 2p

0

bG wiðr; h;/Þ½ �
w0

i

e�im/d/: ð33Þ

Because equation (33) now involves an integration process,
this new LA scheme has been given the name integral
localized approximation (ILA) [9].

The fact is that, for off-axis Bessel beams, the extraction
of the BSCs from equation (33) still demands the expansion
of wiðr; h;/Þ into azimuthal modes before performing
the /-integration. This has been shown to hold for both
zero-order and higher-order optical Bessel beams, where
azimuthal modes appears naturally when using Neumann’s
addition theorem for Bessel functions [42, 46].

Starting from equation (10), imposing the localization
operator bG½:�, expanding the resulting formula according
to Neumann’s addition theorem and performing the inte-
gration over /, the BSCs extracted from equation (33)
using the ILA can be shown to be the same as those derived
from the LA itself and given in equation (19), as expected.

3.4 A general relation between exact and LA BSCs

An interesting and general relation between the exact
and LA BSCs for acoustic/ultrasonic fields can be extracted
from equations (1) and (33).

To see it clearly, notice that the localization operator,
once applied on equation (1), produces

bG wiðr; h;/Þ½ � ¼ w0
i

X1
p¼0

Xp

q¼�p

cpwp gqp;exajp p þ 1
2

� �
P jqj
p ð0Þeiq/;

ð34Þ
where we have explicitly written the r.h.s. in terms of the
exact BSCs.

Now, from equation (33),

gmn;LA ¼ Zm
n

2p

Z 2p

0

X1
p¼0

Xp

q¼�p

cpwp gqp;exajp nþ 1
2

� �
P jqj
p ð0Þeiðq�mÞ/d/

¼ Zm
n

X1
p¼0

cpwp gmp;exajp nþ 1
2

� �
P jmj
p ð0Þ: ð35Þ

Equation (35) establishes an intrinsic relation between gmn;LA
and the exact BSCs of arbitrary-shaped beams. Since [27]

P jmj
p ð0Þ ¼

ð�1Þpþjmj
2 ðpþjmj�1Þ!!

2
p�jmj

2 p�jmj
2ð Þ!

; ðp � jmjÞeven

0; otherwise;

8<
: ð36Þ

where (.)!! is the double factorial, in general only a set of
exact BSCs [either with ðp � mÞ even or ðp � mÞ odd] will
contribute to the value of gmn;LA. In addition, because
P jmj
p ð0Þ ¼ 0 for p < jmj, equation (35) can be written in

the following final form:

gmn;LA ¼ Zm
n

P1
p¼jmj

cpwp gmp;exajp nþ 1
2

� �
P jmj
p ð0Þ: ð37Þ

The importance of equation (37) relies on the fact that,
whenever a comparison between exact and LA BSCs is to
be performed, or when one needs to infer the limit of appli-
cability of the LA for a particular beam whose exact BSCs
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are known, there is no need to actually go through the
analytical process of finding the LA BSCs presented in
previous sections. The disadvantage, of course, resides on
the infinite summation, which not only can increase compu-
tational burden but also forces some truncation criterion to
be imposed based on pre-specified tolerated error.

4 Simulations and results

In this section we illustrate the behavior of equations
(19) and (21), and their simplified form for on-axis Bessel
beams, equations (22) and (23), respectively, together with
field reconstructions for both on-axis and off-axis beams
with different axicon angles. To do so, in all simulations
we have set k ¼ 50 lm. Algorithms have been developed
based on the equations of the previous section using the
commercial software Wolfram Mathematica 12.1 Student
Edition. They are available upon reasonable request.
Simulations were then run on a personal laptop [Intel(R)
Core(TM) i7-3630QM CPU @ 2.40 GHz, 16.0 GB].
Arbitrary precision (infinite-precision arithmetic) has been
chosen for the calculations.

The infinite sum in equation (1) is truncated in accor-
dance with Wiscombe’s convergence criterion [47], which
is well-established in the field of optics and has also been
recently introduced in acoustics and ultrasonics [24]. It
states that there is a maximum n, say nmax, above which
the partial waves will have negligible contribution to the
total field. The value of nmax can be calculated in terms of
the product kr, such that [47]:

nmax ¼
kr þ 4ðkrÞ1=3 þ 1; 0:02 	 kr 	 8

kr þ 4:05ðkrÞ1=3 þ 2; 8 < kr < 4200

kr þ 4ðkrÞ1=3 þ 2; 4200 	 kr 	 20; 000:

8><
>: ð38Þ

As a first example, let us assume the simple on-axis config-
uration, for which x0 ¼ y0 ¼ 0. For this case, the only non-
zero beam shape coefficients (BSCs) are g0n, as can be seen
from equations (22) and (23).

Figure 2 shows exact and localized approximation
(LA) BSCs jg0nj for a zero-order Bessel beam (v ¼ 0),
for six different axicon angles (a ¼ 1
, 5
, 10
, 20
, 35


and 50
), along with the logarithmic percent error
ln
�
100jðjg0n;exaj�jg0n;LAjÞ=jg0n;exajj

	
. A 1% error therefore

Figure 2. (a) Exact (red, solid, with circular marks) and LA (blue, dashed, with triangular marks) BSCs for an on-axis zero order
Bessel beam as a function of n for a ¼ 1
. (b) The logarithmic percent error corresponding to (a). (c) and (d) a ¼ 5
; (e) and (f)
a ¼ 10
; (g) and (h) a ¼ 20
; (i) and (j) a ¼ 35
; (k) and (l) a ¼ 50
. In all cases, k ¼ 50 lm.
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corresponds to the horizontal line ln½errorð%Þ� ¼ 0.
Without loss of generality, we have set z0 ¼ 0.

Several important features are observed. First, the smal-
ler the value of a, the better is the agreement between the
exact and LA BSCs. However, notice that, for a fixed a,
the logarithmic error slightly increases as n increases. The
highest errors are seen for values of n coinciding with those
points for which g0n tends to zero. The most critical scenario
is, of course, that of a = 50�. In this particular case,
although both the exact and the LA BSCs show a similar
oscillatory pattern (Fig. 2k), high errors are observed for
all n (Fig. 2l), with the oscillations observed for the LA
BSCs occurring for higher n when compared with those
observed for the exact BSCs.

Such a delay clearly increases as a increases and reflects
itself in the transverse locations of the bright annular disks
of the Bessel beam. This is illustrated in Figure 3, where
the exact and LA transverse field intensities, wexa

i ðx; y; 0Þ�� ��2

and wLA
i ðx; y; 0Þ�� ��2, together with the logarithmic error, are

plotted for a = 1� (Figs. 3a–3d), 10� (Figs. 3e–3h) and 50�
(Figs. 3i–3l). It must be stressed that, even though subtle
differences between the original (exact) and LA-remodeled
beams can be noticed, the latter is a genuine acoustical beam
on its own, that is, the remodeled beam is still an exact
solution to the homogeneous scalar Helmholtz equation.

The effect of a non-zero topological charge can be appre-
ciated in Figure 4 for a ¼ 50
, which shows the exact and
LA-remodeled field intensities for v ¼ 0, 3 and 7. One can
clearly see that, as v increases, errors become higher at
the positions of global maxima of wij j. This has important
consequences on the application of localized schemes for
predicting acoustic and ultrasonic pressure forces. Better
results, at least at transverse positions close to the most
intense bright annular disk, are expected for smaller values
of v. In addition, for very small particles, only those partial
waves with low values of n enter into the calculation of

Figure 3. Exact and LA-remodeled field intensities wexa
i ðx; y; 0Þ�� ��2 and wLA

i ðx; y; 0Þ�� ��2, and logarithmic percent errors

ln 100 wexa
i ðx; y; 0Þ�� ��2 � wLA

i ðx; y; 0Þ�� ��2
 �
= wexa

i ðx; y; 0Þ�� ��2��� ���h i
for the zero-order Bessel beams of Figure 2 with a ¼ 1
, 10
 and 50
.

(a)–(d) a ¼ 1
. (e)–(h) a ¼ 10
. (i)–(l) a ¼ 50
. The corresponding BSCs are shown in Figure 2(a), (e) and (k), respectively.
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acoustical forces, so that only the first few BSCs need to be
taken into account. This means that, regardless of the value
of a, the LA scheme might still produce good physical pre-
dictions. This is clearly seen for the zero-order Bessel beams
of Figure 2 for all values of a, a feature also noticed in the
optical domain [16].

For off-axis configuration, it can be seen from equations
(19) and (21) that:

gmn;LA
gmn;exa

¼ 1
nþ 1=2

� �jmj ðnþ jmjÞ!
ðn� mÞ!

Jm nþ 1
2

� �
sin a

� 	
Pm
n ðcos aÞ

: ð39Þ

It is seen from equation (39) that the percent error
100j1� jgmn;LAj=jgmn;exajj for a given n and m is actually inde-
pendent of the relative lateral position or displacement
(x0; y0) of the beam with respect to the origin OP . Therefore,
even though the number of BSCs demanded to reproduce
wiðr; h;/Þ will increase for q0 6¼ 0 [this statement is readily
confirmed from either equation (19) or (21) by setting
Z0 6¼ 0], just like for on-axis beams, discrepancies between
the exact and LA BSCs will only depend on n, m and a
for off-axis Bessel beams. This means that the analysis of
BSCs for the off-axis case resembles that previously per-
formed for on-axis beams. This fact contrasts significantly
with that observed for optical Bessel beams, for which the
LA scheme could be highly dependent on x0 and y0 [16].
Finally, notice that the ratio gmn;LA=g

m
n;exa is also independent

of the beam order v.
As an example, Figure 5 shows how the ratio gmn;LA=g

m
n;exa

behaves as a function of n for a zero-order Bessel beam with
a = 1� (Figs. 5a–5c), 10� (Figs. 5d–5f) and 30� (Figs. 5g–5i).
Specific lateral displacements of q0 ¼ 50k, 5k and 4k have
been chosen with the sole purpose of having non-zero BSCs
for m 6¼ 0, since equation (39) does not depend on q0. The
deleterious effect of an increasing axicon angle is readily
seen. Such an effect becomes more pronounced at values
of n corresponding to minima of

��gmn;exa��.
An interesting feature of equation (39) is its indepen-

dence with respect to the relative position (q0;/0; z0) of
the Bessel beam. This means that, for a given axicon angle,
the ratio between the LA and exact BSCs depends only on
n and m. But it must be stressed that, since for fixed n and
m the value of gmn changes as we move from an on-axis to an
off-axis configuration, and also because gmn changes as
q0 6¼ 0 changes, the reconstructed fields still depend on
the relative position of the beam, as it should be.

An example of field reconstruction for an off-axis beam
and from both exact and LA BSCs is illustrated in Figure 6
for v ¼ 0 and a ¼ 30
, assuming q0 � x0 ¼ 4k ¼ 200 lm. In
acoustic scattering by spherical particles, force calculations
assume that the particle is centered at OP , that is, at
x ¼ y ¼ 0. Since errors are high (Fig. 6c) the LA might fail
to provide accurate force predictions for off-axis beams for
such a high value of the axicon angle. It can be checked that
smaller values of a improves the agreement between the
original field and the one calculated through the LA.

As expected from the results for on-axis beams, notice
that in Figure 6 there is a noticeable loss of symmetry in
the Bessel pattern with respect to the optical axis of the

Figure 4. (a) Exact (black, dot-dashed) and LA-remodeled
(red, dashed) field intensities wexa

i ðx; 0; 0Þ�� ��2 and wLA
i ðx; 0; 0Þ�� ��2

(in logarithmic scale), and logarithmic percent errors
ln 100

��� wexa
i ðx; 0; 0Þ�� ��2 � wLA

i ðx; 0; 0Þ�� ��2Þ= wexa
i ðx; 0; 0Þ�� ��2��	h

for an on-
axis Bessel beams with a ¼ 50
, for v ¼ 0. (b) and (c) Same as
(a), but now for v ¼ 3 and 7, respectively.
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beam when using localization schemes (Fig. 6b).
This comes from the fact that, as x increases, the number
of BSCs demanded to calculate wLA

i ðx; 0; 0Þ increases in
accordance with the localization principle of van de Hulst

(the same being valid for the field along y). But, as n
increases, discrepancies between the exact and LA BSCs
also increases, as revealed in Figure 2 for an on-axis Bessel
beam.

Figure 5. (a)–(c) Ratio gmn;LA=g
m
n;exa

��� ��� (black solid lines, with circular marks) for a Bessel beam with v ¼ 0 for a ¼ 1
 and m ¼ 0, 2 and
5, respectively. (d)–(f) Same as before, now for a ¼ 10
. (g)–(i) Same as (a)–(c), now for a ¼ 30
. For reference purposes, the exact
BSCs are also shown (blue dashed lines, with triangular marks), with multiplicative factors being introduced for better visualization.
The choice of q0 6¼ 0 allows for non-zero BSCs for m 6¼ 0 but has not other implications in the comparison between the plots, since
equation (39) does not depend on q0 (had we chosen the same q0, the results would remain unchanged). The beam is assumed to be
displaced along the x axis, that is, /0 ¼ 0 or, equivalently, q0 ¼ x0.
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The choice of Wiscombe’s criterion for truncating the
sum in equation (1) has been qualitatively justified for
Bessel beams by Ambrosio and Gouesbet in Ref. [24] (see
Fig. 4 of this reference). In this work, the authors derived
finite series expressions for the BSCs and compared them
with those analytically extracted from quadratures. For field
reconstruction using the LA method, a similar verification
can be performed. Consider, for instance, adding or sub-
tracting a value nadd from nmax, see equation (38). Figure 7
shows how wexa

i ðx ¼ 4k; 0; 0Þ�� �� and wLA
i ðx ¼ 4k; 0; 0Þ�� ��

behave as nadd goes from �20 to 20, for the off-axis Bessel
beam of Figure 6. As is clearly seen, as nadd approaches zero,
that is, when truncation occurs at nmax, the calculated exact
and LA field intensities have converged to their final values
of 1 and 0:76129978, respectively, with excellent agreement.

Although ideally the LA method seeks to establish a
complete identification gmn;LA ¼ gmn;exa, such an identity is
spoiled in view of equation (37). In fact, the LA BSCs are
weighting sums of the exact coefficients with the same m.
Because of equation (36), only those terms with ðp � jmjÞ
even in the r.h.s. of equation (37) will contribute to the final
value of gmn;LA, which means that, for even m, only the exact
BSCs gmp;exa with p even will contribute to the LA BSCs,
while for m odd, only the exact BSCs with p odd will con-
tribute to the LA BSCs. This is true not only for Bessel
beams, but for any arbitrary-shaped beam.

As an example of application of equation (37), consider
an on-axis Bessel beam (z0 ¼ 0) with a ¼ 1
 and v ¼ 0.
Table 1 shows g0n;LA for specific values of n, as calculated
from both equation (19) and equation (37), the latter being

Figure 6. (a) Original transverse field intensity wiðx; y; 0Þj j2 for
an off axis zero-order Bessel beam with a ¼ 30
 and q0 ¼ x0 ¼ 4k
(y0 ¼ z0 ¼ 0). (b) Same as (a), but now for the remodeled LA
field using the BSCs given in equation (19). (c) Logarithmic
percent error for the field intensities of (a) and (b).

Figure 7. Verification of Wiscombe’s criterion for the off-axis
Bessel beam of Figure 6, at a fixed position ðx; y; zÞ ¼ ð4k; y; zÞ.
Here, the value of nadd is added to that evaluated from
Wiscombe’s criterion [47], see equation (38) in order to truncate
the sum in equation (1).
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truncated at pmax ¼ 20, 100, and 400. As pmax increases,
there is greater agreement between the LA BSCs as com-
puted from equations (19) and (37). This is also observed
in Table 2 for a ¼ 50
, keeping all previous parameters
unchanged.

5 Conclusions

In this work we have introduced the acoustical localized
approximation for arbitrary-order Bessel beams. The beam
shape coefficients have been compared with those computed
from quadrature schemes and field remodeling has been
shown for both on- and off-axis configurations.

In contrast with previous works which dealt with
Gaussian beams, here we have justified the presence of
pre-factors in the expressions for the localized approximation
beam shape coefficients by having recourse to asymptotic
behavior of associated Legendre functions of very large
degrees. A rigorous justification of the localized approxima-
tion for arbitrary-shaped acoustic/ultrasonic beams is still
open to investigation.

A variant of the localized approximation, which
attempts at avoiding the decomposition of the original field
into azimuthal modes, viz., the integral localized approxi-
mation, has also been presented. The beam shape coeffi-
cients for Bessel beams calculated in this manner are
expectedly the same as those calculated from the original
localization scheme. A general relationship between the
localized and exact beam shape coefficients has been also
provided, therefore eliminating the need to actually derive
the former coefficients whenever the latter (exact) coeffi-
cients are available for any acoustic/ultrasonic beam.

The results shown in this paper reveals that the local-
ized approximation can be used to describe acoustical and

ultrasonic Bessel beams with (very) low axicon angles.
For zero-order beams and small axicon angles, errors at
the acoustical axis are usually small or negligible. However,
as the order of the beam increases, the corresponding
errors at the locations of maximum of the transverse field
pattern (the most intense annular ring) increase as well,
thus indicating that physical predictions involving, for
instance, acoustic pressure force calculations and extracted
from the localized beam shape coefficients might not be
accurate enough in comparison with those computed from
exact beam shape coefficients derived from quadrature
schemes.

Obviously, the use of a localized approximation is
superfluous when exact beam shape coefficients are avail-
able. However, this work has provided a path for a system-
atic and general justification of localized schemes for
arbitrary-shaped beams. In the optical realm, justification
has been given in terms of what is called the N-beam
method [39]. Besides, it was also shown that the localized
approximation cannot be rigorously justified for Bessel
beams or, more in general, beams carrying a propagation
factor of the form expð�ikzzÞ instead of expð�ikzÞ, e.g.,
Ref. [14]. We hope that the present work paves the way
for equivalent deeper investigations in acoustics and
ultrasonics.
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Table 2. Same as Table 1, now for a ¼ 50
.

n Equation (19) Equation (37) (p ¼ 20) Equation (37) (p ¼ 100) Equation (37) (p ¼ 400)

1 0.696172 0.696172 0.696172 0.696172
5 �0.374691 �0.374691 �0.374691 �0.374691
10 0.161321 0.161320 0.161321 0.161321
25 0.179462 0.137049 0.179462 0.179462
50 0.125783 �0.0199318 0.125783 0.125783
100 0.0632092 0.00766147 0.059747 0.0632092
200 �0.0273322 0.00154104 0.00413776 �0.0273322

Table 1. LA BSCs gmn;LA as calculated from equations (19) and (37) using different truncation values for the sum over p. Here,
m ¼ v ¼ 0, x0 ¼ y0 ¼ z0 ¼ 0 and a ¼ 1
.

n Equation (19) Equation (37) (p ¼ 20) Equation (37) (p ¼ 100) Equation (37) (p ¼ 400)

1 0.999829 0.999829 0.999829 0.999829
5 0.997698 0.997698 0.997698 0.997698
10 0.991622 0.991620 0.991622 0.991622
25 0.951095 �0.140226 0.951095 0.951095
50 0.815034 �0.0812225 0.815034 0.815034
100 0.366731 0.0282588 0.285587 0.366731
200 �0.380019 0.00994502 0.010083 �0.380019
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