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Critical conditions for the coverage of complete graphs with
the frog model*

Gustavo O. Carvalho' Fabio P. Machado?

Abstract

We consider a system of interacting random walks known as the frog model. Let
Kn = (Vn,En) be the complete graph with n vertices and o € V,, be a special vertex
called the root. Initially, 1 + 7, active particles are placed at the root and 7, inactive
particles are placed at each other vertex v € V,, \ {o}, where 7 is a random variable
taking values in {0,1,2,...} and {1 }vev, are i.i.d. random variables with the same
law as 7. At each instant of time, each active particle may die with probability 1 — p.
Every active particle performs a simple random walk on K,, until the moment it dies,
activating all inactive particles it hits along its path. Let Vi (Kr, p) be the total number
of visited vertices by some active particle up to the end of the process, after all active
particles have died. In this paper, we show that Vo (K,,pn) > (1 — €)n with high
probability for any fixed ¢ > 0 whenever p, — 1. Furthermore, we establish the
critical growth rate of p,, so that all vertices are visited. Specifically, we show that if
pn =1 — 2, then Vo (K., pn) = n with high probability whenever 0 < a < F(n) and

logn’

Voo (Kn, prn) < n with high probability whenever o > FE(n).
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1 Introduction and results

We study the frog model, which can be described by the following rules. Initially,
particles are placed at the vertices of a connected graph G. At time zero, all particles are
inactive, except for those at a special selected vertex from G called the root, which are
active. Active particles perform independent, simple, nearest-neighbor, discrete time
random walks on G, activating any inactive particles found on the vertices visited by
their walk. Inactive particles remain on their initial vertex until activated (if it happens).
This model is often associated with the dynamics of the spread of a rumor or an infection
in a population. A formal definition of the frog model can be found in [2].

Several variations of the frog model have been studied. Most of the results are based
on cases where G is infinite, usually the hypercubic lattice Z? or the regular tree T¢.
Part of the work has focused on finding conditions for recurrence and transience, i.e.,
conditions for the root to be visited infinitely often [21, 19, 13, 7, 20, 5]. Another area
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of interest is describing the set of visited vertices and its asymptotic shape [3, 16, 10,
15]. For particles having a finite random lifetime, specifically those with a geometric
distribution, some papers focus on studying conditions for the survival of the frog model
[2, 9, 11]. In finite graphs, there are works that deal with cases where particles have
fixed finite lifetime [12, 14, 4], as well as some other lifetime schemes [1, 18, 17, 6].

We consider the geometric lifetime version of the frog model. At each instant of time,
independently of everything else, each active particle survives with probability p € (0,1)
or dies otherwise, being permanently removed from the model. This means that the
lifetime of active particles follow a geometric distribution supported on {0,1,...} with
parameter 1 — p.

Let KC,, be the n-complete graph, i.e., £, = (V,,,&,) where V, is the set of vertices
with |V,,| = n and &, = {{z,y}|z,y € Va,z # y} is the set of undirected edges linking
every pair of distinct vertices. Let o € V, be a special vertex called the root of ,.
Initially, we consider that each vertex v € V, \ {o} has 7, inactive particles and o has
1 + 7, active particles, where {1, },ey, are i.i.d. with the same distribution as a variable
1. The extra particle at the root is simply a way to ensure that the frog model does not
end right from the start, but all of our results also hold without this extra particle if we
consider the conditional probability on the event {7, > 1}.

Excluding trivial cases where P(n = oo) > 0 or p = 1, there are finitely many particles
which could be activated since V), is finite and each particle has a finite lifetime (given by
a geometric distribution). Thus, there is a finite instant in which the process is over, i.e.,
there are no more active particles alive. Let V(K,,,p) be the number of visited vertices
when the frog model is over. When either of the trivial cases above happens, it could be
the case that the process is not over at any instant of time and all vertices are visited; in
this case we simply say that V. (K,,p) := n.

When there is exactly one particle per vertex (n = 1), [6, Theorem 1.2] shows that
both Vo (K,,p) < clogn and V. (K,,p) > ¢'n have positive asymptotic probabilities for
p > 1/2 and suitable constants ¢ > 0 and ¢ € (0,1). The following theorem shows
that when p = p,, such that p,, — 1, wh.p.! only the case V., (K,,p) > ¢/n is possible.
More than that, the same goes for every ¢’ € (0, 1), therefore w.h.p. any arbitrary large
proportion of vertices is visited.

Theorem 1.1. Let n be such that P(n = 0) < 1. If (p,)nen is a sequence such that
lim, oo pn, = 1, then for any e € (0,1),
lim P(Veo(Kpypn) > (1 —€)n) = 1.
n—oo
Theorem 1.1 may appear to suggest that all vertices of K,, are visited when p,, — 1,
but this is not necessarily the case. Actually, there is a significant difference between
visiting a large proportion of vertices and visiting all vertices, similar to what occurs in
another process that will later be used in a coupling with the frog model: the coupon
collector’s problem. As the collection increases, it becomes harder and harder to find
new coupons in the coupon collector’s problem, thus obtaining (1 — ¢)n different coupons
demand roughly cn draws, where ¢ = ¢(¢) is a constant; while obtaining all n different
coupons demand roughly nlogn draws.
The next theorem shows the rate at which p,, must grow in order to have w.h.p. all
vertices visited. For any = € R, let " := max{0, z} be its positive part.

Theorem 1.2. Let 7 be such that P(n = 0) < 1. Consider that p, = (1 — ;55;)".

(i) If o > E(n), then lim,_,o0c P(Voo (Ky,pn) =n) = 0.
(i) If0 < a < E(n), then lim,_,co P(Vae (K, pn) = n) = 1.

1We say that a sequence of events (Ey, ),y happens with high probability (w.h.p.) when lim,, oo P(Ep) = 1.
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Remark 1.3. When E(n) = +oo, Theorem 1.2 part (i) applies for every a > 0 and we
have that lim,,_, .. P(Voo (KCp, (1 — 10gn)Jr) =n) = 1. We still do not know what happens
when a = E(n) < +o0.

Theorem 1.2 relates to Hermon’s result in [12, Proposition 1.1], where the author
addresses the frog model on K, studying cases where particles have a fixed finite
lifetime and 7 is Poisson distributed with parameter \,, possibly varying with n. Among
other results, Hermon studies the susceptibility S(K, ), essentially determining the
shortest particles’ lifespan required for the entire graph to be visited by active particles.
It is shown that (1 —€)\,; logn < S(K,,) < [(1+€)), ! logn] holds w.h.p. for any € € (0,1)
as long as n\,, — oco. Although Hermon'’s proof approach does not apply to our case, the
results obtained are comparable. In our case, when p,, = (1 — )*, the mean lifetime

log n

log n

of each particle is p’; . Since the total number of particles is rougly nE(7) (or
nA, is Hermon'’s case), the mean total lifetime of all particles together in both cases can
be compared with the coupon collector time n logn.

Simple coupling techniques show that P(V,,(K,,p) = n) is non-decreasing in p. So,
Theorem 1.2 is also useful for several sequences (p,)nen, depending on their asymptotic
behavior. We have that lim,,_, o P(Voo(Ky,p) = n) = 0 whenever p, <1 — % for some
a > E(n) and sufficiently large n; we also have that lim, oo P(Voo (Kp,pn) = n) =1
whenever p, > 1 — % (n) and sufficiently large n.

It is also interesting to note what happens when (p,).cn is a sequence that slowly
converges to 1. When lim,, ;o p, = 1 and p, < 1— > (n) and sufficiently
large n, then (1 — €)n < Vo (Ky, pn) < n w.h.p. for any € € (0,1) by Theorems 1.1 and 1.2.
In this case, there is a non-empty set of unvisited vertices at the end of the process, but
its cardinality is smaller than any pre-established proportion.

The remainder of this article is organized as follows. In Section 2, we provide some
useful lemmas, as well as definitions and results about models that can be coupled with
the frog model on C,,. The proofs of all theorems are presented in Section 3.

2 Auxiliary results

2.1 The coupon collector’s problem

Consider the classical coupon collector’s problem. There are n coupons and a
collector who acquires a random and uniformly selected coupon at each instant of time.
Let 7; be the number of draws needed to obtain i € {1,...,n} different coupons, and
T := T, be the number of draws needed to complete the entire collection.

Note that 7j41 — 7; ~ Geoi("1), j € {0,1,...,n — 1}, where 7 := 0 by definition.?
Then, 741 —7; has the same distribution as the number of steps that active particles take
(if there are particles that have enough lifetime to do so) to go from j + 1 to j + 2 visited
vertices in K, 4. Similarly, 7 = Z?’:—Ol (1j41 — 7;) is related to the potential coverage of
K41 in the frog model.

Next, we show two useful lemmas regarding the coupon collector’s problem. We
only show the proof for the second lemma. The first one has a simple proof involving
expectation and variance of 7, which can be seen in [8, Example 2.2.7].

Lemma 2.1. Foranye € (0,1),

lim P[(1—e¢)nlogn <7 < (1+e¢e)nlogn]=1.

n—oo

2We let Geop(.) and Geo;(.) denote geometric distributions with support on {0, 1,..} and on {1,2,...},
respectively.
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Lemma 2.2. Foranye € (0,1),

. 1—e¢
gaﬁmumé4g)0=1

Proof. If Q1 ~ Geoi(q1) and Q2 ~ Geoy(g2) with 1 < ¢o, then @Q; = Q2 is obtained
directly from their cumulative distribution functions.? Combining this with the fact that
n=i > @ =eforie {0,1,...,[(1 —€¢)n] — 1}, we have that

n -

[(1—e)n]-1 [(1—e)n]
Ta—on1 = », (mm—-1)= Y, Z, (2.1)
i=1

=0

where Z; & Geo(e).
Furthermore, as E(Y[U79" z,) = [A=an] and rﬁ:% "% 1, we have for suffi-
ciently large n that

> 2.2
e[(1—é€)n] [(1—¢)n] ~ 2¢ (2.2)
By (2.1) and (2.2),
[(1=e)n]
2(1 — €) 2(1—¢)
P > < p Z, > 29
(Tf(l en] = c n> = ( ; = c
1—e€)n 1—e)n
cp(ZMz BTz 1Y
- [(1—¢€)n] T 2
Therefore, lim,, ;o P(T[(1—en] = @n) = 0 by the law of large numbers. O

2.2 Auxiliary process

Here we establish an auxiliary process analogous to the one in [6]. The auxiliary
process can be thought of as the frog model on a connected graph G = (V,£), but in
such a way that only one particle is allowed to move per round, and additional particles
are included so that the process continues infinitely.

As in the frog model, a vertex o € V is called the root of G. At time zero, every vertex
v € V\ {0} has 5, inactive particles while o has 1 + 7, active particles, but {1, },cy are
not necessarily i.i.d. Let all 1+ ), _,, 7; initial particles be denoted as originals. This is
done because extra particles will be added to the process at some point. Given the initial
configuration, the auxiliary process on G with survival parameter p has the following
rules:

¢ At each instant k£ of time, one active particle is chosen (the second and third rules
will guarantee that there is at least one active particle) to participate in round k.
This particle can be chosen randomly or by any selection rule. The chosen particle
checks whether it survives with probability p and, if so, moves to a randomly and
uniformly chosen connected vertex, activating any inactive particles at that vertex.

* Let R = R(G,p) be the moment at which the last living original active particle dies,
that is, the instant at which the original process ends. At this same moment, every
remaining inactive particle is now called extra inactive. Furthermore, a new extra
active particle is injected at the root o € V to continue the process.

3For any two random variables X and Y in the same probability space, we say that X stochastically
dominates Y when P(X > a) > P(Y > a) for all a € R. We denote this relation by X > Y.
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» After R, each time the last living active particle dies, a new extra active particle is
added at the root 0 € V.

Note that there are only extra particles participating from round R + 1 onwards.
Excluding cases in which ), ,,7; = oo or p = 1, we have that R < co with probability 1,
since at most 1+ ) ., 7; original particles could be activated, each with a finite lifetime
given by a geometric distribution with parameter 1 — p. Despite R < oo, the auxiliary
process as a whole is infinite, as it always renews itself by injecting new extra particles
on the root.

By this construction, it is possible to guarantee that there is always an active particle
(original or extra) to participate in the k-th round for any k£ € N, regardless of whether
the original process has ended or not. For k € N, define X}, = Xx(G,p) depending on
what happens to the particle that participates in round k:

* X, = 0ifit dies.
e X = 1if it survives and goes to a vertex which has been visited before round k; or
if it survives and goes to a previously unvisited vertex v with n, = 7 — 1.
« Xy =14j,7€{23,...}, if it survives and goes to a previously unvisited vertex v with
n,=j—L
Note that the previous random variable can be interpreted as the number of de-
scendants (in the sense of a branching process) of the particle participating in round k.
From the number of descendants in each round, we define the number A;C = A;(g ,p) of
potentially active particles at the end of the k-th round as

k
Al =1+ 1, pi=ldne+ > (X 1), ke {1,2,..}. (2.3)
j=1

The term potential comes from the fact that the previous expression may also
be counting the descendants of extra particles. We can disregard this by denoting
R = R(G,p) as

R =inf{k: A}, =0} (2.4)

and defining the number A, = A (G, p) of active particles at the end of the k-th round as
Ak: = A;gﬂ(k<R)7 ke {071,2,} (25)

Let Ey, C {X; > 1} be the event in which the particle participating in round %
survives and visits a vertex that has never been visited before. Similarly to what was
done previously, we define the number V/ = V//(G, p) of potentially visited vertices until
the end of the k-th round as

k
Voi=1 V=14 1p, ke{l,2,.} (2.6)

j=1
and the number V;, = Vi (G, p) of visited vertices until the end of the k-th round as
Vi = Vilger) + Velusr), k€{0,1,2,...}. (2.7)

We also define the total number V., = V. (G, p) of visited vertices during the entire
process by
Voo ;= lim Vk = VR. (28)
k—o00

Note that V,, = Vg is not affected by the extra particles injected into the process, as

they only play a role after R. The extra particles are only useful for the mathematical
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convenience they bring, such as allowing the evaluation of the number of potentially
active particles and potentially visited vertices without needing to worry about whether
all the original particles have already died or not. It is also important to note that
allowing only one particle to move per round maintains the same final number of visited
vertices as the original dynamics of the frog model. Therefore, the total number of visited
vertices in the corresponding frog model is also described by V,,, making it possible to
study the frog model through the auxiliary process.

Specifically when we deal with complete graphs and consider that {n,},cy is a
collection of i.i.d. random variables with the same distribution as 7, we have that
P(X] (Icn-i-hp) = x“/jl—l(lc'n-‘rlap) = U) equals

1—p, ifx =0;
pol) | p(r=vtl)p(n = 0), ifx=1; (2.9)
p(=2E)P(n =k — 1), ifz =k fork=234,..

2.3 Helpful lemmas

Here we provide two lemmas for later use. The first one relates the number of active
particles to the total number of steps they will take before dying. This lemma will be
particularly useful in combination with the results of the coupon collector’s problem,
as it gives us the necessary number of active particles such that the total number of
remaining steps is greater than what is needed to visit a high proportion of vertices or
even the entire graph.

Lemma 2.3. Consider the auxiliary process on any graph and with survival parameter
pn. Consider that at some instant k = k(n) there are Ay, active particles and define T'(k)
as the combined number of remaining steps that these Ay, particles will still take (i.e.,
T(k) is the sum of the remaining lifetimes of these A;, particles), with T'(k) := 0 if A, = 0.
Also assume that p,, # 1 for all n € N and lim,,_,o, p, = 1 and define ¢, := (1 — p,)"'.
Foranye € (0,1) andb > 0,

(1) limy, 00 P(T(k) < (1 —¢/2)bng,|Ax < (1 —€)bn) = 1;
(ii) lim, o P(T'(k) > (1 4 €/2)bng,|Ar > (1 + €)bn) = 1.

Proof. Let T := T'(k) be the combined total number of steps that all particles that are
active at time k will still take. Let {Tz’}iZl be a sequence of random variables such that

T; i Geop(1 — p,). Note that T has the same distribution as Zf:"’l T; because, due to
lack of memory, we can ignore how many times each particle has survived before time k.
Also note that
T < 079 if A, < (1— €)bn;
(2.10)
T = SLOFPI i Ay > (14 €)bn.

As T; ~ Geoy(1 — p,,), we have that E(T;) = ¢, — 1 and Var(T;) = ¢ — ¢,. We use

simple floor and ceil inequalities such as z — 1 < |z] <z < [z] < 2 + 1 for any real z to
obtain

(Zm e)bn] T) (1= e)bn +1)g, — (1 — €)bn;

(2.11)
(ZW“ on) T) (1+ )bn — )gn — (1 + €)bn,
and
Var(SI89" 1) < (1= bn+ (@3 - au):
(2.12)
Var (Z}Sﬁé)w Ti) < (1+e)bn(q? — qn).
ECP 30 (2025), paper 30. https://www.imstat.org/ecp
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Since both n and ¢,, diverges as p,, — 1 by assumption, then ¢, + (14 ¢€)bn < (¢/4)bng,
for sufficiently large n, which implies by (2.11) that

IN

[(14€)bn]
(1+¢€/2)bng, — E( Z Ti> —(€/2)bngy + qn + (1 + €)bn

i=1

(2.13)

IN

—(¢/4)bng,.

On the other hand, for sufficiently large n it is also true that (¢/2)bng, —q, > (¢/4)bngy,

and
[(1—€e)bn]

<1e/2>zman< 3 T) > (e/2)bngn + (1 — b — g,

P (2.14)

> (e/4)bngy,.

By (2.10), (2.12), (2.13) and Chebyshev’s inequality, we have for sufficiently large n
that

P(T < (1+¢€/2)bng,|Ar > (14+€)bn) < P< T, <(1+ e/2)bnqn)
1=1
L(1+e)bn] L(1+e)bn]
< P( S T-B Y T)< —(s/4>bnqn)
1=1 i=1
L(1+e)bn] L(1+e)bn)
< P(‘ > Ti- E( > T)’ > (6/4)bnqn>
=1 =1
Var( ZL(:11+6)an T;)

So, the proof of part (i¢) is complete. Furthermore, P(T > (1 — €/2)bng,|Ar <
(1 —¢€)bn) "2 0 can be shown in an analogous way by using (2.14) instead of (2.13),
thus also completing the proof of part (7). O

The next lemma guarantees that the original auxiliary process (and so the frog model)
lasts for at least some initial rounds whenever p,, — 1. Later on, this will be important
when we show that the particles collected in this early stage are already sufficient to
visit a high proportion of vertices.

Lemma 2.4. Consider the auxiliary process in which n, are i.i.d. variables with the same
distribution as n. Suppose lim,_, p, = 1 and P(n =0) < 1. For any ¢ € (0,1), we have
that

lim P(R(Kn+1,pn) < kl) =0,

n— oo

where k; = k1(n) = |en]| — 1.

Proof. The proof is based on the relationship between the auxiliary process in its initial
rounds and a branching process. Let {Z;") }j>1 be a sequence of i.i.d. random variables
such that

1—pn, ifx = 0;
P(Z" = 2) = { puc+pa(1—c)P(n=0), ifz=1; (2.15)
pn(l—c)P(n > 1), ifex=2.
ECP 30 (2025), paper 30. https://www.imstat.org/ecp
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When j < ki, we have by (2.6) that %’71(Kn+1,pn) < j < k1 and, in particular, that

P (Vi1 (Knt1,pn)—1)
n

that ZJ(") < X;(Kp41,pn) for j < ki (compare their cumulative distribution functions
by means of (2.9) and (2.15)). So, ZleXj(ICnJrhpn) - Z§:1 Zj(.”) holds for all k£ €

{1,...,k1}. Recalling the interpretation of X; as the number of descendants of the
particle participating in round j, this also implies that

< p'"(kﬁfl) < pnc. Therefore, it is possible to create a coupling such

P(R(/Cn+1,pn) < /ﬁ) < P(RZ<n) < k‘1) < P(RZ(',L) < OO)7 (2.16)

where R is the number of rounds until the extinction of a branching process with
the number of descendants given by Z("). For the first inequality in (2.16) to be precise,
we should consider that the rounds, as in the auxiliary process, are done by counting
descendants of one particle at a time, unlike the usual rounds scheme for branching
processes of counting descendants per generation. But as a whole, it does not matter as
P(Rym < o0) is the same for both round schemes. We will prove that lim,, . P(Rym) <
o0) = 0, thus completing the proof of the lemma as a consequence of (2.16).
Fix any € € (0,1). We want to show that P(R;n < o) < e for sufficiently large n.
By classical properties of a branching process and its extinction probability, we have to
show that
s = E(sZ") (2.17)

has a solution in (0, ¢) for sufficiently large n.
Equivalently, any root of

fn(s) = E(5Z<">) —5=(1—=ppn) +s[pnc+pa(1 —c)P(n=0) —1] + s°p,(1 —c)P(n > 1)

is a solution of (2.17).

We can consider just the cases where p,, < 1 for sufficiently large n, as p,, = 1 would
make P(Z(™ = 0) = 0 and trivially P(Ry) < c0) =0 < ¢. Then, f,,(0) =1 —p, >0 and
fn(s) is continuous in s. So, to show that f,, has a root in (0, ¢), it is enough to show that

fn(e) <O.
As P(n=0)<1,then P(n=0)+eP(n>1) <1.Let

a=c+(1—-¢c)[P(n=0)+eP(n=>1)]€(0,1).

Since lim,,_, o pr, = 1, it is possible to make (1 — p,,) < (1 — a)/2 by letting n be large
enough, and then

fole) = (1 —pn) +e(ap, —1) < (1 —pn) —€(l —a) <0. 0

3 Proofs

Most of the time during this section, the auxiliary process and related variables
consider the graph K, 1, survival parameter p,, and that {n, }ycy, ,, are i.i.d. with the
same distribution as a variable 7. So, these will be the default to be considered when
notation is omitted to make the text cleaner.

We begin by proving the following lemma, which already implies Theorem 1.1 and
which will also help in the proof of the Theorem 1.2. For this lemma, we use the
asymptotic notation o(1) to denote a function g such that lim,_,, g(n) = 0.

Lemma 3.1. Consider that P(n = 0) < 1 and lim,,_,, p, = 1. Fixanyc € (0,1), € € (0,1)
such thatc < 1 —e€. Let ky = ki(n) := |en| — 1 and ko = ka(n) := inf{k : Vi(Kni1,pn) >
[(1 —€)n] + 1} with the definition that inf () = co. Then

lim P(ky(n) <oo) =1

n—oo

ECP 30 (2025), paper 30. https://www.imstat.org/ecp
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and for any sequence (x,,)necn of real numbers,

P(Akz (K7L+1apn) > an) > P( Z n = an) — 0(1)
Z:kl(n)Jrl

Remark 3.2. Lemma 3.1 implies Theorem 1.1 as argued below. Since the only restriction
to (pn)nen in Theorem 1.1 is that lim,,_,, p, = 1, we can prove in an equivalent way and
without loss of generality that Vo, (K41, pn) > (1 —€)(n+1) wh.p. for any fixed € € (0,1).
With a fixed € € (0,1), we can take 0 < ¢ < e so that (1—¢)n > (1—¢)(n+1) for sufficiently
large n. By Lemma 3.1, we have that wh.p. ks = inf{k : Vix(Ky11,0n) > [(1 —€)n] +1} <

00, and therefore w.h.p. Voo (K1, pn) = Vi, (Kng1,0n) = (1= €)n > (1 —€)(n+1).

Proof. In order to avoid some technical problems in the proof of Lemma 3.1, we consider
only cases in which p,, is non-decreasing and p,, # 1 for all n € IN in addition to the
original assumption of lim, ., p, = 1. These additional assumptions do not reduce the
generality of (p,)nen. In fact, if (p,)nen is any sequence such that lim,, oo p, = 1, we
can construct another sequence (p),)nen such that p), := min{l — 1 inf;>,{ps}}. Since
lim,,—, p}, = 1, pl, is non-decreasing and p), # 1 for all n € IN, the lemma would be valid
for p/, and consequently also for p,, because p,, > p!, implies V. (Kp11,0n) = Vi(Knt1,0))
and A (Kpy1,0n) = Ap(Kpy1,p),) forall k € IN.

Initially, suppose that E(n) < oco. Let {Yj(")}jem be a sequence of i.i.d. random
variables such that

1_pn, 1f1‘=0,
P =) = pac+ pa(l = Py =0), ifz=1; (3.1)
pn(l—c)P(n=F%k—1), ifrx=Fkfork=234,..

n—00

Note that E(Y,") = ppctpa(1—c)[E(n)+1] "= e+ (1) [E(n) +1] as limy o0 pr = 1.
Since P(n = 0) < 1 and therefore E(n) > 0, we have that ¢ + (1 — ¢)[E(n) + 1] =
1+ (1—¢)E(n) > 1. So, ifweletd:=(1—c)E(n)/2 > 0, then

E(Yj(")) > 1 + d for sufficiently large n. (3.2)

Let b > 0 be a constant small enough so that @ < d/4 and therefore (H'k?b” <

% < d/2 for sufficiently large n. Using this fact and (3.2), we conclude that there is

an ng such that the following inequality, which will be used later, holds:

(1+¢€)bn

R E(Y;")) < ~d/2 < 0, for n > ny. (3.3)
1

Note that the comparison 251:1 X;(Kns1,0n) = Z;“Zl Yj(") holds (the argument is

analogous to that used in Lemma 2.4 to show that 2?:1 X;(Knst1,pn) = 251:1 Z](-”)).
Recall that we are considering p,, to be non-decreasing, so

k1 k1 k1
> X (Kngropn) = DY =S¥ for n > o, (3.4)

j=1 j=1 j=1

When n > ng, we can use the definition in (2.3) as well as (3.3) and (3.4) to conclude
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that

P(A,, (Kny1,00) > (1+€)bn) = P (Knt1,pn) 2 (L+€)bn + Kk — 1 — 770)

(X
73
(Zkl Ly _j(zfl_le(m)) > d/2),

which implies that A} > (1 + ¢)bn wh.p. by the law of large numbers as ki(n) =
len] — 1 — 4o0.

By Lemma 2.4, we can guarantee that A, = Aﬁﬁ w.h.p. (see (2.5)), meaning that the
original process does not die before round k; and there are indeed at least (1 + €)bn
active particles at the end of this round, not just potentially active particles.

Let us now recall we concluded that Az, > (1 + €)bn w.h.p. only for the case in which
E(n) < oo, in addition to the original assumption of Lemma 3.1 that P(n = 0) < 1. The
case E(n) = oo can be obtained by comparison, using n* := 1(n > 1). We temporarily use
the notations of Ay, and A to differentiate the models using n and n*, respectively. As
P(n* =0) <1land E(n*) < oo, then wh.p. A} > (1+ ¢)bn. Combining this with the fact
that Ay, = A} , we conclude that Ay, > (1 + €)bn w.h.p. also in the case E(n) = co.

Let us also recall that the auxiliary process on KC,, and all equations shown related to
it do not depend on the rule for choosing which active particle is selected to participate
in each round. So, now we make a non-mandatory modification of such rule whose sole
purpose is to make the proof possibly easier to understand. For any k& > k1, it always
happens that one of the A, active particles alive at time %, is chosen to participate in
round k, unless there is no longer any living active particle at time & that was also active
at time k. In other words, particles activated after k; have to wait until all particles that
were active at time k; die before having the chance to participate in a round.

Let T'(k1) be the total combined number of remaining steps that all Ay, active particles
alive at time k; have yet to take. Note that w.h.p. T'(k1) > (1+¢/2)bn(1—p,)~! by Lemma
2.3 part (ii). Also, Tr(1—e)n) < n[2( 1;6)] holds w.h.p. in the coupon collector’s problem by
Lemma 2.2. As (1 — p,)~! diverges, we have that w.h.p.

Y(no) > 1 + e)bn + k1>

v

P

T(k) > n(l = p) (14 /20> n[2(F=)] 2 7o

Therefore, by the comparison between the coupon collector’s problem with n coupons
and the auxiliary process on K, 1, the active particles alive at time k; w.h.p. jointly
visit at least [(1 — €)n] + 1 vertices. This completes the first part of the proof, as w.h.p.
ke = inf{k : Vi, = [(1 — €)n] + 1} < oo (or in other words, {k: Vi, = [(1 —e)n]| + 1} # 0).

Note that by our imposed rule for selecting which particle participates in each
round, w.h.p. only particles that were activated up to instant k; participate in rounds
k € (k1, ko] N IN. Therefore, the event

E,, :={every particle activated in rounds k € (k;, k2] N IN is alive at the end of round k»}

holds w.h.p., since it is not possible for a particle to die without having participated in
some round.
Fix any sequence of real numbers (z,),cn. Note that the number of particles

activated in rounds k& € (ki, ko] N IN has the same distribution as Zj(lv_;)frl 7; and

E[ (=anl,.. So, Ay, conditioned on F,, is stochastically greater than Z[ (=aml,.. Fur-
thermore by the definitions in (2.6) and (2.7), we have that V;,, <k; + 1. Therefore, for

ECP 30 (2025), paper 30. https://www.imstat.org/ecp
Page 10/13


https://doi.org/10.1214/25-ECP678
https://imstat.org/journals-and-publications/electronic-communications-in-probability/

Coverage of complete graphs with the frog model

all n,

[(1—€)n] [(1—e)n]
P(Ag, > z,|E,) > P( Z 7 > xn) > P< Z > xn>

i=Vi, i=ki+1
So, we conclude that

> P(mfj)n] w2 )1 - PES)

i=ky+1

[(1—e)n] [(1—e)n]
=P< > >xn> —P( >oom >xn)P(Ez>,

i=ki+1 i=k1+1

completing the proof of Lemma 3.1, as P( (:1,;2;1] 1, > xn)P(ES) < P(ES) =0(1). O

2

Proof of Theorem 1.2 part (i). The proof strategy used here is similar to that used in
[12, Proposition 1.1].

To be able to use the lemmas directly, we first show that lim,, oo P(Voo (Kpt1,0n) =
n + 1) = 0 and then we show that the result also holds when exchanging p,, for p,,+1. So,
we use the graph K,,+1 and we let V = V,,;; be its corresponding set of vertices, with
V| =n+1.

The idea is to place all 1 + ) ., 7, original particles at the root o € V, so that every
particle starts out active. In other words, we deal with another auxiliary process, but
considering 1 +7n; =1+ 1, and n; =0 forallv € V'\ {o}. From now on, we use the
asterisk to differentiate the auxiliary process that uses {7} },cy from the one that uses
{nv}vev-

We have that P(VE(Kpi1,pn) =n+ 1) > P(Voo(Kpy1,pn) = n+ 1) by the structure
of the complete graph, as argued below. Note that, conditioned on V/ ; = V/*, =
v, in round 57 we have that the probability of visiting a new vertex is ”;1 Pr in both
processes; the probability of visiting a previously visited vertex is ”’T’J“pn in both
processes; the probability of the particle dying is 1 — p,, in both processes. Therefore,
we can couple these two models so that V}/ = V}/* for all k € IN. Additionally, note that

A =143 v — Sk 1(x:=0) since all particles start out active and a change in
the number of active particles occurs only in the case of death (compare with (2.3));
therefore A} > A} for all k € N. Then, R* = inf{k : A} = 0} > inf{k: A} =0} = R,
that is, agglutinating the particles at the root at the initial instant causes the model to
survive for a greater or equal number of rounds. Bringing all this information together,
we conclude that VI = Vi > Vi = Vi = V..

Our goal is to show that, even when we accumulate all the initial particles at the root,
it still holds that lim,, oo P(VE(Kpy1,pn) =n+1) =0.

Let Ay =1+ ZUEV 1, be the initial number of active particles at the root of K, ;. Fix
€ > 0 such that (1 — €)a — E(n) > €. Since |V| = n + 1, we have that

L+ ey < (1— e)an)

P(A; < (1—e¢)an) = P(

4 - n+1
2vey (1—e€an 1
—p( &V ) < S9N By —
( [V () < n+1 (n) n+1
has 1 as a limit when n — oo by the law of large numbers, as % —E(n) — n%rl >€/2

holds for sufficiently large n.
Thus, by Lemma 2.3 part (i), we know that all A} particles together make w.h.p. at
most (1 — ¢/2)nlogn steps. Now, we use the equivalence with the coupon collector’s
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problem and Lemma 2.1 to conclude that this number of steps w.h.p. is not enough to
visit all the vertices of IC,, 1.

We proved that lim,, oo P(Voo(Kpt1,pn) =n+1) =0 forall @ > FE(n). Below we show
how the same would apply when using p, 1, finishing the proof of Theorem 1.2 part (7).

Write pp(a) =1 — . For any fixed o > E(n), select some o* € (E(n),a). As

logoén)
lim,, 00 loligg)l) = 1, for a sufficiently large n, we have that

a g log(n+1)
a* = log(n) ’
which implies that p,,1(a) = 1— et S 1- 102‘(1) = pp(a*) and, due to the monotonic-

ity of the model in p, also that P(Voo (Kyt1,Pnt1(@)) = n+ 1) < P(Voo (Kpg1,pn(a®)) =
n+1).

As we have already shown that part (i) of Theorem 1.2 holds for p, (a*), it also holds
for p+1(a). O

Proof of Theorem 1.2 part (i1). We only focus on the case where E(7) < oc. It is easy to
see that proving Theorem 1.2 part (i¢) in the case E(n) < co already implies proving
it also for the case E(n) = co. To check this, we start with 5 such that E(n) = co and
compare it with (™) := N p<my + mlgysmy. Since lim, o E(n'™) = E(n) = co by the
Monotone Convergence Theorem, for any a > 0, we can take a sufficiently large m such
that a < E(n(m)). The comparison 1 = 7™ and this same Theorem supposedly valid
for (™) (since o < E(n™)) < o0) imply that P, (Ve (Kp,pn) = n) > Py (Voo (K, pn) =
n) "= 1.

Furthermore, to be able to use the lemmas directly, we focus only on the proof that
lim;, 00 P(Voo (K41, Pn) = n+ 1) = 1. The monotonicity of the frog model in p implies
that this is enough to demonstrate the same for p,+1 > p,.

As a < E(n), we can fix e € (0,1) and ¢ € (0,1) such that ¢ < 1 — ¢ and Y19 < E(y).

l—e—c

Since (1—e—c)n < [(1 —e)n] — |en] +1 < (1 — e — ¢)n + 3, we have that

(1+9an— BOCLT ) _ (14 ga (1 c—gnB)
[(1—¢e)n] —|en|+1 S].*G*C_(17€*C)n+3' (3.5)

By Lemma 3.1 and (3.5), if we let ko := inf{k : Vi, (K, +1,pn) = [(1 — €)n] + 1}, then

[(1—e)n]
P(Ag, > (14 ¢€)an) > P( z n > (14 e)an) —o(1)

i=|cn)

Y

P(Z[ﬂlﬁﬂﬂ mi = Bl 1) (149 (l—e—c)nE(n)>

[(1—¢e)n] —|cen] +1 “l—-e—c (l—-e—cn+3
—o(1).
For the initially chosen constants € and ¢, we have that z := % — E(n) <0. Itis
also true that (11:’662(; — (%::i;’ﬂg) "2 - and therefore (11:’;)(; — (%::i;'ﬂg) <z/2<0

for sufficiently large n. Then, we can apply the law of large numbers to conclude that
w.h.p. Ak, (Knt1,0n) > (1+€)an.

By Lemma 2.3 part (i), we know that w.h.p. these Ay, particles jointly take at least
(1 + €/2)nlogn steps. By Lemma 2.1 and the comparison with the coupon collector’s
problem, this number of steps is w.h.p. enough to visit all vertices of K, ;1. O
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