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Abstract 

Let M be a matroid on m elements and let ,. be its rank function. We show that any vector 
in the integer cone of the incidence vectors of bases of M can be written as nonnegative 
integer combination of at moet m + r(M) - I incidence vectors of bases of M, and these can 
be determined in oracle-polynomial time. 
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1 Introduction 

Let H be a set of vectors in Rm. We define 

cone(H) .- { L A1,h I A1, ER+ (h E H) }; 
l,.eH 

lat(H) .- { L Ai.h I A1, E Z (h E H) }; 
hEH 

int.cone(H) .- { L A1,h I A1, E Z+ (h EH)}· 
h.EH 

(Here Z+ is the set of nonnegative integers.) So, cone(H), Jat(H) and int.cone(H) are the 
cone, the lattice and the integer cone generated by the vectors in H, respectively. We have the 
following containment: 

int.cone(H) «; cone(H) n lat(H). (1) 

The set His ca.lied a Hilbert base if equality holds in (1). Thllll, a set of vectors forms a Hilbert 

basis if any vector which can be written both as their nonnegative combination and their integer 
combination can also be written as their nonnegative integer combination. 

Tutte [16] and, independently, Nash-Williams [12] established a necessary and sufficient 
conditions under which a given grat>h has Ir: edg~disjoint spanning trees. Their theorem reads 

as follows. 

•Research partially IUppOrted by FAPESP {96/04505--2), and by MCT /FINEP (PRONEX project 107 /97). 
1Partially 11Uppc,ned by CNPq (Proc. 300805/94-2). 



Theorem 1 (Tutte [16], Nash-Williams [12]) A graph G = (V, E) has k edge-disjoint span­
ning trees if and only if for every partition (Vi, Vi, ... , ¼) of V, the number of edges joining 
vertices in distinct parts is at least k ( t - l). I 

It is a consequence of Theorem 1 that the incidence vectors of spanning trees of a graph form a 
Hilbert Base. 

If Mis a. matroid, we denote its set of elements by E(M), a.nd the rank of a subset S i;;; E(M) 
by r(S), or rM(S) in case of ambiguity. We sometimes write r(M) for r(E(M)). It follows from 
Edmonds' generalization of Theorem 1, the ~a.lied Ma.troid Partition Theorem, tha.t incidence 
vectors of the ba.ses of a. Matroid form a Hilbert base. 

Theorem 2 (Matroid Partition Theorem [41) A matroid M has k disjoint bases if and 
only if 

kr(S) + IE(M) - SI ~ kr(M) 

for every subset S of E(M). I 

The problem we are going to study is related to a. question posed by Cunningham [3]. Let 
M be a matroid. What is the lea.st integer t such that any vector w in the integer cone of 
incidence vectors of bases of M can be written as a nonnegative integer combination of at 
most t incidence vector of bases of M? Cunningham [3] showed that his algorithm for testing 
membership in matroid polyhedra gives an upper bound of m 4 + 1 for t, where m is the number 
of elements in M. 

Cook, Fonlupt and Schrijver [2] have proved the following integer analogue of Ca.ratheodory's 
Theorem (for undefined terms see [141). 

Theorem 3 (Cook, Fonlupt, and Schrijver (21) Let C be a pointed cone, and let H C zm 
be its Hilbert base. If w E int.cone(H) then w is the positive linear combination of at most 
2m - 1 elements of H. I 

Sebo [15) has shown that the bound of 2m - 1 in Theorem 3 can be replaced by 2m - 2 and 
conjectured that the actual upper bound is m (this bound is the best possible). This conjecture 
is sometimes called the Integral Carathiodory Conjecture and remains open (for an updated 
discussion on this and others related conjectures see [7]). In particular, a.s incidence vectors of 
bases of a matroid form a Hilbert base of a pointed cone these results imply the upper bound 
of 2m - 2 for t. 

A related result ha.s been proved by Cha.ourar [I]. A set H C zm of vectors is said a 
strong Hilbert base if for every face F of cone(H) there exists an element hF E F n H with the 
following property: if w is a vector in the integer cone generated by H and F is the minima.I 
face of cone(H) containing w, then w - hF E cone(H). It is ea.sy to see that for strong Hilbert 
bases the IntegraJ Ca.ratheodory Conjecture does hold. Cha.oura.r [1] has shown that incidence 
vectors of bases of matroids without certain minors (the graphic matroid of the complete graph 
on four vertices is one of them) do form a strong Hilbert base. So, for those matroids mis a.n 
upper bound for t. 

The following theorem constitutes our ma.in result. 
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Theorem 4 Let M be a matroid on a set E with m ekmen'4 and kt w be a vector in the 

integer cone generated by the incidence vectors of the bases of M. Then w can be written IJ8 a 

nonnegative integer combination of at most m + r(M) - 1 incidence vectors of bases of M, and 

these can be determined in oracle-polynomial time. 

Theorem 4 specializes to graphic matroids as follows: 

Corollary 5 Let G be a connected graph with n vertices and m edges and let w be a vector 

in the integer cone generated by the incidence vectors of.the spanning trees of G. Then w can 

be written as a nonnegative integer combination of at most m + n - 2 incidence vectors of the 

spanning trees of G, and these can be determined in polynomial time. 

This paper is structured as follows. In Section 2, we define a.II necessary terminology and we 

describe some auxiliary results. The proof of our main result is given in Section 3. Finally, in 

Section 4 we make a few last remarks. 

2 Definitions and preliminaries 

We assume knowledge of elementary matroid theory; for an introduction and undefined terms, 

see [13} and [17]. 
Let M be a matroid on a set E. If X and Y are disjoint subsets of Ethen M/X \ Y 

denotes the matroid obtained from M by contracting X and deleting Y. By M(X) we denote 

the restriction of M to X or the deletion of E \ X from M. 
Let w be a vector in aE(M), for S ~ E(M) 111e denote EeES w. by w(S). We denote by 

cone(M), lat(M) and int.cone(M) the cone, the lattice and the integer cone generated by the 

incidence vector of bases of M. For a subset S of E, the incidence vector x3 of S is defined by 
the rule that X: = 1 if e E S, a.nd X: = 0 otherwise. 

It follows from the Edmonds' description of the matroid polytope by linear inequalities 
(cf. (5, 6]) that a vector z E RE(M) belongs to cone(M) if and only if 

z 0 ~ 0 for all e E E(M), (2) 

z(S) ~ (z(E)/r(M))r(S) for all S subset of E(M). 

For each base B of M and w E cone(M) let 

µ,,,,s := max{µ ER+ I w - µx8 E cone(M)}. 

If w E RE(M) we call a subset S of E(M) w-tight if 111(S) = (w(E(M))/r(M))r(S). (So, 

if to E cone(M) and We > 0 for every e E E(M) then the 111-tight sets a.re in one to one 

correspondence with the faces of cone(M) containing w.) 
Let cl be the closure operator of M, that is cl is the fnnction from ~(N) to 2E(M) defined, 

for every S ~ E(M), by cl(S) := {e E E(M) I r(Su {e}) = r(S)}. 

Proposition 6 Let M be a matroid on a set E and let w E cone(M) with W8 > 0 /or every 

e E E. If S is a 111-tight subset of E then S is closed (a flat). 
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Proof. Suppose that S is not closed. Then there exists a e E cl(S) \ S. Thus, 

w(SU{e}) = tv(S)+w(e) 

= (w(E)/r(M))r(S) + We (as Sis w-tight) 
= (w(E)/r(M))r(SU{e})+we (aseEci(S)) 
> (w(E)/r(M))r(SU {e}) (as w. > 0). 

This contradicts the hypothesis that w E cone(M). I 

Let f be a set-function on a. set E, i.e., a function defined on the class of a.II subsets of E. 
The function f is called aubmodular if 

f(X) + f(Y) ~ f(X n Y) + f(X UY), (3) 

for all sub5ets X and Y of E. Similarly, / is caJled supermodular if-/ is submodular, i.e. if 
/ satisfies (3) with the opposite sign. f is modular if f is both submodular and supermodular, 
i.e. if f satisfies (3) with equality. The following proposition is a well-know consequence of the 
submodularity of the rank function of a matroid. 

Proposition 7 Let M be a matroid on a set E and let to E cone(M). If S1 and S2 are w-tight 
subsets of E(M) then S1 n S2 and S 1 U S2 are w-tight sets. I 

Proposition 8 Let M be a matroid on a set E ·and let w E cone(M) with w, > 0 for every 
e E E. If B is a base of M ,uch that x8(S) = r(S) for every w-tight subset S of E then 
µ.,,,B > 0. 

Proof. Suppose that µ.,,,B = 0. By (2), as !De > 0 for every e E B, we have that there exists a 
w-tight set S such that 

w(S) - µx8 (S) > (w(E)/r(M)- µ)r(S) for allµ> 0. 

This implies that x8 (S) < r(S) contradicting the hypothesis. I 
We shall make use of the Discrete Separation Theorem of Frank [8, 9] in order to prove the 

main result in the next section. 

Theorem 9 (Discrete Separation Theoreom [8, 91) Let p and b be super- and aubmodular 
aet-function on a set E, reapectively. There is a finite modular set-function m for which p(S) :S 
m(S) :S b(S) for all S f E if and onl11 if p(S) :S b(S) for all S c; E. If p and b are integer­
oalued, m can be chosen to be integer-valued. Moreover, if ,uch a m exists, it can be found 
in polynomial time, provided that a polynomial-time subroutine ia aooilable for minimizing a 
submodular set-function. I 

We say that S ~ E minimizes a set-function f if /(S) is as small as possible. We assume that 
a submodular function f is given by an oracle returning f(S) for each query S f E. Minimizing 
a submodular set-function can be done in oracle-polynomial time via the ellipsoid algorithm, as 
shown by Grotschel, Lovasz and Schrijver [10] (see also [11]). 
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3 Proof of Theorem 4 

In this section, we prove Theorem 4. We fil'!lt establish a key lemma from which our main 
result follows easily. ff Mis a matroid on E and w is a vector in RE then by d(w) we denote 
the minimum dimension of a face of cone(M) containing w. Roughly, this key lemma states 
that if w is a non-null vector in int.cone(M) and B1 is an arbitrary base of M then either 
d( w - µ .. ,B, x11•) < d( w) (i.e. µ,.,,B, is an integer) or there exists a base Bl of M such that 
d(w - µ..,,a,x11' - x82 ) < d(w). So, in order to 'bring' a vector of int.cone(M) to a facet of 
cone(M) one needs at most two incidence vectors of bases of M. 

Lemma 10 Let M be a matroid on a aet E and let w E mt.cone(M) with w. > O for all e EE. 
Let X be a closed set of M such that 

(i) w(X) - (w(E)/rM(E) - l)rM(X) ~ O; 

(ii) w(S) - (w(E)/rM(E) - l)rM(S) ~ w(X) - (w(E)/rM(E) - l)rM(X) for all S s;; X. 

Then one can find in oracle-polynomial ti~e a base B of M such that (w - x8 ) E int.cone(M) 
and X is (w - x11)-tight (i.e. d(w - xB) < d(w), or, equivalently, µw,B = 1). 

Proof. Let k := w(E)/r(M) - 1 and Y := E \ X. Let wx E zX be the vector such that 
(wx)e := w. for all e E X (i.e. wx is the restriction of w to X). Analogously, we define 
Wy E zY as the restriction of w to Y. In order to prove the present lemma we shall proceed as 

follows: 

(a) Firstly, we show that one can find in oracle-polynomial time an independent set Ix of 
M(X) such that wx - x1" can be written as a nonnegative integer combination of k 
incidence vectors of ba8es of M(X) (i.e. wx - x'x E int.c.oae(M(X))); 

(b) Secondly, we prove that one can find in polynomial time an independent set ly ~ Y of 
M/ Ix such that Wy-x1r can be written as nonnegative integer combination of k incidence 
vectors of bases of M/ X (i.e. toy - x1

Y E int.cone(M/ X)); and 

(c) Finally, we verify that B := Ix u ly is a base of M such that w - x11 E int.cone(M) and 
Xis (w-x11)-tight (implying that µ..,,a= l). 

Proof of (a). Let l := w(X)- krM(X). By hypothesis I is nonnegative. Define b : 2x ➔ Z+ by 
b(S) := min{I, r.v(S)}. The set-function bis the rank function ofa matroid on the set E of rank 
I (this matroid is obtained from M by a sequence of 'truncations', cf. [13]), so, in pacticula.r, b 
is submodula.r. Now, define p : 2-" ➔ Z+ by p(S) := tox(S) - krM(S). The set-function p is 
supermodular. 

It can be easily verified that p(S) S b(S) for all S ~ X. Indeed, for a.11 S ~ X with rM(S) ~ l 

we have that 

p(S) = w(S) - krM(S) 

S to(X) - krM(X) (by (ii)) 

I= b(S), 
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and for all SC X with rM(S) < l we obtain that 

p(S) = w(S) - krM(S) 

$ (k + l)rM(S) - r(S) (as v E cone(M)) 

= rM(S) = b(S). 

So we conclude that p(S) $ b(S) for all S s:; E and by the Discrete Separation Theorem 
there exists an integer-valued modular set-function m such that 

p(S) $ m(S) $ b(S) for all S S: X. 

The above inequality implies that p(0) = m(0) = b(0) = 0 and thus 

m(S)=Lm({e}) foral!Ss:;X . 
• es 

Inequality (4) also implies that p(X) = m(X) = b(X) = l. 

(4) 

We claim that m({e}) 2:: 0 for all e EE. Suppose not. Let X_ := {e EX I m({e}) < O} # 0 
and let X+ := {e EX I m({e}) > O}. Then 

b(X+) 2:'. m(X+l 
= m(X) - m(X-) 

= b(X) - m(X_) 

> b(X), 

which contradicts the fa.ct that b is the rank function of a matroid. So, as m is integer-valued 
and m({e}) $ b({e}) = 1 we conclude that m({e}) E {O, l} for all e EX. 

Let Ix:= {e EX I m({e}) = l}. We claim that Ix is an independent set of M(X). Indeed, 

x!x = m({e}) 2:'. 0 for all e EX, 
x1x (S) = m(S) $ rM(S) for all S <;; E 

implying that x1x is an integer vector in the matroid polytope of M(X) and therefore Ix is an 
independent set of M(X) (cf. [5, 6]) with !Ix!= m(X) = l. 

It remains to be shown that vx - x1x E int.cone(M(X)). Let us first observe that w(X) -
x1x (X) = w(X) - l = krM(X). For all S s:; X we have that 

kr(S) + wx(X \ S) - x1x (X \ S) = krM(S) + w(X) - w(S) - x1x (X) + x1x (S) 

= w(X) - x1x (X) + x1x (S) - (w(S) - krM(S)) 

= krM(X) + x1x (S) - (w(S) - krM(S)) 

2:'. krM(X) + b(S) - p(S) 

2:: krM(X). 

Thus, by the Matroid Partition Theorem we conclude that wx - x1x is the sum of k incidence 
vectors of bases of M. This oompletes the proof of (a). I 

Proof of (b). This proof is almost identical to the proof of (a). Define b : 2Y ➔ Z+ by 
b(S) := rM/1,,(S) and define p: 2Y ➔ Z+ by p(S) := Wy{S) - krMfx(S). The set-functions p 
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and b are super- and submodular on Y, respectively. We claim that p(S) S b(S) for a.II S £ Y. 
Indeed, 

p(S) = Wy(S) - krMfx(S) 

= w(X UY) - w(X) - krM(X US) + krM(X) 

= w(X UY) - krM(X US) - (w(X) - krM(X)) 

= w(XuY) - kr(X u S) - llxl 
$ r(XUS)-1/xl 

for all S £ Y. By the Discrete Separation Theorem there exists an integer-valued modular 
set-function m such that p(S) $ m(S) $ b(S) for all S «;: Y. Analogously to the proof of (a) 
one can verify that p(Y) = m(Y) = b(Y) = rM(E)- IIxl and m({e}) E {O, I}. 

Let /y := {e E YI m({e}) = 1}. We have that 

x!Y = m({e}) ~ 0 for all e E Y, 

x1Y(S)=m({S}) $ rM/Ix(S) foral1S«;:Y. 

Hence, x1
Y is an integer vector in the matroid polytope of M/ Ix and therefore ly is an inde­

pendent set of M/Ix (cf. [5, 61). 
Let us observe that Wy(Y) - x1Y(Y) = Wy(Y) - jly\ = krM1x(Y). For all S «;: Y we have 

that 

krMtx(S) + Wy(Y \ S) - x1Y (Y \ S) = krMfx(S) + Vy(Y) - toy(S) - x1
Y (Y) + x1r (S) 

= 10y(Y) - x1Y(Y) + x1Y(S)- (toy(S)- krM1x(S)) 
= krMfx(Y) + x1Y(S) - (Wy(S) - krM1x(S)) 
~ krM/x(Y) + b(S) - p(S) 

~ krMfx(Y). 

Thus, by the the Matroid Partition Theorem it follows that Wy - x1
Y is the sum of k incidence 

vectors of bases of M. This completes the proof of (b). I 

Proof of (c). It follows from (a) a.od (b) that: Ix is an independent set of M(X) of cardinality I; 
/y is an independent set of M/lx; and l!xU/yj = rM(E). Hence, B := Ix Uly is a base of M. 

From (a) we know that there exist bases Bx,1, Bx,2, ..• , Bx,1, of M(X) such that 

WX _ x1x = J<!lx,1 + ... + XBx,•, 

and from (b) we have that there exist bases By,1 , By,2, ... , By ,1r of M / X such that 

Wy - x1y = J<!lY,, + ... + XBy..,' 

Hence, Bx,1 U BY,1, Bx,2 U BY,2, ... , Bx,1r U By,1r are bases of M such that 

W - JC1 = WX + 11/y - Xlx - Xly 

= J!lx,1 + .. . + J<!lx.• + x8Y,1 + ... + x8Y,• (by (5) and (6)) 
= J!lx,1U8y,1 + ... + J<!lx .. UBy_.. 
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Moreover, 

w(X)- x8 (X) = w(X}- IIxl 
= krM(X). 

Thus, X is a ( w - x8 )-tight eet. This completes the proof of Lemma 10. I 

Lemma 11 Let M be a matroid on a set E and let w E int.CQl'le(M) with w., > 0 /or every 
e E E and such that E contains no w-tight proper subset. 

(i) $uppose B1 is a base of M such that w..,. x8• ¢ cone(M). Then one can find in oracle­
polynomfol time a base B2 of M such that w - x8 • E cone(M) and E contain, a w - x8

• -

tight proper subset (in particular, µ..,,9, = I}. 

(ii) Suppose B1 is a base of M 1uch that JJ,u,B, is not an integer and let v := w - Lµ,,,.B1Jx8
'. 

Then one can find in oracle-polynomial time a base B2 of M such that v- x8> E cone(M) 
and E contains a (v - x8•)-tight proper sub8et (in particular, µv,Bo = I). 

Proof. One can easily derive (ii) from (i). So, we aha.II prove only (i). 
By the hypothesis and Proposition 8 we have that O < µ..,,B 1 < 1. As µ.,,.B, is not an integer 

then by (2) there exists a (w - µ.,,,s,x8• )-tight proper subl!et X of E, i.e., 

(7) 

By Proposition 6 we know that X is a closed eet. (Thus, M/ X is a simple matroid.) Let 
k := w(E)/rM(E) - 1. For all S ~ X we have that 

w(S) - krM(S) (1 - l'w,B, )rM(S) + ~.Bi x8• (S) (by definition of /Jw,B1 ) 

~ (1- µ..,,B 1 )r(X) + 1-'w,B,x8'(X) (as O < ~.B1 < 1) 

= v(X) - krM(X) (by (7)). 

Theo by Lemma 10 one can find in oracle-polynomial time a base B2 of M such that ( w-xBo) E 
int.cone(M) and X is (w - x8 •)-tight. I 

We are now ready to prove Theorem 4. 

Proof of Theorem~- We may assume that M is simple and that w. > 0 for a.II e E E. We proceed 
by induction on m+r(M). For r(M) = 1 we have that w can be written as a nonnegative integer 
combination of m incidence vectors of bases of M. So, we assume r(M) > I. 

Let B1 an arbitrary base of M and let v := w - tµ..,,B 1 Jx81 • We have to consider two 
possibilities. 

Case 1. /J.,,B 1 is a.n integer. 

From the description (2) of cone(M) by linear inequalities there exists some e € E such that 
v(e) = 0 or there exists a proper subl!et X of E which is v-tight. 
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Let us first suppose that Bo := {e E E I v, = O} is nonempty. Let E' := E \ Eo a.nd let 
v' be the restriction of v to E'. By induction hypothesis v' can be written as a nonnegative 

integer combination of at most m - IEol + rM(E') - 1 ~ m + r(M) - 2 incidence vectors of bases 
of M(E1. Hence, w can be written as a nonnegative combination of at most m + r(M) - 1 
incidence vectors of bases of M. 

So, we may assume that Eo = 0. Let X a maximal proper v-tight set of E. From Propo­
sition 6 we know that X is closed (so M/ X is a simple matroid). Let M(X1), ..• , M(X,,) be 
the connected components of M(X) (i.e. M(X) is the direct sum of M(X1), ••. , M(X,,).) Let 
le:= w(E)/r(M)- lµw,B,J, Y := E\ X, let vy be the restriction of v to Y and let vx; be the 
restriction of v to X; (i = 1, ... ,p). One can verify that: 

(a) Vy is the sum of k incidence vectors of bases of M/X (vy E int.cone(M/X)); 

(b) vx, is the sum of le incidence vectors of bases of M(X;) (i = 1, ... ,p) (vx; E int.cone(M(X;)) 
(i = 1, ... , p)); 

(c) r(M/X) < r(M) and r(M(X;)) < r(M) (i = 1, ... ,p). 

Thus, by the induction hypothesis it follows that Vy can be written as a nonnegative integer 
combination of at most IYI + r(M/X) - 1 incidence vectors of bases of M/X and vx, can be 

written as a nonnegative integer combination of at most IX,I +r(M(X;))-1 incidence vectors of 
bases of M(X;) (i = 1, ... , p). These combinations can be glued together to form a nonnegative 

integer combination of v of at most 

,, p 

!YI+ }:IX;I + r(M/X) + }:r(M(X;)) - (p+ 1) - p = m + r(M)- 2p- l (8) 
i=l i=l 

incidence vector of bases of M. This glueing can be done as follows. Let By,1, ... , By,1e be bases 

of M / X such that: 

e tly = x8Y,1 + ... + x8Y,k j 
• there exist indexes 1 = ly,0 < ly,1 < ... < lY,ky = k with Icy < IYI + r(M/ X) - 1 such 

that 

For i= I, ... ,plet Bx,,1, ... ,Bx;,k be bases of M(X;) such that: 

• there exist indexes 1 = lx;,o < lx;,1 < ... < lx,.kx; = k with lex, < IX;I + r(M(X;)) - 1 
such that 

Bx,.tx;.; = Bx;,lx;J+t = ... = Bx;,lx;,,+1 for j = 0, .. . ,tx; - 1. 

Then, by (a) and (b) above, B; := By,; U Bx,,; U . .. UBx~,i is a base of M (i = l, ••. ,k) and 
the sum 
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shows that v can be written as a nonnegative integer combination of at most 

p p p 

ky + Lkx, -p S IYI + EIX;I +r(M/X) + Er(M(X;))- (p+ 1)- p 
i=l i=l i=l 

bases of M (this explains the extra -p term in (8)). 
Therefore, w can be written aa a nonnegative integer combination 08 at most m+r(M)-2p $ 

m + r( M) - 2 incidence vectors of bases of M. 

Caae 2, µ,,,,s1 is not an integer. 

From Lemma 11 it follows that there exists a base B2 of M so that µ.,,B2 = 1 and there exists a 
proper (v - ~ 2 )-tight set X of E. Now, proceeding similarly as in the Case 1 simply replacing 
w by v and B1 by B2 one can show that v can be written as a nonnegative integer combination 
of at most 

m + r(M) - IEol - 2p $ m + r(M) - 2, 

incidence vectors of bases of M, where E0 = {e EE I v0 - ;d12 = O} Md pis the number of 
connected components of M(X). 

Thus, w can be written as & nonnegative integer combination of at most m + r(M) - 1 
incidence vectors of bases of M . This completes the proof of Theorem 4. I 

4 Conclusions 

We would like to make a few remarks. Using methoda of the present paper it might be pol!Sible 
to derive a sharper upper bound for the least number t needed in order to write any vector in 
the integer cone formed by the incidence vectors of bases of a matroid &11 a. nonnegative integer 
combination of a.t most t of these incidence vectors. If one can show that for matroids with rank 
lesser than k we have t $ k then the bound od m + r(M) - 1 in Theorem 4 can be replaced by 
m + r(M) - k. In the proof of Theorem 4 we somehow stressed the fact that if the tight set X 
found has p ~ 2 connected components then one would need fewer distinct incidence vectors in 
the nonnegative integer combination derived for w. The 'bad' X's sets for the proof a.re precisely 
the connected hyperplanes of M. If one can show that: for any w E int.cone(M), there exists 
a. base B of M such that the X set obtained in Theorem 4 from (w - ~) is not a connected 
hyperplane. Then one could proved (using the proof of Theorem 4) that mis a upper bound 
for t (this bound is best p068ible). 
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