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Resumo

Estudamos neste artigo a geometria de superficies em IR* associada ao con-
tato com hiperplanos. Listamos todas as transi¢oes em familias a 1-parametro
no conjunto parabdlico e no conjunto Az. Analisamos também as configuracoes
das linhas assintéticas e suas bifurcagoes em familias a 1-pardmetro.






Families of surfaces in IR*

J.W. Bruce and F.Tari*
October 12, 1999

Abstract. We study the geometry of surfaces in IR* associated to contact with hy-
perplanes. We list all possible transitions that occur on the parabolic and so-called
Asz-set, and analyse the configurations of the asymptotic curves and their bifurcations
in generic 1-parameter families.

Mathematical Subject Classifications: Primary 58C27; Secondary 53A05.

1 Introduction

In this paper we study the local geometry of surfaces in IR* associated to con-
tact with hyperplanes. We investigate the transitions that occur on some ro-
bust curves associated to this contact when the surface changes in generic 1-
parameter families.

The contact of a surface with hyperplanes is described by the family of height
functions. The geometry of this family of functions is dealt with in [21]. Two
robust sets are of interest, the parabolic set and the set of A3 singularities of
the height functions. These form in general smooth curves away from inflection
points. We describe in §3 all the possible transitions of the parabolic and Aj3
sets that can occur in generic l-parameter families of surfaces. We follow the
approach used in [6] and [7], first introduced in [1], for dealing with families
of surfaces in IR®. The main tools are transversality theorems on the so-called
Monge-Taylor map and a version of stratified Morse theory in [3].

The family of height functions also determines curves on the surface, namely
the integral curves of the asymptotic direction field. These are integral curves of
a special type of implicit differential equations, called binary differential equa-
tions (BDE). We establish in §4 the stable configurations of these integral curves
as well as their generic bifurcations in 1-parameter families. A topological result
about compact orientable surfaces in IR* is also deduced via the singularities of
the BDE of the asymptotic directions.

2 Surfaces in R* and the height function

We give here a brief review and establish some notation concerning a smooth
surface M in IR*. The main references are [9], [20] and [21]. There is a discussion
in [21] of the of the local quadratic geometry in terms of the curvature ellipse.
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This ellipse is the image by a pair of quadratic forms (Q1,Q2) of the unit
circle in the tangent plane T,M at a point p in the normal plane NpM. This
pair of quadratics is the 2-Jet of the 1-flat (without constant or 11near terms)
map F : R?,0 — IR?,0 whose graph (in orthogonal co-ordinates) is locally the
surface M. However the flat geometry of surfaces is affine invariant [6], and
the curvature ellipse is not. A different approach to the geometry of surfaces in
R? is given in [9]. This is via the pencil of the binary forms determined by the
pair (Q1,Q2). Each point on the surface determines a pair of quadratics

(Q1,Q2) = (iz® + 2may + ny?, az? + 2bzy + cy?).

Representing a binary form Az2+2Bzy+Cy? by its coefficients (A4,B,C) € R3,

there is a cone B? — AC =0 representing the perfect squares. If the forms Q)
and @7 are independent, they determine a line in the projective plane IRP? and
the cone a conic. This line meets the conic in 0,1,2 points according as

(p) = (an — cl)? — 4(am — bl)(bn — cm) < 0,=0,> 0.

A point p is said to be elliptic/parabolic/hyperbolic if § < 0/ = 0/ > 0. The
set of points (z,y) where § = 0 is called the parabolic set of M and is denoted
by A. If @, and Q; are dependent, the rank of the matrix

a b ¢
Il m n

is 1 (provided either of the forms is non-zero); the corresponding points on the
surface are referred to as umbilics. The pencil determines a point in IRP? which
lies inside, on, or outside the cone. There is an action of GL(2,IR) x GL(2,R)
on pairs of binary forms. The orbits are as follows (see for example [19])

(22, %) hyperbolic point

(zy,z? — y?) elliptic point

(22, zv) parabolic point

(z2 £9%,0) umbilic (or inflexion) point
(z2,0) degenerate umbilic point
(0,0) degenerate umbilic point

We can see, for example, that the image of the unit circle by the map (z2,y?) is
the line segment joining (0,1) to (1,0). So one cannot use the curvature ellipse
to study the flat geometry of surfaces in IR%.

The geometrical characterisation of points on M can also be described in
terms of the singularity types of the height function. We recall that the family
of height functions is defined by

h:MxS - R
(p,v) = h(p,v) =pu

Proposition 2.1 ([21]) 1. If§(p) > 0, then p is a non-degenerate critical point
of hy for any v € NyM.



2. If §(p) < 0, then there are ezactly two directions in NpM such that p is
a degenerate critical point of the corresponding height functions.

3. If 6(p) = 0, then there is a unique direction in NoM such that p is a
degenerate critical point of the corresponding height function.

We next establish some notation that will be used throughout the paper.
We choose local co-ordinates at p so that the surface is given in Monge form

(z,y, f(z,), FA(z,y))

where (f!, f2) is 1-flat. Then the (modified) family of height functions around
the normal direction (0,0,0,1) is given locally by

h(z,y,v) = viz + vay +v3f (2, y) + f2(z,y),

where v = (v1,v9,v3,1). By rotating the co-ordinate axes in the normal plane
we can assume that (0,0,0,1) is a degenerate direction and write

iz, y) lz? + 2mazy + nyz_ + 1‘0:1:3. + rlxzy + rza:y3 + 7'3y3. + s
fAzy) = aoz? + TiZibiz® iy + TiSheint Ty + DiEidiad iyt + .

Of course we can simplify further the 2-jet of (f!, 2) and consider it as one
of the normal forms of the pairs of binary forms given above. The given form
allows us to study all the cases together. (We observe that in the above setting
the origin is parabolic if and only if agn = 0.)

It follows from a transversality result of Looijenga, or Montaldi (22] that for
a generic surface in IR* the height functions hq = f?(z,y) have singularities of
type A<4 or Dy. We have the following result.

Proposition 2.2 With the above notation, the conditions for the generic sin-
gularities of the height function hq are as follows.

Az: a9 #0, b3 #0

A3: ao#O, b3=0, 4aoC4—bg#0

Ay: ag # 0, b3 =0, 4agcy — bg =0, 4a8d5 — 2agbycy + blbg #0
Dy: ag=0, boz® + biz%y + bazy3 + b3y® is non degenerate.

These singularities are versally unfolded by the family of height functions if
and only if

Az always

A3 n#0or by#0

A4 'I’L(aoC3 - blbz) - bg(a0r3 - mbg) 75 0

Dy 3b0(nb2 — 3mb3) - b (nb1 - mbz) + l(3b1b3 = b%) # 0.

The proof follows from relatively straightforward calculations.



3 Generic transitions in the parabolic and As sets

As pointed out in the introduction there are two curves of interest on the surface,
namely the parabolic set A and the set of points where the height function has
an Ajz-singularity (the Aj3-set). We are interested in the way in which these sets
can change in a l-parameter family of surfaces. We first determine when the
changes occur.

Let M be a given surface. We will be interested in families of embeddings
f:M x I — R* where I is some open, connected and finite interval. So for
each t € I the set f;(M) is an embedded surface in R*, and will be denoted
by M;. We first consider the contact singularities occurring generically in such
families, beyond those listed in Proposition 2.2. To establish a list, we need the
following transversality theorem.

Theorem 3.1 Let M be a compact surface, I an open interval. Let k be a posi-
tive integer and S an A-invariant Whitney regular stratification of the multijet-
space J¥(M,IR). Let Emb™(M,I,IR*) denote the open subset of the space of
smooth mappings f : M x R — IR* with ft: M = R an embedding for each
t. Then the set of f € Emb®(M,I,IR*) with the jet-estension

ritho f: M™ x R3 x I - . J*(M, R)

given by
ritho f(p,t,u) = ;3% (hy o f3)(p)

transverse to S is residual. (We can replace residual by open and dense if we
ask for transversality over a compact subinterval J of I.)

Proof: The proof is a consequence of Theorem 1.1 in (2], which in turn follows
easily from the main result of [22]. The key fact enabling us to apply this result
to the present situation is that the family of height functions on the ambient
space is A-versal. This follows trivially from the definition.

Note that in this paper we will largely ignore singularities arising from
consideration of multi-jet spaces (semi-local singular phenomena). The key
consequence that we require is the following result.

Corollary 3.2 Let M, I, J be as before (J a compact subinterval of I). Then
for an open dense set of mappings f in Emb™® (M, I,IR*) there are finitely many
points {t(1),...,t(s)} in the interval J such that:

(i) If t ¢ {t(1),... 1t(s)} then the only singularities of the height functions h,
for the surface M, are of type A<q and Dy. Moreover these singularities are
versally unfolded by the family h c?ft : M xIR3 - R.

(i) If t is one of the t(j) then either we have a singularity of type As or Ds,
or we have one listed in (i) above which is not versally unfolded by the family
ho fy;). All singularities (including these) are versally unfolded by the family
hof - MxR3xI— R, defined by (ho f)(p,t,u) = hu(ft(p)).



Proof: The proof follows that of Corollary 3.2 in [6] for the family of height
functions.

So if f is a generic family of embeddings then the flat geometry of the
family of surfaces fy(M) = M, for t € J ; as determined by the families & o f;,
has finitely many catastrophic events : (i) some point of the surface M,y has
contact with its tangent hyperplanes which is more degenerate than an A4 or
Dy singularities (an As or Ds) or (i) the singularity is of type A<, and Dy but
not versally unfolded by the family & of height functions alone.

We now determine the changes on the parabolic and Ajz-set. We proceed as
in [6] and [7], following the approach in [1].

Let p be a point on a surface, and choose two smooth independent vector
fields in the normal plane and two smooth independent tangent vector fields
in a neighbourhood U of p. This determines at each point near p a system of co-
ordinates where the surface is given locally in Monge form (z,y, fH(z, ), fz,v))
with f! and f2 having no constant or linear terms.

Let Vi denote the set of polynomials in z,y of degree greater or equal to
2 and less or equal to k. We obtain a smooth map, the Monge-Taylor map
F: M,p — Vi x Vi, which associate to each point g near p the k-jet of the pair
of functions (f!, f2) defined above at the point g. The set Vi x V; has a natural
G = GL(2,R) x GL(2,1IR)-action given by linear change of co-ordinates in the
tangent and normal plane. We showed in [6] that the flat geometry of smooth
maniflods in an Euclidean space is affine invariant. A subset Z of Vi X Vi which
is of any geometric significance will be G-invariant. Moreover if Z is furnished
with a Whitney regular stratification then for any generic M the map germ
M,p — Vi x Vi, will be transverse to the strata of Z. See (1] for details.

Given a point p on our surface and a germ of a family of embeddings 7 : M X
R, (p,0) - R* we obtain a family of Monge-Taylor maps F' : M x IR, (p,0) —
Vi X Vi. This will be transverse to the A3 (or A) stratum, say Z, in Vi x Vi
for a generic family of embeddings. We then determine the diffeomorphism
type of the inverse image F~!(Z) at (p,0). For a generic family of embeddings
we expect the natural projection 7 : F~1(Z), (p,0) = M x R, (p,0) = R to
be generic, in the sense that it will be a stratified Morse function [3]. Usually
however we can construct the module of vector fields on M x IR (locally just IR3)
tangent to to the germ F~!(Z). We can then make a classification of smooth
functions IR3,0 — IR, 0 up to diffeomorphisms in the source preserving F~1(Z).
(We also allow arbitrary changes of co-ordinate in the target.) We expect our
projection to be a stable (or the least degenerate) germ in the classification.
This is established by computing the conditions for the projection to be non-
Morse (or non-stable etc.) and showing that the resulting set of embeddings
can be avoided in 1-parameter families.

To carry out the calculations explicitly in Vi x Vi we need to compute the
tangent space to the G-orbit of (f!, f2) and the generators of the image of dF'. It
is not difficult to show that the tangent space to the G-orbit of (f, f2) is gener-
ated by (a:f,},sz), (yf:z%ayfzz')’ (:Ef;,zfg), (yfyl’yfg}?)’ (f170)7 (O’fl)a (f210)a (01f2)

Proposition 2.2 in [1] can trivially be extended to cover the case of surfaces
in IR* and give the generators u; and u, of the image of dF":



uy = (_f:z%x(ov 0)-/17 - féy(070)y +f:r%($ay)_
fzz(0,0) f3(z,9) 1 (z,y) - £4,(0,0)f1(z,9)f (=, ),
—fgz(0,0)Z' - :z2y(07 )y = f:f(mv y)_
12(0,0) £ (@ y) f2(2,y) — £2,(0,0)£2(z,9) f2(z,v))

U2 = (—f.%y(o’ O).’I) - fyly(0,0)y + fg}(may)—
f3y(0,0)f(2,9) (2, y) = £%,(0,0) £ (2, 9) (=, ),
_fzzy(()?o)x - fyzy(()’ )y 2} f;(z’ y)_

I (0,0) £ (z,9)f*(z,y) - £2,(0,0)£2(,4) f2(z,1))

3.1 Changes on the A;-set away from A

Let (f1, f?) be as in §2, with the origin being an A>3 singularity of the height
function hg = f2 away from the parabolic set. We can write P2(fL f?) =
(Iz* +2mzy +ny? + 1, agz? +f3) where f}, f2 are cubics in (z,y) and agn 0.
Note that we can in fact reduce the 2-jets to the pairs discussed in §2, but by
considering this normal form we can do several cases together. A complete
transversal to the G-orbit of (f!, 2) in V3 x V4 is given by (Iz% + 2mzy + ny? +
fi+ f_al, aoz? + f# + f}) where }} and f_32 are general cubics.

An element in this transversal has an A3 singularity if for some X close to
zero the height function along the normal (0,0, A, 1) given by

A(e® +2may +ny? + f} + ) + aoz® + f+ 2

has an A3 singularity. This occurs when the quadratic part is degenerate, i.e.
Q = L? and L divides the cubic; this occurs if A = 0 and b3 = 0. Therefore
the 'A3-stratum is given by b3 = 0 in the transversal to the G-orbit, and the
Ajz-stratum is a smooth set of codimension 1 in V3 x V3.

For a generic embedding of M the Monge-Taylor map is transverse to the
Ajz-stratum, so the preimage of this set on M is locally a smooth curve. The
Monge-Taylor map fails to be transverse to the Az-stratum if and only the
tangent space to the As-stratum in the transversal together with the tangent
vectors to the G-orbit and the generators u; and us of the image of the Monge-
Taylor map fail to generate V3 x V3. This occurs if and only if

4agcy — b3 =0 and n(agcs — bybg) — ba(agrs — mby) = 0.

Equivalently, the origin is an A4 and the family of height fuctions fails to versally
unfold this singularity. In a generic 1-pararameter family the associated Monge-
Taylor map is transverse to the Ajs-stratum and a 3-dimensional transversal
yields a smooth surface. So the family of the Asz-sets in the source is a smooth
surface. One can show that generically the projection to the time parameter
yields Morse transitions (that is max/min or saddles) on the As-sets. In the
case of surfaces in IR? where we studied transitions of the parabolic set [6], we
showed that a versal family of the height function implies that the projection to
the time parameter is generic. However, this is not the case here. The condition



for a generic projection is distinct from that of the versality of the family. Both
conditions, being open, are satisfied for generic families of embeddings of the
surface.

We can also expect changes at an As-singularity. It is clear from above and
the condition in Proposition 2.2 that in general the A3 set is smooth in this
situation. In fact what occurs here is that the Monge-Taylor map fails to be
transverse to the A4-stratum. In a generic 1-parameter family we obtain a birth
of two A4-points on a smooth As-set.

Proposition 3.3 In a generic 1-parameter family the As-set changes as follows
away from the parabolic set:

(1) Morse transitions at a non-transverse As. This occurs at an A4 singu-
larity where the family of height functions fails to be a versal unfolding.

(2) The birth/annihilation of a pair of A4 points on a smooth As-set at an
As transition.

3.2 Changes on A and the A3 sets away umbilics

In the setting of §2, the origin is a parabolic point if and only if n = 0. As we
are away from umbilic points, m # 0 and a transversal to the G-orbit of (f!, )
in V3 X V3 is given by (Iz2 + 2may + f} + 1, aoz® + a3y? + f2 + f2) where f1
and E are general cubics and a; € IR.

In this transversal the parabolic stratum is given by @z = 0. At points on
A where the height function has an A<o-singularity (b3 # 0) the Monge-Taylor
map is always transverse to the parabolic stratum so on the surface parabolic
set is locally a smooth curve.

When b3 = 0, the height function has an Aj-singularity, so we expect an
Asz-curve in a neighbourhood of the origin. To compute the Az-stratum in
the above transversal we need to consider the height function in the normal

direction (0,0, A, 1), with A close to zero. This is given by
(a0 + M)a? + 2mAzy + azy? + f2 + f2 + A(f4 + f1).
The quadratic part of this function is degenerate if and only if
@z(ag + M) = \m? =0,
and it has a factor in common with the cubic if and only if
(FF + 73+ A(f3 + D) (=Mm, a0 + N) = 0.

From the above two equations, we can write @3 and b3 as functions of A
and the remaining variables in the transversal and give the As-stratum in a
parametrised form. This set is a smooth hypersurface if and only if the coeffi-
cient of ) in b3 is not zero, if and only if agr3 —mbz # 0. Suppose this is the case
(we shall analyse the case agrs —mby = 0 later). Tll_en the A and Aj strata are
tangential along their points of intersection @z = b3 = 0. It follows that when
the Monge-Taylor map is transverse to the A3 N A-stratum, the pre-images, on
the surface, by this map are two tangential curves. This is not surprising as A3
singularities of the height function occur only in the non-elliptic region.



Proposition 3.4 The parabolic curve and the Asz-set are generically two tan-
gential curves at their (2-point) contact points. (Figure 1 (1), top right).

One can show that the Monge-Taylor map fails to be transverse to the A3NA
stratum if and only if

b2(3a0r§ — 5mbors + 8m2cy) = 0.

(Note that this condition is distinct from that giving an A4-singularity, so the
Monge-Taylor map does not detect the higher order singularities of the height
function at parabolic points.) The condition b, = 0 implies that the Monge-
Taylor map fails to be transverse to both the A3 and A strata. The second
condition 3agr? — 5mbyrs + 8m2cy = 0 (but by # 0) implies that the Monge-
Taylor map is transverse to these strata but not to Az N A-stratum.

In a generic 1-parameter family the Monge-Taylor map is transverse to the
A3, A and A3 N A strata and a 3-dimensional transversal is diffeomorphic to
the variety V' = {(u,v,w) € R, 0 : w(w — v2) = 0} (Figure 1(1), left). We seck
to classify functions up to diffeomorphisms that preserve V in the source and
any diffeomorphism in the target. The module of vector fields tangent to V is
generated by Oy, w0y +2vwdy, v8, + 2wd,, (where for example 8, is shorthand
for /0u). After some calculation it follows, from the complete transversal
approach in (8], that the orbits of interest are u, v +u? and w =+ u2 + aw?, where
@ is a smooth modulus distinct from —1, 0.

The germ u corresponds to the case when the Monge-Taylor map is trans-
verse to the A3 N A-stratum. The configuration here is a pair of tangential
curves (see Proposition 3.4 and Figure 1(1), top right). The germ v + u? corre-
sponds to the case when the Monge-Taylor map is transverse to A and the A3
strata but not to A3 N A-stratum. Here, on the surface M , both the parabolic
and the Aj-sets are smooth but have higher contact. In a generic 1-parameter
family we have a birth/annihilation of two Asz-points on a smooth parabolic
curve (see Figure 1(1), bottom right).

The germ w £ u® + av? yields Morse transitions on both surfaces w = 0 and
w — v? = 0. The restriction of this function to w = 0 is given by +u? + av?
and its restriction to w — v? = 0 is given by +u? + (a + 1)v2. We obtain six
different cases, see Figure 2. On the surface M , these transitions occur when
the Monge-Taylor map fails to be transverse to both A and the As-strata. In
a generic l-parameter family, both the parabolic and A3z-sets undergo Morse
transitions. The six cases depend on whether the parabolic/As-sets are born
in a hyperbolic or elliptic region. These transitions are drawn in Figure 2. We
can show that all the transitions occur, and now give some examples realising
them.

Hyperbolic case:
(1, %) = (y + 1%, 2% + 222 + 2® + M\y?)

We have j26 = 22 + 3zy + 3(2\ + 3)y?, and the 2-jet of the function giving the
As-set is —z? 4 $Azy + BAN+ 2)y%. (When A is an isolated point the surface
patch is hyperbolic.) The exceptional values for )\ are —%,0 when one of the
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Figure 1: Changes on the A3-set (dashed) on a smooth parabolic curve (con-
tinuous).

above sets is not Morse, together with —%. The latter value is best understood
by looking at the equation determining the asymptotic directions in section 4.
When \ = -—% we have a change from a foci type equation to one involving
saddles. We obtain the transitions in Figure 2(6) if A\ < —3, Figure 2(5) if
—3 < A< -}, Figure 2(2) if —3 < A < 0 and in Figure 2(3) if 0 < A (birth of
an elliptic island in a hyperbolic sea).

Elliptic case:
(f1, %) = (zy + ¢, 2 + 2%y — 32°9° + Ay

We have j20 = —2? — 2zy + (2) + 3)y? and the 2-jet of the function giving
the Az-set is 2 — Azy + A(A + 3)y2. (When A is an isolated point the surface
patch is elliptic.) The missing transitions in the hyperbolic case, Figure 2(1), is
obtained for the values A < —2 (birth of a hyperbolic island in an elliptic sea),
and Figure 2(4) is obtained for the values 0 < A.

We return now to the case agrz —mb, = 0. Then the Az-stratum is no longer
a smooth hypersurface, and we can change co-ordinates in the transversal so
that it is given by

az = \?

b3 = M73.
This is a generalised cross-cap tangent to the parabolic stratum along @; =
b3 = 0. We get a product stratification and a 3-dimensional model is given by
w(v? — u?w) = 0, removing the handle of the Whitney umbrella (Figure 1(2),
left). In other words this is the form of the pull-back in the M x I space. The
Monge-Taylor map is generically transverse to the Az N A-stratum, so we are
seeking germs of submersions transverse to the u-axis. These are all equivalent
to germs of the form u + w (this follows from [12] and an extra calculation) and
the transition on the A3 and A-sets are shown in Figure 1(2), right. The A3-set
undergoes here the cusp transitions.



!
]

Figure 2: Morse transitions on the parabolic (continuous) and As-sets (dashed).

Proposition 3.5 Changes on the parabolic set away from umbilic points occur
at Az-points. In generic 1-parameter family of surfaces the A3 and parabolic sets
undergo the Morse transitions described in Figure 2. The As-set also undergoes
the transitions in Figures 1 on a smooth parabolic curve.

3.3 Changes on A at an umbilic

In the setting of §2 the origin is an umbilic point when j2f2 = 0. If the curvature
k=m?—In #0 (see [20]) and m # 0 a transversal to the G-orbit of (fL, f3) in
V3 x V3 is given by

(12 + 2may + ny? + f} + fI, 507 + @ay® + f2 + f2)

where ?ar and f_32 are general cubics and @g,az € R. (If m = 0 we can consider
another transversal and the results follow in the same way.) In this transversal
the Dy-stratum is given by @y = @ = 0 and the parabolic stratum by

n’ag® +2(2m? — nl)ag az + %632 = 0

This is a non-degenerate quadratic if m? — In # 0 and m # 0. In this case
a 3-dimensional transversal consists of two intersecting planes at an inflection
point of real type, with the intersecting set the Dy-stratum, and of a line (the
Dy-stratum) in the case of an inflection point of imaginary type. Models for
these are provided by the varieties V = {(u,v,w) € IR,0: w2 +£2% = 0} (Figure
3, left).

It follows that when the Monge-Taylor map is transverse to the Dy-stratum
the parabolic set on the surface consists of a pair of transverse-intersecting
curves at an inflection point of real type, and an isolated point at an inflection
point of imaginary type. (This is proved in [21] by direct calculations.)

The Monge-Taylor map fails to be transverse to the Dy-stratum if and only
if the family of height functions is not a versal unfolding of the D4-singularity
at the origin. Then in a generic 1-parameter family of surfaces, we obtain
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Figure 3: Changes on the parabolic set at a non-versal Dy, real type top right,
and imaginary type bottom right.

transitions on A equivalent to those given by Morse sections on V. These are
represented by the germ v + u? and are as in Figure 3.

When the curvature is zero, a transversal has the form
(Iz% + 2(m + m)zy + ny? + i+ E, aoz? +agy? + 2+ f_32).

Now the quadratic part of the equation giving the parabolic stratum is degen-
erate. (Note that when x = 0, the family of height functions remains a versal
unfolding of the Dy-singularity.) One can show that, in an appropriate system
of co-ordinates in the transversal, this stratum is given by v2 —uw? = 0 (Figure
4, left). So we have a product stratification and a 3-dimensional transversal
yields a Whitney umbrella. Generic sections on a Whitney umbrella are as in
Figure 4, right (see [12]).

[ERIRAYAY,

Figure 4: Changes on the parabolic set at a D4 point with x(p) = 0.

The curvature does not vanish in general at a Ds-singularity and the Monge-
Taylor map is transverse to the Dy-stratum, so no transitions occur here on the
parabolic set. However, we shall see below that changes occur on the As-set in
this situation.

Proposition 3.6 The parabolic set undergoes the following transitions at an
umbilic.

1) Birth of two inflection points of real or imaginary types at a non-versal
Dy (Figure 3).

2) Change from a real type to imaginary type inflection via sections of a
Whitney umbrella at a D4 singularity when the curvature is zero (Figure ).

3) No changes occur on the parabolic set at a Ds-singularity.

11



3.4 Changes on the A;-set at an umbilic

To simplify the calculations, we shall take here, without loss of generality, j2f =
(z? + ¥2,0) at an umbilic point. Then j3f = (22 + y? + f1, f?) where f3, /3
are general cubics. We can rotate co-ordinates so that f2=z(z + ay)(z + By)
at an elliptic umbilic (DF) with & # 0, 8 # 0 and & # B, and to f? =
z(z? + 2szy + ty?) with s> — ¢t < 0 at a hyperbolic umbilic (D;). We shall
treat the D] case in details, the D follows in the same way and is easier. A
transversal to the G-orbit of (!, f2) in V3 x V4 is given by

(2® £9° + f§ + f,302% + Grzy + o(z + (@ + @)y)(c + B+ B)y))

where fJ is a general cubic and ag, a7, @, € R,0.

In this transversal the Dy-stratum is given by ag = @y = 0. We are seek-
ing the As-stratum. Recall that the height function along a normal direction
(0,0,A,1), with A close to zero, is given by fa + Afi = Q + C where

Q = (a0 + A\)z? +agzy + Ny?, _
C=z(z+ (a+a)y)(z+ B +8)y)) +A(f3 + f2).

As ) is close to zero we can write the cubic C of the form
C=(z+A1y)(z + (a+ T+ A2)y)(z + (B + B + A\3)y).

The height function along (0,0, A, 1) has an Az-singularity if and only if Q = L2
and L divides the cubic C. For the quadratic to be degenerate we need

ar’ F4Mag+ ) = 0. (1)

Then it is not hard to show that L is a multiple of the first factor of C if and
only if a7 = 0.

For the remaining two factors in C, we can assume that the coeficient of
z? in Q is not zero, that is, (@g + \) # 0. In this case L is a multiple of
T+ (@ + @+ AAs)y if and only if

a1 —2(@ + A\)(a+a+ AAz) = 0. (2)
Substituting this in (1) we get

@+ N(a+a+A)2FA=0.

We can parametrise @y and aj in this equation and equation (2) by A and the
remaining variables in the transversal. This results in a smooth hypersurface in
V3 x V3. In the same way, when L is a multiple of the last factor in C, we obtain
a smooth hypersurface in V3 x V3. So the Asz-stratum in the transversal consists
of 3 hypersurfaces meeting transversaly along the D4-stratum when o # (B and
afl # F1, and a 3-dimensional model is given by V = {(u,v,w) : vw(v — w) =
0}. The transverse sections are equivalent to u. These represent the case when
the Monge-Taylor map is transverse to the Dy-stratum, so the Asz-set consists
here of 3 smooth curves meeting transversally at the elliptic umbilic. One can
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show that the Monge-Taylor map fails to be transversal to the D4-stratum if
and only if the height function is not a versal unfolding of the Dy-singularity. In
this case the Morse functions on V' are equivalent to v+ aw -+ 42 with a #-1,0
and the transitions of the As-curves are drawn in F igure 5(1) (see also Figure
5(2) for the hyperbolic umbilic case).

We can also obtain transitions on the As-set when the roots of the cubic f2
satisfy aff = F1 or when f2 has a double root (at Ds umbilic).

Following the above calculations further, we can show that when af = Fl1
the A3-stratum is given, after changes of co-ordinates, by

ar ag(ag — a1 B) = 0.

Generic sections of this set have been determined in [7] and are as shown Figure
5(3).

At a Ds-singularity, similar calculations show that the Asz-stratum is given,
after changes of co-ordinates, by a7(ai? + @ ag2) = 0 (Figure 5(4), left), and
the generic sections on this set are also given in [7] and are as in Figure 5(4),
right.

Proposition 3.7 At an umbilic point, the Az-set consists generically of three
transverse smooth curves at a D:{ and a single smooth curve at a D5

The A3-set undergoes the following transitions at an umbilic:

1) Birth of two elliptic or hyperbolic umbilic at a non-versal Dy (Figure
5(1)-(2)).

2) Removing the tangency of two As curves at an elliptic umbilic (Figure
5(8)).

3) Change from an elliptic to a hyperbolic umbilic at a Ds singularity of the
height function (Figure 5(4)).

We can use the fact that the Az-singularities occur only in the non-elliptic
region to sketch all possible joint transitions of the parabolic and As-set at an
umbilic point, by superimposing the configurations in Figures 3 and 4 with those
in Figure 5. (Note that we can have an inflection point of real or imaginary
type at both elliptic and hyperbolic umbilics.)

4 Asymptotic directions on M

The contact of a surface M C IR* with lines is determined by the family of
orthogonal projections

P:MxS o TS
(p,’U) = ('U,p—<p,'l)>’l))

where T'S3 is the tangent bundle to the unit sphere. For most (resp. all)
tangent directions v at a hyperbolic (resp. elliptic) point of M the corresponding
germ P, : M — IR3? is stable. At a hyperbolic point there are 2 directions
of projection, called the asymptotic directions, where the singularity of P, is
degenerate (worse than a cross-cap).

13



@)

(3)

Figure 5: Changes on the As-set at an umbilic: (1)-(2) a non-versal Dy, (3)
af = F1, (4) a Ds-umbilic.

It is shown in [9] that the contact of a surface M C R? with lines is also
determined by a pencil of binary forms. Again suppose that the surface is given
locally by (z,y, f(z,y), f%(z,y)) with the 1-jets of f! and f2 identically zero,
and denote by (Q1,Q2) the 2-jet of (f1, f2). Then projecting along a tangent
direction (a, 3,0, 0) yields a map-germ with 2-jet (—Bz+ay, Q (z, v), Q2(z,y)).
As [A: B] varies in the projective line IRP! the 2-jet of the projection defines a
pencil of binary forms with —(z + ay as a factor. This gives a line in IRP?, one
for each direction, parametrised by [s : t] = [=Bs : (as — Bt)/2 : at], or with
equation &?A + 2a8B + f2C = 0, and it is the tangent line to B2 — AC = 0
at (8% : —af : a®] which corresponds to (=Bz + ay)?. Therefore the pencil
of quadratic forms correspond to the tangent lines to the conic of degenerate
forms.

Proposition 4.1 ([9]) The direction of projection yields a cross-cap unless the
line it determines passes through one of the points of intersection of the conic
of degenerate forms with the pencil (Q1,Q2) and is consequentely tangent to the
conic there. So there are two asymptotic directions at a hyperbolic point, one
at a parabolic point and none at an elliptic point.

Corollary 4.2 The asymptotic directions are solutions of the binary differen-
tial equation (BDE)

(am — bl)dz® + (an — cl)dzdy + (bn — cm)dy? = 0

where a,b,c and I,m,n are the coefficients of the quadratic forms Q, and Qs
at (z,y). This equation is affine invariant and can also be written in a deter-

14



minantal form
dy? —dzdy dz?
a b ¢ |=0.
[ m n

The discriminant of the BDE is given by the zero set of the function
§ = (an — cl)* — 4(am — bl)(bn — cm)
and coincides with the parabolic set of the surface.

Proof: Using Proposition 4.1, one only has to determine the condition for
the projection along the direction [dz : dy] to be worse then a cross-cap. The
equation follows from a straightforward calculation.

To study the configurations of the asymptotic curves, and the way they
bifurcate in generic 1-parameter families of surfaces, we need to recall some
results on BDE’s. These equation are a particular type of implicit differential
equations of the form

A(z,y)dz? + 2B(z,y)? + C(z,y)dy® = 0,

where A, B, C' are smooth germs of functions IR%,0 — IR. A BDE defines pairs
of directions at points (z,y) in the plane where § = B2 — AC > 0. These
directions coincide on the discriminant A given by § = 0; the BDE has no
solutions at points where § < 0.

One way to proceed in the study of BDE’s is to consider in IR? x IRP! the
set S of points (z,y,[a : f]) where d(z,y) > 0 and the direction [a : 4] is a
solution of the BDE at (z,y). One can lift the bivalued field defined by the
BDE to a single valued field £ on S. Generically M is smooth, and there is
a natural involution on § that interchanges points with the same image under
the projection to IR?. The set of fixed points of this involution is the lift of the
discriminant. By studying this single field together with the involution, a num-
ber of useful classifications have been carried out for BDE’s with the simplest
discriminants (those which are smooth or have only Morse singularities).

One can separate BDE’s into two categories distinguished by whether the
coefficients all vanish at the origin or not. In the first category, the stable
configurations of the integral curves at a point on the discriminant are obtained
in [13], [14], [15]. If the discriminant is smooth and the unique direction defined
by the equation is transverse to it, then a smooth model is given by dz? +
ydy? = 0 ([13], [14]). If the unique direction is tangent to the discriminant,
then the stable BDE’s are smoothly equivalent to dz?+ (—z + \y?)dy? = 0 with
A #0,1/16 ([15]). The singularity is a well-folded saddle if \ < 0, a well-folded
node if 0 < A < 1/16 and a well-folded focus if 1/16 < A. The modulus A can
be eliminated topologically ([15], [5]).

The bifurcations in generic 1-parameter familes of BDE’s with non-vanishing
coefficients have also been established. These consists of the well-folded sad-
dle/node bifurcations (A = 0 above) and occur when the discriminant is smooth
and the lifted field ¢ has a saddle-node singularity ([16]). When A = 1/16
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we have a change from node to focus and the normal form is given in [17].
The other case occurs when the discriminant has a Morse singularity. These
equations are labelled Morse Type 1 and are studied in [5].

When the coefficients of the BDE vanish at the origin the surface S is
smooth if and only if § has a Morse singularity ([10]). These equations are
of codimension 1 and are labeled Morse Type 2 ((10], [11]). In this case the
whole projective line (the exceptional fibre) 0 x IRP! is in S, and the field ¢ has
generically 3 or 1 zeros on the exceptional fibre of type saddles (S) or nodes (N).
When the discriminant is an isolated point (Af singularity) the coefficients of
the topological models are the following: (£) lemon (1S): (y,z,—y), (S) star
(3S): (y, —z, —y), (M) monstar (2S+1N): (y, %:z:, —y), where the numbers 18,
35, 25+1N indicate the number and type of the singularities of the field ¢ on
S.

When the discriminant is a crossing (A7 singularity) the topological models
are: (Uy) 1S: (y,z,y), (Us) IN: (v, —32,y), Us) 3S: (y,—2z,y), (Us) 2S+1N:
v,y = z,y), Us) 15+2N: (y,—2z,y).

We shall now determine the relevant local models for the BDE of the asymp-
totic curves, i.e the conditions for the BDE to be equivalent to one of the above
models, and where possible the geometrical interpretation of each case. There
are two situations to consider here depending on whether the origin is an umbilic
(inflection) point or not.

4.1 The origin is not an umbilic point

In this case the pair of quadratics (Q;, Q2) could be taken, after affine changes
of co-ordinates, in the form (zy,z?), so that the height function along the
normal direction (0, 0,0, 1) has a degenerate singularity. We can then write the
functions f! and f2 in §2 in the form

fl =2y +rozd + r12%y + rozy? + rayd + E‘ﬁ'__—:és,'z‘*—."yi + e
f? =22+ boz® + biz?y + byzy? + bay3 + Si=dcizt-iyt 4 -

The 2-jets of the coefficients of the second fundamental forms are given by

a = fz;/2 = (6roz + 2r1y + 12507 + 6512y + 250y2) /2
b == ;y/2 = (1 + 2r1z + 2roy + 35122 + 4sozy + 3s312) /2
g= fyly/2 = (2727 + 673y + 25922 + 6537y + 125492)/2

L= f2,/2 = (2 + 6boz + 2b,y + 12¢oz° + bcrzy + 2c0y?)/2
m = fzzy/2 = (2017 + 2byy + 3c122 + depzy + 3c3y?) /2
n = f2 /2 = (2byz + 6bzy + 2cpz? + bcaTy + 12¢4y?)/2

and the resulting 1-jets of the coefficients of the BDE of the asymptotic curves
are given, after scaling, by

A=1+ (3by + 2r1)z + (by + 2r2)y
B =ryz + 3ray
U= —bg.’l) - 3b3y.
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Figure 6: Changes from well-folded node to well-folded focus.

The BDE is equivalent to dz? + ydy? if and only if bs # 0 ([13], [14]), that
is when the origin is an A, singularity of the height function. In this case the
asymptotic curves (integral curves of the BDE) form a family of cusps.

When b3 = 0 but by # 0, that is a height function has an Aj singularity and
the parabolic set is smooth, we can reduce the 2-jet, and hence the BDE, to

3
dz’ + (~z = (3] - gbm +2c4)y?)dy® = 0
2

ifA#0, %, where \ = —%(37‘%—%1)27‘3 +2¢4). The singularity of the asymptotic
field has a well-folded singularity ([15]) of type saddle if A < 0, node if 0 < A <
-113 and focus if % <A

When A = 0 we get, in a generic l-parameter families of surfaces a well-
folded saddle/node bifurcation ([16]). This condition is precisely that for the
Monge-Taylor map to fail to be transverse to the Asz-stratum at a parabolic
point (see §3.2, where ag = 1 and m = 1/2 here). In particular one of the newly
born Aj3-point is of type well-folded saddle and the other well-folded node.

When A = 1/16 we get, in a generic 1-parameter families of surfaces a change
from a well-folded node to a well-folded focus ([17]). A normal form for this
family is given by dy? + (—y + (1/16 + t)z2)dz? = 0. We draw in Figure 6 the
changes of integral curves of this family as they have not been drawn anywhere
else. We observe that the condition A = 1/16 for the BDE of the asymptotic
curves is not related to any of those arising from the family of height functions
or from the Monge-Taylor map.

When b3 = by = 0, the discriminant is singular and as the coefficients of the
BDE are not all zero at the origin, we get in general a Morse Type 1 singularity
([5]). Changes of co-ordinates show that the 2-jet, and hence the BDE, is
equivalent to

dz? + [(—r% +2by7 — c;z).'z:2 +3(—2ryr3 + 2by73 — c3)TY — 3(3r§ + 2C4)y2]dy2 = 0;

when 3(—2ror3 + 2b173 — ¢3)% + 4(3r? + 2c4)(—12 + 2by7y — c2) # 0 (Morse
condition on the discriminant) and —37‘% —2c4 # 0. The last condition ensures
that the reduction is valid [5]. It also means that the BDE has multiplicity 2,
alternatively the unique direction determined by the equation is not tangent to
the discriminant. We get two well-folded saddles on one side of the transition
when —3r7 — 2¢; < 0 and two well-folded foci otherwise. We can use the fact
that the A3-set and the asymptotic curves lie in the hyperbolic region to draw
the configurations of the asymptotic directions on F igure 2 using the models in

[5].
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Proposition 4.3 Away from umbilic points the asymptotic lines have the fol-
lozi)ing stable topological configurations at a parabolic point on a surface M €
R*:

(1) A family of cusps at an ordinary parabolic point.

(2) A well-folded singularity at an Az-point of the height function.

In a generic 1-parameter family of surfaces these curves undergo the follow-
ing bifurcations:

(3) Well-folded saddle/node bifurcations at a non-transverse Az-point on a
smooth parabolic set.

(4) Changes from well-folded node to well folded focus at an Az-point on a
smooth parabolic set when the lifted field has one eigenvalue with multiplicity 2.

(5) Morse Type 1 bifurcations at a Morse singularity of the parabolic set.

4.2 The origin is an umbilic point: the stable structures

When the origin is an umbilic, the coefficients of the BDE of the asymptotic
curves vanish, and in general the discriminant has a Morse singularity so we
have a Morse Type 2 BDE. Althought this BDE is of codimension 1 in the set
of all BDEs, it is stable in this context as generic umbilic points are stable. We
shall determine here only the type of this BDE at generic umbilics. In order to
determine its bifurcations we need to understand codimension 2 phenomena in
BDE’s with zero coefficients. This is part of a future investigation.

There are two types of umbilics, imaginary type where the pair of quadratics
(Q1,Q2) is equivalent to (22 + 32,0) (A is an isolated point) and the real type
when (Q1, Q2) is equivalent to (zy,0) (A is a crossing). We shall treat the cases
separately.

The imaginary type: (z2 + y2,0) .
(This case has also been dealt with in [18] using an alternative method.) The
3-jet of the parametrisation of the surface is on the form (z,y,2% + y% +
0(3),v(z,y) + O(3)) where v(z,y) = boz® + biz%y + bozy? + b3y®. Then the
1-jet of the BDE is given by

Vaydz? + (Vyy — Vg )dzdy — veydy®.

This is precisely the 1-jet of the BDE giving the principal directions of the
surface (z,y, ao(z? +y2) +v(z,y) + O(3)) in IR? at the origin, an umbilic point
(see [4]). So its configuration follows the same pattern, and in particular, if the
cubic v is written in the complex form Re(z3 + 322%), we obtain the well known
partition of the -plane into the various regions where the lemon, star, monstar
umbilic occur, Figure 7(left). As inflection points are stable on surfaces in R?,
the BDE’s giving the asymptotic curves are stable in this context.

The real type: (zy,0)
The surface is given by (z,y,zy + O(3),v(z,y) + O(3)) where v(z,y) = z° +
biz?y + byzy® + o3 after scaling provided bgbs # 0 (see [9]). The 1l-jet of the
BDE is then given by
vgcyd:z:2 - vyydyQ,
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ES=Elliptic Star
HS=Hyperbolic Star

Figure 7: Partition of the set of cubics left, and of the (a,b)-plane right.

and its discriminant by vzyvyy = (3z + byy)(boz + 3y) = 0. This quadratic is
non-degenerate (singularity of type Morse) if b1b2 —9 # 0. The curve by1by—9 =
0 in the (by,b2)-plane also represents the set of cubics where the family of
height functions fails to be a versal unfolding of the D, singularity at the origin
(Proposition 2.2). (Figure 7(right): the continuous hyperbola.)

There are two curves in the (by,bs) plane of interest (see [10]). The first
represent the cubics where the singularity of the lifted field are not stable (i.e,
its linearisation has a zero eigenvalue at a singular point). This set coincides
with the non-Morse curve b6y — 9 = 0.

The second curve consists of points (b1, b2) where the cubic giving the zeros
of the lifted field has a double root. This cubic is #(p) = 3p® + byp? — byp — 3
and the double root curve is given by

bi(t) = =3(t2 — 2)
ba(t) = 3(2t — %)

or alternatively, given by the equation
(b1by — 81)% — 4(b2 + 9b;)(b? + 9by) = 0

(Figure 7(right): the dashed curve). This curve coincides with the set of points
where the direction of the orthogonal projection has a double S, singularity
[9]. In Figure 7(right) we indicate the different topological types in each region
bounded by the above curves. We observe that all the cases of Morse Type
2 BDE’s occur in this context. As hyperbolic umbilics are stable points on a
surface in IR*, the BDE of asymptotic lines provides a geometric context where
Morse Type 2 with discriminant having an A] singularity are stable.

Proposition 4.4 The asymptotic directions have the configurations of the lemon,
star or monstar BDEs at an umbilic point of imaginary type. At an umbilic
point of real type it is topologically equivalent to one of the 5 models of BDEs of
Morse Type 2 with a discriminant of type Ay . In both cases the configurations
are stable.

We shall now deduce some global properties of a compact surface in IR? from
the singularities of the BDE of the asymptotic lines. We shall denote by HC
(hyperbolic cusp) (resp. EC (elliptic cusp)) the well-folded saddle singularity
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(resp. well-folded node/focus singularity) of the BDE of the asymptotic curves.
The lemon, star and monstar singularities of this BDE are denoted by £, S and
M respectively. The different types of singularities of Morse Type 2 where the
discriminant is a node are denoted by ;, - - -, Us (see begining of this section).
The symbol n(sing) indicates the number of singularities on a surface M of
one of the given types above, M}, denotes the hyperbolic region of M, M, its
closure, and X' (M) denotes the Euler characteristic of M.

Theorem 4.5 Let M be a generic compact embedded surface in R*. Then
X(Mp) = i[n(L) —n(S) +n(M)] + 3[n(EC) — n(HC)]+

3[n(h) + 3n(Ue) — n(Us) + n(Uy) + 3n(Us)].

In particular, if N is convez, then
1
X(M) = 5 [n(£) = n(S) +n(M)]

and if M has no inflection points of real type, then

X(FT3) = 3{n(£) = n(S) + n(M)] + £(n(EC) - n(HC)]

Proof: As in the proof of Theorem 2.1 [4] we consider in the projectivised
tangent bundle to M, P(TM) the set M which consists of the asymptotic
directions at non umbilics and all directions at umbilic points. Since the surface
M is generic, the parabolic set is either smooth or has Morse singularities at
umbilic points, and hence the surface M is smooth ([10]), and the boundary
of M}, the closure of the hyperbolic region of M, is a union of circles. The
projection 7 : M — My}, is a smooth 2-fold covering away from the parabolic
set and umbilics. The exceptional fibres over umbilic points are real projective
lines, that is circles, with cylindrical neighbourhoods. The set M is obtained
by deleting disk neighbourhoods of the umbilic points of M, taking two copies
of the result, gluing along the boundary of M} and sewing in the cylinders.
It is not hard to see that X(M) = 2(X(M}p) — m), where m is the number of
umbilics. The bivalued asymptotic field on M}, lifts to a smooth line field & on
M. For a generic surface M this field has 1 or 3 zeros on each exceptional fibre
([10]) and well-folded saddles/nodes/foci on the lift of the parabolic set. The

result now follows using Poincare’s Theorem.

References

[1] J.W. Bruce, Generic reflections and projections, Math. Scand. 54 (1984),
262-278.

(2] J.W. Bruce, Generic geometry, transversality and projections, J.London
Math. Soc. (2) 49 (1994), 183-194.

(3] J.W. Bruce, Generic functions on semialgebraic sets, Quart.J. Math. Ozford
(2), 37 (1986), 137-165.

20



(4]

[5]

[6]

[7]

[14]

[15]

[16]

[17]

18]

J.W. Bruce and D. Fidal, On binary differential equations and umbilics,
Proc. Royal Soc. Edinburgh, 111A (1989), 147-168.

J.W. Bruce, G.J. Fletcher, F.Tari, Generic l-parameter families of binary
differential equations and applications. To appear in Proc. Royal Soc. Ed-
inburgh (2000).

J.W. Bruce, P.J. Giblin and F. Tari, Families of surfaces: height functions,
Gauss maps and duals. In W.L. Marar (Ed.), Real and Complex Singular-
ities, Pitman Research Notes in Machematics, Vol. 333 (1995), 148-178.

J.W. Bruce, P.J. Giblin and F.Tari, Families of surfaces: focal sets, ridges
and umbilics, Math. Proc. Camb. Phil. Soc. 125 (1999), 243-268.

J.W. Bruce, N.P. Kirk and A.A. du Plessis, Complete transversals and the
classification of singularities, Nonlinearity, 10 (1997), No. 1, 253-275.

J.W. Bruce and A.C. Nogueira, Surfaces in IR* and duality. Quart.J.Math.
Ozford (2), 49 (1998), 433-443.

J.W. Bruce and F. Tari, On binary differential equations, Nonlinearity 8
(1995), 255-271.

J.W. Bruce and F. Tari, Generic 1-parameter families of binary differential
equations of Morse type, Discrete and Continuous Dynamical Systems, Vol
3, No 1 (1997), 79-90.

J.W. Bruce and J.M. West, Functions on a crosscap, Math. Proc. Cam-
bridge Philos. Soc. 123 (1998), no. 1, 19-39.

M. Cibrario, Sulla reduzione a forma delle equationi lineari alle derviate
parziale di secondo ordine di tipo misto, Accademia di Scienze e Lettere,
Instituto Lombardo Redicconti 65 (1932), 889-906.

L. Dara, Singularité génériques des équations differentielles multiforms,
Bol.Soc.Brasil Math., 6 (1975), 95-128.

A.A. Davydov, Normal forms of differential equations unresolved
with respect to derivatives in a neighbourhood of its singular point,
Funct.Anal. Appl., 19 (1985), 1-10.

A.A. Davydov and L. Ortiz-Bobadilla, Smooth normal forms of folded
elementary singular points. J. Dynam. Control Systems 1 (1995), no. 4,
463-482.

A.A. Davydov and E. Rosales-Gonzilez, Smooth normal forms of folded
resonance saddles and nodes and complete classification of generic linear
second order PDE’s on the plane. International Conference on Differential
Equations (Lisboa, 1995), 59-68, World Sci. Publishing, 1998.

R.A. Garcia, D.K.H. Mochida, M.C. Romero Fuster and M.A.S. Ruas,
Inflection points and the topology of surfaces in 4-space. To appear in
Transactions of the AMS.

21



[19] C.G. Gibson, Singular points of smooth mappings, volume 25, Pitman
Research Notes in Mathematics, 1979.

(20] J.A. Little, on the singularities of submanifolds of heigher dimensional
Euclidean space, Annli Mat. Pura et Appl. (4A) 83 (1969), 261-336.

[21] D.K.H. Mochida, M.C.R. Fuster and M.A.S. Ruas, The geometry of sur-
faces in 4-space from a contact viewpoint, Geometria Dedicata 54 (1995),
323-332.

[22] J.A. Montaldi, On generic composite of maps, Bull. Lond. Math. Soc., 23
(1991), 81-85.

J.W. Bruce F. Tari

Department of Pure Mathematics Universidade de Sao Paulo

The University of Liverpool Instituto de Matemadtica e de Computagio
P.O. Box 147 Caixa Postal 668

Liverpool L69 3BX, UK CEP 13560-970, Sao Carlos (SP), Brasil
Jwbruce@liv.ac.uk tari@icmsc.sc.usp.br

22



085/99

084/99

083/99

082/99

081/99

080/99

079/99

078/99

077/99

075/99

NOTAS DO ICMC

SERIE MATEMATICA

MOCHIDA, D.R.H.; ROMERO-FUSTER, M.C.; RUAS, M.AS. -
Inflections points and nonsingular embeddings of surfaces in IR’.

CARVALHO, AN.; CHOLEWA, J.W. — Strongly damped wave equations
with critical nonlinearities I: case 0 = Y.

ARRAUT, J.L. — Circle leaves of two dimensional foliations.

CARVALHO, AN.; GENTILE, C.B. — Comparison results for nonlinear
parabolic equations with monotone principal part.

CARVALHO, A.N.; GENTILE, C.B. — Asymptotic behaviour of nonlinear
parabolic equations with monotone principal part.

DUFOUR, J.P.; KUROKAWA, Y. — Topological rigidity for certain families
of differentiable plane curves.

CONDE, A.; MENDES, M.P. - O n — pacote de variedades flimulas reais e
seus poliedros.

MENEGATTO, V.A.; PERON, A.P. — Positive definite Kernels on complex
spheres.

ZVENGROWSKI, P. — Seminar on flag manifolds USP at Sdo Carlos.

CREMA, J.; BOLDRINI, J.L. — More on forced periodic solutions of quasi-
parabolic equations.






