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Asstract. In this work a connected graph without cycles, a tree is constructed, with a
single infinite self-avoiding path, an end, The vertices of the tree are points of an infinite
sequence of Independent Poisson Point Processes defined in RY, such that for every
k 2 1, the rate of k—th process X} is Ax. We name such a graph of One-Ended Foissonian
Tree,

1. INTRODUCTION

In this work a connected graph without cycles, a tree is constructed, with a single infi-
nite self-avoiding path, an end. The vertices of the tree are points of an infinite sequence
of Independent Poisson Point Processes defined in RY, such that for every k > 1, the rate
of k—th process X is Ax. We name such a graph of One-Ended Poissonian Tree. (Ferrari
et all., 2007) constructed a Poissonian Tree with a unique end for the points of a station-
ary Poisson process when it is defined in § ¢ RY, for d < 3 and show that ford > 4
the graph has infinetely many components, a forest. (Holroyd et all., 2003) build a one-
ended Poissonian Tree in a deterministic isometry-invariant way for any d-dimensional
Poisson process. (Gangopadhyay et all., 2004) show that there is a one-ended tree from
a sequence of independent process defined in Z¢, d < 3, where each point of Z4 has
distribution Bernoulli(p) and a forest for d > 4.

In section 1 the algorithm of construction of the Poissonian Tree is given, as well.
The definition of its elements and a sufficient condition for the existence of a unique
tree consisting of all-the points of each one of the realizations of the infinite Poisson
Point Process (independent). The One-Ended Poissonian Tree is constructed in section 2
for processes defined in R and whose sequence of rates is such that liminf 2 = 0. In
subsection 2.1 we establish conditions on the sequence of the rates for the almost surely
existence of a One-Ended Poissonian Tree and for the non-existence of this tree with
positive probability. In section 3, teorema 5, we have such graph for processes in R? and
Ax = &*, where @ € (0, 1) is the ratio decay among the rates of the processes.

For all k > 1, any point £ belonging to X; will be said a point of “generation k. We
will also consider that the point & will define its position in X, indicated for X,. & of
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2 1.C. DINIZ AND J.C.S. DE MIRANDA

Ficurs 1. Succession Line of a Sequence of Unidimensional Independ-
ent Poisson Point Processes.

X+ will be said an ancestor of &, if this belongs to the Voronoi Cell of £, in this case
& will be successor of &,y

Consider the graph whose vertices are the points of the sequence formed by infinite
Poisson Point Process (independent), such that the endvertices of each edge are deter-
mined by pairs of points (£:£;+1), that is, each point of the process X; is adjacent to the
nearest point in Xi,;. The distance between any two points £ and £2 of the same “ge-
neration K”, for all k > 1, will be denoted by D(£},£2) = |} — ¢2|. We will represent by
Dy := [Xp, = Xa,| = |by — a4l the distance between the k—th ancestors of @) and by, chosen
arbitrarily in X,

It follows that for each point of X, there exists a unique ancestor in Xj,,, which
guarantees the non-existence of cycles. To proof the existence of a unique infinite self-
avoiding path, and therefore connectedness, it is sufficient that given any two points in
Xy (a; and by), there exists k = k{a), b;) > 1 such that a; and by coalesce in probability

(akgbk), that is, the sufficient condition for the existence of the Poissonian Tree is given
by

ayby = JimP(D # 0) = 0 & limP(a; = by) = 1 (1.1)

Remark 1. The condition established in (1.1) tell us that chosen any two points in the first
generation. (That is, a) and b are selected in a deterministic way in X, ), the probability
of the event of coalescing between its respective ancestors, ax and by, for k sufficiently
large, tends to one. We could consider in place of a; and b, any two points a, and by, in
X, because the coalescing of these points, will imply the coalescing of any others of its
successors in X;, where 1 < j < m.

o ; @€, .
Definition 1. We define that ay and by coalescing almost surely, ax = by, if the set of
trajectories T = Uyy Ty in which them ay and by coalescing in some “generation k,",
Ty,, has measure one.

Lemmal. a; 2 b, := Jim P(ag = b)) = 1, if and only if, & & by.
Proof. (=) Without loss of generality, let a; and b, chosen arbitrarily in X;. From the
condition that @ coalesce in probability with b; we have that:

Jim Py, 4, (ax = be) = 1 & Ve = (k) > 0 3k, Yk 2 ky Play = bi) > 1= elkn)

Let

¢ Q = ( The set of all trajectories of the ancestors of a; and b, of the infinite
realizations of each one X;).
o e(n) = Land Ty, := (w € Q;ax(w) = be(w) Yk 2 ky)
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It follows that T = UT,‘_ is such that P(T) = 1, because

n=1

Vo, PTM)2P(T)=1- % =PM)=1

(<) Immediate.
o

If the Poisson Point Processes are defined in R and liminf A, = 0, the determination
of a One-Ended Poissonian Tree is done with relative easiness, therefore in this in case,
it is possible to determine the probability of coalescing in “generation k+1” given the
position of k—th ancestors of a; and by, that is,

P(Ds1 = Olay, by) = €424 (1 + 2441 Dy)
On the other hand, if the processes X are defined in R? (d > 2), we will have only
a lower bound for P(Dy4 = Olay, b1). In this case, the One-Ended Poissonian Tree will
be obtained through the condition given in lema 6, which establishes that the coalescing
conditional probability limit is uniformly bounded by a constant e(d, o, 8) that depends
on the dimension d, the ratio decay among the rates of the processes a and the value
associated to the "drift” of the rescaled process dj.

2. ONe-Enpep PoissoNiaN TREE CONSTRUCTED FROM INDEPENDENT POINT PROCESSES IN R

We saw in the section 1 that the sufficient condition for the determination of the
One-Ended Poisscnian Tree constructed from a sequence of Independent Poisson Point
Processes is that given any two points in X, g, and b,, they coalesce in some point
& = &(am, by) € Xg where k = k(ap, by) > m. Obviously, the construction of the Poisso-
nian Tree (One-Ended or not) will depend on the dimension where the processes are de-
fined and the sequence of rates (Ag)sx1. In theorem 1 we establish the construction of the
One-Ended Poissonian Tree , when the processes X are defined in R and liminf 2 = 0.

Proposition 1. Let X,,,,, the position of the ancestor of X,, in Xi.1. The distribution of
Xoi11Xy, is given by

oy o (X) = ka1 €XP(—2244108) €XP(2 441 X) A (xcay) +
Ak eXP(244101) eXP(—2 241 X)L (15ay) @.1)

Proof. Let X, be the position of the k-th ancestor of a, in X, it follows by independence
of (Xp)k>) that Ve > 0.

P(X,,, 1 X, — arl > 1) = P(Xo,, | Xa, > ax + 1) + P(X,,, 1Xo, <ax—1) =

P(X,,,, ¢ [ax —1,a; +1]) = exp(—Ais1 20)
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Since the processes are homogeneous

1
P(Xo 1 Xo, > ar + 1) = P(X,, \X,, <ar—1) = 3 exp(—Ax,12¢)

If x = a; + ¢, then
1
P(XaiXa, > ) = 5 eXp(=2tn1 2(x — a)) (o, =

Sy, e, (%) = Aks1 €XP(2Aks10) €XP(—2 k41 %) D (150,
Analogously, we have that
Sy, o, (%) = Asr €Xp(=2241a8) €XP(2Ak01 X)L (xeay)
o

Lemma 2. Let Xy, be a Poisson Point Process of rate Ay, independent of X. If ax and
by are two points of X, then forall k 2 1

P(Dyy1 = Olag, b)) = e 24102 (1 + 24, Dy) (2.2)

Proof. According to the definitions explained in the first paragraph of the section 1, we
have that for all k > 1, each particle determines its position. That is,

P(Dyyy = 01X,,, Xp,) = P(Dier = 01X, = ag, Xy, = bi) = P(Diy) = Olas, by)

Conditioning P(Dy,) = Olax, b) in the position of the ancestor of ax, X,,,,, and taking
its expected value, it follows that

P(Dyy1 = Olay, by) = E(P(Dyy1 = Olag, by, Xa,,,)) (2.3)
For all x < ay, ax_1 < x < by—; and x > by it holds respectively that

P (Dis1 = Olag, by, Xa,,, = x) = exp (=Agyy (2b — 2a1)) = exp (=221 Dy) =
P(Dl:-H = Olah bh Xahl = X) = cxp (_'lhl (Zbl - ZX))

P(Dk‘i-l = Olah b.h Xah] = X) =1
From (2.1), with X, = a, and (2.3) it follows that

P(Dyy) = Olay, be) = E(P(Dyy) = Olag, by, Xa,,,)) =

s g COP(Dist = O, X Mx = | fi, i, COPDiar = 01Xy, Xy, X)dx =

—00 -0

f Sy, 00, (X) €XP (=Agyy (2bx — 2ay)) dx + f l Jx,, 10 (%) €Xp{(=Ars1 (2bx — 2x)) dx+
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j:w fro, o (O = XD (A (2D5) f Fro o, G+

f S, ., (X) €xp(=Aks1 (2bg — 2x))dx + j: Sy, o ()dx =
a . v

P(Dyer = Olag, by) = 2410 (1 4+ 44, Dy)

o
Proposition 2. Forallk 2 1, P(Dy = 0) < P(Dy,; =0).
Proof. By the calculation of P(Dy,; = 0) from the conditioning in Dy, we have that
P(Dis1 = 0) = E(P(Dyy) = 0|Dy)) =
P(Dy = 0)P(Dyyy = 0|D; = 0) + P(Dy # 0)P(Dyy = 0Dy #0) =
P(Dy =0)+ P(Dy # 0)P(Dyy; =0|Dx £0) = P(D, =0)
a]

Proposition 3. Let £, be the ancestor of &. Then E(X;,,1Xg) = Xg,.

Proof. The result follows by proposition 1. From the conditional law given in (2.1), we
have that
k

E(Xg,, | Xg, = &) = f( XAg+1 €XP(=2Ak41£k) €XP(2A14 1 X)dX +

—00

[ ot cxp@durte) expl-20,1300x = £
§i
a

Proposition 4. Let (Xi )y be a sequence of Independent Poisson Point Processes defined
in R with ay and b, arbitrarily chosen in X,. For all k 2 1, E(Dy4y) = E(Dy) = Dy.

Proof. By the fact of a) and b, are chosen in a deterministic way, we have that E(D,) =
E(X;, — Xa,) = by —a, = Dy.

By the independence of (Xi)i>1 and the proposition 1, we obtain the following identi-
ties

E(th; |Xﬂ* ’ Xh) =, E(kaq Ixh) = Xb.

E('Xﬂgﬂlxﬂ‘: ng) = E(Xﬂgﬂ |Xng) = Xa.
Thus, forallk > 1
E(Dh-l) = E(E(Dk+llxdu ng)) = E’(E(xbg.j - Xmulxapxbg)) =
E(E(X,,, 1 Xa, X5,)) — E(E(Xo,,, 1 Xay, Xb,)) = E(Xp, — X,,) = E(Dy) =
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E(Dy)=E(D)) =Dy, Yk2 1
o

Theorem 1. Let (X;)») be a sequence of Independent Poisson Point Processes defined in
R with respective rates A such that iminf A, = Q. Then there is a One-Ended Poissonian
Tree consisting of the points of all processes.

Proof. Taking the expected value in (2.2) it follows that
P(Dis1 = 0) = E(P(Dys1 = Olar, b)) = E (€742 [1 + A4, Dy)) 2

B¢ 2Dy 3 g2l - o-2heali liminf P(Dg,y = 0) = 1=

:imP(Dhl =0)=1
u}

Remark 2. The second inequality follows by Jensen inequality applied 10 the convex
Sunction e=2D:_ The third equality and the implication follow by the propositions 4 and
2, :

Remark 3. The proof of the existence of a unique end for the graph with the aigorithm
described in section 1, is also sufficient to guaranty that the infinite points of each one of
the infinite Independent Poisson Point Process build a connected graph.

2.1. Determination Criteria for a One-Ended Poissonian Tree as a Function of the
Rates Sequence.

From the result established in the equation (2.2), it is easy to see that for all k > 1, the
coalescing conditional probability in the k-th “iteration” decays with the increase of the
rate g, for any positive fixed value u of Dy. The theorem 1 gives a sufficient condition
on the sequence of rates (A;)») for the existence of a connected graph, without cycles
and one-ended. Is it possible to obtain another condition on the rates and get the same
result of theorem 17 Is there a sequence of rates for which the graph is not connected? Is
it possible to obtain lower bounds for the probability that the graph is not connected?

The answers for these three questions will be given in theorem 2, theorem 3 and corol-
lary 1. For any k > 1, let G(Ax41) : R*— [0, 1] defined in the following manner.

G(As41) = P(Ags1 = BraDe # 0) = fe'u"‘" (1 + Agartd) fp, ()du
0&

o

P(Ags) # BealDy 20y =1 - fwe'u"'"(l + Agg1it) fp, (u)du
0‘

The events related to the non coalescing among the ancestors of 4, and b, in each
one of the stages, weighed for the distribution of the distance in the past generation, are
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independent. Hence, the probability of not having coalescing in all stages between all the
ancestors of a, and b)(and therefore that the graph is not connected) is given by:

[1-e22a + 200 | (1 = f 2 (1 4 Qyy ) fp‘(u)du)
k=2

o*

But for all k > 1, G(.;) is a continuous function for all A,; € R*. Moreover,
G{Ay1 = 0) = 1 and G(A4) = o0) = 0, therefore there exists A, € R* such that

G(Ak41) € (0, 1)
Theorem 2. If G(A,1) > L, then with probability one, there is a One-Ended Poissonian
Tree consisting of all the points of the processes (Xi 1.

Proof.
Play # b YkID, #+0) =

[1-ePa+ ,1201)]]_](1 - f M (1 4 Qypqu) f,,,(u)du) <
=2 o

l—l(l-—%)=0=>3n,; Yn > ng P(a, = balDy # 0) = 1.

k=2
a

Theorem 3. If G(Ar+1) < ;'r, then there is a positive probability larger than y of having
a graph which is not connected and has no cycles.

Proof.
Play # by YKID, # 0) =

[1 —e b1 4+ le)l)] n (1 - r e v (] + Jhl")fm(")du) >
k=2 0

[] - c'uabl(] + ,lle)] ﬁ (l - %) =y

k=2
a

Corollary 1. Forany p € (0, 1) it is always possible to obtain a sequence of rates (Ax)x1
such that the probability of not having a One-Ended Poissonian Tree is larger than p.

Proof. For any p € (0, 1), there exists a sequence {a; € (0, 1),k 2 1) that satisfies:

ﬁ(l"at)=P
k=1



8 L.C. DINIZ AND 1.CS. DE MIRANDA
Butif G(A4.)) < ax and [1 — e tabi(] 4 ,120.)] < ay, then:

Plar # by VKD # 0) = [1 - 2:(1 + D) [ [ (1 - G >
k=2

[Ja-an=p

k=1 .

3. THeCAsEoFrRY, d > 2

‘We present in this section the construction of a One-Ended Poissonian Tree when the
processes {Xi)i»y are defined in RY, ford > 2 and A, = (2)*. In comparison to the
problem of determining the construction of the One-Ended Poissonian Tree , described
in section 1, the main difficulties that appear now are:

(1) There is not a “closed expression” for P(Dy,) = Olay, by), differently of what
happens in (2.2).
(2) The distribution of D, does not have the property described in proposition 4.
The attainment of a lower bound for the coalescing conditional probability, P(Dy,; =
Olag. b), will be the alternative to the result presented in the equation (2.2). With re-
spect to the second item, we will consider a deterministic rescale of the process Dy, such
that this new process, whose distances will be denoted by dy, will have the following
characteristic: whenever a; and by are “sufficiently distant”, d;, > Ly = f(a,3,d), then
E(dj,1lde) < Bdi. From this, theorem 4 will ensure that dy < L, for infinite values of k.
This fact and the condition given in lemma 6, which cstablishes a posilive lower bound
for the limit of coalescing conditional probability , will be enough to prove the existence
of the One-Ended Poissonian Tree.

Remark 4. As will be shown in (3.3), Ly is a constant value that depends on the ratio
decay of the rates of the processes a, the dimension d and the value B which is related
to the “mean drift” of the rescaled process dy. As & and B can be chosen “a priori”
satisfying (3.3) for any sequence (Xi)x>1, we will indicate only the index d in Ly.

We will determine a lower bound for the coalescing conditional probability, lemma 4,
from the conditioning given in (3.1), in which Rg*" is the distribution of the distance from
a point a; of X} to its ancestor a1 of Xi,1 and whose density is given in corollary 2 of
lemma 2.

P(Dy4y = Olax, be) = E(P(Dy. = Olay, b, Rg}')) @a.n

Lemma3. Forallk 2 1, (R') ~ Exp(Ag. va(1)).

Proof. Letr> 0, then
(ke > e f®an?> ) =
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P(RE > r) = P(RE)! > 1) = exp(=dgerva()r”)

o
Corollary 2. R has a probability density function given by:
Srua (1) = derva()r*! exp(~Ake1va(1)r* Y20y
Proof.
Fra()=1- P(RE > 1) = 1 — exp(-Aks1va(l )=
Sraer (1) = kv exp(=Aes1va (D)L 209
a

Remark 5. For any R = r > 0, if there is no point of Xy in the shaded region in
figure 2, then necessarily ayy1 is the nearest point of ay and by, determining the coalescing

of those points in Xy.1.

Ficure 2. Region which determines the coalescing between two points
for a given distance from one of them to its ancestor.

Lemma 4 (Lower Bound for the Coalescing Conditional Probability).
P(Dis1 = OIDs) = P(aues = bret|De) 2 exp(—Aest Deva(1)+

d-1

-1 i ;

2 (d ; )d('Dkv.:(lﬁ)' PRRLY WL exp(-ww' ™' Jdw
=1 J (J«hl Dl“’d(”)i

Proof. Appendix [Al].

Despite the difficulty cited in item 2, namely, that we do not have anymore that Yk >

1 E(Dy) = D), we can get an upper bound for E(Dy+1) which depends on E(Dy) and Ag41
from (3.2) and the following coroilary.

Dys1|Dy € De + R::" + R::”

[w]

3.2)

Corollary 3. Forallk > 1,

1 1
E(Re:) = ————r(l + -)
(Aeeva(1))? d

Proof. From lemma 3, with u = Ax.qva(1)x? it follows that

E(R") = f P(Roy! > x)dx = f exp(—Ake1va(1)¥)dx =
0 0

ol
____l.__’_ £y d du = ____l____‘,r(_];) =
d (As1va(1))? Jo d(Aeava())? \d
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(1 3)
— T4+
(Aee1va(1))* d

From this

c(d) where c(d) zr(H'l‘)
W = T
ey e a1l

Consider the following rescaling for the distance between the ancestors of @, and by

E(Dy+11Dx) < Dy +

in k-th generation. The reescalated distance (dk.k > 2)is given by dy = [n LIDe =
=2
()7 Dy, where I; = (2)? Vj 2 2.

Thus, this implies that
2r(n-})
c(d) _ )

where 8 € (a?, 1) (3.3)

T @ - @) @ (p- @)

< Bdy  if dy € (L4, 00)

E(dk+l|dk) = { SﬁLd’ if dk € [0, Ld] (34)

(1) L, is a positive constant that as said before, depends on: the dimension d where
the processes are defined, the ratio a of decay rates of the processes, and the
value B given in (3.4) associated to the “mean drift” of the rescaled process d.

(2) From (3.4), it follows that the “mean drift” of dy.| with respect to dy is at least
(1 =), if d; € (Ly, ).

(3) For a given value of o, the bigger the dimension, the smaller the “mean drift”
will be.

(4) For a given dimension d, in order to establish a “mean drift” of at least 1 — 5, the
bigger the rate , the bigger the value of Ls must be.

L,
(5) If di € [0, L], then Dy € |0, k—"- )
[T4
o
(6) (di=0) © {Dy=0} Vk 2 2.
Theorem 4. Let So > C and, for some € > 0 and for alln > 0,

E(S 1JFa) € Sp— €l {t> n)a.s. (3.5)
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Then:
E(1) < ﬁ < 00
€
Proof. See (Fayolle et all, 1995). o

Remark 6. From theorem 4, it can be established that for all k > 1, the variable d, which
measures the distance between the k-th ancestors of a) and by, will assume a value less or
equal than Ly in a finite time. Since the processes (Xi)x»1 are independent, in particular
are the processes in which dy € [0, L4).

Remark 7. The comments about the distribution of Dy extend 1o dy, since dy is a deter-
ministic rescale of Dy.

Lemma$5. IfL > |, then forallk > 1 .
P(Dg1 = 01D = L) 2 P(Dgeyt = 01D = )

Proof. Let ay, by, a, and bj, points of X defined in R? such that L = |ax — byl and I =
I, - b}

By the properties of invariance by rotation and translation of the Poisson Point Process,
without loss of generality, we may consider the four points in the same line of a plane
x ¢ R? with a; and a; in the same position. Let {-‘,:f:" be the common ancestor of a; and
by in X4, that is, a; and b, belongs to the Voronoi Cell of ﬁ:‘f", implying the same for
a, and bj, that is, the coalescing of a; and b will imply the coalescing between a; and
b. o

The remark 6 tell us that the processes with the rescaled distances dj always assume
values less or equals a Ly in a finite time, “it visits a box of length L, in a finite time”.
From lemma 5, it follows that in each one of these “visits” we can replace the value
assumed by d; € (0, L;) by d; = L,, thatis, we change a random variable of unknown
distribution by a constant that depends only the dimension, keeping the inequality.

Lemma 6. The coalescing conditional probability limit is larger than a positive constant
€ that depends on d, a and f3.

Jim P(dg1 = Oldy € [0, Ly]) > exp(-’(L)"va(1)) = €@, B, d) > 0
Proof. Appendix A2. o

Theorem 5. Let (Xy)x21 be a sequence of independent Poisson Point Processes defined
in R® with respective rates A, = a*. Then there is a One-Ended Poissonian Tree whose
vertices are all the points of the processes.

Proof. From observation 6 and lemma 6 it follows that there are infinitely many times in
which the event that represents the coalescing between the k-th ancestors of a; and &) has
probability uniformly lower bounded and all these events are independent. This implies
the result. n]
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APPENDIX
(A1]

P(Dgs1 = 01Dx) = P(a@ke1 = byat D) 2 exp(=Agey Difva(1))+
d-1

Z (d ; l)d (_Dkvd(])s)j kst 5’lk+15

=

- m); exp(~wwtdw

Proof. From observation § it follows that

P(Dysy = 01Dy, RE = 1) 2 exp (~AeavalD) [(r + D) - #]) (3.6)
From the conditioning given in (3.1), (3.6) and corollary 2, it follows that

Plaxs1 = beailDy) 2 j: exp (-lmvd(l) [(F + Dy - "’]) Anva(1)dr*= exp (-/lk+1\’d(1)") dr

Let v = v4(1)r! = dv = dr®~'v,(1)dr, this implies that

g
P(axs1 = beanlDi) = Ay fexp [—Akﬂ (vi + ((Dg)dVd(l))a) ]dV

Consider the following change of variables:
i
ud = v + ((Di:)"v.:f(l))5 =dv= (g) d du
From this, we have that,

P(age1 = bes11Dy) 2 exp(=Ager (D) va(1))+

) J
d-1 P A
Z (d B 1) ’ Aksp €XP (—=Ager k) (—l)j(w)d du
J (DeYva(l) u

=
Make a final change of variables

e )
w=(u)E =>dw=$(u)d du

P(ag,) = byaiDy) 2 exp(=Ag,1 (D) va(1)) +

Z(d; l)d(—Dkvd(l)i)j L: oiih exp(~dew)wiiaw  3.7)
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Let the following integral:

y
FQ) = f exp(-whw' 1 Tdw = %F(,ﬂy) = exp (-Ay) (W'44 -1
o
The integral in (3.7) with the notation given in (3.8), can be expressed as
Agel f cxXp (—/b,ﬂw") Wd_l_jdw =
(@ervati)

(Aes)? (ﬂlul)5 J((: oy} exp (_’lk+l Wd) (lm)i_i_‘ wi"idw =

(s (e 2 R w) =
(Orvam)? dw

e e [Fio0) = Pt (00a0))] =

Ree)? () exp(-wHw? 1 idw =
W d (@)

Ars (s )W) W dw =
(A l)j(‘;m‘m)}exp( (1)) W

GGt [ explowA-1-Tdiy
e (@irvan)

- Substituting (3.9) in (3.7) the result follows.
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(A2])

Jm P(dys = 0ldy € [0, Lq)) > exp(—a?(La)*va(1) = (. B.d) > 0
Proof. Let I;.d be the value assumed by Dy when d;, = L, that is,

’ Li L
=t =2 (3.10)
ad
[
2

-from lemma $ and by the fact of Dy = 0 & d; = 0, item (6), it follows that

P(dys1 = Oldy € [0, Lg]) > P(dy41 = Ody = Ly) = P(Dgyy = 0D = [ ;) (.11

The lower bound for the coalescing conditional probability of given in lemma 4 with
Dy = I,'M, and equation (3.11), yield that

Jim Py, = Oldg € [0, L) 2 lim P(desy = 01D = ;) 2

d-1

. d-1 j

i=1

) exp(—wHw? 1 dw+
(At ¥vatn))
Jim_exp(=An1 (5, )*va(1)) = exp(—a?(La)va(1)+

d-1

. d—1 i
lim -z 15,1+5,1+5'
v ,-=1( J ) ( kvl )) hel T (it Fvat)

To conclude the proof of lemma 6, we will show that the limit given in (3.12) is zero.
Observe that for # = w4, it holds that

d=1 < .
N i) dbanf |
=

(amu;,fv.m)’

exp(—wA A 1~igw (3.12)

exp(—w")vf’"’jdw =

-1y RVEPRY. s
(ahl)ij:Zl( 3 )(—w(am(iu) (D) f: I fdu=

d-1 j .
> = oY Ny d i ' -1
I ( j )d( kava(l) ) a1 4 A (M:(L.)‘w(b)s exp(-w) dw| <

d-1

d-1 : .\ i e
um)fJ!Z( ; )(—1)'(&t+l (ta) vat)) j: i’ dau) <

=




TREES AND POISSON POINT PROCESSES

et Z (17 ) (e G )] [ encba=
o 57 Yt

I o
o S50 -

Que)? (14 A G ) =

~ee)? (14 Qe G )a)) " <

d-1 j
E 'd I waY Ay A d ‘ -whwi1"ldw <
1=l( j ( e ava(l) ) k414 Ak+1 (‘lol(’i‘)‘vdﬂ))i exp(—-w) <

Qean)? (14 Qe @ a0 )
It happens that

Jim (e 1+ Qb o)) =
Jim Qe Jim (1+ Qe G 0a00H) " =

Jim@ra)? (1 + ad Latvap}) ™ = 0

Using the sandwich thcorem we finish the proof that the limit in (3.12) equals zero and
thus lemma 6.

a
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