
RT-MAE 2008-12 

POISSONJAN TREE CONSTRUCTED FROM 
INDEPENDENT POISSON POINT PROCESSES 

by 

lesus Carva/1,o Dinh 
and 

Josi Carlos Si111011 de Mira11da 

Palavras-Chave: One-ended Poissonian Tree, Poisson Point Process, Random Tree, 
Random Matching, Succession Linc, Coalescing. 

Classilica~~o AMS: 60-02, 60Il10, 60£05, 60G07, 60G42, 60GSS, 60J0S .. 

- Novcmbro de 2008 -



Brazilian Journal of Probability and Statistics 
Volume 00, Number 0, Pages 000--000 
ISSN 0103-0752 

POISSONIAN TREE CONSTRUCTED FROM INDEPENDENT POISSON 

POINT PROCESSES 

JESUS CARVALHO DINIZ AND JOSE CARLOS SIMON DE MIRANDA 

ABSnACT. In this work a connected graph without cycles, a tree is constructed, with a 
single inf111i1e .,elf-avniding parh, an end. The verticc.s of the trcc are point• of an infinite 
sequence of Independent Poisson Point Procc.ssc.s defined in Rd, such that for every 
k <:. I, the rate of k-th process Xt is At. We name such a graph of OM-Ended Poissonian 
Tree. 

1, !NrRODUCTION 

In this work a connected graph without cycles, a tree is constructed, with a single infi­
nite self-avoiding path, an end. The vertices of the tree are points of an infinite sequence 
of Independent Poisson Point Processes defined in Rd, such that for every k ~ l, the rate 
of k-th process Xt is At- We name such a graph of One-Ended Poissonian Tree. (Ferrari 
et all., 2007) constructed a Poissonian Tree with a unique end for the points of a station­
ary Poisson process when it is defined in S c Rd, ford ~ 3 and show that ford ~ 4 
the graph has infinelely many components, a forest. (Holroyd et all., 2003) build a one­
ended Poissonian Tree in a detenninistic isometry-invariant way for any d-dimensional 
Poisson process. (Gangopadhyay et all., 2004) show that there is a one-ended tree from 
a sequence of independent process defined in zd, d ~ 3, where each point of zd has 
distribution Bemoulli(p) and a forest ford~ 4. 

In section 1 the algorithm of construction of the Poissonian Tree is given, as well. 
The definition of its elements and a sufficient condition for the existence of a unique. 
tree consisting of all· the points of each one of the realizations of the infinite Poisson 
Point Process (independent), The One-Ended Poissonian Tree is constructed in section 2 
for processes defined in R and whose sequence of rates is such that Jim inf At = 0. In 
subsection 2.1 we establish conditions on the sequence of the rates for the almost surely 
existence of a One-Ended Poissonian Tree and for the non-existence of this tree with 
positive probability. In section 3, teorema 5, we have such graph for processes in Rd and 
At = al, where a E (0, 1) is the ratio decay among the rates of the processes. 

For all k ~ l, any point {t belonging to Xt will be said a point of "generation k". We 
will also consider that the point {t will define its position in Xt, indicated for Xii · {t+I of 

Key words ond phrases. One-Ended Poissonian Tree, Poisson Point Process, Random Tree, Random Match­
ing, Succession Line, Coalescing. 
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FmURB I. Succession Line of a Sequence of Unidimensional Independ­
ent Poisson Point Processes. 

Xt+I will be said an ancestor of {t, if this belongs to the Voronoi Cell of !t+I, in this case 
ft will be successor of tt+ • · 

Consider the graph whose vertices are the points of the sequence formed by infinite 
Poisson Point Process (independent), such that the endvertices of each edge are deter­
mined by pairs of points (§t§t+i), that is, each point of the process Xk is adjacent to the 
nearest point in Xt+I· The distance between any two points t! and t; of the same "ge­
neration k", for all k ~ 1, will be denoted by D<.§!,§;) = it! - t;I. We will represent by 
Dt := IXb, -Xa,I = lbt -atl the distance between the k-th ancestors of a 1 and b1, chosen 
arbitrarily in X1• 

It follows that for each point of Xt, there exists a unique ancestor in Xk+i, which 
guarantees the non-existence of cycles. To proof the existence of a unique infinite self­
avoiding path, and therefore connectedness, it is sufficient that given any two points in 
X1 (a1 and b1), there exists k = k(a1,b1) > 1 such that ak and ht coalesce in probability 

(at~bt), that is, the sufficient condition for the existence of the Poissonian Tree is given 
by 

at~bt := limP(Dt 'I- 0) = 0 ¢:) limP(at =ht)= I 
.t-.oo l-too 

(1.1) 

Remark 1. The condition established in ( 1.1) tell us that chosen any two points in the first 
generation. (That is, a1 and b1 are selected in a detenninistic way in X1), the probability 
of the event of coalescing between its respective ancestors, at and ht, for k sufficiently 
large, tends to one. We could consider in place of a1 and b., any two points Om and bm in 
Xm, because the coalescing of these points, will imply the coalescing of any others of its 
successors in Xj, where I ~ j < m. 

Definition 1. We define that at and ht coalescing almost surely, Ot g ht, if the set of 
trajectories T = Ut~I Tk in which them at and ht coalescing in some "generation kn", 
T t., has measure one. 

Lemma 1. Ot ~ ht := lim P(at = ht) = I, if and only if, Ot g ht. 
k-too 

Proof. <~) Without loss of generality, let a 1 and b1 chosen arbitrarily in X1. From the 
condition that ak coalesce in probability with ht we have that: 

limP01 ,1,1(at =ht)= I ¢:)VE= E(kn) > 0 3k.; Vk ~ k. P(at =ht)> I - E(k.) 
t-too 

Let 

• 11 = ( The set of all trajectories of the ancestors of 01 and b1 of the infinite 
realizations of each one Xtl• 

• E(n) =¼and Tt. :=(we 11;at(w) = bt(w) Vk ~ k.l 
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00 

It follows that T = LJT k.. is such that P(T) = 1, because 

(<=) Immediate. 

n=I 

1 
Vn; P(T) ~ P(Tk,,) = 1- - ⇒ P(T) = 1 

n 
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□ 

If the Poisson Point Processes are defined in R and lim inf At = 0, the determination 
of a One-Ended Poissonian Tree is done with relative easiness, therefore in this in case, 
it is possible to detennine the probability of coalescing in "generation k+l" given the 
position of k-th ancestors of a1 and b1, that is, 

P(Dk+I = 0lat.b1) = e-u,.,o,(I + Ak+1Dk) 

On the other hand, if the processes XJ: are defined in Rd (d ~ 2), we will have only 
a lower bound for P(Dk+I = Olah bk)- In this case, the One-Ended Poissonian Tree will 
be obtained through the condition given in Iema 6, which establishes that the coalescing 
conditional probability limit is uniformly bounded by a constant E(d, a,{3) that depends 
on the dimension d, the ratio decay among the rates of the processes a and the value /3 
associated to the "drift" of the rescaled process dt. 

2. ONB-ENDl!D Po1ssoNIAN TREE CoNSTRUCTIID FROM INDEPl!NDENT Pooo PROCESSES IN R 

We saw in the section 1 that the sufficient condition for the detennination of the 
One-Ended Poissonian Tree constructed from a sequence of Independent Poisson Point 
Processes is that given any two points in Xm, am and bm, they coalesce in some point 
{ = {(am, b,.) e X1 where k = k(am, b,.) > m. Obviously, the construction of the Poisso­
nian Tree (One-Ended or not) will depend on the dimension where the processes are de­
fined and the sequence of rates (Ak)k:!:l · If! theorem I we establish the construction of the 
One-Ended Poissonian Tree , when the processes X1 are defined in Rand lim inf At = 0. 

Proposition 1. Let X0 ,., the position of the ancestor of X0 , in Xt+I• The distribution of 
X0 ,., IX0 , is given by 

fx ... ,IX., (x) = At+I exp(-2A1+1a1)exp(2At+1x)lci<at) + 
At+I exp(2A1+10t)exp(-2At+1x)lc.oa,> (2.1) 

Proof. Let X0 , be the position of the k-th ancestor of a 1 in Xt, it follows by independence 
of (X1)t:!:l that Vt > 0. 

P(IX0 .. , IX0 , - Otl > I) = P(Xa,., IXa, > Ok + t) + P(Xa.., IXa, < Ok - t) = 

P(X01• 1 i [at -t,a1 +I])= exp(-At+12t) 
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Since the processes arc homogeneous 

I 
P(X0,..IX01 > a1 + t) = P(X.,,,IXa, < a1 - t) = z cxp(-A1+12t) 

If x = a1 + t, then 

I 
P(X0 ,,,IX0 , > x) = 2 cxp(-A.1+12(x- a,1))lc.oa,>. ⇒ 

fx..,,ix., (x) = A1+1 cxp(2A1♦ 1a1) cxp(-2A1+1x)lc.oa,l 

Analogously, we have that 

fx • .,,ix •• (x) = A.1+1 cxp(-2A.1+1a.1) cxp(2A.1+1x)llci<a,l 

□ 

Lemma 2. Let X.1+ 1 be a Poisson Point Process of rate A.t+ 1 independent of X,1. If a.1 and 
b.1 are two points of X.1, then for all k ~ l 

(2.2) 

Proof. According to the definitions explained in the first paragraph of the section 1, we 
have that for all k ~ l, each particle determines its position. That is, 

P(D.1+1 = 01x.,.xb,) = P(D.t+I = 01x .. = a.1,Xb, = b.1) = P(D1+1 = Ola.1,b.1) 

Conditioning P(D1+1 = Ola1,b1) in the position of the ancestor of a1 , X0.,,, and takjng 
its expected value, it follows that 

P(D.t+l = Ola.1,b.1) = E(P(D.1+1 = Ola.1,b.1,x.,.,)) 

For all x < a1 , a.1-i < x < b.1-i and x > b1_1 it holds respectively that 

P(D.t+I = Ola.1,b.1,x ••• , = x) = I 
From (2.1), with X0 , = a1, and (2.3) it follows that 

(2.3) 

.[• Ix., IX. (x)exp(-A1+1 (2b.1-2a.1))dx+ [' 'x ,v. (x)cxp(-,11+1 (2b1 -2x))dx+ 
•I l JJ•1:+1JA,. ..... .. 
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I lx ... ,IX., (x)dx = exp (-A1+1 (2D1)) r· lx ... ,IX .. (x)dx+ Jb, -oo 

[ • Ix. IX. (x)exp(-A1♦ 1 (2b1 - 2x))dx+ 1 Ix. ix. (x)dx ⇒ 
04: h i .t ' Jbt hi l 

Proposition 2. For all k ~ l, P(D1 = 0) S P(D1+1 = 0). 

Proof. By the calculation of P(D1♦ 1 = 0) from the conditioning in D1, we have that 

P(D1+1 = 0) = E(P(D1+1 = 0ID1)) = 

P(D1 = 0)P(D1+1 = 0ID1 = 0) + P(D1 -:i: 0)P(D1+1 = 01D1 -:i: 0) = 

a 

a 

Proposition 3. Let {1+1 be the ancestor of {1. Then E(Xi,., IX!,)= Xi,· 

Proof. The result.follows by proposition l. From the conditional law given in (2.1), we 
have that 

a 

Proposition 4. Let (X1 )1~ 1 be a sequence of Independent Poisson Point Processes defined 
in R with a1 and bi arbitrarily chosen in Xi. For all k ~ l, E(D1+1) = E(D1) = Di. 

Proof. By the fact of a1 and b1 are chosen in a deterministic way, we have that E(D1) = 
E(Xb, -Xa,) = bi -ai = D1 . 

By the independence of (X1)1~1 and the proposition 1, we obtain the following identi­
ties 

Thus, for all k ~ l 

E(D1+1) = E(E(D1+i!Xa,,Xb,)) = E(E(Xb,,, -Xa,,,IXa,,Xb,)) = 

E(E(Xb,.,IX.,.,Xb,))- E(E(Xa .. ,IXa,,Xb,)) = E(Xb, -Xa,) = E(D1) ⇒ 

5 
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a 

Theorem 1. Let (Xt)t2:1 be a sequence of Independent Poisson Point Processes defined in 
R with respective rates At such that lim inf At = 0. Then there is a One-Ended Poissonian 
Tree consisting of the points of all processes. 

Proof. Taking the expected value in (2.2) it follows that 

P(Dt+1 = 0) = E(P(Dt♦ 1 = 0lak,bt)) = E(e-u .. ,o, [I+ -4+1Dt1) ~ 

E(e-U.•10•) ~ e-U.,,E<D,l = e-U..,D, => liminf P(Dt+I = 0) = I=> 
t-+oo 

limP(Dt+l = 0) = I 
t-+oo 

a 

Remark 2. The second inequality follows by Jensen inequality applied to the convex 
function e-u,,,o,. The third equality and the implication follow by the propositions 4 and 
2. 

Remark 3. The proof of the existence of a unique end for the graph with the algorithm 
described in section 1, is also sufficient to guaranty that the infinite points of each one of 
the infinite Independent Poisson Point Process build a connected graph. 

2.1. Determination Criteria for a One-Ended Poissonian Tree as a Function of the 
Rates Sequence. 

From the result established in the equation (2.2), it is easy to see that for all k '2: I, the 
coalescing conditional probability in the k-th "iteration" decays with the increase of the 
rate At+l for any positive fixed value u of Dt- The theorem I gives a sufficient condition 
on the sequence of rates (Al)l2:l for the existence of a connected graph, without cycles 
and one-ended. Is it possible to obtain another condition on the rates and get the same 
result of theorem I? Is there a sequence of rates for which the graph is not connected? Is 
it possible to obtain lower bounds for the probability that the graph is not connected? 

The answers for these three questions will be given in theorem 2, theorem 3 and corol­
lary I. For any k '2: I, let G(At+i): R+-+ [0, 1) defined in the following manner. 

P(Al+1 -:I: Bt+ilDk -:I: 0) = I -[ e-u,,.,u (I+ Al+1U) fo,(u)du 
o• 

The events related to the non coalescing among the ancestors of a 1 and bi in each 
one of the stages, weighed for the distribution of the distance in the past generation, are 
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independent. Hence, the probability of not having coalescing in all stages between all the 

ancestors of a 1 and b1(and therefore that the graph is not coMected) is given by: 

[ I -e-U201 (1 + J2D1)) D (1 -f e-U.,,u (I+ At+iu)fo,(u)du) 

But for all k ~ 1, G(lk+t) is a continuous function for all At+t e R•. Moreover, 
G(lt+i = 0) = 1 and G(lt+t = oo) = 0, therefore there exists Ai+t e R• such that 
G(lt+1) e (0, I). 

Theorem 2. Jf G(Ak+t) > ¼, then with probabiliry one, there is a One-Ended Poissonian 
Tree consisting of all the points of the processes (Xt)t;i:t. 

Proof. 

[1 -e-u,o,(I + J2D1)] D (1 -f e-U.,,u(l + At+iu)fo,(u)du) ~ 

t'i ( I - i) = 0 ~ 3 n0 ; Vn > no P(an = bnlD1 t; 0) = 1. 
k=2 

a 

Theorem 3. /fG(At+t) < -}r, then there is a positive probabiliry larger than y of having 
a graph which is not connected and has no cycles. 

Proof. 

a 

Corollary 1. For any p e (0, I) it is always possible to obtain a sequence of rates (lt)lo!:I 

such that the probabiliry of not having a One-Ended Poissonian Tree is larger than p. 

Proof. For any p e (0, 1), there exists a sequence (a1 e (0, 1),k ~ 1) that satisfies: 
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.. 
P(a1 ,t. b1 VklD1 ,t. 0) = [ 1-e-u,o,(l + A2D1)] n (1 - G(A1+1)) > 

1=2 

a 

3. ThB CASE OP R', d <!: 2 

We present in this section the construction of a One-Ended Poissonian Tree when the 
processes (X1)1~1 are defined in Rd, ford ~ 2 and A1 = (a}1. In comparison to the 
problem of determining the construction of the One-Ended Poissonian Tree , described 
in section 1, the main difficulties that appear now are: 

(1) There is not a "closed expression" for P(D1+1 = 0la1,b1), differently of what 
happens in (2.2). 

(2) The distribution of D1 does not have the property described in proposition 4. 

The attainment of a lower bound for the coalescing conditional probability, P(Dk+I = 
0la1, b1), will be the alternative to the result presented in the equation (2.2). With re­
spect to the second item, we will consider a deterministic rescale of the process D1, such 
that this new process, whose distances will be denoted by d1, will have the following 
characteristic: whenever a1 and b1 are "sufficiently distant", d1 > L.J = f(a,/J,d), then 
E(d1+ild1) < JJ<l1. From this, theorem 4 will ensure that d1 S Ld for infinite values of k. 
This fact and the condition given in lemma 6, which establishes a positive lower bound 
for the limit of coalescing conditional probability , will be enough to prove the existence 
of the One-Ended Poissonian Tree. 

Remark 4. As will be shown in (3.3), L.J is a constant value that depends on the ratio 
decay of the rates of the processes a, the dimension d and the value /J which is related 
to the "mean drift" of the rescaled process d1. As a and /J can be chosen "a priori" 
satisfying (3.3)/or any sequence (X1)1~1, we will indicate only the index din L.J. 

We will determine a lower bound for the coalescing conditional probability, lemma 4, 
from the conditioning given in (3.1), in which K.::•• is the distribution of the distance from 
a point a1 of X1 to its ancestor a1+1 of X1+1 and whose density is given in corollary 2 of 

lemma 2. 

P(Dt+1 = 0la1, b1) = E(P(D1+1 = Ola1, b1, R;;:-')) 

Lemma 3. For all k <!: I, (K.:!'' 'f ~ Exp(A1+1 vd( I)). 

Proof. Let r > 0, then 

(3.1) 
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a 

CoroUary 2. k.::♦' has a probability density function given by: 

Proof. 

f ,t."1 (r) = d).k+l vd(l)r"-1 exp(-Ak+J vd(l)r")lc~> ., 

F R!!•1 (r) = l - P(~:♦' > r) = l - exp(-A1+1 vd(l)r")⇒ 

f,i::•• (r) = d).k+1vd(l),"-• exp(-Jk♦-1vd(l)r")lc~> 

a 

Remark S. For any R:::•• = r > 0, if there is no point of Xk+I in the shaded region in 

figure 2, then necessarily ak+I is the nearest point of ak and bk, determining the coalescing 

of those points in Xk+ 1. 

F1GURE 2. Region which determines the coalescing between two points 

for a given distance from one of them to its ancestor. 

Lemma 4 (Lower Bound for the Coalescing Conditional Probability). 

P(Dk+I :;= OfDk) = P(a1+1 = b1♦1IDk);?: exp(-A.t+1D/vd(l))+ 

1: (d ~ 1L(-D1vd(l)J l Ak+I J;ik+I ~ 1 J cxp(-w")Kf"-1-idw 
j=I J r J(.l.t. 1D,~,,(l)) 

Proof. Appendix [Al]. a 

Despite the difficulty cited in item 2, namely, that we do not have anymore that Vk ;,: 

1 E(Dk) = D1, we can get an upper bound for E(Dk+I) which depends on E(Dk) and A.t+1 

from (3.2) and the following corollary. 

(3.2) 

Corollary J. For all k ;,: 1, 

E(~:♦') = l r(1 + .!.) 
(Ak+I vd(l))J d 

Proof. From lemma 3, with u = Ak+lvd(l)x" it follows that 



I.C. DINIZ AND J.C.S. DI! MIRANDA 

a 

From this 

1 . r(t + ~) 
E(D1+ilD1) :S Dt + (A1+1)~ c(d) where c(d) = 2 (vd(l))~ 

Consider the following rescaling for the distance between the ancestors of a1 and b1 

ink-th generation. The reescalated distance _(d1, k ~ 2) is given by d1 = (n 11)D1 = 
pl 

(a)~ Dh where 11 = (a)~ V j ~ 2. 
Thus, this implies that 

2 r
(I+~) 

Ld = c(d) = ~ , where/J e (a~, I) 
(a)~ (/J- (a)~) (a)~ (/J- (aP) 

(3.3) 

E(d Id)={ </Jdt ifd1e(Ld,oo) 
k+I k :S/3~ ifdtE[0,~) 

(3.4) 

(1) Ld is a positive constant that as said before, depends on: the dimension d where 

the processes are defined, the ratio a of decay rates of the processes, and the 

value {3 given in (3.4) associated to the "mean drift" of the rescaled process dk, 

(2) From (3.4), it follows that the "mean drift" of dt+I with respect to d 1 is at least 

(1 - /J), if dt E (~. oo ). 
!3) For a given value of a, the bigger the dimension, the smaller~ "mean drift" 

will be. 
( 4) For a given dimension d, in order to establish a "mean drift" of at least 1 - /J, the 

bigger the rate a, the bigger the value of~ must be. 

(5) If dt e (0, Ld). then Dt e 0, ;d . 

n11 
/=2 

(6) (dk = 0) ¢:) (Dk = 0) Vk ~ 2. 

Theorem 4. let So > C and, for some E > 0 and for all n ~ 0, 

E(Sn+ilFn) :S Sn - El {r > n) a.s. (3.5) 
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Then: 

Proof. See (Fayolle et all, 1995). 

So 
E(T) < - < 00 

f 
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□ 

Remark 6. From theorem 4, it can be established that/or all k <!: 1, the variable d1 which 
measures the distance between the k-th ancestors of a1 and bi, will assume a value less or 
equal than L, in a finite time. Since the processes (X1)~1 are independent, in panicular 
are the processes in which d1 e (0, L.t ]. 

Remark 7. The comments about the distribution of Di extend to d1, since d1 is a deter­
ministic rescale of Di. 

Lemma S. // L <!: I, then for all k ~ l 

P(Dt+I = 0ID1 = L) <!: P(Dt+I = 0ID1 = /) 

Proof. Let a1 , b1, ai and bi points of X1 defined in R' such that L = lat - b11 and l = 
~ - b~I-

B y the properties of invariance by rotation and translation of the Poisson Point Process, 
without loss of generality, we may consider the four points in the same line of a plane 
1r c R2 with a1 and a~ in the same position. Let~~• be the common ancestor of a1 and 

b1 in X1+ 1, that is, a1 and b1 belongs to the Voronoi Cell of ~:1•, implying the same for 
~ and bi, that is, the coalescing of a1 and b1 will imply the coalescing between ~ and 

~ - □ 

The remark 6 tell us that the processes with the rescaled distances d1 always assume 
values less or equals a L., in a finite time, "it visits a box of length L., in a finite time". 
From lemma S, it follows that in each one of these ''visits'' we can replace the value 
assumed by d1 e (0, L.,) by d1 = L.t, that is, we change a random variable of unknown 
distribution by a constant that depends only the dimension, keeping the inequality. 

Lemma 6. The coalescing conditional probability limit is larger than a positive constant 
f that depends on d, a and p. 

Jim P(d1+1 = Old1 e (0, l.,,]) ~ exp(-a2(L.,)'v,(l)) = t:(a,p,d) > 0 
i:-+♦OO 

Proof. Appendix A2. □ 

Theorem S. Let (X1)k~l be a sequence of independent Poisson Point Processes defined 
in Rd with respective rates A1 = al. Then there is a One-Ended Poissonian Tree whose 
venices are all the points of the processes. 

Proof. From observation 6 and lemma 6 it follows that there are infinitely many times in 
which the event that represents the coalescing between the k-th ancestors of a1 and bi has 
probability uniformly lower bounded and all these events are independent This implies 
the result. □ 
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APPENDIX 

(Al) 

P(Dt+I = O\Dt) = P(at+I = ht+ilDt) ~ exp(-At♦1D/vd(l))+ 

~{d-: l\,,(-Dtvd(l)})
1 

At+1~At+1~ I i exp(-w")w"-1-ldw 
j:I \ J r J(A.t.,D,'v,<1)) 

Proof. From observation 5 it follows that 

P(Dt+I = OIDt, R:::·· = r) ~ exp(-At+1Vd(I) [er+ Dt)d - r"')) (3.6) 
From the conditioning given in (3.1 ), (3.6) and corollary 2,'it follows that 

P(at+1 = ht+ilDt) ~ f exp (-At+ivd(I) [<r + Dt)' - r"'])At+ivd(l)dr"'-1 exp{-At+1vd(I)r"')dr 

Let v = vd(l)r" ==> dv = dr"-•vd(l)dr, lhis implies that 

P(at+I = ht+1IDt) ~ At+I f exp [-At+I (v! + (<Ddvd(l)in dv 

Consider the following change of variables: 

u~ = v! + ((D.)'vd(l)i ==> dv = (;)(~ -
1 l du 

From this, we have that, 

P(at+1 = bt+ilDt) ~ cxp(-At+1CDt)'vd(l))+ 

j f (d-: 1)[ At+1 exp(-At+1u}(-1}1((Dt)'vd(l))d du 
j=I J (D,)"v,(I) U 

Make a final change of variables 

1 ( 1 } 1 - - 1 
w = (u)d ==> dw = - (u) d du 

d 

P(at+I = bt+1IDt) ~ exp(-At+1CDt)'vd(l)) + 

~(d -: l),,(- Dtvd(I)~)/ I 
1 

At+I exp(-At+1w")w"-1-idw (3.7) 
j : I ) r J((D,)"v,(l))l 
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Let the following integral: 

F(y) = L' exp(-w')w'-1-fdw ⇒ ; F(A~y) = exp (-J/)(A)1-~-~ /-1-1 

The integral in (3.7) with the notation given in (3.8), can be expressed as 

13 

(3.8) 

(-l1+1)~(A1+1}~ [ , 1 exp(-w')w'-1-idw (3.9) 
Ut+i)l ((D,)'vJ(l)) l 

Substituting (3.9) in (3.7) the result follows. 

□ 
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Proof. Let li.,, be the value assumed by Dt when dt = L,i, that is, 

,:.,=~=.!:!__ 
.... t lr n,j a 

(3.10) 

j=2 

-from lemma 5 and by the fact of Dt = 0 (::) dt = 0, item (6), it follows that 

P(dt+I = 0ldt e (0, L,i]) ~ P(dt+I = Ofdt = L,) = P(Dt+I = 0IDt = t;,d) (3.11) 
The lower bound for the coalescing conditional probability of given in lemma 4 with 

Dt = Ii.,, and equation (3.11), yield that 

t~'!1~ ~ (d ~ 1)d(-ti.,,v,(l)~ )
1 

At+t ~ At+I $ [ ~ exp(-w")w"-1-idw 
j=I J {.1&,1('vf•,<I)) 

(3.12) 

To conclude the proof of lemma 6, we will show that the limit given in (3.12) is zero. 
Observe that for u = w", it holds that 
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It happens that 

Using the sandwich theorem we finish the proof that the limit in (3.12) equals zero and 
thus lemma 6. 

a 
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