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Abstract 

\,Ve s11111111arize 111 ain facts about copula theory, discussing its pitfalls. Several 
cop, d/based regressio11 111oc!C'ls are represented. \Ve show the advan tages of the 
t rivariat.e Frank copula. model in comparison to thC' usual regression analysis ap­
pli ed to real insurance cla.ta . Multivariate dist ribution modeb with ge11eralizccl 
hype rbolic ma.rginals and their copulas arc discussed along with applications in 
a longitudinal data fram<'work . 
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1 Copulas 

T he shortest. definit ion (charac teri zat io11) of' t \J e copu la funclion is as follows : c, copuhi. 

is a mu ltivariate di stribution whose marginal di stribut ions arc uniform Iv cli slrihutecl 

on the ill terval (0.1 ). Tlw imp rt ance of copu las i11 !llodclling lhc distr ibutioll of 

multivari a te random variables is justified by Sk lar 's t heorem. For simplicity. we will 

consitln ll,e bivari a te case in thi s section. 



1 .1 Continuous case 

Lrt F(y 1, y2) denote the joint di st ri b111.ion f1mcl ior1 of cont inuous random 1·ariables Yr 
and Y2 with marginal di stributions P1(.) ;11 1d A(.) respective ly. Denote by P,-1(1•,) = 
inf{y; E rt F,(!J;) ~ v,} thr co rrespo11ding i11vFrsF funrt ions, i ~ 1, 2. Sk lar·s theo­
rem, (see e.g .. Sklar ( [9:J())), stales that lherr PxisLs <1 uniquF copula function 

C(vr , u2) = F(F1 
1(vi), F2

1(u2)), Vr, u2 E (0, 1) 

t hat connPcts F(y1 , Y2) to F1(Y1) and F2(Y2) via 

(1) 

Hence. the information in tli c joint di stribution F(y1, y2) is rlPcom posed into l hose 
of marginal di st ri butions and that of copula function C(., .) whirli captures the de­
pendence st ructure between Yr and Y2. 

On the o,her h,rnd, fo r any cop ul a function C(. , .) and any 11 11i variatP distribution 
fu net ions Fi (Yi) and F2 (Y2), l he fu J1 ction C(F1 (y 1), F2(Y2)) is a bi variate cl ist ri bution 
funct ion F(y 1, y2) as given by ( l). 

Consequen tl y, copulas al low one to model the margin al dist ri but ions and t he dc­
pcndencf' st ructure of mult ivariate random vari able separately. The copu la function is 
therefore a. class of mu ltivariate distr ibu tions t hat has the appealing feature of bPing 
funct ionally independent of its mr1.rg i11 a ls (w hi ch arc uniforml_v di stribute-cl on (0, 1)). 
Such a famil y of distributions can br. expressed as a fun ct ion of arbitrary marginal 
d istri bu tions. 

Example 1. Let Yi and Y2 be random variab les with joint di strib11tion given by 

for all y1, Y2 E [-00 1 oo], i. e. F (y r, .lJ2) is the Gumbrl bivariate logistic dist. ribution. 
T he marginal distribut ioll s are 

hence 

F1-
1(v 1) = - In (l - Vi ) 

Vt 

T hen, according to Sk lar's t l1 eorem 

Example 2. If Yi and Y2 he random va.ria.b les wit h joint di str ibut ion given by 

2 

if(y1, Y2) E [- 1, l] x [0 , ); 

if(y1,Y2)E(l. )x [O,oo); 
elsewhere, 



then the marginal dist ributioll s 

Yi + 1 
F1(Y1) = -

2
-, .l/1 C [- 1, l] alld F2(Y2) = 1 - exp( - y2), U2 2'. 0, 

c.i re uniformly dist ri butPd on (- 1, 1) and un it exponenLiaJlv di st ributed , res pect ively. 
The onespoudi ng in verses art" 

The associated copula C(v1, v2) happens Lo have Lhe same form as in Example l. 

r\n aU ractive characteristic of the copu la class is that tllf' eliminat ion of tllf' 
marginals through the copul a helps Lo model and understand dependence structu re 
effect ively, as the dependence bas no relat ionship with the rnargina.l behavior (accord­
ing lo the mathemati ca l copu la theory). ~ote, t hat the copula function in Examples 
1 and 2 are the same, nevertheless different marginal distributions, with completely 
different support.T heoreti call y, t.l1i s fact is not surp ri sing, but it is confusi 11g (for 
pract i Li one rs). 

Thus, the fun ctional dependence can be studied without the need of specifying 
tlw marginal distributions. This is useful for emp irical applicat ions because if the 
bi variate distribu tion F(y1,y2) is unavailab le but Lhe univariate marginals F1(Y1) 
and F2(Y2) are known, then an appropriate choi ce of copula funct ion C(v1, v2) in 
( l ) provides a rep resentation of the unknown bivariate distribu tion. ln addition, 
copu la can be specified to include a vecto r of parameters O that captures the degree 
of associc.it ion betweeH the univariate marginals. 

The copula theory has an in creasing evolution during the last decade, motivated 
by its app li cation in probability theory, stati st ics, finan ce, iu suraJ1cc. economics, see 
for examp le the recent monographs Cherubini et al. (200-4), McNeil et al. (2005), 
l(olev ct al. (2006) , Nelsen (2006), Trivedi and Zimmer (2006), and references therein. 
Tlw importance of copula utili zat ion is based on indi ca ting cop ula methodology as 
a tool for dependence analysis of financial institutions in Basel 11 agrecn,en t and 
Solvency Il (for insurance companies). 

Remark 1 (Estimation using copulas in regression analysis). In regress ion 
context. each marginal distribution can be specified to be conditioned on a vector 
of covari ates . Estimat ion proceeds by first selecting the appropri,iLc copul a C(., .; 0) 
dependi11g on its vector of parameters 0 and marginal distributions Fi (yi/x1, t/1) and 
F2('.l/2lx2 , /32) where x 1 and 1:2 are covari ates , an d t/1 and /32 arc unknown parameters 
(xi and x2 need not be differen t sets of covariates). 

Tlwn standard ma.xin1 u1n likelihood techniques arc appl iPd to I lwj oint di stribut ion 

f<'or notational conveni ence we su ppress for a moment the condition ing on cova ri at<>s 
aud pc.mm1eters. lf F1 (.) and P2(.) arc continuous with densities f1(.) ,wd h(.), the 11 



the corresponding join t density f (., .) a.n<l Lhc co pula ck·ns ily c(., .) fo r c·r1, h observation 
i = 1, 2, . .. , n are related t hrough equat ion 

n2 ( ) 2 n ( ) 
! (

, . ) _ u F Y11,Y;2 _ a C(F1(Yi1).F2(y;2)) oF,(y,1) uA Y;2 
Yt1, Y,2 - ~l n - ,-,F( )nF( ) X n X cl · u y ,1 u y;2 u '1 Yil u • 2 .1/,2 uy,i u y,2 

which for 8 = ((31,/32,0) givrs 

Next , we present two im portant fami li es of bivariate cop ula. models which ha.vc a. 
number of desirable propert ies . For additional li st of copu la fund io11 s we refe r Lo Joe 
(1997). 

Gau ss ian copula. Let <h( .,.; p) be the disLri bu l ion fu nclion of thr bivariate norm a I 
random vector with mens zero, varian ces l and off-diagona l elf'mcnts of the 2 x 2 
covariance maLrix R equ al to p E (-1 , 1). T hen the Gaussian ro pula is giv .n by 

(3) 

where 4> (.) is Lhe distri but ion fun ct ion of a standard normal random variable. By 
Sklar 's theorem. fo r any two margin al disl ribulion function· F1 (.) and A(.), the 
di stribut ion defin ed as 

is a bi vari ate distribution function whose marginals ar<' F1(y 1) an d F2(Y2) r<'s pcct ively, 
and Lh c copula that connects F(y,, Y2) Lo P1 (y1) a nd f2(Y2) is the Gauss ian copu la 
('.J ). 

Hence Sklar 's theorem aJlows one to constru ct bivar iate dist ributi ons wi th non­
Normal marginal distr ibu tions and Gauss ian copul a. Notice t hat if Y1 and Y2 ar 
normally dist ributed, t he resul t ing joint densiLy genc raLecl with Llie Gaussian cop ula 
is reduced Lo t he usual bivariate normal dist ri but ion. 

Song (2000) shows th al the density of the Causs ian copula (3) is 

Archimedian copula. Archimedian copulas Lake a general fo rm 

C(v1 ,v2) = </>(<r'(v1) + (r1(v2)), 

where ¢ : [O, 1] _, [O, oo] is a str ict ly decrca~i11g funct ion such that <,/>( l ) = 0. ca II cl 
generator fu nction. for example, ¢(t ) = (l + t) - I/O g<' nerat,c·s llw Clay/on ('Op11/a, 
¢(t) = log( 8;_::-i) generates the Frank copula, etc. SPc f\c lscn (200(i), Ta ble ,1.l, for a 
summ ary of Archir!l('dian generator fun cLions. 



1.2 Discrete case 

It is possib lP to derive i-1 uniq11e copu la presrnti-11.ion for every con!.i nuou multivariate 

list.ribution, but the sanH' is 11ot true for discrete ra11dom ,·,nia.blcs . Let the distri­

b11t.io11 of a di sn<'l<' ranclolll variab le Y is given by f-> (Y = y,.) = p,., r = l , 2, ... and 

Z'.:iPr = l. Then P(Fi, (Y) ~ u) ~ 'll, u E (0, l] and thf' di sl1·ib11ti on of Fy(Y) 1s 
gi,·en by 

P(Fy(Y)=p1+···+pk)=p1,-, k=l,2, .. . , 

which is discrete, an I therefore faraway from the uniform distribution on (0,l). The 

problem is, that Fy (Y) is one to-many, whi le 1,;-; 1 (Y) is many-lo-one function s, see 
Reniark 3 also. 

Let us note t hat. a version of Sklar' s Theorem is offered recently by Niew iadomska­

Buga j and 1--::owalrzyk (2005) who find a un ique copula Cu(.,.) in the case when the 

marginal distri bu Lions F1 ( . ) and F2(.) can be of a.ny type ( continuous, discrete, mixed) 
and for which the joint di st ribution function can be defined. The int.Prmedi at.e tech­

nique used is Ll1c i ntrocl uced by Szczesny (199 l) the so-called Crade tmnsf onnation, 

whi ·h is an extension of the probability integral transformation in continuous case. 

The lack of uniqueness of copulr1 pre entation for discrete dist ributions is theo­

retical issue, but. does not inhibit empirical applicalions. Tiesearchers use copulas 

be ·ause they do not. know the joint di stribution, so whether working with continuous 

or cliscrck data, a pivotal modell ing problem is to choose a copu la that adeq 11 ately 
captu res dependf'n cc structures of the data without sacrifi cing attractive propert ies 

of rnargi 11 a Is. 

Applying copu las to discrete dr1ta is not as straightforward as in the case of con­

tinuous data . Interpreting the dependence parameter of a cop11la for di sc rPte distribu­

tion can be difficult. For conLinuous copulas, the dependence pr1ramet.er O is 11 s11ally 

converted to measures such a Kendall's tau (Tc) or Spearmall 's rho (Pc) dcfi 11ed by 

Tc= 411 11 
C(u, v)dC(u , v) - 1 and pc= 121 1 11 

C(u. v)dudv - 3. 

Both measures arc bou11clecl on the interval [- 1, 1] and both do not dcpc11d on the 

funct.iona l forms of the marginal distributions. For discrete cla.ta, however, Nlarshall 

( 1996) ex plains that the usefulness of both measures is probleinati c bf'ca use they 

depend (i .e. arc not invariant) on the choice of marginal distributions. Tiil and 

Kaarik (1996), Joe (1997, Sect ion 3) and Van Ophern (1999) are examples of' studies 

that focus expliciLly on copu la-based models for discrete data .. 

Example 3 (Association parameter in the Frank copula). An important fea­

ture of Fra.nk model is that , it, nrn eas ily deal with 11011-overlapping cl11 stcrs mm posing 

a random vector, since the correspnnd ing joint. dist ribution has the same f'or ,tny clus­

ter size. 
For cont,in 11 ous variables, the assoc iatio11 p,tra111et.er 0 (which bas t.lw properLies 

of within-cluster association para.md,er) is indepc11cle11t. of' the mar ,·inal dist ributions 



and is closely rela tr.cl to the he11dall's Tc, i.r. Tc = 1 + -l[D1 (H) - 1Jo-1 where 

D1 (0) = J: O(exp;1t"' )dt is the Debyr fun tion of ord<'r I. see l\ lag,nus ct al. (Hl66). 
For binary variab rs. such a dependence is. in g<'n<'ral, not t rne . 

llowevrr, it can be shown that t·he relationship bclwfc'e11 0 and tlw pair-wise odds­
ra tio (OR;j) between any two bin ary vnr iab lPs Y, and }'j with margin al probab il iti rs 
I'(Y; = 1) = p, and I' (Yi = 1) = p1 , i =/ j, is as fo llows: 

with 

OR;i = P (Y, = l , Y; = l )P(Y; = 0. Y; = 0) = (p; + pj - l - 6i1 )(-6,j) , 
P(Y; = 1, Y; = 0)P(Y; = 0, }'j = 1) (1 - p; + 6,1 )( 1 - P1 + f:!. ;1 ) 

,6. _ ~ l {l [cxp(-0(1 - p;)) - l l[exp(-0( 1 - p1 )) - l]} 
' 1 - 0 °9 + exp( -0) - I · 

Thus the correspondence between the OR;j and 0 can be derivpcl for different values 
of (p;, Pi). 

Remark 2 (Regression estimation using copulas with discrete marginals). 
As in Remark J, each margin al di screte distribut ion can be specifi cl to be condit ioned 
on a vector of covariates. Estimation proceeds by first se lecting the ap1nop ri ate cop ula 
C(., .;0) and marginal distri butions F1(Y1lx, ,,B1) and F2(Y2l.r2,/J2) where X1 an d X2 

are covari,d:rs, an d (.Ji and /32 are unknown parameters. Int.bis case, the ropu la. de n ity 
does not sati sfy (2). but it is fo rmed by taking second order differen ces. Supp ressing 
condi tioning on x1 and x2 one should use the relat ion 

c( F, (Yi;), F2(Y2;)) = C(F1 (Y1;),f2(y2;)) 

-C( F1 (Y i; - l ), H(Y2;)) - C(F1 (yli), F2(Y2; - 1)) + C(F1 (Y11 - 1) , F2(Y2, - l) ). (5) 

The corresponding log-likeli hood fun ct ion is maxim ized ( wit h respect to ,81, /32 and 
0) using a quasi-Newton iterat ive algorith m requiring on ly first clerirnt ive. After 
est imating parameters sim ul taneously. vari ances of est imates can be obtained usi ng 
the robust sandwich formu la, for exam pie. 

2 The Gaussian copula regression 111odel 

The density of p--variate Gaussian copula is given by ( 4) when Y = C'i'i, . . .. Yp) is a 
p-variate normal vector with zero mean and covariance 111atr ix R , i.e. Y ~ Np(0, R ) 

Suppose there are n observations y 1 , ... , y,,, each of di mension]). The Gaussirm 
cop1tla regression ,node/ can I e defi ned as 

y,j = h;/ (z;1 ), j = l, ... , p, z, ~ N,,(0, R ) (6) 

for i = 1, ... ,P, see Pi tt et al. (2006). In (6), h0
1
(.) = F,;- 1(<.1.> (.)), where F,~1(.) 

are the un ivariate distribut ion fu11clion of a. conti11uous or discrete ra11dolll va.riahle. 

6 



FurthPrn10re, we suppose t h;it. 

wh ich means that die marginal di stribu tion of the j-th co111po1wnt. is t.hc same for 
al l cases, and depend s on t.hc vector par,uncl f' r 0j and 1n x 1 verlor or covar iates x,J· 

Typ ically we mighl have a marginal genern]i7,cd li near model fo r a gi1·cn y,J· 
T he a.hove a.pproach ass unws tliai t.lic margin al d islrib11l io11 or 1·ariables a.re spec­

i11cd, and uses la lc11 l variables to transform each of marginals !.o a st andard :'for­
mal di slributioJJ. The dependence st ruclurc between or iginal variables is neated by 
assum ing a multivariate Gaussian distribution for the latent variables. The mu! i­
va.riatc Probit \l ode!, e.g. Chib and Greenberg (1998), is a simple example of a 
Gauss ian copula, with univa riate probit regressions as the m;irginals. Oakes and Tiitz 
(2000) consider a bivariate copula regression model with identical rnargin;i,ls whose 
p;irnmct.ers are known, providing a method for estimati ng t he parameters of discrete 
marginals. 

Tn LhP app lications, we write 0j = (/3; , ·¢;)', where /3; is rn x l coefficien t vector of 
X,j, and 1/ij is a vector of all other paramete rs associated with component j. 

Example 4 (M ult ivari ate Capital Asset Pricing Model). T lw Capital Asset 
Pr icing Model is used in fina nce lo quant ify t he trade-off between the expectf'd risk 
and return of a.11 inves tm ·nt. It is known that t he market retu rn s exh ibit systemat ic 
dev iat ions away from normality. displaying higher peaks and heavic>r tails than allowed 
by the normal distribu tion. We model the mult ivariate Capital Asset Pricing Model 

using the Gauss ian copu la. that has t-distributed marginals, ca.ch hav ing its degrees 
of freedom parameter. The model spcci ficalion is 

where y,j is tlw f' Xcess rctmn of t he j -th stock at ti me i; x, is t he excess market. rel.urn 
at time i and th<" errors (which do not depend on observations) a.re 

where t,.,1 is at-d istr ibution with IIJ degrees of freedom , and llj > 2 l'or all j. The Prrors 
arc stanclarcli zecl to have a. var iance l . making it possible to compare the est imated 
val ucs of t he va.ri a nccs a}. 

T he dcpcndcncP of th e erro rs e; = (e11 , ... , e;p), bPi11 g lat.en !. v;iriab lcs, arc rnod ­
<' ilcd through Gau ss ia11 ropu la. The parameter ve\'t.or for the:> j-th equation is Oi = 
({11 , a;, llj), 

In fa.cl, we assume t li r1 t t.he marginal density of the j -th compo11enl is a t­
di st rihulion with mean / Lij = <if31 , and the pa.rnmet.er t/;j in formu lat io11 (6) is ib 
ckgrccs of freedo ni pa.ramPt.cr 11J' 

7 



Observation I (Pitfalls of the correlat ion coeffic ient). The key stati stic in a 
bivariate Ga11ss ian di st ri bution is th e correlation rneffirient. Csuallv. a low correla­
tion coeffi cient h tweeH Lwo markets impli es a ~ood op port unity for an iu veslor o 
di versify hi s invPstment risk . Henn~ . hnsed 011 C: auss ia.Jt ass11mptio 11 , an inn.'slor can 
signifi cant ly reduce his ri sk by balancing hi s port foli o wit h investm ents in t. h foreign 
market . 

Embrechts at al. (2002) di scussed some pitfalls of tli c usual correlc1l ion cocffi ·ic11l 
as a global measure of dependence, (in t he case of high var iances, for example). 
As we noted. the Gaussian copula represents the dcpcnclcncc struct ure of a joint 
normal distribution. bu t a Gauss ian copula docs not necessarily imply a joint normal 
distribu tion unless the marginals ar also normal. 

There is increasing ev idence indicating that Gaussian assump tions are inapp ro­
pri ate in t he real wo rld. It has been found that corre lat ions compu ted with different 
condi tions could differ dramat icall y, see for examp le Ang ct al. (2002) who st udied the 
correlations between a portfolio and the market ron di t ional ou downsid e movements. 
It has been found that correlations conditional on large movemrnts arc higher than 
that condition al on small movements. This phe11oml'1 1a lms also been cl1a.racteriicd 
as "correlat ion breakdown", and it is widely cli scussecl in the lit erat ure. 

Boyer et al. (1999) proposed that in situat ions of "corr<'lation bn•akdow 11 ", t h 
correlations can reveal litt le about the underlying nature of dep ·ndellce. sec also I he 
approach suggested by Engle (2002). Therefore, although co n lit ional cor rclat io11 s 
provide more informat ion abou the dependence than the usual PParson 's cor rela t io n, 
t he res ul ts are someti mes misleading and need to bc> iJ1tcrpret<>d very carefully. 

Remark 3 (Difference between discrete and continuous models). Altho 11 gh 
the model (6) is t he same fo r both discrete and cont inuous components y;j, 

- th e h;j and h-;/ are one-to-one functions for a cont inuou s component y,1 
- but h;i is one-to-many function s for a discrete component, with h-;/ a many-to-

one function. 
This difference between the cont inuous and discrete models implies that covari­

ates X ;j are not observed for a discrete component, bu t hns to be general cl in the 
simu lation (i f using a Bayes ian approach) . The priors of the para.meter vector 0 arc 
standard , bu t the pr ior of R is more complex, as shown by Pi t ct al. (2006) . 

3 Transition regression 1nodels based on copulas 
/\ num ber of transition regression models for non-Gaussian respons<"s hnv<" bePn pro­
posed in li terature, see Benjamin et al. (2003) fo r a r viPw. Many of t lwsf' modP!s 
can be cri t icized that their semi-parametr ic formu lation s (s 11 rh as a quasi- likelihood 
and generalized es timating Pquat ions) do not IC'nd tlwm sc> lf r acl il y t. stat ist irn l in­
ference and hypothesis test ing. A likeli hood-based nwthodoloµ;y is ,1lt ract ivc. but 
senous problem is the lack of trnctab lc cond itional di strib11 tio 11 s fo r 11 011 -C:a.11ss ian 
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rPs ponses for r ither time serif's or longitudi 11 ,1I <l at.a. 

3.1 Construction of first order copula transition models 

To establ ish context, we bri efly revif'w t lw fir st order l'f-'gress ivc model fo r norm al 
responses . Conside r the stal ionary tinw-series {Yi. , t = 1. 2 .... } with mt1 rgin al rP­
sponsf's Yi ~ N(/3T x1, CT2) for t = 1, 2, .... Th us, /3Tx1 is the marginal mea.u of Y; , X1. 
is a vecto r of cxp l,rnatory va ri able~ observed a.l Lime t . (1 is t.lw corresponding vector 
of unk no\\'n regression coeffic ieJ1ts and CT 2 is the va ri ance of the margin al responsP . 
If t he correla ti on between lagged responses Yi.- t and Yi is p E (-1, 1), the t ransiti on 
model bas the foll owing speci fi cati on 

(7) 

Jf th e state space is cont inuous, thr joint di stribu t ion F(y1, Y2) has two un iva.ri ate 
marginal di st ribu tions, both equal Lo the stati onary di st ribut ion J-J(y ) with a density 
h(y). The t ransit ion di st ribution F21 1(Y2 IY1 ) = P(Y2 ~ Y2 IY1 = Y1) can be computed 
as 

F ( 
1 

) _ aF (y, , Y2)/ ay1 
211 Y2 Y1 - oJ-J (yi)/oyi · 

.!\ \t hough there are many bivari ate distr ibutions in literatu re, fpw of these share t lw 
prop<"rty of hav ing the same margi 11 al dist ri buti ons. As we noted , t he copula model 
has the appealing feature of being independent of its ma rgin als. Applying (2), the 
corresponding condit ional density fun ct ion hi i(Y2IYi) can be written usin g th e copul a 
density fun cti on as 

(8) 

lf one wi shes to oblain a first-order Gaussian autoregressive model in lc rms of copul a 
t ransition model correspond ing to (7), he simJ ly needs to subst itute in (S) the Gaus­
sian copul a density fun ction c(., .; p) from (4), lhe standardized marg in distribution 
function J-J (yi) = <f>[(Yt - ,6Tx1)/CT] and its density. 

R emark 4 (First-order transition models for discrete responses). If h(yi) = 
P (Yi. = Yi) represents the margiual di stribution of Yr , the fam ily of transition distri­
butions of {Yi.} can be characteri zed by using t he di screte biva riate cop ul a and the 
discrete di stribution funct ion J-J (y1) = ~x:,;y, h(1:) as foll ows: 

F (' I' ) _ C( H(y1 1), H(y1 )) - C( H(yt.-1 - 1), H(y1)) 
21 1 Yt '!)1.- 1 - I ( ) · 

L Yt.- 1 

lt follows th at the correspo11cl iJ1g tra11sitio11 density fun ct ion, defined as 

9 



where the numerator C211( , . , ) should bP c;i lcul,ttrd ;i s in (-'i). 

In practice. it is possible to extend tlw transition copula 111oclels described above 
to higher-order representations by mixture transition di st rib11 tion, f'.g. l•'.scare la et al. 
(2006 ). 

3.2 Semiparametric copula regression models 

Iu economic an<l financial appli cat io11 s, est im ating the d<'pendencc parameter is not 
the ultimate aim. One is more interested in estima.Li11g or forccasti ng certain features 
of the transition distribution of t he t ime seri es such as the conditional moment and 
conditiona l quantile functions. For example. estimali11g the cond itional value-at-r isk 
of por t foli o of assets, or equivalentl y the condit ional quantil e of portfolio of assets, 
has become routine in ri sk management , sec e.g., Engle an d Manganel li (2007). 

Th is can be eas ily accompli shed for copu la-based semi parame tric lime series mod­
els as the transition di st ribu tion of thi s class is comp lete ly characterized by tlw 
marginal d istribu t ion and copul a dependence param<'tcr , sec (8). The marginal d is­
tri bu t ion characterizes the marginal behavior such as the fa.t- t a ilcclncss of the time 
series {Yi.} , while the copula fu nct ion characLcri zes the ter npornl clcpendencr prope rty 
such as no11-l inear, asymmetr ic de pe ndence of time seri es. 

Let {Yi.} be a stationary Markov process of order one. llcre wr will assume that 
the marginal distri bution G•(.) is left unspecifi ed, but t he copula function has a 
parametri c form. The function G*(.) can be non parametrica lly <'Slimatcd by the 
empirical distribution , its rescaled version, i. e. ,,!

1 
I:~1 I {Yi. ::; y } , or by using 

stand a rd kernel estimators. lf the marginal dist rib ution c• (.) belong!.-> to a para metric 
class of d istr ibut ions. the correspond ing st at ionary .\.1.arkov processes was s tudied by 
Joe (1997). Fo!J owing (8), we can write t he cond itiona l d<'n sity o f y; riven y; 1 by 

where g*(.) is the de11sity of the marginal distribution G*(.) which is unspecified . 
One obvious advantage of the copula approach is to separate the temporal depen­

dence st ru ctu re fro m the marginal behavior. T h is is practically important when it is 
known that the dependence stru ctu re and the marginal properties of t he time seri es 
are a ffected by different. exogenous variables, wh ich can be easi ly modeled by the cop­
ul a. approach by letting copula parameter 0 dependin g on X1t, say, a nd th e margin al 
di st ribution G*(.) depend on z2i, whi ch may differ from '.c 11 .• A re la tPd ad vantage 
is t hat the copul a measure of temporal clependencP is invc1,ri ant to any in creas in 
transformation of the time series. 

Observation 2. The transfo rmed process, {Vi V1 = C'(Yi)}. is a s tationary 
parametric :Vlarkov process. If the joint dist rihulion of U, a nd U, _, is given hy the 
copu la C(uo,u1;0), then the cond itional density o f Ut!Ui 1 ~ tto is just the copula 
density c(u, uo; 0). 
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/\ s di scrf'tP-time Markov models in economet ri cs arc typically PxprPssPd c1s reg res­
sion rnoclPls, wf' will providP in t.hP next two exa mples such represP11tc1t.ions for the 
cop nla.- haserl stationary i\farkov t ime seri es models, e.g. Che11 a11cl Fan (2006 ). 

Example 5 (Semiparametricm model generated by the Gaussian copu la) . 
Let thP copulc1 C(., ;(!) be thP Gaussia11 co pulc1 (:3). Then the process {cI> - 1(G'(Y;) } 
is a Gaussian process that ran be represented by 

(9) 

where E1 ~ N(0 , 1 - p2
) a.nd Ct is indepPnclent of ) ~.- l· 'Ne distinguish the fo ll owing 

particular cases of (9) : 
- if' G'(Y;) is th e standard normal di st ribu tion , th en {Yi} is a linear AR(J) process; 

if G*(Y;) is left un specified , then we have t be class of scm ipara.metr ic model 
generc1tecl by the Gauss ian copu la; 

- by a ll owing G*(.) to be non normal (S tudent's t, for example), we obtain the 
first order Markov process characteri zed by the Gauss ian copula, but with non-normal 
margin al dist ri butions. 

Example 6 (Semiparametric regression transformation models). T hcsP arc 
the models defined by 

( l 0) 

where 
- G"()~) is the unknown dist ribu t ion function of Yi , 
- 1\.1 ,01 ( . ) is a para.met ri c increasing funct ion, 
- J\ 2,02 ( .) and ao3 (.) > 0 are a lso para.metric functi ons, 
- e1 is independent of Y; _1 and {et} is i.i.d. with a parametric dens ity h(., 0,1) 

hav ing mean zero and variance l. 
Il is easy to sec that in this case {Yi} in (10) is generated by the copu la dens ity 

where fJ consists of the dist in ct elements 01,02, 03 and 04. 
The stationary Markov process with the Gaussian copula in Example ,5 and a. 

non-pa.ramet ei c rn argi11al di stributi on G*(.) ca.n be obtained by subst it uting in ( lO ): 
A1 ,01 ('U1) = <[) - 1 (u t), J\ 2,02 (uo) = p<T> - 1('Uo), ao3 (uo) = J 1 - p2 . h(., 04) is the stand c1 rd 
norm al den sity, and 0 = 01 = 02. 

A general ization s of the model in l~xample 6 (frre of in dependence rest ri ction 
bcl\\'f'C' ll <'nor term e, a11d )~- t ) is considered by Chen and Fa.n (2006) whr re is 
shown !tow copula-ba.sc I lime-se ri es SJ)('cificatio ns lend to SP rnipara.metric quant ile 
regress io11 n1od r ls. Th e a1 1t. hors proposed simpl e est im ators of t he unknown marginal 
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distribution and copula dependencr pa.ramPtt0 rs. which ~erve as a hasP for estimator 
of condili011al moments and conditional quanti les and !.h<'ir larg<' sam ple propcrLi s 
are di scussed for Gaussian, Frnk and Claylo11 copulas. 

4 A copula based regression 1nodel for unobserved 
heterogeneity 

Tl is well known that the majority of private health ins11rnncc rnvcragc in the Engli sh­
speaking world is financed by the employers. Families with two working spouses 
might be confronted wit h mor insura nce choices than if onl)· one spouse is employee!. 
Tlie implication is t hat spouses must decide whether lo enroll together in the same 
insurance plan , or they might acqu ire separate plan s. 

The question of empiri al i11terest is whet he r Pnro llnwnt in separate plans and 
spousal health care use are joi nLl y determined , i.e . if ah usbantl' s ,u1d wife's u Lilizatio11 
and the ir insuran ce choi ce arc simultaneously clctermi11ed. 

Table 1. Sample Means by Insurance Arrangement 

ti li zat ion 

P\/ No. P hysic ian visits 
NP\/ No. ~onphys ician v is its 
ER No . of Errwrgenry Room visits 

Employment 

EMPLOYED = 1 if employed 
SELFFEMP = 1 if self employed 

Enrol led in same 
p lan, · .5'250 

\,\fives Husbands 

'.3. 9'2 2.33 
1. 70 l.03 
0.11 0.10 

0.77 0.96 
0.Jl 0.17 

Enroll ed in different 
plan s, :\J - 13 6 

Wives Husband 

4.2-5 2.36 
1.87 0.99 
0.10 0.10 

0.96 0.97 
0.05 0.09 

Table 1 presents variable definitions and summary statistics (data.come from 1996-
1999 data-base of the Medical Expenditure Panel Study in USA). For example, it can 
be seen t hat 

- the wives tend to be mor in te11 s ive users of health can· than hus band s; 
- spouses in separate plans appear to have sl ight ly m ore phys ician visits an I 

a similar number of nonpliysician vis its and emergen cy vi ·its compared to couples 
enroll e<l in tlw same rl an: 

•· spouses enro lled in separate plans have a higher proportion of employed wives 
and lower rates of self-employment for both spouses, C'lc. 
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4.1 Regression specifications of the model 

Tlw wife and husband in famil.v i have a latent disposit ion to use the health care 
services denoted as Y;\0 and Y;~ a11d the couple's latent Lcnclcncy Lo enroll in sepa rate 
plans is drnoted by D; ·. The cq ual.ious underlying these laL<'nl rnriablcs ar<' ass umed 
to be Ii near: 

and 

The quantities in (11). (12) and ( J:3) have the following meaning: 

( I 1 ) 

(12) 

x T,,w and xT, ,h are vecl.ors of explanatory vari ables that affect. the wife 's a11d 
hu sband's utilization , respectively: 

- the vector ZTi consists of variables that affect the insurance choice: 
f3w, {31, and a, are co<'ffic i<'nt to be estiniatecl; 
A-coefficients rdlccl lite u11dnlyi11g data dependence structurf': Au in ( 13) nwa­

su re how the insurance choice is r<·lated to family health ronsulllplion. whereas A,, ,w 
and Au,w in (11) and ( 12) indi cate the degree of wives and husbands contribution lo 
utilization; 

c, arc independent ly distr ibuted error terms, assumed to b uncorrf'lated with 
(1t1,w, UiJi , Vi); 

7t, and v; repwsc nt the depend nee between spouses · utilization and in suran ce 
choicC' and are uot observed hy th<' rf'sea rcher; 

Tlic terms 'Ui ,w and V i, h represent unobserved chara.cler islics that afff'ct insu rancr 
choice as well as each spouse's utilization. ln a sim il a.r ma.Jlner , LlH' term v; represents 
thr nnobscrvf'd family trait, i11drpend<'nt from thosr contained in v , that causrs the 
sponsr s' utilization lo be COITf'lalrd (for examplr. wivC's and hushands might share 
similcu diets and lifesty les thal a fTccL spousal health care consumplion) . 

ln the equations (11). (12) and (13) the outcomr variables Y;~u, >,;~ and Df ,Hf' 
unobsf' rvable latent tendencies with corresponding observablf' variables that can be 
st udicd. The observable utili zation variables Yi ,w and Y, ,h arc recorded as di screte 
counts of the visits t.o certain health car<" providers. Tlw wife' s utilization probabil­
ity for a particular medical s<'I'v1ce 1s assumed to follow a ,wgative binornial (N il ) 
dist.rihut.io11 in t he form 

( 11) 

whrr<' /l,, w = exp(xT, ,wf3w ) is t hr rnuditional mean, and J- 1 > 0 is the o,·erclispersion 
p,iramelrr in lhe co11dit io11al variance J.L, ,w( 1 I 61-1, ,u,). This 1'11nctioual form pro\'idf's 



substantial modelling flexibility. For the husband we use the simi lar to (14) NB 
probabi lity function h(Y;,1ilµ;,h)-

The variable D; is clicholomous variable indi cating whethe r the hu.·band and wife 
in fami ly i are enrollee! in sep,u-alc in s11rance plans. Couple i's dec ision is assumed 
lo follow a Probit spC'ciricalion for whi ch the contr ibution to the unlogged likelihood 
function LD is 

LD = [<P(zT;a)]°;[l - <P(zT;a)] 1- 1J,, 

where <P(.) is the standard normal distribution fun ction. 
The empirical model considers three sources of utili zal io 11: physicia n visits (PV), 

nonphysician visits (NPV) and emergency room vis its (ER). For each of them we 
estim ate the unknown parameters under lhe fo llow ing a sumptions: The composite 
error terms corresponding to outcome variables in (1 1) , (12) and (13) are 

'r/i,w = Ui,w + Av,wVi, f/i ,h = Ui,h + Av,hVi and 'f/D,i = Au(Ui ,w + U;,h ) + E;, 

correspondingly. If Uw, llh , v and E; arc independent and N(O, 1) dititributed, then the 
covariances of error terms are 

However, the latent variables Uw, u1, and 11 are unobserved. Because the variances 
of the latent factors cannot be identified, a normali zat ion on either A v ,w or A v, h is 
requ ired. In results di scussed below, Av,w is normalized lo unity. 

In order lo estimate the >.-coefficients (corresponding lo 0-parameter descri bing 
the dependence structure given by copula model), random values of the three latent 
variables ( Uw, uh and v) are drawn from independent standard normal distr ibut ions . 
The simulated values (ut, ut v5 ) are treated as observed vari ables in the joint dens ity 
function of the three outcomes. The process is repeated S times, and the average of 
the S draws provides a simulated density 

. s 

f*(Yw, Yh , Dlxw , Xh , z) = ½ L f(Yw , Yh, Dlxw , X1i , z, u~,8 , uf.,., vf). 
s=l 

For maximization of the likelihood function based on that simulated density we use 
the maximum simulated likelihood (MSL) technique, see Train (2003) for details. The 
results are shown in the bottom panel of Table 2. 

4.2 Trivariate Frank copula specification 

The copula's faci li ty to accommodate unobserved heterogeneity is espe ially impor­
tant for the data analyzed. Joint estimat ion to single equation est im ation is prefer­
able because variation in utili zat ion and insu ran ce choice, due lo tht' heterogC'neity in 
(ui,w, u; ,1, and v;), should be capt ure I by the depend ence parameters of app ropr iate 
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trivar ia.te copu la. . The two firs!. marginals F1(.) a nd F2 (.) a.re wife's NB and husband 's 

NB distributions (14) , respeclively. T he third margin al of t he corrP-8 J>0nding copul a, 

F3(.), is th e Probit model. Sine<' all margin als are discrete. the corresponding joint 

copula probability mass function is obtained by the difference equ at.ion 

c(F1 (Yli), F2(Y2;) , F3(y3;)) = C( F1 (Yi;), A(y2;), F3(y3;)) 

-C(F1 (Y1 ; - 1), F2(Y2;) , F3(y3,)) - C(F1 (y1i), F2(Y2; - 1), F3(y3;)) 

-C(F1 (y1;), F2(y2;), F3(y3; - l)) + C(F1(Y1; - l ), F2(Y2; - 1), F3(y3;) ) 

+C( F1(Y1;), F2(y2; - 1), F3(y3; - 1)) C(F1(Y1; - 1) , F2(Y2;), F3(y3; - 1)) 

C(F1(Y1; - J) , F2(Y2; - 1), F3(y3; - 1)) , 

which extends (5) in three dimensions. 

Remark 4 (Trivariate mixture of powers copula representation). Let M( .) 
be a "mi xing" distribution fun ction with Laplace transform cf>(s), s > 0. For any di s­

tribution function A(x) and mixing fun ct ion M(.), there ex ists a unique di stribut ion 

funcliou B(x) satisfyicg 

The te rrn 01 > 0 can b ' thought of as unobserved heterogeneity that affects x. The 

choice of M(.) de term ines the fun ctional form of t he La place transform ation cf>(.), 
whi ch , in tu rn , determines the funct ional form of A(x). Solving the last equation for 

B(.) gives B(x) = exp( - cf>- 1(A(x)) , e.g. Joe (1993). 

Sin ce bivariate co pula is a di stribut ion fun ct ion, it can be expressed in terms of 

mixt ures powers as 

C(u, v, 01) = 100 

B('ul01)B(vl 01)dM(01) = cf>( - log B(u) - log B(v)) , 

i. e. C(u, v, 01) = ¢>(4>- 1 (A(u)) + cf>- 1(A(v))) a.nd the heterogeneity term f) 1 affects 

both u and v, see Joe (1997) . If A(.) is uniformly distributed on (0 , 1) , i.e. A(u) = u 
for u E (0, 1) , t hen the last expression takes the bivariate Arcbimedian form given at 

t he end of Section l.l. 
The trivariate mixtures of powers representation is 

In thi s formu lation , th e he terog neity term 01 affC'c ts u, v and w and the second 

heterogeneity te rm 02 a ITects u and v. Representation ( 15) is sy mmetric with re p ct 

to ( u, v) but not with respect to w. More preci sely, the pa.rarnele r 02 measures 
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dependence between u ,wd v. The pa r-arncl<'r 02 m<'asur<"s t lw dcpe11clem:c hdwccn 
u and was well as betw<'cn v and w, and the two rnust he <'q11;il. Thus. lh<' copula 
repn·sr·nlation (1.5) acron1modatcs unohservPd h<'l<'rogencily in t.h<' tr<"e outcomes. 

The di stribulio11 of M1(. ) has Lap lace ransforrn 1,{ ) and J/2(.) has Lap ine<' trans­
form [(1V 1 o</))_ 1(-01 log(. ))]- 1, where -~;oq; denotes the fun ct iom1I operation 'lfi(¢(.)). 

When 1/; = dJ, (l-5 ) si,uplincs lo 

1. e. the trivariate Archimedian copula which is sy mmet ri c in the sens<' tha t produces 
one dependent parameter 01 affecting u, v and w. 

When ·I/; =-J 1>, (Vi) can be wriLlen as 

Therefore, different fu11clional forms of the Lap lace trn11sformation produ ce different 
fam ili Ps of tr ivari ate copulas. For higher cli111ensions sec McNeil (2007) . 

Substituting ¢(s) = exp(-s 11°1 ) and t/;- 1 o 1>(s) =- s01 1°2 in ( l5 ) we obtain the 
tri variate Frrmk copula 

Cp(u, v, w , 01, 02) = - 01/og { 1 - (1 - ['I - c21(1 _ c-02")( l _ e ·-02 11 )]°1/ 02) _l -:~ Oiw}, 

(1 G) 
where c1 = 1 - e~01 , c2 = 1 - e~02 and O < 01 ::; 02 , e.g. Joe ( 199:l). The copula 
given by (J6) is an appropriate model for the unobservf'd hct erogencity of insur-a.nce 
data cons idered. The thrivar iate Frank copulri. appears to he more st.a.bk in clf'alin g 
with large count values than Clayton copu la, for example (w hi ch is also a particular 
case of (15)), e.g. Zimmer and Trin>di (2006). 

The tr ivariate frank copula (16) respects the cl cpcncle11cc structure lwtwcPn the 
three marginals for our data (the wife's health care ci<'rn and; the husband's health 
care clcnrnn<l and the fam il y insuran ce agreement choice) by permitting two types of 
in terdependence. 

The copula approach has two advantages. First, the formu lat ion of copula ap­
proach allows for a measure of family select ion into insurance status (fo r example, 
if a fam il_v anti cipates particular health care needs in the future, it might choose an 
insurance arnmgeme11 L tha t provides generous coverage of appropr iate servi ces). Sec­
ond , the copula apprnac li a ll ows for a. meas ure of interdepend ·nce between spou ses' 
health care demands based on unobserved family hclerogeueit y. 

T h<' dependence pa rameter 01 measures lh <" degree Lo which the fam ily 's insurance 
agreement deci sion is related to its health ca re ut ili iat ion. Thi s relation is decom posed 
of two separate effect s. First, as cli scuss<.'d abov(•, 01 in cludes the indirec t selection 
effect of being enrolled in difTerent plans. In add it ion, 01 a lso 111eas11res I.he dir<'cl 
cas ua.l e fTccl 011 utilii1at ion of being enroll ed in differ('nt plans. 
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The joint density f (Yw, y1, , Dlx w, X1, , z, 'Uw, u1, , v) for the tri vari ate Frank copu la 

(16) can be <l ecomposr-cl by Bayes' rule 

whPn' tlw and U 1, no longer appea r i11 Lh e right. h,,nd bcc;.iu sc uLjli zat ion is condit ional 

on D. Therefore, the distrjbution of uti]i za tion conditional on insuran ce choice is 

expressed as follows 

( l 7) 

For the data. considered and for ea.ch of utili zat ion measures (physician visits (PY) , 

non phys ician visits (NP\/) and emt>rgency room visits (ER), as in Section '1. 1), the 

num erator in ( 17) is estimated by Frank cop ula (16), and the cl enom jn ator is est imated 

by the usual m;.iximurn li kelihood niethocl appli ed to the Probit mode l. Estimates of 

copu la paramelers for each of utilizatjon measures are presented in the upper panel 

of Table 2. 

Table 2. Comparison with the MSL Model 

Tri vari atc Copu la Model 

Selection Coeffi cient (01) 
Insu rance Choice Coeffi cient (02) 

Log Likelihood 
Simu lation-Based Model (MSL) 

Select ion Coeffi cien t (>-,,) 
Correlation Coefficient (,\ v,h) 

Log Likelihood 

PY 
Coeff. St. Err. 

0.025 0.014 
l.127 0.037 

-30713.92 

0.023 0.024 
0.438 0.034 

-307-13.33 

NPV 
Coeff. St. Err. 

0.039 0.083 
2.273 0.199 

-17364,86 

-0.052 0.042 
0.585 0.082 

-16969.16 

ER 
Coeff. St. Err. 

0.098 0.026 
1.844 0.252 

-7396.02 

0.035 0.056 
0.766 0.154 

-6918. 72 

Comparing estimates in th e upper and lower panels in Table 2, one can conclude 

that the qu antitat ive conclusions reveals several simil ariti es by using the regress ion 

anal ysis an d copul a-based approach. Both models ind icate significant dependence 

between spouses ' ut ilization (measur cl by 02 in Lh e copula model and Av,h in the 

MSL 111 o<lel) . Both show that correl a tion is larges t in magnitude for nonphysician 

11 t ili zation (NPV) fo ll owed by ER and physic ian usage (PV). 

Regarding Sf' I ct ion (meas urPcl by 01 in t he copu la model and ,\u in t he MSL 

model) , the MSL model does not reveal signifi cant. selection with respect to any 

of the measures of u Li li zat ion. !10th cs tirna Li u approaches show tha L Llw sclC"ct ion 

cA'cct is qu a11tita.L ivc ly small , espec ia ll y in comparison Lo cor relat ion between spous<'s ' 

util i,mt.ion . 
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Ry compari son. the trivariate copula mocl<'I is t-!1e bas is for 1hr conventiona l likP­
lihoocl fun cl ion (c1lbeit a com plicated form). an d convPrgence is usually achiP \·ed in 
less than 60 minutes. The MSL model 11srd in Seclion 4. 1. rPqu ires three tirnes more 
memory th an the copu la model, a signifirnnl di sadvantage wlwn working ll'it l1 large 
samples . 

Des pi te Lhc facl U1at Dis 11ot i11cluded as an Pxpl<1.nalory varia.bk in the ut ili za 
lion equat ion s, it s dirr,t effect on utilization can be extracted from estimates of 01• 

By substi tut ing es timated coeffi cients and di vi din g the two quantities in (17). a rep­
resentation of t be cond it ional distribut ion is obta ined from wh iclt the rn,-ua l effect of 
Don uti lization is cleterminecl. For example , the effect of Don Yw ca.11 be calcul ai.Pcl 
by tak ing ex pectati ons with respect lo Yw and summin g over all possib le va lues of Yw: 

where GE represents estimation coeffic ients. 
Th e wives 's avnage t reatm ent effect (ATEw) of being enrolled in difTe rent plans 

is est im ated as is estimated as 

where the covariates are set to their sam ple means. Th P hu sba nd 's Lrealmcnt effect 
is obtained analogously. 

To calculate the stand ard dev iation of ATEw, a :'vlonte Carlo proced11rc can be 
employed in which 8 is drawn from a norm al di stribution wit Ii mean GF: and vari ance 
equal to the es tim ated covari ance matr ix. Th e results, reproduced by Zimmer and 
Trivedi (2006), (who repli cated the Monte Carlo procedun' 500 times) are shown in 
Table 3. 

Table 3. 

A. Treatment Effects from the Copula Model 

Ut ili zat ion Meas ure 
Phys ician Visits 
Nonphysician Visits 
ER Vi sits 

Wife Husband 
ATE St. Err. /\TE St. Err. 
0.0!J0 0.214 0.022 0.110 
0.0l 8 0.072 0.011 0.039 
0.00 11 0.008 0.00'1 0.008 

13 . Treat ment Effects from tlw MSL Model 

Uti lizat ion Measu re 
Phys ician Visits 
Nonphys ician Visits 
ER Visits 

ATE 
0.0'.JJ 
-0.00 l 

Wife 
St . Err. 
0.028 
0.0J 2 

-0.0001 0.00 J 
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Hu ·band 
ATE St. Err. 
0.017 0.017 
-0.0002 0.009 
-0.0002 0.003 



I t is not surprising thal Lrr atmcnl effects a re small and relati vely widel y di spersed. 

The only li nk between D and util izat ion is trough th e depf' nd ell ce paramet er 01, whi ch 

rstim ales are sma ll com pared lo est imates or 02. T he inlrrpretal ion is lhal the extent 

in whi ch a. l'amil y's inslll'a.ncr agreement is re lated lo its health can• utiliza l ion is small 

relat i,·r to t he rx trnt to whi ch spouses· ulili zali on a.re related lo ea.ch other. 

5 Hyperbolic copula-based longitudinal n1odels 

Since copul as a.re concerned pri maril y with relat ionships, one can ulili ½e any mul­

ti vari ate dist ri buti on to generate a copul a. ln this section we will propose the use 

of' paramet ri c copu la rnrresponding to th e mu ltivariate di str ibuti on with gencrali zf'd 

hyperboli c margin als in a longitudinal data fr amework. Pirst , we d<'sc ri be tbf' model 

and in Sect ion 5.2 we give basic facts about two famili es of multi var iate dist ributions 

th at may be usPd usPd to gene rate a cop ula. 

5.1 Data and basic distribution assumptions 

The da ta under interest ar composed by risk class i (town ) and over t ime t (year). 

For each observation {it} Lb e responses consist of total claim s amoun t S;i and claims 

number Nit· We also have ran dom errors e ;i and town cba.ra.cteri st ics, described by 

the vec tor X ;i of explanatory va ri ables . Hence, the data available consist of 

{S;,, N, 1, e,t , X ;t , t = 1, ... , T; , i = l , ... , n} . 

The lota l claims amount S;1 = I::;~~'i C;t,k, wherP Cit ,k, k = 1, 2, . .. a.re claims res ult­

ing from indi vidual losses from th e same distribut ion. The random vari ables N;, and 

S;i, l = l , . .. , T, , arc assumed independent among ri sk classes . 

Let (S;i, N; i) be vector of' responses from the i-th town and th e t-th l ime poi nt. 

We decompose the joi nt density f (s;t, nit ) of (S,,., N;1) , (s<'<' (2)) , as 

for the claims number com ponenl dcnsi Ly hcn,1 ) , there are several cand idate distr i­

butions that readily accommodate the effec t of t he errors e;1 . Th e aut hors usually 

use compou nd Poisson distributions for claims number (including a.s special cases 

the Poisson, negati ve binoini a l and Poisson-1n ve rsc-Gaussian distribu t ions) . For the 

seve ri ty comporwnl . f11 2(s, t! Nt1 = 'll ;i) , th r rxpon cnt,i al family of distribu tions can be 

ap pli ed . 
Consider th e hi story of th <' i-Ll1 ri sk cl ass a,ncl let H!;i_1 = {N;,1, . . . , N,,t- l} an d 

H ;,i - 1 = {S1 , 1, N; ,1, .. . , S;,1 1, N;,1- i} cl enolt> the claims nu rn l cr hi story and r la.illls 

hi story up to t imr l - ·1, t = I , .. . , N . To model 1 he clcve lopnwnl of' claim s ovr r tinw 

Frrcs and Wang (200G) ass11nw t lrn t : 
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• Clailll severilv <lepe11ds on c11rrcnt. dairns nu111bN, as well as t llf' en lin:' prior 
h isLo rv oft he.c laim s proces:; , i. e. t.he distribution of S;1 is a fu IJCL ion of N,1 ,111d 
H i,i- l i 

• Claims number depe11d~ 0 11 lhc prior hi stor_v of the claim s number process huL 
not tlic clai,ns severity procrss. Th at is, the di st. ribut.ion of' N;1 is c1 function of Hi _,. 

Ullder these assump Li ons, thcjoint density/(.) of {S, ,1,N;, 1., ... S';,T, N;,T } may 
he written as 

T 
J(S;, 1, N;, 1, ... , S,:r , N; ,r) = hp (S, IN1)h(N1) IJ[I (St!Ni, H ;,i-1) x J(Ni lHi 1)] 

t~2 

~ [ h(N,) [! J(NdH;'.,_ ,)] [hi, (S,IN,) [! 1(s,1 N,, H,,, , ) ] 

= {frequ ency di st ribution} x {con ditional severity d ist ribu tion} 
For a model of aggregate losses dcsnibccl , the interest is in predicting bot.h t. li e 

claims number process as well as the claim s arno11nl process . ln a longi tudinal da, t.,1 
framework , one encounters data from a cross-sect ion of ri sk classes with a hi , Lory of 
insurance cla im s available for ea ch ri sk class . further , explan;:itory variables for each 
ri sk class over Lime are available L0 help explain aJ1cl µredid both the claims 11u111be1· 
process and claims arnount process . 

For the claims severity process one can use: 

• a generalized linear model for th e marginal clistribt1lions (lo describe t.h<' cross­
sPcl iona.l character istics), couditional of frequ ency: 

• an appropriatf' parametric copula lo inoclel the joi11 l dislributio11 of claims 01·<' 1· 
LimP. 

Frees and Wang (2005) use a Poisson regression model that is conditioned on 
a sequence of latent variables. These la.tent variables drive the serial dependen cies 
among claims numbers and their joint di st ribution over time is represented via t - ,t11cl 
Gaussian copula s. Frees and Wang (200.S) focus 0 11 Plliptical class of copu las app li ed 
for credibility ra.Lemaking1

. By lhe proposed methodology the authors develop a 
unified treatment of bolh t hP conti11uous claims ;:i mou nt a.nd cli scrPlP claim s number 
process. The proceclurrs rlPvPloµPcl arc employed for a11lo111ob ile liabilit v claims for 
a. sample of n = 29 Lowus of ]Vlassacl1nset ts consi dered ,t11 n11al data fr~m .') \'<'ars, 1994-1998. -

1
Crrdibility ratemaki ng io a LPchnique fo r pr<'dirti 11 g future ex p ct eel rh1 i1 11 s of n ri sk clnss, givPn pa.s t claims of that. and rrlated ri sk clas;,es, t h11 s e11 1ploy ing longilurl111 al data gp [, up . 
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5.2 Multivariate distribution models with generalized 

hy p erboli c marginals and their copulas 

.0.. su bclas::, of lhe rnu ltiYa ri ale gcJ1eraliicd bypr rbol ic (~I GH) clislr il utions. namely 

Lhe hyperbolic dist ribu l iolls lias \)('en in t roclucf'd viit so-eril l(·d var ian ce- mean mi xt.ures 

of T11 vc rs<· Gaussiall <li slribul ions. This ~u bcla ss docs not have hype rbo] ir dist ri buted 

margi nals, i. e. l it e subclass is nol closed wit h rrspcct lo ra.ss ing lo marginal distribu­

t ions. Therefore am! because of other t l1corC't ical reason . Harnd orff-:--J icl en (1 977) 

ex lc11cl ccl t li is class lo lhe fami ly of M :H clisl ribu lio ns. Mauy different para metric 

rcprcscntali ons of the MG ll density fun ctions a rc provided in litcralure. We will use 

the fo llow ing one. 

Definition 1 (MGH dis tribution) . An n-climensional ra11dom vector Y is said 

lo havr a ,nu/timrialc guu.mlizcd hyperbolic (/\IIGH) dis lrib11tion with location vecl.o r 

/l E IR" and scaling matrfr I: E ITT"x", if it has a sto ·h astic represcnlalion Y ~ A'X +µ 

for ~o nw lower triangular 111atrix A' E »~nxn such thal A' A = 6 is positive clcfinitP 

and X has a density fun ct ion of Lh -· form (x E ITTn): 

. , I<>-. -n;2(aJl + x'x) , 
fx (x) = Cn (l + x'x)n/4 >-./2 cxp(a/3 x) 

an/2( 1 _ /3/3')>-./2 
with C11 = -;-;::--;--;;:-:;:--;----;;===-

(21r )"/2 K>,, ( QJ1 - (){3 1)" 

(18) 

K11 (.) denotes the modified Bessel-function of the third kind (o r MacDonald func­

t ion) with inc!Px v (e .g .. Vlagnus at al. (1966) , p. 65) and the parameter domain 

is a, 0, >. E 1R and II /3 lh< 1 (II . 11 2 denotes the Eucl idean norm) . The fam­

ily of n-di mc11sional mu lti variate generalized hype rboli c di st ributions is denoted by 

MGHn(fi,E,w) with w = (>.,o-.,(3). 

An important property of the above parameterization of the MGll density function 

( 18) is its i nv,tri ,tnce u nd<' r a ffi ne-1 i near transformat ions. For A = n!I we obtain 

multivariate hyperbolic den sity and for >. = - l/2 tbe m1tltivarial e i1wer e Gcmssian 

dens ily. Hence>.= 1 leads to hype rboli call y dist ribu ted one-d imensional marginals. 

An M GH cl istri bu tion belongs to the class of elliptically contoured distrib11tions if 

and only if /3 = (0, ... , O)' . [n th is case the density fu nction of Y can be represented 

as 
fv (Y) = I 1-1l 2g[(y - til'I 1- 1 (y - ri)], Y E ITT" , (19) 

fo r some clf·nsity genera tor f11 ntlion g(.) : (0, ) - (0, ). Let us de11otP t.hc fami ly 

of n-dimcn sional elli pti call y ·ontou rc<l cl isl.rih11 lions by E,,(fi ,I: , g) 2 . For a detailed 

2Thr stochast ic re1 rcsenLation is Y ;!: A'X + /t, wh<'rr X i~ a. m- liml'nsional sphericall y dis­

LribuLPd rand om vrr tor, A C lR"'x" with A' A = ~. a nd ro11kp.::) = m. According 1,0 t.hc storhast.i c 

rPp n'sen tat ion of 8pherirn ll y cl istril ut.ions WP rnn \\Tlt r ~lso Y !!_ n ,,. A 'U(m) I ,,, wh('rr A' A = I: 

and t he random vari ,th l<' JI .,. ?='. 0 is i11 drpPil( \r nt or t.lw rn dinwnsional rando 11 1 vr I.or u<m) which 

is unifo r111l y di~ tril ulf"d on the u11iL sphPrt> i11 IJI"' . 
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I rcatment of cl Ii pl ica l ly cou nl.c· rw l d isl ri hut ion s sf'P Sd1 ru id t ('L002 ). Part irnlar cases 
of' (HJ) arc li sted in Appendix I. 

A clisadvaHtagc of the MCHn(/t , I:, w) f';1111 il y of di st rib11t ions is I hat t II(' 111arg i11 als 
}~ of Y an ·' rr ot 11111(.ual ly i11dep<'11clc-nt fo r som<' choice of' Lire scaling matrix~. 111 
ollJ('r words, they do not allow tlw Jll odell ing phe110Jlle11a where th r r,rn do,n vct.r i;ib]c-s 
rrsult as the sum of inclepc-n dc,rt. random rnr iablc,. Thi s pit.fi\ ll is se ri ous sin ce the 
i11clcpcndc11ce 111 ay b<' a ge11uine property of' I li e prnhkm for wh ich th<' stoc hastic 
model is sought. Furthernrorc, i11 the case of asv111111dry, ( i. e. wlw n /J-/- (0, ... , 0). 
the covariance matri x is in a com plex relation with t he mat rix I:. 

lt can be shown that if Y E MGHn(µ , I: ,w). the mea 11 vector and covariance 
mal ri x aw given by 

E(Y) = µ + aR>.,i ( Jo.2(1- (J(J') A' f3 

;tnd 

wh re R>. 1 = K A<T,(y )) for i = 1, 2. see Schmidt ct al. (2006). For the symrnctri c , y' I .dY . 
rnsc /J = (0 . . ... 0) , >, = 1, and th e above e:>xp rcssion s si 111plify to F;(Y) = 0 and 
C (y ) /,2(0) 

OV = o K 1(0Ji:::· 

'c lirniclt et al. ('.W06) propose an alternative concept. Instead o f AICH,. (t-t , ~. w) 
family, a distribution is considered which is corn posed of n inclcpcndrn t rnargi nals with 
univariate general ized hyperbolic distributions with iero location and unit scaling. 
Such a canonical random vector is then subject. t.o afnnr-linr;i,r trnn sform atio11 . As c1 
consequc-nce, the transfo rmation matr ix can he ,n odcllcd proportionally to thr sqt,are 
root of I.h e cova riancc-111aLrix inverse even i11 the asymmet ric casr. This property 
ho lds, for mu lti va.r iatr uorrnal di stributions, for instance. 

D efinition 2 (Multivariate affine generalized hyperbolic (MAGH) dist ri ­
bution). An n-climensional random vector Y is said to be ,m,ltivarinle n.f]in c gen­
eralized hyperbolic (MA C,'J I) distributed with /oral ion vector µ E 3?n and scaling ma-
/ ,-i.c I: E ~" xn, if it has a stochast ic represen tat ion Y :fc A'X + µ for some lower 
tr iangu lar matri x A' E ~ nxn such that A' A = ~ is positive clefini Le and the ran­
dom vector X = (Xi, ... , Xn) consists of mutually in dependent random variables 
X, E MCH, (0, 1, w;), 'i = 1, . .. , n. l n particular I.he one-dim ensional rn argi 11 ;i] s or 
X arc gciwralizf'd hy perboli call y di str ibuted . The fam il y of' n-cli111ensiomtl rnult ivari ­
ate affi ne generali zed hyperbolic dist ri butions is denoted by MAGI-In (µ,~, w) with 
w 77 (w 1, . .. ,wn) and w,· = (>. a (J)' .; = l ,, 

11 ?) l ) IJ , • • •, t. 

Observe that !I[ ACHn(/t, ~ . w) di st ribut ion hc1s independent ma rgin a ls if lhc sca l­
ing inalri x I: equals to thr identity matr ix I. Ilow<'v<' r, no MAG'lf,.( tt , ~. w) dist rib11 -
tion brlongs to the class of elli pti call y conL011red di slrib11 Lio 11 s for dirn c11 sio 11 n ,,> 2. 
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Schmidt et al. (2006) calcul ,ttt' t.lw nwan vector and rnva n anc matrix of Y E 

!Ii AG!!"( /l , L.; ' 11• ). Tlw ror respo11cling C'xprcssions arc 

R(Y) = A 'ex t- I' and ('ov(Y ) = A'CA , +o R,\,1( Jn2 (1 - (J{3')A' f3 

where 

and C = (c 11 , . . . , C,w) with 

l t can b seen th at the rnvari ance matrix Cov(Y ) is proportional to I: if ex = 
n,, (J = (3; and,\ = >-, for all i = 1, .. . ,n. 

Observation 3 (General affine transformations). The considerat ion of the lower 

tri angul ar matri x A in the stochasti c rep resentations of Defin it ion s 1 and 2 is es entia l 

since any ot lwr decompos iLio11 oft.he scaling matrix I: would lead to a different class 

of clisLr i bu lions. 
Only the el li ptically co11Lo urccl subclass of the MGH distributions is invari ant 

with respect to differen t de ·ornpos itions AA' = I:. In particu lar, all decompositions 

of the scaling matri x I: !Pad to same dist ribut ion si nce they enter in (18) via the fo rm 

AA' =L 
ll owever i11 the 11syrnrnet ric or general affine case this equ ivalPn ce does not hold 

anymore. [n such a case, the matrix A can be sought via s si ngu lar value decomposi­

tion A = UWV' , whr're Wis a diagonal m<ttrix having the squ are root · of eigenvalues 

of Z.: = AA' on its diagonal and where the matrix V consi sts of the corresponding 

<'igcnwclors of~- The matri ces W a nd V ar<' diwctly cl termille<l from I: whereas 

Llw matri x U might be sonw arbitrary matri x with orthonormal columns (rotation 

and flip ). ll owcver, th most common case, of course. is U = I. Ilere th e matri x A 

is directly computed from E utilizing its eig nveclors and eigenvalues . Consequentl y, 

every margin of X determin ed by th e principal components (i. e. eigenvectors) of the 

covariance matrix B: X = A' 1 Y = w-1 V'Y . 

The MGH and MAGH copulae (Schmidt at al. (2006). According to D<'fi ­

nit. ions I and 2, th MC: lT and MAG IJ di slrib11tions a r(' r<'prcsenl <>d by affinc·-linear 

t ransform ations of random V<'clors followin g th<' a standard ized M Gll di str i bu Lion 

and M/\G lf dist ribu tion, r<'s pcct.ivcly. L('a,·ing th<' c1 fTinc-lim',H t.rn.nsformal ion a.side, 

W<' a rc int.r·res lccl in Llw ckp('ndcncc st ru ct11rc ( copu la) of Llw 11ud<>rlying ra.ndom vec­

tor. In µart. irn lc1.r W(' sci. the sca li11 g 111 a t. rix = I a.11d ti = 0. Note that I lu· co p11l a of 

!Vl (: lJ and tvl /\ :1 1 di stri l)IJ\.ion d<H's 11 ot dcpc 11 d 0 11 th e locati on vector , i.e . ~i is not 

a cop ul a para111 l'ler . 
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Let X E MGHn(O, I, w). Then lhe copu la densily fun ·tion of X is given by 

for 1li E [0.1], i - 1, ... , n and sonw normali zing conslanl Cn. Here F;(.) refe rs to 
t lw dislribution funcL ion of the one-diITwn sional margin Xi. 

Let X E MAGHn(O, I ,w) . Then lhe corres ponding copula coincides with ind e­
pendence copula, i. e. llw cop ula density fun ct ion is givrn by c(u1 , . ... 'Un)= rr=l 1l; . 

We fin ish this seclion with several cornmcnls regarding I.he advantages and di s­
ad vantages of the .\II GIJ aud MA CH distributions. We start with the distributional 
f /e.ribilily to fit real data. J\n outst.andi11g proper ty of :dACil dislributions is that , 
after an affin e- linear transfo rm ation. all one-di rnensional margi uab can b' fi lLccl sep­
arate ly via different generali zed hyperbolic di st ributions. ln contrast to thi s, the 
one-dimensional marg inal. · of \ifGH dist ribut ions are not lha.t fl ex ible si nce the pa­
ramf'ters a and ,\ relate to the nl irc multivari ate distribu t ion and detern1 i11 e a strong 
st ructural behavior (see Definition 1). However, this stru cture causes a la rge subclass 
of M GH distr ibu tions to belong t. o the fam ily of ellipti call y con t ourPd cl islri but ions 
which in he rit many usefu l stat ist ical and analytical propert ies from mult ivari ate nor­
mal distributions. For exam ple, the fami ly of ellipti cal contoured distribution is closed 
under li near regression and passing to t li e nrnrgin al di st rib utions. see ('ambina.s at al. 
(1981). 

Regarding the dfptndrnre s /rn clure. the MAGH dist ril ut ions ma_v have indepen­
dent marginals for some parameter constell ation. Jn partirn lar , they support. models 
wh ich are based on li nea.r combination of independent factors . [n conlrast, t he MC 11 
disl rih1 1tions are not capable to modelling independent rmu-ginal s. They even yield 
extremal dependencies for bi variate di st ributions having corre lation zero. Moreover, 
the correlat ion matrix of MAGJI di stributions is proportiona l to th<' scaling mat ri x 
E within large subclass of asymmetric MAC H distribut ions, whereas E is hardl y to 
be interp ret for skewed MGI-1 dist ributions. 

The copul a of MAGll di str ibut ions. being the dependence structure of an affine­
linear ly transformed random vector with independent components, is qu ite illust rati ve 
and possesses many appealing properties. On the other han d, the copula st ruct ure 
of MG H distributions may suffer from in fl exibili ty. Regarding the dependence of the 
extreme events, the lVIAGH dist ribu t ion s can mod el Lail dependen ce whereas MGH 
di st ributions are always tail independent, as shown in Schmi dt at al. (2006) . T here­
fore , \1AGH dist ributions are suitable especially within the fi eld or ri sk management. 
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6 Conclusions 

In Lhis ovnvi<·w pa pf'r some ,illc' rn aLive copula hasf'd approaclws Lo regrC'ssion anal­

_vsis arc presc1 it f'CI. ror C'ach on of tile models rons idered a closed fo rm express ion 

fort lw join I. di stribut ion ca11 he olitain<'cl . <·sti 11 1ttble by standa rd rnaxim 11 m likelihood 

t.ecli11iqut->s, and without lhC' intermediate' step of specify ing the xpl icit dist ri bution 

of uno hsf' rvf'd factors that induce correlat ion. 'J'he co pul a approach produces depen­

dcncc parameters that prov ide esti ma Les of association bet.ween depenclf'nt variable's. 

Convergence vC'locity is adva.nt.agP011s to copula approach too. 

The copu la rn t hodology and the emp ir ical model presented iu Section 11 have 

many empiri ca l app lications. i\ny insura nce in whi ch two joi nt ly determi ned outcomes 

are I oth direct ly or in direc tly affected by the th ird variable could poten ti ally be 

moclelkd with a simila.r fon11u lat.ion. The methodology proposed potentially may be 

apµliC'cl for Llw fol low ing i111 porlanL problf'm from toxicology: the emiss ion of two 

tox ic pol luta nts rro 111 a factory 111igli t be related to profit expectati ons. 

·everthelcss, t he charact<'rizal ion of copulas as wel l as the choice of the depf'n­

clencc structur a rc cl ilficult probl ems. For example, t he choice of the cop ula does 

not inform expl icitly which is tlw type of the depeudence structure betwee11 vari ables 

involvC'cl, compare Examples I an<l 2 again. 

As on<' can sf'c, the primary task is just to choose an app ropriate copula funct ion. 

where t l1 c marginal distribut ions arc treated as nui sance parameters. But what is 

t hf' Jnf'ani ng ol "approp riate"? Jn Fenn anian and Scaillet (2005) a re discussed 80me 

statist ica l pi tfall s of cop1da rnodf' lling. 

Cop ul a-based regress ion anal~'si" is profitable, if one kuows the ·'right" copula. i. e. 

lllC' "right'' dependence struct ure, hut if not - the procedure has to be repeatC'd again. 

and again, until on find tlic '·r ight" copu la (whi ch best fi ts the data according to 

some cost funct ion). 

Theoret ical ly, t he copula function is independent of marginals, and thus, copula is 

a ve ry restr ict ive class of dcp nclence fu nct ions. But, the gC'o11 ctr ical behavior of the 

marg inals (bei11g increas ing, d<'crcasi ng, constant, unimodal fun ction , fu nctions with 

a min imum, etc.), have their inOuencC' on t he two-di mensiona.l dependent st ructu re, 

as demonstrated by Fern and ez and Kolev (2007). T he concl usions of this study just 

show that one shoul d search fo r a new classes of dependent fu nct ions, in whi ch the 

type of margi nals should be 1aken into account. Goncalves and I<olev (2007) suggest 

to use the so-called '·S ibuya depC'n d<'nce function" (w here the marginal dist ri but ions 

lrnvc some impact of significanc<') as an alt.nnat ivc lo the copu la appr ach. 
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Appendix 1: Particular Cases of Elliptical Distributions 

Lf't Y E E11 (1,, B, g) and C,, be a normali zing constant. 

• Multivariate spherical distr ibutions. The random v<'ctor X in Definition 
1 is spherirally distributed if the density g,f' ncrator g(.) iu (J9) is gi en by 

g(·u) = C J(.\- n/ 2(o:/f+u) U E 31, 
n ( l + u)n/~ - .\/2 ' 

• Mu ltivariate normal and Kotz type of distributions. The random vedor 

Y has sym,mtrir Kotz type distrib'Ution if the cl ensity generator g(.) in (19) is 
of the form 

g(u) = Cnum- l cxp(-ru8
), r , s > 0, 2m + n > 2. 

The m'Ullivariate normal distribution is a particula r case if m, = s = l and 
r = 0,5; 

• Multivariate t- distributions and symmetric Pearson type VII distri­
butions. The random vector Y bas symmetric Pearson type Vil distribution 
if the density generator g(.) in (19) is of the form 

( u)-m g(u) = Cn 1 +-; , s > 0, 2m > n. 

Setting m = ( n+k) /2 yields the density generator of mnltivarial t-distributions, 
which include the multivariatP. Ca'Uchy dist.ribulion fork = l. 

• Multivariate logistic distributions . Th ra.ndom vector has multivariatt 
logist.ic di.slribulion if the density generator g( .) in (19) is of t he form 

exp( -u) 
g(u) = C"[l+ exp(-u)]2. 

• Multivariate symmetric generalized hyperbolic distributions. The ran­
dom ve ·tor Y has nwllivariale symmetric generaliu d hyperbolic di.strib nlion if 
t lw density generator g(.) in ( l9) is of' Lh e form 
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