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1. Introduction 

te gr~up and let R be a complete rank one d'iscrete 

valuation ring with prime ldeal wR ienerated · by •· Let p be the rational 

prime with p E ~R. the exponent of an RC-lattice M is exp(M) • 2
8 if· 

a -""' · a • R i• the annihilator of the Tate Cohomology Extf0CM,M) • . That ia ~ i• 

the least pow~r of • such that multiplication by •• factors through a 

projective RG-~odule. We say that an indecomposable lattice K posesse1 the . . 
exponential property (property E) if multiplication by ~a~l· is in the socle · 

of the ring Gc~G(M,M). Every absolutely irreducible lattice and every · 

lattice whose rank ia prim~ to p has this property. 

Most of the results of this paper are based on the,following 

interpretation of the exponential property. Suppose that L and M are 

RC-lattices such that K is indecomposable. has property E and 

exp(M) • a ... lf ., · b a . homomorp~ism f.rom L to M or fro11 K to L 

if .a-1 • 7 d-,es not factor through a pro_jective then y is split! 

~onsequen~_ly. f .. -.r a lattice • ~ t..-1 th propert~· E,_ there i's an easy method 

and 

for 

■easu~ing the multiciplicity ,of. H . as a direct.sumaand in •a la~tice L. This 
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fact combined with Shapiro•• Lemma or Frobenius reciprocity yieids a simple 

proof that, for absolutely indecomposable lattices, property . E is preser~ed 

under the Creen correspondence. A more difficult . argument shows that it is 

also preserved under the taking of sources. The proofs rely heavily on the. 

theory of almost split sequences, and in some sense the results can be viewed 

aa extensions of those in '( 2). . 
Conditions that are preserved under the Green correspondence and the 

taking of sources are extremely rare. Rein~ard Knorr has also found such a 

condition which he calls "virtually irreduc~bl~n (5). Picaronny and Puig have 

shown that Knorr's results follow from a more general theorem [7). The 

results of this paper were announced at a recent Oberwolfach meeting at which 

several informal discussions centered on the question of whether · the two 

~onditions ~ere equivalent. Indeed they are. Jacques Ihevenaz, who was not • 

at the meeting, had independently discovered property E, proved its 

equiv~lence with Knorr'• condition and found another verification of the 

Picaronny-Puig theorem · (9). Knorr has also found a proof of th~ equivalence 

(6). In section 4 of . this paper we offer yet another demonstration of the 

equivalence of the conditions. Our proof is different in -spirit, though not 

in ess~nce. from those of Thevenaz and Knorr~ in that it empha~izes · the role 

of the almost split sequences as used throughout the paper. In particular we 

establish the relationship between th~ exponent of a lattice M and the image 

of the trace map on HomRG(H,M). 

The fist author wishes to thank the University of Sao Paulo and the 

National Science_ Foundation for their hospit~lity and support for his visit to 

Brazil during ~hich most of this paper ~as written. The authors also wish to 

thank Klaus Roggenka.mp for pointing out an 'important reference. 



• 

3 

2. Definitions and Preliminarie1 

Let R be a complete discrete valuation ring of characteristic ze10 

with prime ideal · Rad n • 1R generated by a single element •· Suppose tHat 

ll/wR has characteristic p > O. Recall that an RG-lattice is a finitely 
. ' aenerated RG-module tha~ b free as a.n R-module. If L · and M are 

RG-latticea then Hom(i,M) is the torsion R-module 

where ·A is the aubmodul~ consisting of all a: L ➔ M auch that a factors 

through a projective RG-module. ' Alternati~ely Hom(L,M) ia the zeroth Tate 

ctohomology grciup G~G~L,~) .• a0
co,Hom~(L,Mn. Note that for 

1 E HomRG(L,M). IGI • y factors ·as the co~po~ition 

L -!.+ RG QR L ....!..+ M . 

· where a(,I,} • r a 8 ,I, and 't( g a J.) • aa( ,-1,1,> • a(,0 for I, e L 
gEG 

and g E G, Since RG .0R ~ ia a projective RG-module, we have that 

l'GJ • Hom(L,M) • {O}. 

The expon~nt of a torsion R-module T is w8 
· if • 8 ia a generator for 

the annihilator in R of T. If u 6 HomR0(L,M) then exp(")• •a if 
•••a :_L.➔ M factors through a projective _RG-module, but 1a-l • a does 

not. Ihat is, exp(o) is a gen~rator for the annihilator of the class of a 
in ~(L,M). For an RG-lattice M. exp(M) • exp(IdH) where IdM ia the 
identity homomorphism. 

For con~enience of notation we shall write 2
8 < wb if a ( b. We belin 

with a few easy statement,. An exp~anation of the new notation is provided 
in· fhe· p~oof. 



Lemma 2.1. Let L,M and N be RC-lattices • 

. i) If ~: L ➔ M, P : M ➔ N are RO-homomorphisms then 

exp(Ba) S exp(a) and exp(Ba) S exp(8). 

ii) exp(Hom(L,'M)) ~ exp(L) and exp(M). 

iii) exp(L QM) S exp(L). 

iv) exp(~)• exp(W") • exp(M Q ~) • exp{HomR(~ 1 M)) 
. n 

• exp(O (H)) for any n. 

If exp(a) a • 'I factors through a 
projective since w8a does. So exp(Ba~ S exp(a). The other inequality 
follows similarly. Statement (ii) follows from Ci) and the fact that if 

a :· L ➔ M then ~ • 1'11 o u o Id1 . 

The tensor product L QM is the tensor LOR M over R with 

diagonal G-action. So IdLQH • IdL 9 IdM. If w8 IdL factors through a 
projective P then waldLQM • (aaid1) Q IdM factors through P 0R ~ 
which is projective. 

ln (iv), Kk is. the dual lattice ~ • - HomR(M,R), \where R. is the 

trivial RC-lattice. In general the action of C on y ~ HomR(L,M) is 
defined by (gy)(J) • g • y(g-lj) for all , J EL. It can be shown that 

. HomR(L.M); L* Q H. Suppose that •i•••••~ is an R-basis for M 
and that t

1 , ••• ,At is the dual basis in Kt. the RG-homomorphism 
. . t o: K ➔ Mg wt QM, given by a(m) • r 1 • Q ~i g m1 , is split by the 

horaomorphfsm 't : ·x a Mk Q M ➔ M. where t_(m 8 :\ a •') • Um) • •' ~ 
·so M i• a direct summand of M QM* Q ~ and by (iii) 

4 



5 

The last part .~f atatement (iv) follows by d~mension shifting in Tate 
cohomolo&Y• That is, Qn(M), for n > 0, is defined to be the image of an 
where 

a 
-.+_p-!4p __. 

n n-1 

ia a minimal projective resolution of M. 

_. PO __. K -- 0 

' For· .n ( 0, lln(M) I {{(n(Mi°) )*~ 

That is, gn(M) ia a lattice with no projectiv~ direct summands such that 
g-n,gn(M)) I H. 1hese modules are defined and unique ~p to isomorphism. 
Using the lo~g exact sequence in Tate cohomology it.can be aeen that . · 
~n ...-",, n-1 · ~n+l UtR0(L,M) I !xtRG (Il(L),M); ExtRG (L, Q(M)) for all n. 

Jfence 

4Uld exp(M) • exp(Q(M)) for all n. 

What follo-s · relies heavily on the fact that when M i• indecomposable 
then Hom(M,M) is a local ring with maximal ideal Rad(Hom(M,H)). As a 
aodule ov~r itself it has a simple socle. If exp(M) • •• then 

a-1 Soc(Hom(M,M)) 5 1 • !!!!!!(M,M). 

Definition. Let M be an 'RG-lattice with exp(M) • ya - 1. We say 
that K baa pro.,erty E if K ii indecomposable and if 

Lemma 2.2. IC M ia an ab1olutely irreducible RO-lattice then M 
has property E. 



6 
Proof. Let K· be the field of quotients of R. Then ~ QR M • V is 

an absolutely irreducible KG-aodul~. and Mi 1 QM S V is an RC-submodule 
· of V. Clearly any RG-homomorphism 8: M ➔ M extends to an element of 

Homx0(V,V); K. Consequently HomRC(M.M) ~ KomKG(V,V} is an R submodule 
.of K. We conclude that HomRG(M,M); R and that ~(H,M) I R/exp(M) • R. 

Lemma 2.3. If M has property E then so also does Mk and n°(M) for 
all n. 

Proof. This follows easily from the facts that 

Hom(M,'M) a fu?.m{nn(M) ,nn(M)) and this ring is anti-isomorph~c to Hom(M1:,1fk). 

At this point we need to recall a few facts about almost split 
sequences. The basic references to this. material are (1) and [8]. For any 
indecomposable lattice H there is an exa~t sequence of RG-lattices 

D: 0---+ Q(M) ..!4 B ~ M ___,. 0 
· which is called the almost split 1equence for M. The sequence has the 
property that if 8 ·: L ~ M is a homomorphism which is not a splittable 
epimorphism then there exiat o L ➔ B such that Ba• e. Likewise if 
~: Q(H) 4 L is not a splittable monomorphism then there exists a 
homomorphism 't: B ➔ L &uch that ta• t• ,.The middle term B is unique up 
to isomorphism. An exact se9uence of the .fo~ as D · is an almost aplic 

1 sequence if and only if the cl•~• of D in ExtR0(H,n(H)) I Hom(~,H) is in 
the ~CMwM)-socle. 

Theorem 2.4. Suppose that H h an indecomposable RG-lattice with 
exp(M) • ••• Let 

. ·. 0 ~ Q(~) ..!!... B ~ M ___. 0 

be the almost gplit •eq-uence of M. The following are equivalent. 



1) M has property E • 

ii) 
a~l 

:B ; !l(M/1, M) • 

iii) exp(B) < exp(M). 

iv) exp(B) < exp(M). 

v) If y :L ➔ M is a homomorphism that ia not a splittable 

· epimorphism then exp(r) < exp(M). 

vi) If y: L ➔ M is a monomorphism that 1a not an isomorphism then 

exp( y) < exp{M). 

vii) exp(Rad Hom(M,M)) ( e~p(M). ,. 

l!.22!• Assume (1). Let P be a projective cover of M •· Since K baa 

· · a-1 · property E, • • I~ ia in the socle of fu?.!!(M,M). _Conaequently in the 

.commutative .diagra~ 

0 0 

! l 
0-+ Sl(M) ~ B 8 M -----+ 0 

l ! 1 a-1 ... 
0 ~ Q(M) -----+ p M _. 0 

.! ! 
M/~a-lM - M/~a-lM 

l l 
0 0 

the top row ia the almost split sequence. Here P is a projective cover for 

M and the top ro~ ia the pull-back. · Hence (ii) is i~mediate. 

·If·! a 
• a-1 

Q(~/• ~)- then ~e have an.exact Jequence 
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where Pi• pcojective. Now •a-lp S i(B). and in tu~n ,a-lB £ i-l<•a-lp;; 

P. It follows that •a-l · !dB factor through i-l( •a-lP) which is 

projective. Therefore (ii) implies (iii). 

That (iii) implies {iv) is a direct consequence of Lemma 2.1.ii. 

Furthermore (iv) implies (v) because, by the nature of almost split sequences. 

any such y as in (iv) must factor through B. It is clear that (vi} follows 

from (v). If 8: M ➔ M is an endomorphism that is not an isomorphism,then 

8(M) - H. Hence 8 factors through the inclusion of 8(M) into M. By (vi) 

and (2.1.i) exp(8) < exp(M). So (vii) is _a consequence of (vi). 

Fi~ally assume (vii). Then multiplication by ~ 
a-1 is an endomorphis~ 

of Hom(M,M) whose kernel is Rad Hom(M,M) and whose image, .,a-1 Hom(M9M). 

is a simple HomOl,M)-module. Therefore M .has property E. 

Theorem 2.5. With the same hypothesis as Theorem 2.4, the following 

are equivalent. 

i) M has property E. 

viii) exp(a) < exp(M). 

ix) If 7: M ➔ L is a h~momorphism that.is not a ·splittable 

monomorphism then exp( y) ( exp_OO • 

Proof. If M baa property E, then (2.4.iii) implies that 

exp(a) < exp(M). Suppose that (viii) holds. If µ: Q(M) ➔ Q(H) ii in 

. ·. Rad Hom(S2(M), QOO l, then by the nature of almost split sequences, l' factors 

through a and exp(µ)~ exp{a) < exp(S2(M)). It follows by theorem 2.4(vii) 
. -1 . that S2(M) has property E. By Lemma 2.3, g {M) bas property E, and in 

the almost split sequence . 

0 ~ M ~ B'--, g-l(M) __.,. 0 



exp(a') < exp(M). If 7 M ➔ L is not a $plittable monomorphiam then 7 

factors throu~h u' and exp(y) ~ exp(a') < exp(M}. Henc• (viii) implies 

(ix). 
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~ 

An argument aimilar to that in the laat theorem 1howa that {ix) implies 

(2.4. vii) and hence also (i). 

Remark 2.6. It can be easily_ seen that if M has property E and 
a . 

axp(M) • • , then ·in t}Je notation of the theorems 

a-1 exp(B) • exp(a) • exp(8) • ~ • 

a-1 The reason is that if, for example, exp(B) < • then • • I'\c which ha• 
a-1 exponent w could not factor through B. 

Corollarv 2.z. Suppose that M is an indecomposable RG-lattice that 

is not isomorphic .to a direct summand of the RC-lattice ; L. If M baa. 

property E then . ~xp(Hom( L,M)) < exp(M) and exp{Hom(M,L)) ·< exp(M). 

Proof. This is iinmediate from 2.4(v) and 2.S(ix). 

We say that -an RC-lattice is absolutely indecomposab~e provided 

HomRG(~,M)/Rad HomRG(~,M); R/•R. An indecomposable lattice M has 

multiplicity t in lattice L if L ia isomorphic to a direct sum of t 

copies of M and a lattice u. no ditect summand of which is isomorphic to 

Corollary 2.8. Suppose that M ia an ab~olutely indecompoaable lattice 

with property . E, and that exp(M} a -.. . For any RG-lattice L, the 

.. ~ltiplicity of ~ in . ~ i~ equal to 



ru.2i• Write L • v1 I 

indecomposable RG-lattice. Then 

• V• where each v1 is an 

8 
Hom(L,M) • . t Hom(Vi.M) • 

i 2 l 

if Vii M. while 

Vi 1 ·M, by the last corollary and the theorems. 

Corollary 2.9. Let M be an indecomposable RG-lattice auch that either 
the rank -~f M is prime to p or 

M has property E •. 

exp(M) n 
• 'I where 

Proof. First note that if p does not divide r • RankR(~) then 
the trace map 

Then 

is split by the map o R ➔ HomR(M,M) where o(b) • b/r • ~I~ for b ~R. 
Therefore 

exp(M~ ~ exp(M e ?-P') 2 exp(R) • .,n ~ exp(H). 

On the other hand if exp(M) • •" then there exists an element 

with exp(a) n - ., . Since R has 
property E by Lemma 2.2, R ·is a direct summand of HomR(M,M) and M is a 
splitting trace lattice (2). Then by Theorem 3.6 of (2), M has property E. 
The fact of note ia that the middle term (called E in [2]) of the almost 
split sequence for R is ll{R/•n-l~) and hence the middle term of the almost · 
s~~~-t se~ue.nce for M is the nonptojective __ part of the prpduct 

Q(R~•n-lR) 9 MI R(M/•n-lH) • (proj.) 



Corollary 2.10. Let L and M. be RC-lattices, and suppose that K has 

property E. Then exp(M) • exp(L i M) if and only if M ia a direct 

aummand of L* 8 L 8 M • 

.lli2!· This i• an easy conaeq~ence of the fact that 

3. Green Cor~espondenta and Sources 

If M and N are RC-lattices we write MIN to aignify that M is a 

direct summand of R. Let H be a aubgroup of · G. If L ia an RH-lattice 

then the RC-lattice induced from L is LfG • RG QRH L. An RC-lattice M 

i• relatively RH-projective if KILtO for some RH-lattice L. 

Lemma 3.1. Let H b~ a aubgroup of G, L an RH-lattice and ~ 

ari KG-lattice. -

•> exp(LjG) • exp(L) 

· r b) exp(~) S exp(M) • 

e) If . LIHa and M baa property E then exp(L) • exp(M) if 

and only if MfLiG . 

d) If MILiG and L · aa property E then .exp(M) . • exp(L) if and 

only if Ll"if • 

.lli2,!. All of these are application, of Frobeniua reciprocity or 

Shapiro'• Lemma ~hich says that 

(3.2) 



In (a) let M • Ltc and note that LJ(LfG) • So iho exponent of the ff 
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right side of (3.2) is exp{L) . In (b) let La MH .and note that th~ left 
side of (3.2) has exponent at most equal to exp(M). !quation (3.2) and the 

theorems o~ the previous section i~ply Cc) and (d) directly. 

A vertex for an indecomposable RO-lattice M is a minimal p-subgroup Q 
of G such that ~ILfG for som~ RQ-lattice L. Suppose · that Q is a 
vertex for M and that N0(Q) ~ H ~ C. The H-Green cortespondent of 

M. is an indecomposable U . with vertex Q . such that HIUjG • Note that U 
is a unique up to isomorphism. Conversely i'f U is an RH-lattice .!th vertex 

Q then .there is a u;ique RO-lattice K with vertex Q sucb that UI~. 
In this situation 

~ a U i U' and ufG a Mt M' 

where U I U' and M 1 M' • Details and proofs can be f~und in [4]. 

Theorem 3.3. Let M be an ind~composable RC-lattice with vertex Q. 

Suppose that N0(Q) SH S G and th~t L is an ff-Green coriespondent for M. 
Aasume that L and M are absolutely indecomposable. Then · H has property 

E if and only if L has property ! . 

~- Suppose that x8 
• exp(M) • exp(L) • By (3.2} we have 

By (2.8), if M has property E, then the left side of (3.4) has value l • 
Since HomRH(L,L) is a direct summand of HomRH(MH,L) and exp(L) 

a a-1' • w , we have that ~ ~o~RH(L,L) • R/wR if M ha~ property E 
But this implies that L has property E. Similarly if L has propertr E 
then the right aid~ of (3.4) is '1 , and M ~must also have property E. 



Remark 3.5. The p~oof of the theorem actually implies that if one of 

L or M is absolutely indecomposable and baa property E then the other 

1CUat be absolutely indecomposable in addition to having property E. 

lJ 

Let M be an RC-lattice with vertex Q. A Q~source for M ia an 

RQ-lattice V such that VIMQ and MIVtG. Any two Q-sources for H are 

G-conjugate. That is if V and V' are Q-source, for M then there exists 

x ~ NG(Q) such that V'; x Q V, 

Theorem 3.5. Suppose that M is an RG-lattice with vertex Q. Let 

L be an RQ-lattice ~hich ia a source for M. Assume that L and K are 

absolutely indecomp~sable, If M has property E_ then so also does L. 

The proof proceeds by ~•everal steps which we number for the reader's 

convenience. 

· Step I. We -may assume that Q ~ G. If Q is not normal in G then 

replace G by H • N0(Q) and replace M by its ff-Green correspondent N. 

Since M has property E, so also does ~. Mqreover L is also a source 

fo~ N. 

Step II. Suppose th~t N is an RQ-lattice such that exp(~(N,L)) • 

exp(L) or exp(Hom{L,N)) • exp(L) 

NG(Q) • 

.Then-Na x Q L for some x • O • 

Assume that exp(HomRQ(N,L)) • exp(L). Note that by (3.1), exp(L) • 

•JCl)CM) So 



exp(lli?J!RG(NiG,M)) • exp(~RQ'N•MQ)) • exp(H) • 

Because M has property E· , MINiG and N must also be a source of K. 

But this says that N • x 8 L for some x ~ G. 

We will require the following general result. 

Lemma 3.6. Suppose -that O ~A-!+ B _LC--+ 0 is an exact 

1equence of RC-lattices. If BI A IC then the sequence splits. 

Proof. The long exact sequence on Tate cohomology implie~ that 

is an exact sequence of finitely generated torsion R-modules. Hence these 

modules have finite compositi~n length. If Ba A• C then 
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· and the composition length of the image of .B* is at least as large as that 
. of ~(C.C) • C~nsequently 8* must be eurjective. Thia ~mpliea the 

existence of a homomorphism 8: C ➔ ! such that 89 - Ide factor• through 

a projective. An easy homological arguement completes the proof of the lemma • 

. Returninz to the proof of Theorem 3.5, w~ assume that L does not have 

property E. Let O-+ Q(L) .J!.+ W .J4 L-+ 0 be the almost split 

aequence for L. Then by Theorem 2.4, exp(P) • exp(L) and by Step II. V: 
(x 8 L) 8 U for some x ~ G and 1ome RC-lattice U. · Also we have 

that exp(a) • exp(L) and W • g(y 8 L) • V • (y Q Q(L)) t V for · 

some y 6 G and some RQ-lattice V. We claim that Q(L) a z 8 L for 

some z ~ G • Otherwise, by. t~e Kwll-Schmidt: theorem and a . rank argument, 

the almost split sequence for L has the form 



15 

. ( 3. 7) 

fo~ some x, y • G. Then inducing to G we get the sequence 

( 3.8) 

since (x Q L)jC; L1G. Ibis sequence must split by the previous 

lemma. However this is impossible because sequence (3.7) is a direct summand 

of -the restriction to · Q of ( 3.8}. More generally the technique proves the 

following. 

Step III. If L does not have property E, then the almost split_ 

sequence for L haa the form 

where L
1 

• ll(L) • z 8 L ,_L
2 

• x 0 L for·some x,z E G and U jg Q L 

for any & ~ G. 

(3. 9) 

The point here is that if U were isomorphic to g Q L for some 

I~ C then the sequence (3.9) when induced to G would split as before. 

Step IV. .If L does not have property E then in ( 3. 9) • t 1 I L2 a L .• 

The assumption that L does not have property E implies that DimR/wR 

a•l a s H~m(L,L)? 2 ~here • • ~xp(L) • That ie,•there ~xiata an endomorphism 

1: L ➔ L auch that 7 is not an isomorphism but exp(y) •~a. Then 7 

factors aa 7 • S.8 for some 8: L -+ L2 • U • . Let 

pl: L2 I U ➔ U 

p2: L2 .t .U ➔ t.2 

il: U ➔ L2 I U : . 

12: t 2 ➔ L2 t U 



~ be the projection and injection maps such that P111 • Idu, P
2i

2 • ldL • 
2 Then y = 88 • Pi1p18 + Bi2p29 and since 

we must have that exp(S12) • exp(p1 9) ~ ~ • 
~ a 

Now 

suppose that L2 - L. Then D28 is not an isomorphism, and it is not an 
epimorphism. The almost split sequence for L2 has the form 

0 --+ L ~ L t U' -~ L -+ 0 3 1 2 
where it can be assume that a'li, • p2a and U' - g Q L for any g, G 
This is because p2a is an irreducible map and so it must occur in this 
sequence (1). Since. p

28 ii not ari epimorphi&m, there. exist_ a: L ➔ 1, '1 

such that a•a • i>28 • That ia, we have a commutative diagram 

L 

1/}e \ 1 

(L
1 e U') I U---+ L2 I u___. L 

(B',1) J 
. where ♦ - ca:p19) • Since exp(y) • •• • exp(L) we must have that 

l6 

u~ 

lH a'~ l) ltl : L1 ➔ L baa exponent 1r
8 

• Bul: this map is t}_le same as 8i2c, 2a 
L1 ~ L, and we know that 812p2a T 8i1o1a • . 8a • 0. Thia requires that 
Bi1p1u also have exponent •u However exp(Bi1) < s 8 and we have a 
contradiction. Therefore t 2 a L. The same analy•is on the sequence (3.10) 
provea that t 1 I L2 ■ 

We can nov complete the proof of Theorem 3.5. Wiedemann has sho~n that 

if A i• an order such that some A-lattice has an almost split sequence as in 
Steps III and IV, then A is Morita ·equival~nt to a Bass order in a separabl~ 
~kewfield.. Hence ,\ could not be a group ring. So L cusc ha1:e property · E 
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Corollarv 3.11:. Let M be an RG-lattice with vertex Q and Q-source L. 

Suppose that M and L are absolutely indecomposable. Then the 

• ■ulticiplicity of M in LfG is the same as the multiplicity of L in MQ. 

Proof. The corollary follows directly from the theorem, Corollary 2.8 

and the isomorphism (3.4) with H • Q. 

R~mark 3.12. Actually this technique proves a somewhat stronger result. 

That is, if Hf G; and if ~ and M ar~ respectively RH- and RC-lattices 

that are absolutely indecompos~ble and have property E, then the 

multiplicity of M in LtG is the same aa the multiplicity of L in MH. 

In general the converse of Theorem 3.5 is not true. That is, the source 

of a lattice may have property E ~ven though the lattice itself does not. 

This principal is illustra~ed in the following~ 

Proposition 3.13. Let Q be a normal subgroup of a p-group G . • 

Suppose that Lis an RQ-lattice which is absolutely indecomposable and has 

property E. Then LtG has property E if and only if xi LIL 

for all x 6 G, x ~ Q· . 

Proof. First note that LtG ia absolutely i'ndecomposable by Green'• 

indecompoaability theorem £4). So L~G has prop~r~y E if and only if 

where a to • • exp{L) • exp(L ) • But Ltc( = t x O L where the ium is · . Q 
over a complete set of representatives of the left coaets :of Q in G. 
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4. Property f and Virtually Irred~cible Lattices 

Aa mentioned in the introduction, in·this section we give another 

ver~fication that property E is equivalent to the virtually irreducible 

property of Knorr (5}, All such verifications ultimately depend on some form 
·· of a duality on the cohomology of lattices. The one ~hich we choose here is 

the standard_ late duality (see (3)). We should point out that several of the 
result• of this paper co.uld have been proved directly from the duality. 

Indeed ' it i• an essential ingredient in the proof of the existence of almost 
aplit sequences. 

The duality aaaerta that there is a nondegenerate bilinear pairing 

for any RC-lattice L and any ■ • The map is defined as the compos.ition 

of the cup product with the hoaomorphism arising from the RG-homomorphis■ 
8: L Q L* ➔ R that takes J Q ~ to l(J) for J • L and t ~ L* • 

. Note that under the isomorphism L 8 L*; Ho~(L,L) , _& becom~s the trace 
aap. In particular if • • 0 and L .• HomR{M,M) for M an RG-lattice. then 
0°{c. Ho■.R(M,K)) • Hom(H,H) • _and it can be checked that the duality 

ia 1iven· by cla{o) 8 cls(8) ➔ Tr(aoB) + IGIR . for a; 8 E HomRG(M,M) 

Proposition 4.2. Let M be an RG-lat.tice. Then 
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that is if IGJR • 1~R and if Tr(HomRG(M,M)) • wbR then exp(M) • ~n-b 

~. Th~ trace map Tr: Hom1(M,M) ➔ R defines a homomorphism 

Tr* 
Hom(M,M); fl0 (G, HomR(M,M)) ~ H0 (G,R); R/jGJ•R 

where tr*(cls(a)) • Tr(a} + IGl•R, for a E HomRG(M,M) • 

~• t~en Tr*(13 
• cls(a)) • 1

4 Tr(a) + lGl•R • 0 + JGl•R • 

If exp(M) • 
· a n-b 

Hence • ~ 1 • 

On the other hand, the-nondegeneracy of the pairing (4.1) requires that there 

exist some 8 ~ HomRG(M,M) such that 

Iheref~re .. a-l Tr(8) • R • Jn-l R • Hence Tr(S) • R • .,n_-aR • Ihis proves 

the proposition. 

Proposition 4.3 ((9], ~(6)). Let M be 'an i~decompoaable lattice. 

Then M has proper:ty E if and only if 

(4.4) 

lf thia is the case and if M i~ absolutely.irreducible then RankR(M) • R • 

,n-aR where exp(M) • • 8 and •nR • JGl•R. (A virtually irreducible 

lattice ia defined to be one -that i• absolutely indecomposable and aatisfiea 

condition (4.4).) 

Proof. Consider ~he diagram 

HomR(M,H) 

. l f 
0 _... Sl(R) ~ B -LR---. 0 

1 • 1- · l la-1 (4. 5) 

0 --+ Sl( R) ---+ P ~ R -+ 0 
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where P b ::i ;·r4'j@'ct. 4 ·;1l \;over for R • the upper ro- h th .. pull back of the 

a-1 a-1 
lower along 7 _ and B I D(R/w ll) • Following the argument i,-. l ;J, 

we have a conutativa diagram 

l •1 

BomRG(K,M QB) 

where , 1 an~ , 2 are.natural isom~rphisms. Considering the tensor 

product of (4.5) with K, we have the exact sequence 

.vhere HQ g(R) a Q(M) IQ and M 8 Ba (M/•a-lM) IQ' fQr some 

(4.6) 

projective module• Q and Q' • Hence from Theorem 2.4 we get that M has 

property E if and .only if t4.7) i• the •~most split sequence for K modulo 

• the projectivaa Q and Q• • Hence H has property E if and only if 

-1 
For ~ E HomRG(~,M) , , 2 (y) • y where y(f) • Tr(r of) for f ~ -

. Ro"R(H,M) • Let o: I ➔ HomR(M,H) by a(r) ·• r • I~ for r ER. Bence 

··a-1 
if y ia in the image of (1 a 8)*, then • ja: R ➔ R factors through 

P (see (4.5)). But yu(l) • Tr(r o I~)• Ir(r) • Therefore if 1 ia in 

the image of (1 Q 8)* then ••-l yo factors through a projective and ita 

ima1e must be contained in IOI • R. It follows that M has property E if 

and only if w•-l Tr(HomR0(M,M)) is in IGI • R. So in this case 

(4.8) 
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The fii-st statement of the proposition h proved by eomparia~: ti,c above to 

Proposition 4.2. 

Nov suppose that M . has property E and is absolutely indecomposable. 

If 7 G HomRG(Jf,M) , then y • k. • IdM + 8 for so~e k ER and 

8 G Rad HomRG{M,M) • Moreover y is an isomorphism if and only if 

k i Rad I. By Proposition 4.2 and (4.8) there exists some isomorphism y 

such that 

• exp(M) 

this completes the proof. 

Remark 4.9. Corollary 2.9 . follows easily from ptopositions -4.2, 4.3 

· and the •impla fact that :tr(Rad Hom~G(M.M)) f ~R for an indecomposable 

JtC-lattice K • · · 
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