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Abstract 
In this paper, we present Bartlett corrections to improve likelihood ratio tests 

for heteroscedastic regression models, thus generalizing previous result.a by Cordeiro 
(1993a). The formulae are simple enough to be used algebricaltr to obtain cl-1-­
form expressions in specia.1 casetl, They also have advantages for numerica.1 purposes. 
We give applications to 110me IIJ)ecial models a.nd diacuss l.mprawd liblihood ratio 
tests. We also use Monte Carlo simulation to confirm the superiority of the Bartlett 
corrected statistics aver the classical likelihood ratio statistics with regard to second­
order asymptotic theory. 
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1 Introduction 

Consider a normal heteroscedastic model for observable data Y(n x 1): 

E(Y)=µ=XP, 

/Tl= Var{Y,} = H{wj-y}, {1} 

forl = 1, .. . , n.. In model (1), X = {z1, ... ,z,.)T is a known nxp design matrix of full rank 

p, t1:"[ = (z11,- .. ,~1,) for l = 1, . . . ,n are row vectors, P(px l} is the regression par&meter, 
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wT{l x q) is a vector of known constants for l = 1, ... , n, HO is smooth, known and 

assumed differentiable function up to third order and 'Y(q x 1) is an unknown vector. Let 

W = ( w1, •.. , w,.) T be an n x q matrix. As foundation for hypothesis tests we assume 

that the components of Y are uncorrelated with mean µ and diagonal covariance matrix 

A= diag{ol}. The components of f3 and 'Y are unrelated and vary independently. We 

are interested in estimating both parameters in {3 and 'Y and in testing some components 

of these vectors. The variance function H ( ·) is defined such that it maps the real line to 

the positive real line. Natural choices for H ( ·) could be 11? = exp( w! 'Y) and 11? = ( w! 'Y )2
• 

The exponential form for the variance function is quite useful in fields including engi­

neering, economics, and the biological and physical sciences. A special case corresponds to 

take w! = (1, log x12, •.. , log x1q), where x1; are known constants strictly positive, which 

gives uf = u2 I11=2 zt with u2 = log 61. Thus, the test concerning homocedasticity is 

equivalent to the test 62 = • • • = 69 = O. Similar tests for homocedasticity have been 

proposed by Goldfeld and Quandt (1965), Glejser (1969), Harrison and McCabe (1979), 

Jarque (1981), Koenker and Bassett (1982) and Cook and Weisberg (1983). However, 

there are other forms for H(•) quite useful in applications (Box and Hill, 1974). 

The likelihood ratio (LR) statistic w is frequently used to test hypothesis of interest in 

regression models. Under the null hypothesis Ho, w has an approximate x 2 distribution 

with degrees of freedom given by the difference of the dimensions of the parameter spaces 

under the ·two hypotheses tested. Generally speaking, the main difficulty of testing a null 

hypothesis using the log-likelihood ratio criterion lies not so much in deriving its closed­

form expression - when it hBB one - but in finding its exact distribution, or at least a 

good approximation, when the null hypothesis is true. 

In an influential paper, Bartlett (1937) proposed an improved LR statistic. His argu­

ment goes BB follows. Suppose that under the null hypothesis E(w) = q{l+b+o(n--312)}, 

where bis a constant that can be consistently estimated under H0• Then, ihe expected 
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value of the transformed statistic w• =-= w/(l+b) is closer to the one from ax: distribution 

than the expect~ value of w. This became widely known as the Bartlett correction. Fur­

thermore, it was shown by Lawley (1956) that all cumulants of w• agree with those of the 

reference chi-squared distribution with error of order n-2• Lawley's results appeared to 

be incompatible with the asymptotic expansion of the null distribution of the LR statistic 

obtained by Hayakawa (1977). This puzzle was solved by Cordeiro (1987) who has shown 

that a coefficient in Hayakawa'& expansion is always equal to zero. 

In recent years there has been a renewed interest in Bartlett corrections. Cordeiro 

(1983, 1987) derived closed-form expressions for Bartlett correction factors in general­

ized linear models (Nelder and Wedderbun, 1972) and discussed improved likelihood ratio 

goodness-of-fit tests. Williams' (1976) results are a special case of Cordeiro'a results. 

Cordeiro (1995) presents extensive simulation results on the performance of a Bartlett­

corrected deviance in generalized liner models focusing on gamma and log-linear models. 

Attfield (1995) focused on models that involve systems of equations, and derived Bartlett 

corrections to the log-likelihood ratio statistic in thie case. Bartlett corn>Ctiona for mod-

els defined by any one-parameter distribution in which the mean is a known function 

of a linear combination of unknown parameters were obtained by Cordeiro {1985), who 

generalized his own results of 1983. Further Bartlett adjustments for ten multivariate nor­

mal testing problems conoerning structured covariance matrices were obtained by Meller 

(1986). In particular, M111ller's results apply to real, complex and quaternion W1Shart 

distributions and cover a number of tests. 

Many recent papers have focused on deriving closed-form Bartlett corrections for spe­

cific regression problems. For example, Moulton, Weissfeld and St. Laurent (1993) have 

obtained Bartlett corrections for logistic regressions; Cordeiro, Paula and Botter (1994) 

have derived corrections for the cl888 of dispersion models proposed by Jiargensen (1987); 

Attfield (1991) and Cordeiro (1993a) have shown how to correct LR tests for heteroskedaa-
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ticity; Wong {1991) has obtained a Bartlett correction factor for testing several elopes in 

regression models whose independent variables a.re subject to error; Wang (1994) derived 

the correction factor for testing the equality of normal variances against an increasing 

alternative; and Chesher and Smith (1995) have obtained Bartlett corrections for LR 

specification tests. A correction to the log-likelihood ratio statistic in regression mod­

els With Student-terrors was obtained by Ferrari and Arellano-Velie {1993), and similar 

corrections to heteroekedastie linear models and multivariate regression were obtained 

by Cribari-Neto and Ferrari (1995) and Cribari-Neto and Zarkos (1995), respectively. 

Bartlett adjustments to log-likelihood tests of the unit root hypothesis were proposed by 

Larsson (1994) and Nielsen (1995). An algorithm for computing Bartlett corrections was 

given by Jensen (1993); see also Andrews and Stafford {1993) and Stafford and Andrews 

(1993). General Matrix formulae for computing Bartlett corrections are given by Cordeiro 

(1993b) . A review on Bartlett corrections and some extensions is presented in Cribari­

Neto and Cordeiro (1996). An important non-regression case is that of one-parameter 

exponential family models. A simple, closed-form Bartlett correction for testing the null 

hypothesis that the paramet.er that indexes such models equals a given scalar was ob­

tained by Cordeiro, Cribari-Neto, Aubin and Ferrari (1995) . They then applied their 

result to a number of distributions in the exponential family, some of which are widely 

used in empirical applications in a variety of fields. A Bartlett correction for the natural 

exponential family had been previouly given by McCullagh and Cox (1986). 

The purpose of this paper is to obtain Bartlett corrections for several hypothesis test.s 

derived from model (1). The remainder of the paper is organized as follows. Section 2 

presents a general formula for the expected LR statistic in model (1). This formula has 

advantage for numerical purposes because it requires only simple operations on matrices. 

It is also simple enough to obtain several closed-form Bartlett corrections in a variety 

of important tests. This formula generalizes Cordeiro (1993a) equatiorui (3.6) ~ {3.8.). 
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In Section 3, we discuss several special cases of interest in practical applications. Tests 

involving a subset of the fJ and "f parameters are considered in Section 4. Finally, in 

Section 5, we present some simulation results which show that the Bartlett corrections 

derived are really of practical importance. 

2 A general formula for Bartlett corrections 

For the model (1) the total log-likelihood for (J = (/jT,"fT)T given Y can be written as 

n 1 n vr 
t<(J> = --1og2,r - - E-, 

2 2 1,,,1 Hr 
(2) 

where we denote, from now on, p, = wl 'Y, a? == H(p,) = H, and H,('> = H(r)(p,) = 
8' H(pr)/8pffor r = I, 2, ... , and v = (vi, ... , vn)T as an nx 1 vector with v, = (Yi-:i-T .8)2. 

We make some assumptions (Cox and Hinkley, 1974; Chapter 9} on the behavior of t(9) as 

the sample size n approaches infinity, such as the regularity of the first four 8 derivatives 

oft( 9) and the uniqueness of the relevant MLE i == (ji'T ,t:;T) T. 

FiBher'e 11COring method is U88d to obtain the MLEs p and 7 iteractively from the 

equations 

(3) 

where 1 is an n x 1 vector of ones, P = diag{pu} = A<1>A-1, A = diag{H1} and 

A(r) = diag{HYJ}. The parameters .8 and "f are globally orthogonal (Cox and Reid, 

1987) and therefore the joint information matrix for theae p8l'ameien is block-diagonal 

K = diag{K.s,K,y}, where K!J = xT A-1x is the information for fJ and K,y = ½WTP2W 

is the information for 'Y· Further, the MLEs P and 9 are asymptotically independent and 

converge in distribution to multivariate normal distributions N,(fJ, Ki1
) and N1("t, K71}, 

respectively. 
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The following standard notation (Lawley, 1950) for the joint cumulants of the log­

likelihood derivatives, all assumed to be O(n), will be adopted: 

{ 
8l(9) 8l(9)} { 8

2
l(9)} 

1t,,, = E 89, 89, ' K.r, = E 89,88, ' 

[{ 
8

2
l(8)} 8l(8)] { a3l(9) } 

ltr,,t = E 89,89, 881 ' 1t,11t = E 89,89,881 ' 

and so on, where the components of 8 may represent any components of {J and 1 · We also 

h . <1> - 81tr, <tu> - a21tr, use t e notation 1t,. -
881 

, 1t,, -
881881

.' etc. Note that 1t,,, = -tr.,, is the (r, ,)th 

element of the Fishtt information matrix for 8. Let -1t'' be the corresponding element of 

its inverse. We denote the aummation over all the {J and 'Y parameters by I:' and over the 

data by E. For models given by (1), we can find these joint cumulants without difficulty. 

We define the total maximized log-likelihood by lp+f = l(8) and the log-likelihood at 

the true parameter point by l. From Lawley's (1956) expansion we can write the expected 

value of 2(lr>+9 - l) to order n-1 as 2E(tp+q - l) = p + q + t:J>+<l, where ~ is a term of 

order n-1 evaluated at the true parameter given by 

where 

fp+q = L '(l,,eu - l,-), 
fJ,7 

(4) 

l,_ = 1t"1tc,, (¾"r- -4:l + 4t"'>), (5) 

l,111_ = 1t"1ttu1t""'[1trtu(~"--"~)+1trtuG1t--1t~)+1t~)"~+1t~)"~]. (6) 

Expression (4) is general enough to be used in a number of econometric models since 

it is usually obtained from likelihood functions that obey the general regularity conditions 

stated in Cox and Hinkley (1974, Chapter 9), thus allowing one to handle independent, but 

not necessarily identically distributed observations. The main problem of Lawley's for­

mula is its interpretation since itl! individual terms are not parameter invariant. However, 

it can be widely used by econometricians when programmed in an algebraic ro.a.nipulation 

language, such as Mathematica (Wolfram, 1991). 
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The proof of (4) - (6) given in Lawley contains many references to the difficulty of the 

symbolic manipulations and, as he pointed out, it involves exceedingly complicated and 

laborious algebra. 

We now obtain Ep+q in a more readily computable form. The key step in deriving 

a simple expression of Ev+-9 is to use the block diagonality of the information matrix. 

In view of this, the sums E'lr111v and E'lr111vvw can be obtained in matrix notation by 

summing over the sample after evaluating the sums over the parameters. We define A = 
W(WTP2Wt 1WT and B = X(XT A-1xt1xT and the diagonal matrices Ad= diag(A) 

and Bd = diag(B). Note that 2A and Bare just the large sample covarinces ma.trices of 

W9 and µ, respectively. Plugging the joint cumulants into (5) and (6) we can find after 

a lengthy algebra 

and 

E 'lr111v = tr [AdBtJA-1(2P2 
- Q) - ½A~(-Q2 + 8P2Q - 6P") 1 

f},-, 

L 'lrmww = -lTPA,1AB~-1Pl,. -i1TpA-1B,iABc1A-1Pl 
{J,-, 

+1TPA-1(B(2) ® A)A-1Pl- ~lTPQAc1AA.,QPl 
2 

-ilTP(4P2 A(3l(3Q- 2P2) - 3QA(3lQ]Pl, 

where® denotes the Hadamard (direct) product, B<2> = B ® B, A(3l = A(2) ® A, etc. 

and Q =A<2>A-1• 

The details involved in deriving the expressions above for E'.s,-, lrm, and E'/J,-, tr,_ 

are tedious and are not reproduced here but follow from singular algebraic developments 

of Cordeiro (1993a). They can be obtained from the authors. After simple manipulation 

we get the following decomposition for EJ>+<i 

EJ>+1 = h(X, W,A) = f(W, A)+ g(X, W, A), {7} 
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where 

and 

/(W,A) -~tr [A~(-Q2 + 8P2Q - 6P4)) + ½1Tp [4P~A(3l(3Q - 2P2
) 

-3QA<3>Q] Pl+ ~lTPQAdAAdQPl 

g(X, W,A) tr [AdBdA-1(2P2 - Q)] - lT PA-1(B(2) ® A)A-1 Pl 

+½ 1 T P A-1 B,iAB,1.A -I Pl + 1 T P A,1.AB,.A -l Pl. 

(8) 

(9) 

Clearly fJ>+q is a function of X, W and A and it only involves simple operations on 

matrices and vectors. Equations {7) - (9) can be easily computed using a computer algebra 

system such as Mathematica or Maple, or using a programming language with support 

for matrix operations, such as GAUSS, OX or S-PLUS. It is also poeeible to simplify 

equations (8) and (9) when the model at hand has closed-form expressions for A and B; 

see Sections 3 and 4. We have checked formula (7) in several specific situations and it 

works properly. Although h(X, W,A) is easy to compute under the null hypothesis, it is 

not easy to interpret. The fundamental difficulty is that the individual terms in equations 

{8) and (9) are not invariant under reparametrization and therefore their interpretation 

depend on the coordinate system chosen. The entire expression for h(X, W, A) is of 

course invariant under reparametrization. Unfortunately, equations (8) and {9) provide 

no indication as to what structural aspects of the model contribute significantly to their 

magnitude. 

3 Some special cases 

In this section we consider a number of special models which produce some simplification 

in equations (7) - {9). Let us consider first the exponential variance function defined 

by a7 = exp(w! 7). In this case, P = Q = I, where I is the identity matrix of order 
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n, and then the formulae (7) - (9) reduce to the corresponding expressions (3.6) - (3.8) 

of Cordeiro {1993a). As a second case, we consider the homoscedastic model for which 

q = 1, W = 1 and A= u2I. After some algebra, it comes from (7) 

2 3(p + 1)2 - 1 (6 - l)p 
Ep+-1 = h(X, 1, CT I) = ~-~- - --2- • 

6n nr 
(10) 

where T = H<1l('Y)/H(,y) and 6 = H(2l('Y)/H('Y). When H(·) = exp(·), 6 = 1 and then 

formula (10) is i<lentical to equation (4.1) of Cordeiro (1993a). 

As our third example, we consider the case of homogeneity of means for which p = 1 

and X = 1. We can find 

h(l, W,A) = Ei: l _2tr [AaA-1(2P2 -Q)] - -
2
1
tr [A~(-Q2 + 8P2Q - 6P4

)] 
1=1 D'1 

+ l 1TPA AA-1Pl- l 1TpA-1AA-1Pl 
't"'R -2 d ( 2)2 L-1=1 CT1 2 Ei=t u, 

+~ITPQAc1AA4QPl + ~ITP [4P2A(3l(3Q- 2P2
) - 3QAC3>Q] Pl. 

When H(-) = exp(·) this formula is in agreement with the equations (3.6) - (3.8) of 

Cordeiro (1993a) by noting that B = 11T n:;i:,1 u12, Bc1 = I/Ef=t u12 and B(2l ®A= 

A/(Ef=i u,2)2. 

Finally, as a fourth example, we consider the on&-way classification structure for both 

predictors µ and p. In this case, we assume that p ~ 2 populations have distributions 

N{µ1, u1), ... , N(µ,,, u!) and that independent random samples of sizes n1, ... , np (x, ~ 1, 

i = 1, ... ,p) are drawn from these populations. Here the two systematic components are 

written asµ;= /3+/JJ an.du]= H('Y+'Y;) for j = l, ... ,p, whereI:-1/3; = E1-i'YJ = O, 

/3 and 'Y are scalars representing mean effects and /J; and 'YJ are the effects on the mean and 

on the variance of the response due to the jth population. In this case, the p x p matrices 

WTP2W and XTA-1X reduce to WTP2W = diag{nJ~;} and XTA-1X = diag{n;uj'2}. 

Recall that P = diag{pJJ} = A<1lA-1 and Q = diag{qJJ} = A,(2lA-1• Further, the 

matrices A and B have typical elements given by A = {61,./nzpi} and B = {61m/n1u1}, 
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• 

where 61~ == 1 if l and m index observations in the same population and zero otherwise. 

We also have ( _, _, ... _, _,) 
n1 ~11 n1 Pu 

0 
-1 -2 -1 -2 

n1 Pu n1 Pu n1xn1 

A= ( _, _, ... -;•,:) n1 Ppp 
0 

n;1p-;; -1 -2 
nP Ppp ..,.x..,. 

and ( _, _, ... _, _,) n1 0"1 n1 0"1 

0 .. 
-1 -2 -I -2 n1 0"1 nl O'I n1Xn1 

B; ( .-·.-• ... n;'•;') p , 

0 

n;tu;2 n-lu-2 
1' 1' ..,.x .... 

After some a.lgebra we can find 

_ t -1 ( 11 + 1 - q;J) E2p - n; 6 2 • 
i=l P;; 

Evidently, the Bartlett correction for this model does depend only on the sample siZes 

and on the variance function and its first two derivatives. 

4 Bartlett corrections for testing some hypotheses 

In this section w.i deal with five important composite null hypotheses defined from model 

(1). The first two natural composite hypotheses are H1 : 62 : • • • = 69 == 0 with w11 = 1 

for l == l, ... ,n, and H2 : /¾ = ... = /3, = 0 with x11 = 1 for l = 1, ..• ,n, both 

hypotheses to be tested against A: violation of at least one equality. The problem of H1 

of testing for homoscedasticity when the variances depend on predictors is one with a 

long history; see, for example, Cook and Weisberg (1983) as well as almost any modern 
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econometric textbook. The hypothesis H2 corresponds to the test of homogeneity of 

me&nB, 'Y being a nuisance parameter. From now on we denote the unrestricted MLEs 

obtained from equations (3) by jj a.nd 9 while the restricted estimates are denoted by P 
and 1 · FllQctions evaluated at the unrestricted estimates will be denoted by the addition 

of a circumflex and thQBj! evaluated at the restricted estimates by the addition of a~. 

The l.R statistic for testing H1 with p as a nuisance parameter reduces to 

• 
where the restricted estimates come from 

• 
and -2 l lT-a = - v, 

n 

with ii= (ii1, ... , v,.)T and v1 =- (Yi - z!P)2 for I= 1, ... , n. The statitic w1 is asymptot­

ically-distributed under H1 as x:-1• This approximation has error O(n- 1) a.nd it ca.n be 

improved to O(n-2) by a Bartlett correction which we now derive. We obtain from (7) 

and (10) under H1 

which gives the Bartlett correction c1 = (q-1)-1E(w1) for improving the test of H1. We 

ca.n easily see by calculating (7) under H1 that c1 does not involve unknown parameters 

and depends only on the model matrices X and W. 

For the test H2 of homogeneity of means, 'Y being a nuisance parameter, the LR 

criterion becomes 

w2 = I)og (~) + 1T(X-1v -X-1ii), 
1-1 IT1 

where A a.nd ij are the MLEs under H2 obtained from the equations 

- 1TX-1y 
Pi=~ and 

11 
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Under H2 and up to order n-1 we find 

E(w2} = p-1 + h(X, W,A) - h(l, W,A), 

where the h functions are easily obtained from (7). We also have 

(11) 

h(X, W,A) - h(l, W,A) = tr { AdBdA-1(2P2 
- Q)} - E" 

1 
_2 tr { A~ - 1(2P2 

- Q)} 
l=l 111 

+1TPAdAB,A-1Pl- l _21TPAdAA-1Pl 
l:i::1 111 

+!:1TpA-1B AB A-1Pl+ l lTPA-1AA-1Pl 
2 d d 2"" -2 £..1-1 111 

-1TPA-1(B(2) ® A}A-1Pl. 

The Bartlett correction c2 = (p - 1)-1E(w2) is estimated at A by c2 and then the 

improved test of H2 compares ci1w2 with the x~1 distribution. In the particular case 

q = 1, equation (11) simplifies to 

{12) 

Formula (12) is in agreement with expression ( 4.3) of Cordeiro (1993&) for the special 

case H(-) = exp(·). 

In many probleI!lll the restrictions under a test involve a subset of the fJ and 'Y pa­

rameters. Partitioning the parameters as /3 = (/3l, f3I) T and 'Y = bl, 'Yi) T, where 

/11 = (/31, . . . ,/3,,)T, 132 = (/1,.+1, ... ,/3,?, 'Yt = ('Y1, ••. ,'Y0.? and 'Y2 = ("191 +1, ... ,'Y,)T, 

we are interested in testing H3 : /33 = fJ~oJ, 'Y2 = 'Y~O) against A, where fJ~O) and 'Y~O) are 

specified vectors of dimensions p - Pt and q - q1, respectively. Further, we assume that 

1 5 P1 5 p and 1 5 q1 ~ q but the trivial case Pl = p, q1 = q is excluded because 

there are no parameters left under the null hypothesis. The contiguous cases Pt = 0, 

1 :5 q1 :5 q and 1 :5 p1 :5 p, q1 = 0 corresponding to the composite hypotheses fJ = {3<0>, 
"/2 = 'Yfl and 132 = f1'f >, 'Y = ,.,<0> can be treated separately. Evidently, in the simplest 

case p1 = q1 = 0 of no practical interest since H3 becomes simple, the Bartlett correction 

reduces to 1 + (p + q)-1h(X, W, A) with A being evaluated under the null hypothesis. 

12 



Following the partition induced by H3, let X = (X1,X2) and W = (W1, W2) be the 

corresponding partitioned model matrices, where X1, X2 , W1 and W2 are, respectively, 

n x Pt, n x (p- Pt), n x 1/1 and n x (q-q1) known matrices of full ranks. The LR criterion 

for testing Hs comes from (2) 

l {
I.Al} + IT [A--1- A--1-1 W3=og"""'"" V- V, 
IAI 

where MLEs subject to Ha are written with a tilde. The Bartlett correction cs for im­

proving Ha follows from (7) as 

1 
h{X, W,A) - h(X1, W1,A) 

ca= + ' p-p1 +q-q1 
(13) 

and it should be estimated at A. Then, the improved test compares es1w3 with the upper 

point of the x~,., +q-q, distribution. 

We are now interested in testing mean effects, namely H4 : f3 = p(O) against A : {J =f, 

13<0>, where p<0> is a specified whole vector of dimension p and ; is a vector of nuisance 

para.meters. The LR statistic for testing H 4 is given by 

where u? = H(w"{9). Under H,, the asymptotic distribution of w, is x!- We can find 

E(w4) = p + tr [A.rBttA-1{2P2 - Q)] - 1 T PA-1(BC2l ® A)A-1 Pl 

+¼1Tp1i.-1B,tAB.rA-1Pl + lTPAttAB.rA-1Pl, 

where A should be estimated by A. The Bartlett correction associated with w4 is c4 = 

p-1E(w4} and then the modified statistic w4 = c;1w4 is distributed under H4 to order 

n-1 88 x!-
Finslly, our interest is to test the whole vector 1', i.e., H6 : 1' = 7CO) against A : 1' 'la 7CO), 

where 7CO) is a specified vector of dimension q and fJ is a vector of nuisance parameters. 
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The LR statistic for testing Hr, becomes 

_ ~l (uf0>') +~[(Yi- x!,8)2 
_ (Yi - x!ii)2] w~ - L.J og -;r L...J (O)' -2 , 

l=l 11f l=l 111 111 

where p = {XT A<W1x)-1XT A(oJ-•y, Under H&, the distribution of tll& is of order n-1 

away from x~- We can show that E(w5) = q + h(X, W, A<0>) and the Bartlett correction 

determined by C5 = 1 + h(X, W,A<0>)/q renders the n-1 term equals to zero and the error 

of the x: approximation becomes of order n-2• If q = 1 and w = 1, we have the simple 

expression 

l 3(p + 1)2 
- 1 (6 - l)p 

cti= + 6n +~-

Bartlett corrections for several other tests in model ( 1) are analogously derived because 

of the generality of equation (7) . 

5 Simulation results 

We now perform a Monte Carlo simulation study using the following model 

(14) 

for I = l, ... , n . We wish to test the null hypothesis H3 : f31 = f32 = 2, '72 = 0 against 

the hypothesis of violation of at least one equality. For the simulations the nuisance 

parameters were fixed at f:Jo = 5, {33 = 3, 'Yo = 3 and 'Yl = 1, and the explanatory 

variables x,.'s and w1/s were chosen as random draws from uniform U(0, 20) and U(0, 5) 

distributions, respectively. Their values were held constant throughout the simulations 

with equal sample sizes. We talre 112 = 1 and 5, X = 0.5, I and 2 and the number 

of observations was set at n = 10, 20 and 30. The simulations run-size was 10,000 in 

each case, and calculations were performed in FORTRAN using NAG subroutines. In 

each simulation, we generate normal data following {14) and then we solve equations 

14 



(3) iteratively under H3 and A to obtain the LR statistic w3 and the modified statistic 

wj = ci1
w3 1 where c3 comes from (13) estimated under H3. Further, we investigate 

the rejection rates of w3 and w3 at the nominal 5% and 1 % levels of the reference xi 
distribution. 

For each combination of o-2, n and .\, Tables 1 and 2 give the sumulated rejection 

rates of both statistics w3 and w3, i.e., the percentage of times that they exceed the 

appropriate upper points of xl The figures in these tables convey important information. 

First, the tendency of the unmodified LR statistic w3 to reject the model (14) more often 

than is expected for the selected type I error, in finite samples, is confirmed. In fact, 

for all 18 cases reported, the rejection rates of w3 are greater than the corresponding 

upper points of xi- Second, the empirical sizes of the test based on the modified LR 

statistic w3 are closer to the nominal levels than the empirical sizes of the unmodified 

statistic w3. So, there is strong evidence of the superiority of the xi approximation for 

the distribution of w3 over the distribution of w3• Thus, the Bartlett correction is very 

effective in pU&hing the rejection rat"" oE the i:nodified statistic toward to the nominal 

levels. Third, the asymptotic chi-squared approximation for both test statistics w3 and 

w; works better for large values of n and small vaiueB of .\ and o-2, i.e., when the variability 

of the normal observations is small, in agreement with the so called "the small-dispersion 

asymptotic result". As expected, the x2 approximation for both statistics deteriorates 

when the sample size n decreases or when the variability of the data increases. Finally, 

the simulations results presented in this section suggest that the Bartlett corrections 

usually employed can deliver accurate inferences with samples of small to moderate size. 

15 
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Table 1: Rejection rates of ws and w3 for the hypothesis H s : 
f:1i = 132 = 2, 12 = 0 in model (14) with u2 = 1. 

nominal ,\ =0.5 ,\ = 1.0 ,\ = 2.0 
n level W3 w; W3 W3 W3 w; 

a(%) 
10 5 12.5 6.8 14.2 7.1 16.4 7.1 

1 7.2 2.5 8.5 3.2 9.2 3.5 
20 5 8.3 5.4 9.8 6.2 10.1 6.4 

1 3.1 2.0 5.4 2.5 6.1 2.4 
30 5 6.1 5.2 7.1 5.8 7.4 5.9 

1 1.9 1.1 2.8 1.3 3.5 1.6 

Table 2: Rejection rates of w3 and w3 for the hypothesis H3 : 
/31 = /32 = 2, 'Y2 = 0 in model (14) with u2 = 5. 

nominal ,\ = 0.5 ,\ = 1.0 ,\ =2.0 
n level w, w; W3 w; W3 w; 

a (%) 
10 5 12.6 6.9 14.9 7.4 16.5 8.1 

1 7.2 2.4 8.6 3.1 9.4 3.5 
20 5 8.4 5.5 10.0 6.2 10.3 6.5 

1 3.2 2.0 6.0 2.5 6.4 2.3 
30 5 6.5 5.5 7.2 5.9 7.5 5.8 

1 2.0 1.2 2.3 1.4 3.6 1.5 
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