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Abstract: A new one-parameter distribution is proposed in this paper. The new distribution allows
for the occurrence of instantaneous failures (inliers) that are natural in many areas. Closed-form
expressions are obtained for the moments, mean, variance, a coefficient of variation, skewness, kurtosis,
and mean residual life. The relationship between the new distribution with the exponential and Lindley
distributions is presented. The new distribution can be viewed as a combination of a reparametrized
version of the Zakerzadeh and Dolati distribution with a particular case of the gamma model and
the occurrence of zero value. The parameter estimation is discussed under the method of moments
and the maximum likelihood estimation. A simulation study is performed to verify the efficiency of
both estimation methods by computing the bias, mean squared errors, and coverage probabilities. The
superiority of the proposed distribution and some of its concurrent distributions are tested by analyzing
four real lifetime datasets.
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1. Introduction

The exponential and Lindley distributions [1] play an essential role in distribution theory as baselines
of many generalizations. Although in some cases, the Lindley distribution can outperform the exponential
distribution [2], both distributions may not be adequate in many problems. Therefore, there is space
for improvement.

Let Tbe a non-negative random variable with the probability density function (PDF) given by:

f (t|λ) = 1
λ2(λ− 1)

(
λ2 + t− 2λ

)
e−

t
λ , t ≥ 0, (1)

where λ ≥ 2 is the shape parameter.
The cumulative distribution function (CDF) related to the proposed distribution is:

F(t|λ) = 1− (λ2 + t− λ)

λ (λ− 1)
e−

t
λ .

The proposed distribution can be viewed as a combination of a reparametrized version of the
Zakerzadeh and Dolati [3] distribution with a particular case of the gamma model and the occurrence of
zero value. This paper aims to provide some properties of the proposed distribution (1). The remainder
of this study is set out as follows. Section 2 discusses the genesis of the proposed model and its
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relationship with the exponential and Lindley distributions. Section 3 gives the r-moments, mean, variance,
the coefficient of variation, skewness, and the kurtosis. Section 4 shows the relationship of the proposed
distribution with the Lindley and exponential distributions. Section 5 presents the estimators of λ based
on the maximum likelihood estimator (MLE) and the moments’ estimator (ME). Section 6 presents a
simulation study to compare the MLE and ME performance. Section 7 explains the relevance of our
proposed methodology with four real datasets. Section 8 summarizes the present study.

2. Genesis

The exponential distribution has performed a crucial role in statistical theory either to describe real
situations or as a basis of more flexible models. Its PDF is given by:

fE(t; λ) =
1
λ

e−
t
λ . (2)

Most of the currently generalized models have as a baseline (2) (see Tahir and Cordeiro [4] for the
recent discussion of generalized models). Rao [5] discussed another concept to describe sampling situations
by weighted distributions.

Let f (x) be a baseline distribution of the random variable X and w(X) : R → R+ be the weighted
function (see Bartoszewicz [6] for a detailed discussion) where 0 < E[w(X)] < ∞ where:

Fw(x) =
1

E[w(X)]

∫ F(x)

0
w(F−1(z))dz.

Then, the weighted distribution of X has the PDF given by:

fw(x) =
w(x) f (x)
E[w(X)]

. (3)

If fw(x) can be rewritten as (3), then fw(x) is a weighted distribution of f(x).
Besides the exponential distribution, another important baseline model is the Lindley distribution

that has the PDF given by:

fL(t; λ) =
1

λ(λ + 1)
(t + 1)e−

t
λ .

Although such a distribution has been proposed in the context of the fiducial distribution, it can be
easily noted that:

fL(t; λ) = wL(t; λ)
1
λ

e−
t
λ ,

where wL(t; λ) = w(t)/E[w(t)] = (t + 1)(λ + 1)−1. Therefore, the Lindley distribution it is a weighted
model. Following the same idea, we considered that:

fN(t; λ) = wN(t; λ)
1
λ

e−
t
λ , where wN(t; λ) =

(λ2 + t− 2λ)

λ−1(λ− 1)−1 .

Note that the three distributions are closed related and differ by weight functions wL(t; λ) and
wN(t; λ). The new distribution tends to behave more similar to the Lindley distribution for small values of
λ, while as λ→ ∞ and wN(t; λ)→ 1, it tends to recapture the exponential distribution shape.

In Figure 1, we can observe the influence of the weight functions wL(t; λ) and wN(t; λ) on the different
distributions. As just pointed out above, for small values of λ, the proposed distribution behaves more
similar to the Lindley distribution. On the other hand, as λ increases, it behaves more identical to the



Stats 2019, 2 249

exponential distribution. However, the exponential decay of the proposed distribution is smaller than
the exponential one, which allows us to fit data with extreme values. Therefore, our distribution is more
flexible to describe different types of lifetime data.
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Figure 1. Top left: PDF shapes for λ = 2. Top middle: PDF shapes for λ = 2.5. Top right: PDF shapes
for λ = 3. Bottom left: PDF shapes for λ = 4. Bottom middle: PDF shapes for λ = 8. Bottom right: PDF
shapes for λ = 15.

Recently, Zakerzadeh and Dolati [3] introduced a three-parameter generalized Lindley distribution
with the PDF given by:

fZD(x; α, θ, λ) =
θ2

(γ + θ)Γ(α + 1)
(θx)α−1(α + γx)e−θx, (4)

where x > 0 and γ, θ, α > 0. Note that, by considering γ = λ−1(λ− 2)−1 where λ > 2, θ = λ−1 and
α = 1, we have the PDF (1). On the other hand, to achieve our distribution, one needs to combine the
reparametrized model with f (x) = 1/4xe−x/2 when λ = 2 and then extend the obtained model for x ≥ 0.
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It is worth mentioning that Zakerzadeh and Dolati’s model [3] is not defined for zero value, which is one
of our main focuses.

3. Moments

The rth moment for the proposed distribution is given by:

µr = E[Tr] =
r!λr

(λ− 1)
(λ + r− 1) , for r ∈ N.

Moreover, the rth central moment is given as follows,

Mr = E[T − µ]r =
r

∑
i=0

(
r
i

)(
i!λi (λ + i− 1)

(λ− 1)

)(
− r!λr (λ + r− 1)

(λ− 1)

)r−i
. (5)

In particular, it is simple to show that the mean and the variance are given by:

µ =
λ2

(λ− 1)
and σ2 =

λ2(λ2 − 2)
(λ− 1)2 · (6)

From (5), the coefficient of variation, skewness, and the kurtosis are given by:

CV =

√
λ2 − 2

λ
,

Skewness =
2(λ3 − 6λ + 6)
(λ2 − 2)3/2 and

Kurtosis =
3(3λ4 − 28λ2 + 48λ− 24)

(λ2 − 2)2 ·

Figure 2 shows some examples of the shapes of the coefficient of variation, skewness, and kurtosis
according to different values of λ.
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Figure 2. Shapes for the coefficient of variation, skewness, and the kurtosis considering different values of
λ.
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4. Shapes

The PDF is unimodal for 2 ≤ λ < 3 and decreasing for λ ≥ 3. The behavior of (3) when t = 0 and
t→ ∞ is, respectively, given by:

f (0; λ) =
(λ− 2)

λ(λ− 1)
and f (∞; λ) = 0 .

Therefore, the proposed distributions allow us to fit data with zero occurrences (inliers), which are
common in many problems, especially in hydrology and reliability. In Figure 3, we illustrate the shapes of
the PDF for different values of λ.
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Figure 3. PDF shapes for the new distribution considering different values of λ.

The survival function for the proposed distribution is given by:

S(t; λ) =

(
λ2 + t− λ

)
λ (λ− 1)

e−
t
λ .

The hazard function plays an important role in lifetime distributions, being one of the most important
quantities to characterize the lifetime phenomenon. For the proposed distribution, its hazard function is
given by:

h(t) =
(λ2 + t− 2λ)

λ(λ2 + t− λ)
· (7)

Note that, (λ2 + t− 2λ)/(λ2 + t− λ) is increasing for all t and λ ≥ 2, which implies that the hazard
rate function (7) has an increasing shape. Figure 4 gives examples of the shapes of the hazard function for
different values of λ.
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Figure 4. Hazard function shapes for the new distribution considering different values of λ.

The behavior of the hazard function (4) when t = 0 and t→ ∞ is, respectively, given by:

h(0; λ) =
(λ2 − 2λ)

λ(λ2 − λ)
and h(∞; λ) =

1
λ
·

From Figure 4, we can see that, h(t; λ) ↑ 1/λ as λ→ ∞, i.e., the hazard rate converges to a constant.
Therefore, the new distribution converges to an exponential distribution when λ→ ∞.

The mean residual life (MRL) has been widely used in survival analysis and represents the expected
additional lifetime given that a component has survived until time t. The MRL function is computed by:

r(t; λ) =
1

S(t)

∫ ∞

t
x f (x; λ)dx− t.

Solving the integral, we have:

∫ ∞

t

x
λ2(λ− 1)

(
λ2 + x− 2λ

)
e−

x
λ dx =

λ3 + λ2t + t2

λ2 + t− λ
,

which implies that:

r(t; λ) =
λ(λ2 + t)

(λ2 + t− λ)
·

The behavior of the MRL when t = 0 and t → ∞ is r(0; λ) = λ2(λ− 1)−1 and r(∞; λ) = λ.
For a non-negative random variable, if h(t; λ) is increasing, then r(t; λ) is decreasing (see Bryson and
Siddique [7]). Figure 5 presents some shapes of the MRL function for different values of λ.
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Figure 5. Mean residual life (MRL) shapes for the new distribution considering different values of λ.

Zakerzadeh and Dolati [3] presented the moment generating function for the three-parameter
distribution, which after some algebra and using the reparametrization discussed in Section 2 can be
used to obtain the rth moment of our distribution. Moreover, they also studied the behavior of the
hazard function of (4), which has an increasing shape when α ≥ 1, confirming that our hazard function is
increasing. Hereafter, we discuss many properties of the proposed model. Due to the different form of our
proposed distribution, as well as its simple structure; the results discussed in this paper differ from those
presented by the authors above.

5. Inference

In this section, we present the maximum likelihood and the moment estimators for the λ parameter
of the proposed distribution.

The method of moments is one of the simplest estimation procedures, which for a one-parameter
distribution can be obtained by equating the first theoretical moment with the sample mean, i.e.,
λ2(λ− 1)−1 = t̄, where t̄ = ∑n

i=1 ti/n. After some algebraic manipulation, the solution has a closed-form
expression and is given by:

λ̂ =

 1
2

(
t̄ +
√

t̄(t̄− 4)
)

if t̄ > 4,

2 if t̄ ≤ 4 .

We can construct asymptotic confidence intervals for λ̂ by using the fact that λ̂ ∼ N(λ, σλ̂), as n→ ∞,
where the standard deviation σλ̂ can be obtained by the delta method. The expression is obtained by

σ2
λ̂
≈ g′(µ)2 σ2

n
in which g′(µ) = [µ +

√
µ(µ− 4)− 2]/(2

√
µ(µ− 4)), and µ and σ2 are given in (6).

After some algebraic manipulations, we have σ2
λ̂
≈ 4/n if λ = 2 or:

σ2
λ̂
≈ (λ2 − 2)

n

(
λ− 1
λ− 2

)2
, for λ > 2.
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For the maximum likelihood estimation, let T1, . . . , Tn be a random sample such that T has the PDF
given in (1), then the likelihood function is given by:

L(λ; t) =
1

λ2n(λ− 1)n

n

∏
i=1

(
λ2 + ti − 2λ

)
exp

{
− 1

λ

n

∑
i=1

ti

}
.

The log-likelihood function l(λ; t) = log L(λ; t) is given by:

l(λ; t) = − 2n log(λ)− n log(λ− 1)− 1
λ

n

∑
i=1

ti +
n

∑
i=1

log
(

λ2 + ti − 2λ
)

, (8)

and the score function is given by:

U(λ; t) = −2n
λ
− n

λ− 1
+

n

∑
i=1

2(λ− 1)
λ2 + ti − 2λ

+
1

λ2

n

∑
i=1

ti. (9)

Solving U(λ; t) = 0, we obtain λ̂MLE, i.e., the MLE of λ.

Remark 1. If λ = 2, then U(λ; t) is positive for all ti > 0, i = 1, . . . , n; on the other hand, if λ increases,
U(λ; t) becomes negative for all ti ≥ 0, i = 1, . . . , n. This implies that there is at least one solution for λ̂MLE.
However, proving that the solution is unique is a hard task since it is difficult to study the behavior of the derivative
∑n

i=1 2(λ− 1)/(λ2 + ti − 2λ).

Under mild conditions, the maximum likelihood estimate is asymptotically normal distributed with a
normal distribution given by λ̂ ∼ N(λ, I−1(λ)) for n→ ∞, where I(λ) is the Fisher information element
given by:

I(λ) = − 2
λ2 −

1
(λ− 1)2 −

4(λ− 1)e(λ−2)

λ2 Ei(−(λ− 2)),

and Ei(z) = −
∫ ∞

z e−t/t dt, where z ≥ 0 is the exponential integral function.

6. Simulation Analysis

In this section, a simulation study is presented to compare the efficiency of the maximum likelihood
method with the method of moments. The simulation study is performed over N = 5,000,000 samples
generated from the new distribution with λ = 2.5, 3, 4, 6, 8 and n = 10, 20, 50, 100, 200, 500. This comparison
is performed by computing the bias and the mean squared errors (MSE) given by:

Bias(λ) = (1/N)
N

∑
i=1

(λ̂i − λ) and MSE(λ) = (1/N)
N

∑
i=1

(λ̂i − λ)2,

where N is the number of samples, as well as the coverage probabilities with a 95% confidence level. Note
that, the new distribution can be expressed as a two-component mixture:

f (t; λ) = p f1(t; λ) + (1− p) f2(t; λ) ,

where 1− p = 1/(λ − 1) (or p = (λ − 2)/(λ − 1)) and f j(t; λ) = λ−jtj−1e−
t
λ for j = 1, 2. Therefore,

the dataset is generated as follows,

1. Generate Ui ∼ Uniform(0, 1), Xi ∼ Exp(λ), and Yi ∼ Gamma(2, λ), i = 1, . . . , n;
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2. If Ui ≤ p = (λ− 2)/(λ− 1), then set Ti = Xi, otherwise, set Ti = Yi, i = 1, . . . , n.

By considering this approach, it is expected that the best estimation method will return the average
bias and the MSE close to zero. For the coverage probability, the frequencies of intervals that covered the
true values of λ under a confidence level of 95% should be closer to 0.95.

The results are condensed in Tables 1–3, which present the average bias and average MSE, and the
coverage probability with a 95% confidence level of the estimates obtained from the maximum likelihood
and the moment estimation approaches for different samples.

Table 1. The average bias with N = 5,000,000 simulated samples.

n λ = 2.5 λ = 3 λ = 4 λ = 6 λ = 8
MLE ME MLE ME MLE ME MLE ME MLE ME

10 0.4833 0.3358 0.3813 0.2348 0.2106 0.1377 0.0597 0.0879 −0.0018 0.0470
20 0.2360 0.1531 0.1511 0.0578 0.0175 −0.0120 −0.0439 −0.0125 −0.0405 −0.0108
50 0.0725 0.0302 0.0239 −0.0335 −0.0295 −0.0324 −0.0250 −0.0101 −0.0174 −0.0061
100 0.0285 −0.0146 0.0049 −0.0422 −0.0172 −0.0160 −0.0121 −0.0048 −0.0084 −0.0029
200 0.0140 −0.0334 0.0015 −0.0295 −0.0090 −0.0074 −0.0062 −0.0026 −0.0041 −0.0014
500 0.0059 −0.0295 0.0003 −0.0112 −0.0037 −0.0029 −0.0025 −0.0011 −0.0017 −0.0006

Table 2. The average MSE with N = 5,000,000 simulated samples.

n λ = 2.5 λ = 3 λ = 4 λ = 6 λ = 8
MLE ME MLE ME MLE ME MLE ME MLE ME

10 1.065 1.415 1.317 1.770 2.303 2.858 4.958 5.236 8.305 8.336
20 0.476 0.733 0.657 0.966 1.270 1.559 2.650 2.695 4.266 4.242
50 0.190 0.367 0.299 0.491 0.571 0.669 1.066 1.073 1.693 1.693

100 0.099 0.235 0.161 0.292 0.289 0.328 0.528 0.534 0.843 0.845
200 0.051 0.152 0.083 0.158 0.144 0.160 0.263 0.266 0.421 0.422
500 0.020 0.077 0.034 0.060 0.057 0.063 0.105 0.106 0.168 0.169

Table 3. The coverage probability with N = 5,000,000 simulated samples.

n λ = 2.5 λ = 3 λ = 4 λ = 6 λ = 8
MLE ME MLE ME MLE ME MLE ME MLE ME

10 0.979 1.000 0.952 1.000 0.916 0.810 0.911 0.955 0.908 0.920
20 0.945 0.998 0.913 0.699 0.902 0.894 0.919 0.935 0.921 0.927
50 0.902 0.652 0.895 0.804 0.920 0.972 0.936 0.941 0.938 0.940

100 0.905 0.718 0.913 0.887 0.935 0.954 0.943 0.946 0.944 0.945
200 0.922 0.795 0.929 0.950 0.943 0.950 0.947 0.948 0.947 0.947
500 0.937 0.901 0.941 0.969 0.947 0.950 0.949 0.949 0.949 0.949

From the obtained results, we can conclude that as n increases, both bias and MSE tend to zero and
the coverage probability of the confidence levels tends to the nominal value of 0.95. However, the MLE
returned better results especially for small values of λ since the bias, and the MSE were closer to zero than
the ME. It is important to point out that the results and the same conclusions were obtained considering
different choices of λ. Therefore, the MLE should be used as an estimator for the parameter of the new
proposed distribution.
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7. Application

In this section, we fit four datasets using the exponential, the Lindley, and the new distribution.
The maximum likelihood estimates of the parameters were computed, as well as the respective standard
errors (SE). The Kolmogorov–Smirnov (KS) statistic (see Massey Jr. [8] for more details) is presented to
check the goodness of the fit. The Akaike [9] information criterion (AIC) computed by −2l(λ̂; t) + 2k is
used as the discrimination criterion, where λ̂ is the MLE of λ and k is the number of parameters in the
model. The best distribution is the one that provides the minimum AIC.

Firstly, we recall two hydrologic datasets analyzed by Muralidharan and Khabia [10] related to
monthly rainfall (in mm) of surface runoff in Andhra Pradesh. Datasets 1 and 2 have the occurrence of
zero values. Table 4 summarizes the obtained results. From the p-value of the KS test, we observe that all
three values are candidates for fitting the data under a significance level of 5%. However, the proposed
distribution provided a better fit for both datasets since they had the minimum AIC values.

Table 4. Negative log-likelihood, KS test (p-value), MLE, and SE for different probability distributions
considering Datasets 1 and 2.

Data 1 Data 2
Test AIC KS λ̂ S.E(λ) AIC KS λ̂ S.E(λ)

New 126.498 0.28674 64.84 19.01 124.814 0.4413 60.37 17.72
Lindley 143.412 0.40933 33.41 9.38 139.540 0.4413 31.18 8.74

Exponential 149.800 0.28668 65.85 19.01 148.068 0.4413 61.39 17.72

Now, we consider two datasets related to the failure time of electronic components (Dataset 3) and
mechanical components (Dataset 4) of an agricultural machine. Such a machine harvests more than 10
tons of plants per hour, and the study of its lifetime components is of main interest. Table 5 summarizes
the results related to Datasets 3 and 4. Using the p-value of the KS test, we observe that all three values
are candidates for fitting the data under a significance level of 5%. The proposed distribution provided a
better fit for both data since they had the minimum AIC values.

Table 5. Negative log-likelihood, KS test (p-value), MLE, and SE for different probability distributions
considering Datasets 3 and 4.

Data 3 Data 4
Test AIC KS λ̂ S.E(λ) AIC KS λ̂ S.E(λ)

New 295.26 0.1454 14.75 2.55 340.82 0.1861 11.52 1.82
Lindley 315.00 0.2501 8.34 1.22 364.88 0.2914 6.76 0.88

Exponential 364.84 0.1440 15.78 2.53 424.18 0.1822 12.65 1.83

8. Discussion And Extensions

We introduced a simple one-parameter distribution that can be used to describe lifetime data in
the presence of instantaneous failures. The mathematical properties of the proposed distribution were
presented such as the mean, variance, coefficient of variation, skewness, kurtosis, and the rth moment.
The survival, hazard, and mean residual lifetime functions were also presented for the proposed model.
The parameter estimation was discussed under the methods of moments and maximum likelihood.
The asymptotic confidence intervals were presented for both estimation methods. The results of the
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application section showed that our distribution outperformed the common one-parameter distributions
in many applications.

The simple structure of the proposed model provides many possible extensions of the current work.
For instance, Sankaran [11] introduced the discrete Poisson–Lindley distribution by compounding the
Poisson distribution with the Lindley one. Here, we can consider the same approach by compounding the
Poisson distribution with the new one. For instance, let the parameter θ of the Poisson distribution have a
distribution function F(θ) in which:

dF(θ; λ) =
1

λ2(λ− 1)

(
λ2 + θ − 2λ

)
e−

θ
λ , θ ≥ 0.

Then, the compound distribution is given by:

P(X = x) =
∫ ∞

0

e−θθx

x!
1

λ2(λ− 1)

(
λ2 + θ − 2λ

)
e−

θ
λ .

After some algebra, we have a new discrete compound distribution given by:

P(X = x) =
λx(λ + 1)−x−2(λ2 − λ + x− 1)

λ− 1
, x = 0, 1, 2, . . .

Due to the simple structure of the CDF of our proposed model, many extensions could be introduced
by including extra parameters using the established G-family of distributions. For instance, considering
Lehmann Type 1 and Type 2 alternatives, we have the CDFs given by:

F1(t|λ; α) =

(
1− (λ2 + t− λ)

λ (λ− 1)
e−

t
λ

)α

and F2(t|λ; α) = 1−
(
(λ2 + t− λ)

λ (λ− 1)
e−

t
λ

)α

,

where x ≥ 0, λ ≥ 2, and α > 0. Tahir and Cordeiro [4] discussed many G-family distributions that can be
used to extend the proposed model. Our approach should be investigated further in these contexts.
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