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Abstract

We consider the linear integral equations of Fredholm and Volterra

b
x(0)= [ ales)x(5)delo) = £ 1), 1 €lapl,

and .
x(0)= [ a(t.9)x()dgs) = 10, 1€ abl,

in the frame of the Henstock-Kurzweil integral and we prove results on the existence
and uniqueness of solutions. More precisely, we consider the above equations in the
sense of Henstock-Kurzweil and we state a Fredholm Alternative theorem for the first
equation and an existence and uniqueness result for the second equation for which the
solution is given explicitly.
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1. Introduction

The aim of this paper is mainly to disseminate C. S. Honig’s results and ideas on the theory
of linear integral equations and the theory of Henstock-Kurzweil non-absolute integration.
Because many of Honig’s works are not easily available for the public, we collect facts and
proofs of the theory developed by him so that the presentation of them in the present paper
is as self-contained as possible. In addition, we add some new results which generalize
Honig’s ideas.
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We consider the following Fredholm and Volterra linear integral equations

b
x(0)= [ at9x()de(s) = (1), 1€ lab, m

and
x(0) = [ a(t.s)x(s)dgls) = £(1). r€lad], @

in the frame of the Henstock-Kurzweil integral and prove a Fredholm Alternative theorem
for (1) (see Theorem 5.2) and an existence and uniqueness theorem for (2) for which the
solution is given explicitly (see Theorem 6.1).

Let g : [a,b] — R be an element of a certain subspace of the space of continuous func-
tions from [a, b] to R. Let K, ([a,b],R) denote the space of all functions f: [a,b] — R such
that the integral | ab f(s)dg(s) exists in the sense of Henstock-Kurzweil (see [9], [10] and
[15]). It is known that even when g(s) = s, an element of K, ([a,b],R) can not only have
many points of discontinuities, but it can also be of unbounded variation. Indeed, the space
of Henstock-Kurzweil integrals encompasses Riemann, Lebesgue and Newton’s integrals.

In the present paper, we prove a Fredholm Alternative theorem for equation (1), that is,
we prove that

» either equation (1) has a unique solution x; € K,(|a,b],R) and (1) has a resolvent
with similar integral representation,

* or the corresponding homogeneous equation admits non-trivial solutions in
K,([a,b],R) (see Theorem 5.2 in the sequell).

For equation (2) we prove that

* for every f € K,(|a,b],R), equation (2) admits a unique solution x; € K,([a,b],R)
and the resolvent of (2) is given by Neumann series (Theorem 6.1).

Although the above results are proved in the case where O, x and f are real-valued, the
auxiliary theory developed throughout this paper is presented in a general abstract space
context.

The main obstacle encountered in obtaining the above results is the fact that the normed
space of Henstock-Kurzweil integrable functions is not complete (it is ultrabornological
however - see [8]). Therefore one can not apply usual fixed point theorems in order to
obtain existence results. Such difficulty was faced by the authors in [3] and by Honig in
[11] when existence and uniqueness results were proved for the non-Stieltjes-type integral
equations

x(t)—/aba(t,s)x(s)ds—f(t), t € fa,b],
and .
x(t)—/a a(t,s)x(s)ds=f(t), 1€ labl,

in a general Henstock-Kurzweil integral setting.

The obstacle mentioned above can be overcome if some ideas due to Honig are applied
([11]). See [3] and [5], for instance. In the present paper, we adapt such ideas to the Stieltjes
case. The crucial point is
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* to obtain representation theorems which, together with integration by parts and sub-
stitution formulas, will enable us to transform integral equations in the Henstock-
Kurzweil sense into integral equations with respect to the usual Riemann-Stieltjes
integral.

Then we apply the Fredholm Alternative for the Riemann-Stietjes integral (proved in [3],
Theorems 2.4 and 2.5) and a result on the existence and uniqueness of a solution of a
Volterra-Stieltjes integral equation (proved in [12], Theorems 3.8 and 3.4) in order to ob-
tain results on the existence and uniqueness of solutions of these Stieltjes-type integral
equations. As a consequence, we obtain a Fredholm Alternative for equation (1), which
is presented in Section 5. We also get an existence and uniqueness result for equation (2),
which is presented in Section 6. The other sections are organized as follows. Section 2 is de-
voted to the fundamental theory of the Riemann-Stieltjes integral in Banach spaces, where
we present basic results, representation theorems and the Fredholm Alternative. In Section
3, we give some basic definitions of the Henstock-Kurzweil integration theory. In Section
4, we present auxiliary results for the Henstock-Kurzweil integral such as the fundamental
theorem of calculus and a substitution formula.

2. The Riemann-Stieltjes integral in Banach spaces

2.1. Functions of Bounded B-variation, of Bounded Semi-variation and of
Bounded Variation

A bilinear triple (we write BT) is a set of three vector spaces E, F and G, where F and G
are normed spaces with a bilinear mapping B: E X F — G. Forx € E and y € F, we write
xy = B(x,y) and we denote the BT by (E,F,G) or simply by (E,F,G). A topological BT
is a BT (E,F,G) where E is also a normed space and B is continuous. We suppose that
IB]| < 1.

If E and F are normed spaces, then we denote by L (E, F') the space of all linear contin-
uous functions from E to F. We write E' = L(E,R) and L (E) = L(E,E), where R denotes
the real line.

Throughout this paper, X, Y and Z will always denote Banach spaces.

Example 2.1. As an example of a BT we can consider E =L(X,Y), F =L(Z,X), G =
L(Z,Y) and B (v,u) = vou. In particular, when Z =R, we have E=L(X,Y), F =X, G=Y
and B (u,x) = u(x); when X =R, we have E=Y, F =Y', G =R and B(y,y') = (,)');
when X =Z =R, we have E=G =Y, F =R and B(y,\) = Ay.

Given a BT (E,F,G)g, for every x € E, we define

[Ixll3 = sup {1 BCx,y) 15 Iyl < 1}

and
Eg={x€E;|x|| < o}.

When we endow Eg with the norm || - ||, we say that the topological BT (Egz,F,G) is
associated to the BT (E,F,G).
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Let E be a vector space and [ ¢ be a set of seminorms defined on E such that py,...,p, €
Iz implies
sup[pi,...,pm) €TE.

Then I'g defines a topology on E and the sets
Vpe={x€E;p(x)<e}, pelg, >0,

form a basis of neighborhoods of 0. The sets xo + V), ¢ form a basis of the neighborhood
of xo € E. Moreover, when endowed with this topology, E is called a locally convex space
(see [13], p. 3, 4).

Example 2.2. Every normed or seminormed space E is a locally convex space.

For other examples, the reader may want to consult [5].

Let [a,b] be a compact interval of R. Any finite set of closed non-overlapping subin-
tervals [t;_1,t;] of [a,b] such that the union of all intervals [t;_;,%;] equals [a,b] is called a
division of [a,b]. In this case we write d = (1;) € Dy, ), where Dy, ;) denotes the set of all
divisions of [a,b]. By |d| we mean the number of subintervals in which [a,b] is divided
through a given d € Dy, ).

Given a BT (E,F,G)z and a function o : [a,b] — E, for every division d = (;) € D4
we define

d|

> o) —a(ti-)]yi

=1

SBq () =SB4 4 (Q) = SUP{ svi € F, [lyill < 1}

and
SB (G) = SB[a,b] (G) = sup {SBd (G) ;d € D[a,b]} .

Then SB(q) is the B-variation of o on [a,b]. We say that o is a function of bounded
B-variation whenever SB () < co. When this is the case, we write o € SB([a,b],E).
The following properties are not difficult to prove:

(SB1) SB(|a,b],E) is a vector space and the mapping o € SB([a,b] ,E) — SB(a) € R, is
a seminorm;

(SB2) Given o € SB([a,b],E), the function ¢ € [a,b] — SB,, (a) € R, is monotonically
increasing;

(SB3) Given a € SB([a,b],E) and ¢ € |a,b|, SB|, ) (A) < SB{q¢ (A) + SB ;) ()

Consider the BT (L(X,Y),X,Y). In this case we replace SB([a,b],L(X,Y)) and SB(Q)
by SV ([a,b],L(X,Y)) and SV (a) respectively. Any element of SV ([a,b],L(X,Y)) is called
a function of bounded semi-variation.

Given a function @ : [a,b] — E, E a normed space, and d = (t;) € Djg ), we define

|d]
Vi (00) = Vi fap) () = Z] loc (i) —a (i) |



A Fredholm-Type Theorem for Linear Integral Equations of Stieltjes Type 29

and the variation of O is given by
14 (C() = V[a,b] (G) = Sup {Vd (G) ;d e D[a,b]} .

If V(f) < o, then a is called a function of bounded variation. In this case, we write
a € BV ([a,b] ,E). We also have

BV (la,b],L(E,F)) C SV ([a,b],L(E,F))
and
SV (la,b],L(E,R)) =BV ([a,b] ,E').

Remark 2.1. Consider a BT (E,F,G). The definition of variation of a function a : [a,b] —
E, where E is a normed space, can also be considered as a particular case of the B-
variarion of O in two different ways.

e Let E=F', G=R or G=C and B(x',x) = (x,x'). By the definition of the norm in
E =F', we have

jd|

Va(a) = Zl llor (#:) — o (#i-1) |

= sup{

Thus when we consider the BT (Y',Y,R), we write BV (a) and BV ([a,b],Y’) instead
of SB(a) and SB ([a,b],Y’) respectively.

jd|

Zl<x"’a(t") —a(ti-1))

1=

y X € F, ||x,|| < 1} :SBd(CX).

e Let F=E', G=R or G=C and B(x,x') = (x,x'). By the Hahn-Banach Theorem,

we have
llo (1) — o (zi-1) || = sup { (o (1) — o (1i1) X)) | s 0 € B, [|x]| < 1}
and hence
|d|
Va(a) = o (#) —a (ti1) ||

=
|d|

w3

=1

(o (1) — a (ti-1) )

X e B |1 < 1} = SBy(a0).

Given c¢ € |a,b|, we define the spaces
BV ([a,b],X) = {f € BV ([a.b] . X); f (¢) = 0}

and
SV. ([a,b],L(X,Y)) ={a € SV (a,b],L(X,Y));0a(c)=0}.

Such spaces are complete when endowed, respectively, with the norm given by the variation
V (f) and the norm given by the semi-variation SV (a). See [17], for instance.
The following properties are not difficult to prove:
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(V1) Every function o € BV ([a,b] ,E) is bounded and ||a(z)[| < [[a(a)]| + Vg ().
(V2) Given o € BV ([a,b],E) and ¢ € ]a,b|, we have V|, 5 (0) = Vi, (0) + V) (00).

The next results are borrowed from [14]. We include the proofs here, since this refer-
ence is not easily available. Lemmas 2.1 and 2.2 below are respectively Theorems 1.2.7 and
1.2.8 from [14].

Lemma 2.1. Let o € BV ([a,b],X). Then

(i) Forallt €la,b), there exists O(t—) = lilrg(x(t —€).
€

(ii) Forallt € [a,b], there exists O(t+) = lilrg(x(t +e¢).
€

Proof. We will prove (i). The proof of (ii) follows analogously.
Consider a strictly increasing sequence {f,} in [a,?[ converging to z. Then

> lla(t) —ati-1)|| < Vigg(a), forall n.
&

Hence

0

Ja(t) —a(ti1)|| < Vigg(a).

1=

Then {a(z,)} is a Cauchy sequence, since

m
lo(tm) —a@@)| < % la(m) a1 <e,
i=n+1
for sufficiently large m,n. The limit a(z—) of {a(z,)} is independent of the choice of {z,}
and we finish the proof. O

Lemma 2.2. Let o € BV ([a,b],X). Foreveryt € [a,b], let v(t) = V|, (). Then
(i) v(t+) —v(t) = ||a(t+) — a(r)
(it) v(t) —v(i—) = [lo(r) —a(e—-)

Proof. By property (SB2), v is monotonically increasing and hence v(z+) and v(r—) exist.
By Lemma 2.1, a(t+) and a(z—) also exist. We will prove (i). The proof of (ii) follows
analogously.

Suppose s > ¢. Then property (V2) implies Vi, 4 (@) = Vo) (0) + V|, 4 (@) . Therefore
() — Q(6)]| < V() = Vi) (@) — Vi) (@) and hence [[t(r-+) — a(e)]] < v(z-+) — v(r):

Conversely, given d € Dy, ), let v4(t) = V4(a). Then for every € > 0, there exists & > 0
such that v(t +0) —v(t+) < €and ||a(t +0) —a(t+)| < €and there exists d :a =1y < 1) <
.. <ty =t <tyy1 =t+0such that v(r + 0) —v4(t + 0) < € whenever 0 < 0 < . Then

, 1€ la,bl.

,t €la,b).

v(it+0)—v(t) < wvi(t+0)+e—vy(t)=la(t+0)—a(r)|+¢
< la(t+) —a(r)|| +2¢

and hence v(t+) —v(t) < ||a(r4) — a(z)||. This completes the proof. O
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Let a € BV([a,b],X). Since |[a(t)|| < ||a(a)|| + V|4, then Lemma 2.2 implies that the
sets

{t € [a,b];

a(r+)—a(r)]| > €} and {t €la,b];

a(t) —a(—)| > €}

are finite for every € > 0. Thus we have the next result which can be found in [14] (Propo-
sition 1.2.10 there).

Proposition 2.1. Let a € BV ([a,b],X). Then the set of points of discontinuity of O is count-
able (and all discontinuities are of the first kind).

Let us define
BV, ([a,b],X) = {a € BV,([a,b],X); a(t+) =a(t),t € ]a,b[}.

A proof that BV, ([a,b],X) with the variation norm is complete can be found in [14], The-
orem 1.2.11. We reproduce it next.

Theorem 2.1. BV, ([a,b],X) is a Banach space when endowed with the variation norm.
Proof. Forevery t €a,b], we have ||a(r)|| < |la(a)||+V(a) = V(a). Hence the mappings
T,:a € BV,(la,b],X) —a(r) e X

and
T+ :a € BV,([a,b],X) —a(t+) € X

are continuous. Therefore BV, ([a,b],X) is a closed subspace of BV,([a,b],X), since it is
given by the continuous mappings 7; and 7, , t € |a,b|, and the result follows from the fact
that BV, ([a,b],X) is a Banach space with the variation norm. O

Given u € L(X,Z') and z € Z, we denote an element of X’ by zou which is given by
(zou,x) = (z,u(x)), xeX.

We have [(zou,x)| = [(z,u(x))| < |zl l|uC)|| < llz]| lul} }x]]-

We denote by u* € L(Y’,X") the adjoint or transposed operator of u € L(X,Y) which is
defined by

<x,u*(y’)>:<u(x),y'>, xeXx,yey.
Then
y/OM:M*(y/), y’GY/

since (y ou) (x) = (y/,u(x)) = (u*(y'),x) for every x € X.

Next we present [14], Proposition 1.3.5 and the corollary that follows it.
Proposition 2.2. Given a function o : [a,b] — L(X,Z’). Then

(i) SV (a) = sup{V(zo0):z € Z, |lz]| < 1}

(ii) o € SV([a,b],L(X,Z")) if and only if zoa € BV ([a,b],X"), for every z € Z.
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Proof. In order to prove (i), it is enough to observe that, if d = (t;) € Dy, 1), then

ld|

Z[G(fi) —a(ti-1)x;

1=

SVi(a) = sup {

;xi€X, Hx,” < 1}
|d|

= sup{ sup
{|Z|<1 iZl

(z,[a(t:) —a(ti—1)]x:)

ixi€X, HX,H < 1}

|d|
= sup sup{zl(xi,zoa(ti)—zoa(ti1)>;x,- eX, x| < 1}

llzl<1 =

= sup{Vy(zoQ);z€Z, ||z]| < 1}.

Now we will prove (ii). By (i), if a € SV([a,b],L(X,Z')), then zoa € BV ([a,b],X’),
z € Z. The converse follows by the uniform boundedness principle. Indeed. Let us define
D= {(d,x);d € Dyyp), x = (x1,...,X/), % € X, |x;]| <1}. Then for each (d,x) € D, we
define F,; ; € Z' by

jd|
Fy.(z) = Z(Z, (@) —ali1)k),  z€Z.
=
Then the set {F;; (d,z) € D} C Z' is simply bounded on Z, since |Fy.(z)| < Va(zoa) <
V(zoa), for all (d,z) € D, and all z € Z. Therefore by uniform boundedness principle,
there exists M > 0 such that ||Fy .|| < M, (d,z) € D, that is for all (d,z) € D, we have
sup{|Fu.(z)];z€ Z, ||z|| < 1} < M. Hence SV (a) < M. O

Corollary 2.1. Suppose a € SV ([a,b],L(X,Z")). Then

(i) For everyt €a,b), there exists 0(t—) € L(X,Z') in the sense that

lim (zoQ)(t—¢€) =zoa(r—), Z€Z;

e—04

(ii) For everyt € [a,b], there exists 0(t+) € L(X,Z') in the sense that

lim (zoa)(r4€) =zoa(t+), z€Z.

e—04

Proof. We will prove (i). The proof of (ii) follows analogously.
We may suppose, without loss of generality, that o(a) = 0. By Lemma 2.1 (i) and
Proposition 2.2 (ii), given z € Z, there exists

T, = lim (zoa)(t—¢) € X'
e—04
Then the mapping T : z € Z+— T, € X’ is linear. It is also continuous, since ||zoa(z)|| <
[zoa(a)| +Vjay(zoa). Besides, Proposition 2.2 (i) implies ||(zoa)(t —€)|| < V(zoa) <
||z||SV (a). Hence ||T|| < SV (a).
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Let T be the transposed mapping of 7, that is, ‘T : x € X — 'Tx € Z' is defined by
(z,'Tx) = (T.,x), where z € Z. Then'T € L(X,Z') and ||'T|| = ||T|| < SV(a). Also 'T =
o(z—) in the sense of (i), since for every x € X, we have

(zo'T,x) = (z,'Tx) = (T;,x) = ( lim (zoa)(t —€),x) = lim ((zoQ)(t —€),x)

e—0, e—04
and we finished the proof. O

In view of Corollary 2.1, we define the space
SV, ([a,b], L(X, 7)) = {a € $V,([a,b], L(X,Z)); zoa € BV, (la,b],X'), z € Z}

which is complete when equipped with the semi-variation norm. This result can be found
in [14], Theorem 1.3.7. We include it here.

Theorem 2.2. SV, ([a,b],L(X,Z")) is a Banach space with the semi-variation norm.

Proof. By Theorem 2.2 (i), for every z € Z, the mapping
F,:a € SV,([a,b],L(X,Z)) — zoa € BV,([a,b],X")

is continuous. By Theorem 2.1, BV, ([a,b],X’) is a closed subspace of BV,([a,b],X’) and
therefore SV, ([a,b],L(X,Z")) = N{(F.) "' (BVu([a,b],X")); z € Z} is a closed subspace of
the Banach space SV, ([a,b],L(X,Z')) which implies the result. O

2.2. Riemann-Stieltjes Integration

For the next results we need the concept of the Riemann-Stieltjes integral which we define
by means of tagged divisions.

A tagged division of [a, b] is any set of pairs (&;,;) such that (t;) € Dj, ) and &; € [t; 1, 1]
for every i. In this case we write d = (&;,#;) € TD|, ), where TD|, ; denotes the set of all
tagged divisions of [a,b]. Any subset of a tagged division of [a, D] is a tagged partial division
of [a,b] and, in this case, we write d € TPDy, .

A gauge of a set E C [a,b] is any function &: E — ]0,][. Given a gauge 0 of [a, ], we
say thatd = (Eiati) € TPD[a’h] 18 5-ﬁl’l€, if [tl;l,ti] C {l S [a,b] S| — E,| < 6(5,)} for every i,
that is,

&€ tio,t) C1&—08(&),&+08(&), i=1,2,.../d|

Now we will define the Riemann-Stieltjes integrals by means of tagged divisions d =
(&,1;) of [a,b] and constant gauges O (i.e., there is a & > 0 such that (&) = & for every
€ € [a,b)).

Let (E,F,G) be a BT. Any function O : [a,b] — E is said to be Riemann integrable with
respect to a function f : [a,b] — F if there exists an I € G such that for every € > 0, there is
a constant gauge O of [a, b] such that for every &-fine d = (&;,1;) € TDy,

ld|

Z o () —a(ti-1)] f (&) —1

1=

< E.
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In this case, we write I = f: da(t) f(z).

By Ry ([a,b],E) we mean the space of all functions  : [a,b] — E which are Riemann
integrable with respect to f : [a,b] — F.

Analogously we say that f : [a,b] — F is Riemann integrable with respect to a : [a,b] —
E if there exists an I € G such that for every € > 0, there is a constant gauge 6 of [a, b] such
that for every &-fine d = (&;,1;) € TDy, ),

ld|

> o(&)[f (1) = f (timn)] =1

i=1

< E.

Then R® ([a,b],F) denotes the space of all functions f : [a,b] — F which are Riemann
integrable with respect to a given o : [a,b] — E with integral = fab a(t)df(t).

The integrals | ab da(t) f(r) and [ f o (t)df (t) defined above are known as Riemann-
Stieltjes integrals.

Consider the BT (E,F,G) withE=Y'=L(Y,R),F =L(X,Y),G=X'=L(X,R) and
B(y,u) =y ou,forally € Y andu € L(X,Y). We will use the identification

d d
[ ay@ok(es) = [ K5y ay).
wherey:[a,b] = Y', K :[c,d] x [a,b] — L(X,Y)and K (¢,s)" denotes the adjoint of K (z,s) €

L(X,Y).

2.3. Some Properties

Let E be a normed space. By C([a,b],E) we mean the space of all continuous functions
from [a, b] to E endowed with the usual supremum norm, We define

Nleo-

Ca([avb] 7E) = {fe C([avb]vE);f(a) :O}‘

The next result is well-known. It gives the Integration by Parts Formula for the
Riemann-Stieltjes integrals. For a proof of it, see for instance [13] or [7], Theorem 2.5.

Theorem 2.3 (Integration by Parts). Let (E,F,G) be a BT. If either o € SB([a,b],E)
and f € C([a,b] ,F), ora € C([a,b],E) and f € BV ([a,b],F), then & € R¢([a,b],E), f €
R%([a,b],F) and the Integration by Parts Formula

b b
[ a0 0 =a®)re)-a@s@- [ adre
holds.

The assertions in the next remark follow by the Integration by Parts Formula and some
easy computation.

Remark 2.2. Suppose (E,F,G) is a BT and a € SB([a,b],E). If we define

b
Faf)= [ da0f0).  feC(ab).F).

then Fy € L(C([a,b],F),G) and ||Fy|| < SB(Q). In particular we have
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e IfE=F'"and G=C orR as in Remark 2.1, then given o € BV ([a,b],F’), there exists

b ld|
Fa(f) = [ (flt).da(o) = lim S (FE).al) ~ati)  f € Clabl.F)
where d = (&;,t;) € TDjyp) and Ad = max{t; —t;_1;i = 1,2,...,|d|}. Also Fy €
C((a,b), F') and | Fy|| <V (a).

o If a € SV([a,b],L(X,Y)), then for every f € C(la,b],X) there exists the
Riemann-Stieltjes integral f: da(t) f (t). Furthermore Fy(f) = fath( (t)f(), fe
C([a,b],X), is such that Fy € L(C (a,b],X),Y) and ||Fy|| < SV ().

The next theorem says that all operators in L(C([a,b],X),Y)) can be represented by
functions of bounded semi-variation. The version we present here is a special case of [13],
Theorem L.5.1. In particular, it will be shown later that if ¥ = Z', then L(C([a,b],X),Y))
can be represented by functions of bounded semi-variation which are right continuous.

Theorem 2.4. The mapping
a € SV,([a,b],L(X,Y)) — Fy € L(C([a,]],X),Y)

where Fy(f) = fubda(t)f(t),forf € C([a,b],Y), is an isometry (i.e., ||Fy|| = SV (Q)) of the
first Banach space onto the second. We also have O(t)x = Fu(Xja,X), X € X, where X,
stands for the characteristic function of |a,t].

We proceed with the presentation of results borrowed from [14] with their proofs.
In the sequel, we assume that ¢ is some point in the interval [a, b].
Given o € BV ([a,b],Y’), let us define an auxiliary function @ : [a,b] — Y’ by

0, t=a,
a(r)=< a(t+)—a(a), t€la,bl, 3)
a(b)—a(a), t=0>.

The next result, which can be found in [14], Theorem 1.2.12, will be useful to prove that the
operators of C([a,b],Y)’ can be represented by elements of BV,([a,b],Y’).

Lemma 2.3. Let a € BV ([a,b],Y’). Then
(i) @€ BV ([a,b],Y") and V(@) < V(a);
(ii) Forevery f € C([a,D],Y), Fa(f) = Fa(f).

Proof. Let us prove (i). By the definition of @, O(a) = 0 and @ is right continuous at
t €la,b|. Hence @ € BV, ([a,b],Y’). It remains to prove that V(@) < V(a).
We can suppose, without loss of generality, that o(a) = 0. Then given € > 0 and
d = (t;) € Djgp), there exist s; €]t;1,1[, i = 1,2,...,|d| — 1, such that a(s;+) = a(s;) (by
Proposition 2.1) and ||a(#;4) — a(s;)|| < €. Therefore
[a(i+) —a@-)l < lalt+)—als)|+[lals) —o(si) |+ lal-i+) —alsi-1)]l
< la(si) —alsi-1)[| + 2.
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If we consider d' = (s;) witha = so <51 < ... <5$)4—1 < 5|q) = b, then

ld| ld| ld|

ZHE(Q ll 1 |<ZHG Sl 1 |+228
i=1

and hence V;(0@) < Vy(a)+2|d|e <V (a)+2|d|e. Thus V,(a) < V(a) (since € is indepen-
dent of the choice of d) and then V(0@) < V().
Now we will prove (ii). By definition, we have

ld|

) = [ 0. au0) = Jim, 3 {7(&).a0) ~0(1).

AdﬁO

where &; € [t;_1,;]. We may suppose, without loss of generality, that a(a) = 0 and then
Proposition 2.1 implies O0(¢) = a(t), for all € [a, b] but a countable subset. Then if we take
the points #; of the division d = (t;) € Dy, ) in the complement of that countable subset, we
obtain (ii). L]

The next representation theorem can be found in [14], Theorem 1.2.13.

Theorem 2.5. The mapping
a € BV,(|a,b],Y’) — Fy € C([a,b],Y)

is an isometry (i.e.,

|| =V (a)) of the first Banach space onto the second.

Proof. 1t is clear that the mapping is linear and ||Fy|| < V(a). We will prove that the
mapping is one-to-one, that is, 0 # 0 implies Fy # 0. It is enough to show that there exists
f€C(la,b],Y) such that Fy(f) # 0.

If a(b) # 0, then there exists yg € Y such that (yp, 0 (b)) = 1. If we take f(¢) = yo, then

b
Falf) = [ Go.da(t)) = o.0(b)) = 1.

If a(b) # 0, let 7y € |a, b[ be such that 0 (7y) # 0 and consider yo € Y such that (yo,0 (7)) = 1.
Define

0, t<ty
falt) =3 n(t—10)yo, to<t<to++
Y0, f+1<t<b

Then f, € C([a,b],Y) and || fu|| = |[yol|, » € N, which implies

b

l‘0+%
Falf)= [ nle—10)(v0.da@)+ [ Go.da(0))

to m+*

where the second integral equals (yo,0(f+ 1)) which converges to (yo,0(f+)) = 1 and
the norm of the first integral is bounded by ||yo ”V[to,to 1] (o) which converges to 0.

Now we will prove that the mapping is onto and it is an isometry. It suffices to show
that for every F € C([a,b],Y)’, there exists an o € BV([a,b],Y’) such that F = Fy and

V(a) < ||F||. Then by Lemma 2.3, the same applies to O given by (3).
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Since C([a,b],Y) is a subspace of the space B([a,b],Y) of bounded functions from [a, b]
to Y, then the Hahn-Banach Theorem implies F € C([a,b],Y)" admits a linear continuous
extension F € B([a,b],Y)’ such that ||F|| = ||F]|.

If for all s € [a,b], s # ¢, we define Y,(¢t) =1 fora <1 <s, Ps(t) =0 for s <1 < b,
and Y. = 0, then given y € Y and ¢ € [a,b], yP; € B([a,b],Y) and this function takes only
two values: 0 and y. The mapping y € Y — F(y{);) € R is linear and continuous because
|F(yW,)| < |IF]| |ly||- Therefore there exists one and only one element a(¢) € Y’ such that
F(yg,) = (y,a(t)),y€Y.

We assert that o € BV ([a,b],Y’) and V(a) < ||F||. Indeed, given d = (t;) € D, ), we

have
|d|

Va(a) = Z] lo(z) — atia |

1

d|
= sup{ ;()’iaa(ti)_a(tifﬁ

;vi€ey, ||)’iH<1}

ld|

= sup F <Zyi(lpt,- - lplil))
=1

[lyill <1

< |IFll;

since Hzli‘]y,-(tp,i — Y, )l < 1. Also, given f € C([a,b],Y), we have F(f) =
ff(f(t),da(t)), that is, Fy = F. Indeed because for §; € [f;_1,], we have

ld|

[[Uw.dai) = gim 'y &), al) o)

Ad—0 &
i=1

Ad—0

|d|
= lim F (Z f(El)(qu, - L|J;il)> = F(f)7
i=1

since limpy_0 Z‘idz‘l (&) (W, —Wy._,) = f, where the limit is taken in the space B([a,b],Y)
of bounded functions from [a,b] to Y. Also

ld| ld|
Hf— D &) (W — W) H = sup 1f() = 2 &)W (s) = Wiy ()] < (),
where wy(f) is the oscillation of f with respect to d and converges to 0 as Ad — 0. O

Remark 2.3. Theorem 2.5 also holds for BV.([a,b],Y’), ¢ € [a,b), instead of BV,([a,b],Y’).

The next two results are also borrowed from [14] (see respectively Theorem 1.3.8 and
Corollary 1.3.9 there).

Theorem 2.6. The mapping

a € SV, ([a,b],L(X,Z")) — Fy € L(C([a,b],X),Z)

is a linear isometry (i.e., ||Fy|| = SV (Q)) of the first Banach space onto the second.



38 M. Federson and R. Bianconi

Proof. The mapping is clearly linear. Also ||Fy|| < SV(0) by Remark 2.2.

Let us prove that the mapping is injective. If o # 0, there exists 7y €]a,b] such that
a(tp) # 0. Hence there exists z € Z such that zo t(fo) # 0, where zo a(t) € X'. Therefore
zod € BV ([a,b],X’) and zoa # 0. By Theorem 2.5, Fyoq # 0, where Fyoq is the element
of C([a,b],X)’ defined by zoa. Thus there exists f € C([a,b],X) such that F,oq(f) # 0. On
the other hand,

b b
Feaf) = [ (0).d(zo0)0) = (. | o) £(0) = e.Fal)

and hence Fy(f) # 0, that is, Fy # 0.

Now we will show that given F € L(C([a,b],X),Z'), there exists o €
SV ([a,b],L(X,Z")) such that F = Fy and SV (a) < ||F||.

For every z € Z, we have zo F € C([a,b],X)" and ||zo F|| < ||z||||F||- Then Theorem 2.5
implies that there is one and only one element o, € BV."([a,b],X’) such that zo F = Fy_,
that is, for every f € C(|a,b],X)’, we have

b
IR RUORTEG)

and V(a;) = ||zoF||.
We assert that O, 4, (f) = a;,(¢) + 0, (¢), t € [a,b]. Indeed, we have (z1 +22) o F =
710 F +zp o F and hence for every f € C([a,b],X)’, we have

b b
| do @) = [0 don +a0)w)

and then the uniqueness of the representation in Theorem 2.5 implies (i). In a similar way,
one proves that ay.(t) = Ad,(¢). Then for ¢ € [a,b] and x € X, we define o (t)x € R? by
(a(t)x)z = (x,0,(¢)) and hence the mapping z € Z — (0(t)x)z = (x,0,(¢)) € R is linear.
It is also continuous, since ||o(z)x|| = sup{|(x,0.(¢))|;z € Z, ||z|]| < 1} and [{x,0.(1))| <
Iellla=(e)] < [V (@) = ] lzo F | < [ix] [Fl 1zl and hence [la(e)x] < ] 7]l

We have a € L(X,Z'), since the mapping x € X — a(t)x € Z' is linear and ||a(z)|| < ||F||
(by the last inequality).

We also assert that o € SV ([a,b],L(X,Z’)) and SV (a) < ||F||. Indeed, by the definition
of a, we have zod = a, € BV." ([a,b],X") for every z € Z. Hence by Proposition 2.2 (i),

SV(a) =sup{V(zoa);z€ Z ||z| <1} =sup{V(a;);z € Z, [|lz]| < 1} < [|F,

since V(a;) = [[zo F|| < [|z]| [|F]].
Finally F' = Fy, since for every z € Z, we have zo F' = Fy, = Foq = z0 Fy and then
zoF =zo k. -

The next result is a consequence of Theorem 2.6 with Z =Y.

Corollary 2.2. For every Fy € L(C([a,b],X),Y), there exists one and only one o €
SVt (la,b],L(X,Y")) such that F = Fy.

Remark 2.4. Under the hypotheses of Corollary 2.2, we write 0 = 0. Note that the
mapping F — O may not be onto if Y #Y.
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By Corollary 2.1, if a € SV([a,b],L(X,Z')), then for every ¢ € [a,b], there exists one
and only one element 0 (t+) € L(X,Z’) such that for every x € X and every z € Z, we have

lim (0 (¢t +€)x,z) = (a(t+)x,z).

e—0

If we define ot (1) = a(t+), a <t < b, and a™(a) = a(a), then a™ is a function of
bounded semi-variation and we write o € SV*(]a,b],L(X,Z’)). Moreover for every
f€C(la,b],X), we have [*da* (1) f(1) = [Pda(r)f(r) and || Fy|| = SV (at).

The next result follows from Theorem 2.6 and [1], Satz 10.

Theorem 2.7. The mapping

a € SV."(Ja,b],L(X,Z')) — Fy € L(C([a,b],X),Z")

is a linear isometry (i.e., ||Fy|| = SV (Q)) of the first Banach space onto the second.

Similarly as in Corollary 2.2, we have

Corollary 2.3. For every Fy € L(C([a,D],X),Y), there exists one and only one O €
SV (la,b],L(X,Y")) such that F = Fy.

Let SV;I(]a, b],L(X,Y)) denote the space of functions o € SVbJrf(]a, b],L(X,Y")) such
that 0(a) € L(X,Y) and [! a(s)xds € Y, forallt € [a,b] and x € X. Let X4 be the characteris-
tic function of a set A C [a, b]. The next theorem completes Corollary 2.3 and characterizes
the image of the mapping F — 0. It is borrowed from [11] (Theorem 1.4 there).

Theorem 2.8. The mapping
a e SV, (Ja,b],L(X,¥)) — Fy € L(C([a,b],X),Y),

where Fy(f) = fab da(t)f(t), is an isometry (i.e., |[Fy|| = SV (Q)) of the first Banach space
onto the second. Furthermore [, O(s)xds = —Fy(g;x) and 0(a)x = —Fy(X[q,4X), where for
t € [a,b] and x € X, we define g ,(s) = (s—a)x, ifa < s <t, and g (s) = (t —a)x, if
t <s<b.

Proof. Given F € L(C([a,b],X),Y), let O be the corresponding element by Corollary 2.3.

We assert that a € SVbJrf([a,b},L(X,Y)). Indeed. Since g; » € C([a,b],X), then F(g,,) €Y.
But

Flgu) = [ da)sats) =~ [ a(s)dsa(s) = — [ alsuas

where we applied the Integration by Parts Formula (Theorem 2.10) to get the second equal-
ity (with a(b) = 0 and g »(a) = 0). Similarly, one can prove that F(X[4X) = —0(a)x €Y.

The functions g, and X|,x form a total subset of C([a,b],X). By the fact that
SVb+‘f(]a,b],L(X, Y)) is a closed subset of SV," (]a,b],L(X,Y")), it follows that the isome-
try is onto. O

Now, let us denote by SVbJr‘[([a,b},L(X,Y)) be the set of all o € SV;'I(]a,b],L(X,Y))
such that a(a+) = 0(a) instead of a(a) € L(X,Y). The next two results are respectively
Theorems 1.5 and 1.6 from [11].
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Theorem 2.9. The mapping
a €SV, ([a.b],L(X.¥)) = Fo € L(Cu([a,b],X),Y)
is an isometry of the first Banach space onto the second.

Proof. At first, we will prove that the mapping is one-to-one. Let  be such that Fy f = 0,
for every f € C,([a,b],X). Then for every ¢ € [a,b], x € X and y € Y, we have

0= (Falg)) = — [ (@px)ds.

Hence o = 0, since by hypothesis a(s+) = a(s), for every s € [a,b].

Now we will prove that the mapping is onto. Given O € SVb+ / (Ja,b],L(X,Y)), let us
define 0, (a) = a(a+) and 0, (t) = a(r), if @ < ¢ < b. Then a, € SV, I ([a,b],L(X,V)),
since A4 (a+) = d,(a). Also, for every f € Cy([a,b],X), we have Fy, (f) = Fa(f).

The isometry follows from Theorem 2.8. O

The notation below is going to be used in the next theorem.
Given a function  : [¢,d] X [a,b] — L(X,Y"), we write o’(s) = 0,(r) = a(t,s) and we
consider the following properties:

(C°): Fora <s<bandxeX, the function 7 € [¢,d] — 0,(t)x €Y is continuous,

(C°): Fora <s<bandxcX, the function t € [¢,d] — [’ a(r,0)xdC €Y is contin-
uous, and for x € X (and s = a), the function ¢ € [c,d] — 0,(t)x € Y is continuous,

(SV*): Fort € [c,d], o' € SV([a,b],L(X,Y)) and SV*(a’) := sup SV (') < co. If
c<t<d
moreover 0(f,b) = 0 for all 7 € [c,d], then we write (SV}) instead of (SV*).

SV, *): Fort € [c,d), o € SV, (ja,b],L(X,¥)) and SV¥(a1) := sup SV(a') < .
c<t<d
We write o € C°SV*([c,d] x [a,b],L(X,Y)) if o satisfies (C°) and (SV"). Analo-
gously, a € COSV}([c,d] x [a,b],L(X,Y)) if a satisfies (C°) and (SV}). We write O €
Cosv,H 1 (le,d) x [a,b],L(X,Y)) if  satisfies (C°) and (SV, /")
The next theorem is borrowed from [11], Theorem 1.6.

Theorem 2.10. The mapping
a € COsv," “(e,d] x [a,b],L(X,¥)) — Fy € L(C([a,],X),C([c,d),Y)),

where (Fo f)(t) = fabdsa(t,s)f(s), c <t <d, is an isometry (i.e., |[Fy|| = SV"(Q)) of the
first Banach space onto the second. Besides [, 0(t,0)xd0 = —Fy(gsx)(t), a <s < b and
a(t,a)x = —Fa(X[a.p%) (1)-
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Proof. By [13], Theorem 1.5.10 and the remark that follows it ([13], p. 49-52), specialized
for the Riemann-Stieltjes integral, the mapping

o € COSVH([e,d] x |a,b],L(X,Y)) — Fy € L(C4([a,b],X),C(|c,d],Y))

is an isometry. Reciprocally, given F € L(C,([a,b],X),C([c,d],Y)) and t € [c,d], Theorem
2.9 implies the continuous mapping f € C([a,b],X) — (Ff)(t) € Y can be represented by
ana’ € SVb+f([a,b],L(X,Y)). The proof is complete. O

We call any subset A C X relatively compact if the closure of A in X is compact. We
denote by X (X,Y) the subspace of compact linear operators in L(X,Y). In particular,
we write X (X) = X (X,X). We conclude this section of auxiliary results mentioning the
Fredholm Alternative for the Riemann-Siteltjes integral. For a proof of it, see [12] or [3],
Theorems 2.4 and 2.5.

Theorem 2.11. Suppose K € C° (SV,)" ([a,b] x [a,b],L(X)). Givent € [a,b), let

K (t,50)"x = limK (t,5)"x’
s]so

for every so € la,b[ and every x' € X'. Suppose the mapping
KY:t€[a,b]— K® (1) =K' € SV, ([a,b],L(X))

belongsto C([a,b],SV,([a,b], K (X))). Given A € R, A # 0, consider the integral equations

b
Ax(t)—/a dK (1,5)x(s) = £ (1), 1€ [a,b], @)
Au(t) —/bdsK(t,s)u(s) =0, t€lab], Q)
b
()= [ K dy(0)=g(), selab] ©
b
)\z(s)—/ K(t,5) dz() =0, s€[ab]. )

Then the Fredholm Alternative holds for these equations, that is,

(i) either for every f € C(|a,b],X), equation (4) has exactly one solution and the same
applies to equation (6),

(ii) or equation (5) has non-trivial solutions and the same applies to equation (7).

If (ii) holds, then equation (4) (respectively equation (6)) admits a solution if and only
iff:f(t) dz(t) = 0 for every solution z of equation (7) (respectively ffu (t)dg(t) =0 for
every solution u of equation (5)) and the space of solutions of (5) has finite dimension equal
to that of the space of solutions of (7) which equals the codimension of (AN — Fx )C([a,b],X)
in C([a,b],X) and the codimension of (M — (Fx)")BV,' ([a,b],X) in BV, ([a,b],X").
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3. Gauge Integrals in Banach Spaces

3.1. Definitions and Terminology

In this section, we consider functions O : [a,b] — L(X,Y) and f: [a,b] — X.

We say that o is Kurzweil f-integrable (or Kurzweil integrable with respect to f), if
there exists / € Y such that for every € > 0, there is a gauge 0 of [a,b] such that for every
O-fine d = (Eiati) € TD[a,b]’

ld|

> a@)f @) —f )] =1

i=1

< E.

In this case, we write I = (K) [ a (r)df () and o € Ky ([a,b],L(X,Y)).
Analogously, we say that f is Kurzweil 0 —integrable (or Kurzweil integrable with re-
spect to Q), if there exists I € Y such that given € > 0, there is a gauge & of [a,b] such

that
|d|

> o) —a)] f(&) -1

i=1

<€,

whenever d = (&;,#;) € TDy, ) is O-fine. In this case, we write ] = (K) f: da(t) f(r) and
feK([a,b],X).

If the gauge d in the definition of a € K¢ ([a,b],L(X,Y)) is a constant function, then we
obtain the Riemann-Stieltjes integral [”a (r)df (1) and we write o € Ry ([a,b],L(X,Y)).
Similarly, when we consider only constant gauges 0 in the definition of f € K% ([a,b],X),
we obtain the Riemann-Stieltjes integral [”da (z) f () and we write f € R® ([a,b],X).

The vector integral of Henstock is more restrictive than that of Kurzweil in a general
Banach space context. We define it in the sequel.

We say that a is Henstock f-integrable (or Henstock variationally integrable with re-
spect to f), if there exists a function A : [a,b] — Y (called the associate function of o) such
that for every € > 0, there is a gauge & of [a, b] such that for every &-fine d = (&;,#;) € TDj, ),

ld|

; o (&) [f (1) = f (ti-)] = [Ay (1) = Ar (i-1)]|| <&

We write 0 € Hy ([a,b],L(X,Y)) in this case.

In an analogous way we define the Henstock O-integrability of f : [a,b] — X and we
write f € H* ([a,b],X) in this case (see [6]).

Clearly Hy([a,b],L(X,Y)) C Kf([a,b],L(X,Y)) and H® ([a,b],X) C K®([a,b],X).
If we identify the isomorphic spaces L(R,R) and R, then all the spaces
Ky ([a,b],L(R)), K¢ ([a,b],R), H¢ (a,b],L(R)) and Hy ([a,b],R) can also be identified,
since K ([a,b],R) = Hy ([a,b] ,R) (see, for instance, [16], for a proof of this fact).

Given f: [a,b] — X and a € K ([a,b],L(X,Y)), we define the indefinite integral O 7 :
[a,b] — Y of a with respect to f by

O(f(t):(K)/ata(s)df(s), relab.
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If in addition a € Hy ([a,b],L(X,Y)), then O (1) =Af (1) — Ay (a) for every ¢ € [a,b].
In an analogous way, given O : [a,b] — L(X,Y), we define the indefinite integral f :
[a,b] — Y of f with respect to O by

~ () [(da()s (). 1€lab]
for every f € K% ([a,b],X).

In particular, when o (¢) = ¢, then instead of K* ([a,b],X), R% (|a,b],X), H* ([a,b] ,X
and f@ we write, respectively, K ([a,b],X), R ([a,b],X), H ([a,b],X) and f, that is, f( )
(K) [! £ (s)ds, for every t € [a,b].

We proceed so as to define the equivalence classes of Kurzweil and of Henstock inte-
grable functions.

Let m denote the Lebesgue measure. A function f : [a,b] — X satisfies the Strong Lusin
Condition and we write f € SL([a,b],X) if given € > 0 and B C [a,b] with m(B) = 0, there
is a gauge O of B such that for every &-fine d = (&;,#;) € TPDy, ;) with §; € B for all i, we
have

)

ld|

Zl If (1) = f (i)l <€

If we denote by AC ([a,b],X) the space of all absolutely continuous functions from [a, ]
to X, then we have

C([a,b],X) C SL([a,b],X) C C([a,b],X).
In SL([a,b],X), we consider the usual supremum norm, || - ||, induced from C ([a, ], X).
Given f € SL([a,b],X) and a € H([a,b],L(X,Y)), let B : [a,b] — L(X,Y) be such
that B = a m-almost everywhere. Then B € Hy([a,b],L(X,Y)) and By (t) = 0y (z), for
every t € [a,b]. See [6] (the corollary after Theorem 5 there) for a proof of this fact. An

analogous result holds when we replace Hy ([a,b],L(X,Y)) by K¢ ([a,b],L(X,Y)).

Suppose f € SL([a,b],X). Two functions B,a € K¢ ([a,b],L(X,Y)) are called equiv-
alent if and only if Bf =dy. We denote by K¢ ([a,b],L(X,Y)) and Hf ([a,b],L(X,Y))
respectively the spaces of all equivalence classes of functions of Kr ([a,b],L(X,Y)) and of
Hy ([a,b],L(X,Y)) and we endow these spaces with the Alexiewicz norm

ol =soo{ |0 [ @(o)ar )51 €l | = ..

where we recall that || - ||« is the usual supremum norm.

3.2. Some Properties

In this section, me mention several properties of the gauge integrals of Kurzweil and of
Henstock. As it should be expected, both Kurzweil and Henstock vector integrals are linear,
additive over non-overlapping intervals and invariant with respect to changes on sets of
Lebesgue measure zero.

The result that follows is known as the Saks-Henstock Lemma and it is useful in many
situations. For a proof of it, see [17], Proposition 16, for instance. A similar lemma also
holds if we replace K7 ([a,b],L(X,Y)) by Ry ([a,b],L(X,Y)).
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Lemma 3.1 (Saks-Henstock Lemma). Given f : [a,b] — X, let a € K¢ ([a,b],L(X,Y))
that is, for every € > 0, there is a gauge 0 of [a,b] such that

ld|

S (&)1~ -] - (6) [ aare)

<€,

whenever d = (&;,t;) € TD\, ) is &-fine. Then for every &-fine d' = ({j,s;) € TPDjyy),

<E

@ y
5 {0 [" ataro-a @) - s}

j=| j

The next result is the Fundamental Theorem of Calculus for the Henstock integral. The
proof follows standard steps (see [16], p. 43, for instance) adapted to Banach space-valued
functions.

Theorem 3.1 (Fundamental Theorem of Calculus). If F € C([a,b],X) and there exists
the derivative F' (t) = f (t), for everyt € [a,b), then f € H ([a,b],X) and

(K)/alf(s)ds:F(t)—F(a), t€ab].

The next two versions of the Fundamental Theorem of Calculus for Henstock vector
integrals can be found in [6], respectively Theorems 1 and 2 there.

Theorem 3.2. If f € SL([a,b],X) and A € SL([a,b],Y) are both differentiable and O :
[a,b] — L(X,Y) is such that A’ (t) = a(z) f'(¢t) for m-almost every t € [a,b], then a €
Hy([a,b],L(X,Y)) and A =0.

Theorem 3.3. If f € SL([a,b],X) is differentiable and & € Hy ([a,b],L(X,Y)) is bounded,
then O s € SL([a,b],Y) and there exists the derivative (Q;)' (t) = o (t) f'(t) for m-almost
everyt € [a,b].

Corollary 3.1. Suppose f € SL(|a,b],X) is differentiable and non-constant on any non-
degenerate subinterval of (a,b] and o € Hy ([a,b],L(X,Y)) is bounded and such that 0 ; =
0. Then o = 0 m-almost everywhere.

The next result is a particular case of [7], Theorem 2.2.
Theorem 3.4. If f € C([a,b],X) and & € K¢ ([a,b],L(X,Y)), then 0 s € C([a,b],Y).

For the Henstock vector integral we have the following analogue of Theorem 3.4. A
proof of this result can be found in [6], Theorem 7.

Theorem 3.5. If f € SL([a,b],X) and & € Hy ([a,b],L(X,Y)), then Oy € SL([a,b],Y).

The next result follows from Theorem 3.5. A proof of it can be found in [5], Theorem
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Theorem 3.6. Suppose f € SL([a,b],X) is non-constant on any non-degenerate subinter-
val of [a,b]. Then the mapping

a € Hy([a,b],L(X,Y)) —as€Cy(la,b],X)

is an isometry (i.e., 0|, = lall, s) onto a dense subspace of Cq([a,b] , X).

The next result gives us a substitution formula for Kurzweil vector integrals. It also
holds for the Riemann-Stieltjes integral instead. For a proof of it, see [4], Theorem 11.

Theorem 3.7. Let a € SV ([a,b],L(X,Y)), f :]a,b] — Z, B € K¢(|a,b],L(Z,X)) and
g(t) = Br(t) = ['B(s)df(s), t € [a,b]. Then a € K,([a,b],L(X,Y) if and only if aff €
K¢ ([a,b],L(Z,Y)). In this case, we have

® [ awpoaro = [ awaet = [‘ata| [Beare]  ®
and
&) ["apa)ar)

Using Theorems 3.4 and 2.3, we have the next corollary whose proof can be found in
[4], Corollary 8.

<[V (@) +[lo(@)l[]1Blla- ©)

Corollary 3.2. If a € SV ([a,b],L(X,Y)), f € C([a,b],W), B € K¢ ([a,b],L(W,X)) and
g(t) =Bs(t) = [1B(s)df(s), t € [a,b], then aB € Ky ([a,b],L(W,Y)) and (8) and (9) hold.
By E ([a,b],L(X,Y)) we mean the space of all step functions from [a,b] to L(X,Y),
that is, o [a,b] — L(X,Y) belongs to E ([a,b],L(X,Y)) if and only if there is a division
d = (t;) € D|4p) and there are numbers 01,02, ...,y such that a(t) = zl“ﬂlaix[nq,ti[(f)’
for every r € [a,b].
For a proof of the next proposition, see [5], Theorem 8.

Proposition 3.1. Let f € SL([a,b],X) be differentiable and non-constant on any non-
degenerate subinterval of |a,b]. Then the spaces C (|a,b],L(X,Y)) and E ([a,b],L(X,Y))
are dense in Ky ([a,b],L(X,Y)) in the Alexiewicz norm ||-| 4 .

4. Auxiliary Results

In this section we prove auxiliary results concerning vector gauge integrals which will be
useful in the next section. We start by giving a representation theorem which says that the
elements of K, ([a,b],L(R, X))’ can be represented by functions of bounded variation which
are continuous to the right.

Theorem 4.1. Given g € SL(|a,b],R) differentiable and non-constant in any non-
degenerate subinterval of [a,b), then the mapping

o € BV, ([a,b],X") — Hy ¢ € K¢([a,b],L(R, X)),

where Hy o(f) = (K) f:(x(s)f(s)dg(s), is an isometry (i.e., |Hq .|| = V(Q)) onto and, for
every 1 € |a,b] and every x € L(R,X), we have [, 0(s)xdg(s) = Hug(X[a%)-
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Proof. The mapping is clearly linear.

We assert that the mapping is one-to-one. Indeed. Given p € [a,b] and x € L(R,X), we
define a function fj; : [a,b] — L(R,X) by fo(s) =xif s €]a,p], and by fj «(s) = 0 other-
wise. Then Theorem 2.3 implies f, « € Rg([a,b],L(R,X)). Also Hy¢(for) = [P a(s)xdg(s).
Since for each x € L(R,X), the function o(-)x : [a,b] — L(R) is such that a(-)x €
Ry([a,b],L(R)) C K4([a,b],L(R)) = Hy([a,b],L(R)), then by the Fundamental Theorem
of Calculus (Theorem 3.2), there exists dp ((K) [P a(s)xdg(s)) = a(p)xg’(p) for m-almost
every p € [a,b).

If a # 0, then there exist P € [a,b] and X € L(IR, X) such that a(p)x # 0. Besides, we can
suppose without loss of generality that g’'(p) # 0 by the invariance of the integral over sets of
Lebesgue measure zero. Indeed. From [6], we have (K) [P a(s)xdg(s) = (K) [P a(s)xg (s)
for every p € [a,b]. In fact the integral above is in the Riemann-Stieltjes sense. There-
fore we have, in particular, [ a(s)%dg(s) = [P a(s)%g (s) and hence d (fp (s )ng(s)) =
a(p)xg'(p) # 0. Thus H ¢(fp.) = JPa(s)%dg(s) is non-constant and hence Hy ¢(f5.) 7 0
and the mapping is one-to-one.

Since SV ([a,b],L(X,R)) = BV ([a,b],X"), it follows from Corollary 3.2 that ||Hy || <
V(a).

Let f € Kg([a,b],L(R,X)) and H € K,([a,b],L(R,X))’ and define H(f,) = —H(f).
By Theorem 3.6, there is a unique continuous extension of H to C,([a,b],X) which we
still denote by H. This new operator H belongs to C,([a,b],X)'. If o represents H, then
Theorem 2.9 implies H(fg) f da(s)f, ( ) and ||H|| = V(a). Moreover

H() = A7) = [ ol = [ a7 = 1) [ as)r6)ds (),

where we applied Theorem 2.3 and Corollary 3.2 to obtain respectively the last two equali-
ties. Since by definition || f||; = || f¢ ||, then ||H|| = ||H|| = V(at) and the result follows. [

Let g € SL([a,b],Z). Given a function a : [¢,d] X [a,b] — L(X,Y"), if a satisfies the
properties (6;,’) and (SVb+ / "), where

(5?): Fora <s<bandx € L(Z,X), the functionr € [¢,d] — [, a(t,0)xdg(0) €Y is
continuous, and for x € L(Z,X) (and s = a), the function 7 € [¢,d] — 0(t,a)xg' (a) €Y
is continuous,

and, as before,

(SV,"*): Fort € [c,d), o € SV, (ja,b],L(X,¥)) and SV*(a1) := supdSV((x’) <,
e<it<
then we write 0 € CUSV+f”([ d] x |a,b],L(X,Y)). If, in addition, we consider only
functions of bounded variation in property (SVbJr Iy, then we write o € 5?Bvb+ f”([c,d] X
[a,b],L(X,Y)) instead of a € égSV,jf"([c,d] X |a,b],L(X,Y)).
Notice that in the particular case when Y = R, the spaces égBVbJrf “([e,d] x
[a,b],L(X,Y)) and C{BV([c,d] x [a,b],L(X,Y")) can be identified and then we write sim-
ply C¢BV}!([c,d] x [a,b],X").



A Fredholm-Type Theorem for Linear Integral Equations of Stieltjes Type 47

The proof of the next result follows the steps of the proof of Theorem 4.1. However
instead of Theorem 2.9, one should apply Theorem 2.10.

Theorem 4.2. Let g € SL([a,b],R) be differentiable and non-constant in any non-
degenerate subinterval of [a,b]. Then the mapping

ac ngVb+”([c,d] X [a,b],X’) '_>H0(7g € L(Kg([a7b]>L(R7X))7C([Cvd]7R))7

where (Hq,(B))(t) = (K) f:a(t,s)B(s)dg(s) for each t € [c,d], is an isometry (i.e.,
|Hagll = V() onto and, for every s € [a,b], every t € [a,b] and every x € L(R,X), we
have [, a(t,0)xdg(0) = (Hag(X[a,s%)) (t).

Using Proposition 3.1, the next result follows easily.

Corollary 4.1. Under the hypotheses of Theorem 4.2, for every s € |a,b], every t € |a,b]
and every 3 € K,([a,b],L(R,X)), we have [;a(t,0)B(0)dg(0) = (Ha,g(X[a,sB)) (1)

Let g € SL(a,b],R). We say that an operator H € L(K,([a,b],L(R)),C([a,b],R)) is
causal if given f € Ky ([a,b],L(R)) = K¢([a,b],R) and t € [a,b], then f]j,, = O implies
H(f)|(as) = 0, where |4 denotes the restriction of a function / to a subset A of its domain.

We proceed as to show that in fact the isometry in Theorem 4.2 is onto over the space
of causal operators, provided a(z,s) = 0 for s > . We need the next lemma.

Lemma 4.1. Let 0 € ggf’SV;fu([a,b] x |a,b],L(X,Y)), g € SL(|a,b],Z) be differentiable
and non-constant in any non-degenerate subinterval of |a,b], and 3 € K,([a,b],L(Z,X)).
Then the mapping

t

i € la,b] — (K) / a(t,5)B(s)dg(s) € ¥

a

s continuous.

Proof. Since E([a,b],L(Z,X)) is || - ||;-dense in K¢ ([a,b],L(Z,X)) by Proposition 3.1, it is
enough to prove the result for every step function B : [a,b] — L(Z,X).
Let x € L(Z,X). We assert that the mapping

t
t € [a,b] — (K) / a(t,s)xdg(s) € Y
is continuous. Indeed. Given € > 0 and p > 0, we have
t+p t t+p
(K) [ ali+p.s)xdgs) = (K) [ alr+p,s)adg(s)+ (K) [ atr+p.s)adgs),
a a 1

where (K) [!a(t+p,s)xdg(s) converges to (K) [ a(t,s)xdg(s) as p — 0 by condition (52)
for a.

Let & be the gauge of [a,b] from the definition of (K) [ aba(t,s)xdg(s) and suppose
(& [t,t+p]) € TPD,p) is O-fine (that is, & € [t,z + p] and p < 8(§)). Then

(k) [ e popasts

<
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H a1+ pos)edg(s) — (e + p.E)xlglt +p) — (1) \+
10+ 5, Elale+ 0)— 5 <2+ V@) el e +)—sO)

where we applied the Saks-Henstock Lemma (Lemma 3.1) to the first summand. Then from
the continuity of g, the mapping

t
€ la,b] — (K) / a(t,s)xdg(s) €Y
Ja
is right continuous and, in an analogous way, one can prove the left continuity. O

Theorem 4.3. Let O : [a,b] X [a,b] — L(R) be such that a(t,s) = 0, for all s > t, and let
g € SL([a,b],R) be differentiable and non-constant in any non-degenerate subinterval of
[a,b]. Then the mapping

o € CBV, " ([a,b] x [a,b],L(R)) — Ha,, € L(K,([a,b], L(R)),C([a,b],R)),

where (Hq,(f))(t) = (K) faba(t,s)f(s)dg(s) for each t € [c,d], is an isometry (i.e.,

|Ha || = V() onto the subspace of causal operators.

Proof. By Theorem 4.2, it is enough to show that the mapping is onto.

If o : [a,b] x [a,b] — L(R) satisfies (gg) and (va+fu) and moreover 0(z,s) = 0, for all
s >t, then Lemma 4.1 implies Hy , is causal.

Reciprocally if H € L(K,([a,b],L(R)),C(]a,b],R)) is causal, then Theorem 4.2 implies

there is a unique o € CGBVJr / “([a,b] x [a,b],L(R)) such that H = Hy ,. From the causal-
ity of H = Hy g, we have 0 = (Ha (X 5%)) (1) = [Pa(, G)xdg( ), for all 7 € [a,b] and
x € L(R). Besides a’(-)x € Ry([a,b],L(R)) C K,(|a,b],L(R)) = Hy([a,b],L(R)) and then
Corollary 3.1 implies 0(z,s) = 0, for all s > ¢. O

The next lemma will be employed in the proof of the theorem following it. For a proof
of the lemma, see [9] for instance.

Lemma 4.2 (Straddle Lemma). Suppose f,F : [a,b] — X are such that F' (§) = f (&), for
all & € [a,b]. Then given € > 0, there exists (&) > 0 such that

[F(t)—F(s)—f(&)—s)| <e(t—s),
whenever §—0(§) <s <& <t <&+0(&).

When g(s) = s, Theorem 4.4 below is, in fact, a particular case of [3], Theorems 3.6 and
3.7. The proof we give here is merely an adaptation of those theorems in [3] so that we can
obtain results concerning integral equations of Stieltjes-type characterized by the presence
of a function g (in equations (1) and (2), for instance).

Theorem 4.4. Let 0 € ggBVb“‘([c,d] X [a,b],X"), g € SL([a,b],R) be differentiable and
non-constant in any non-degenerate subinterval of [a,b), and K, : [c,d] x [a,b] — X' be
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such that K,(t,s)x = [, a(t,0)xdg(0), for each x € L(R,X). Then K, € GOSVb+”([a,b] X
[a,b],X"). Besides, we have

b b
| ik a.5)805) = [ a(e.5)Bls)de()

for every function B € C([a,b],L(R,X)) and all t € [c,d]. Suppose, in addition, that ' €
SV([a,b], K(X,R)), for everyt € [c,d]. Then the mapping

Kg 1€ [c,d] — K(t,-) € SVu([a,b],X")
is continuous.

Proof. Since a fulfills condition (52,’), then K, (-, s) fulfills condition (C°), for each s € [a, ).
Letx € L(R,X) and d = (s;) € D). Then

Ji [ / a(t,p)xdg(p)] H =

<V(@)|x[lg(b) - gl

and hence K = K,(t,-) € SV ([a,b],X’), for each 1 € [c,d].

Note that, for every 7 € [c,d] and every x € L(R, X), the function K,(t, -)x is continuous
on [a, b], since it is an indefinite integral (see Theorem 3.4).

We assert that K € C([c,d],SVu([a,b],X")). Indeed. Let 1 € [c,d] and d = (s;) € Djg p-
Then

ld|

Z (K (si) — Ky (si-1)] x

=1

/aba(t,p)xdg(p)H <

a
K, = K| =5V (K —K¢) = sup =

[(Ke = K) (1) = (Ky = K¢) (si-1)] x
<1

1=

= sup
d,|x]<1

li U:la(t,p)xdg(p) —/Si G(to,p)xdg(p)] H —

Si—1

= sup
d, |lxll<1

b b
[ ate-opeds(o) - et piads(o)| = sup 155051~ Koo 1

which tends to zero as t — g, since Ky(-,s) € C°([c,d],X’), for each s € [a,b] and, in
particular, K, (-,b) € C°([c,d],X).

Let B € C([a,b],L(R,X)), t € [c,d] and y = Eg. In accordance with Theorem 3.1 and
Corollary 3.7, a'B € Ky([a,b],L(R)) and

®) [ o poss) - [y = [(a @)y a0

where we applied Theorem 2.3 to obtain the last equality. Since K,(,s)x = [, a’(p)xdg(p)
with K, (z,-) € SV ([a,b],X") for each t € [c,d], then Theorem 2.3 implies the Riemann-
Stieltjes integral [” dyKq(1,5)B(s) exists for each ¢ € [¢,d] and each B € C([a,b],L(R,X)).
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We also assert that

b b
| k0,98 = () [ o (5)Bls)de(s), an

for every t € [c,d] and every B € C([a,b],L(R,X)). Indeed. It is enough to prove that (11)
holds when [ is a step function. Hence we need to show that for every ¢ € [c,d] and every
xeL(R,X),

b b
/a 4K, (1,5)x = (K) / o (s)xdg(s). (12)

Since o' (-)x € R, ([a,b], L(R)) by Theorem 2.3 and R, ([a,b], L(R)) C K4([a,b],L(R)) =
H,y([a,b],L(R)), it follows from the Fundamental Theorem of Calculus (Theorem 3.3) that
there exists d ([, a’(p)xdg(p)) = a’(s)xg'(s) m-almost everywhere on [a,b]. Therefore
givent € [¢,d] and x € L(R, X ), we have d,K,(,5)x = ds(K,(,5)x) = ds () o' (p)xdg(p)) =
a’(s)xg'(s) for m-almost every s € [a,b]. Then from the invariance of the integral over sets
of m-measure zero, we obtain

b b
/a dsKg(t,s)x:(K)/a a’ (s)xg'(s)ds. (13)

Now we will prove that [” o (s)xg'(s)ds = [ : a’(s)xdg(s) which, together with (13),
implies (12). Given € > 0, 1 € [c,d] and x € L(R,X), let d; and &, be constant gauges
of [a,b] from the definitions of fab o’(s)xdg(s) and fabu’ (5)xg’'(s)ds respectively. Given
& € [a,b], let (&) > 0 be such that

8(v) —8(s) — &' (&) (v—s)| <e(v—s) (14)

whenever § —&3(§) <s <& <v<&+;(§) (see Lemma 4.2) and let 8(§) = min{&;(§); i =
1,2,3}. Then for every &-fine d = (&;,s:) € TDy, ), we have

<

/ab o' (s)xdg(s) — /ab o (s)xg (s)ds

b |d|
<|/ o (s)adg(s) — 3 o €xlg(s) ~glsv-1)]) | +
|d| |d]|
+ i;af(ﬁi)x[g(s,-)—g(s,-_l)]—l;a’(z,-)xg’(z,-)(s,- sic1) ||+
|d| b
+|13 0 @ @) i sio1) - | ot g s)as| <

|d]|
<ot 3 V(alellss) ~glsi1) ~ (&) s —51) |+ < 24 V(@) s ).

where we applied the integrability with respect to g of o’ (-)x, the integrability of o (-)xg’(+)
and (14). The result follows easily. ]
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For a proof of the next theorem, see [12], Theorems 3.8 and 3.4.

Theorem 4.5. Let K € C°SV*“([a,b] x |a,b],L(X)). Suppose there is a division d = (s;) €
Dy, p) such that

sup {SVi;,_, (K):t € [sio1,si]} <1, i=1,2,...,d,

where SVi5, | 1(K") denotes the semi-variation of the function K (t,-) in the interval [s;_1,t].
Then the following properties are equivalent:

(i) foreveryt € |a,b|, the operator [ — K(t+,t) is invertible, where I denotes the identity
in L(X);

(ii) for every h € C(la,b],X), the mapping

Y0 = [ dK@8)() = 0), 1€ a0

admits a unique solution y, € C([a,b],X).

Let K € C°SV*([a,b] X |a,b],L(X)). We say that a function R € C°SV*([a,b] x
[a,b],L(X)) such that R(z,s) = Ix, for all s > ¢, is a resolvent of K, whenever R satisfies
the equation

t
R(t,s) —1X+/ dK(1,T)oR(T,5) =0, a<s<t<b.
)
The next result can be found in [2] or in [12], Theorem 3.9.

Theorem 4.6. Given K € C°SV*([a,b] x [a,b],L(X)), it there is a division d = (s;) € Dy,
such that
sup {SVi;,_, (K')it € [sio1,si]} <1, i=1,2,...,d,

then K has resolvent given by the Neumann series.
Theorem 4.7 below and its proof are borrowed from [11], Theorem 3.1.

Theorem 4.7. Let E be a normed space and F be a Banach space such that F C E with
continuous immersion. Let H € L(E,F) be such that for every f € E, the equation x —
Hx = f admits one and only one solution x; € E. Then the mapping f € E — xy € E
is bicontinuous. If in addition the Neumann series [+ H +H*+H>+... = (I —H)™!
converges in L(F), then it also converges in L(E).

Proof. For every g € F, the equation y — Hy = g has one and only one solution y, € F/
and the mapping g € F' — y, € F is bicontinuous. Indeed. Since F' C E, the equation
y— Hy = g with g € F has one and only one solution by hypothesis. But since H(E) C F,
we have Hy, € F. Hence y, = Hy, +g € F. On the other hand, the mapping y € F —
g =y—H, € F is a continuous injection and therefore the closed graph theorem implies its
inverse g € F — y, € F is continuous.

The equation x — Hx = f, with x, f € E, is equivalent to the equation y — Hy = g, with
g=Hf and y=x— f. The mapping f € E — g = Hf € E is continuous. By the previous
paragraph, the mapping H f € F — yp s € E is also continuous. Thus the composed mapping
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f € E— ygy € E is continuous and so is the mapping f € E — yg s+ f € E. The first part
of the theorem follows from yg s = xy — f, thatis, x; = ygr + f.

It remains to show the second part. Let (I—H) ™' =I+H+H?*+H?>+... be convergent
in L(F). Since H € L(E,F) and the immersion F C E is continuous, then the series is also
convergentin L(E). Also, if a Neumann series is convergent in some L(Z) (Z not necessarily
complete), then it converges to (I —H) ™. O

5. The Fredholm Alternative for the Kurzweil-Henstock-
Stieltjes Integral

In this and the next section, we write ggBVb”([a, b] x |a,b],R) instead of EgBVbJr”([a,b] X

[a,b],L(R)).

Theorem 5.1. Given g € SL([a,b],R) differentiable and non-constant in any non-
degenerate subinterval of [a,b] and H € L(K,([a,b],R),C(]a,b],R)), let a €
5gBVb+”([a,b] X [a,b],R) be the corresponding kernel by Theorem 4.2 (i.e., H = Hyg).
Suppose H is such that for each f € K,([a,b],R), the linear Fredholm-Stieltjes integral
equation in the sense of the Henstock-Kurzweil integral

b

X(t)*(K)/ af(t,s)x(s)dg(s) = f(t),  1€lab], (15)

a

(i.e., the equation x — H(x) = f) admits a unique solution x; € K¢([a,b],R). Then there
exists a unique kernel p € CgBV,™ ([a,b] x [a,b],R) and, for each f € K¢([a,b],R),

b
5 (0= 10 =(K) [ P97 ()dels).  1elad]

Proof. This proof follows the steps of the proof of [11], Theorem 3.2 adapted to the Stieltjes
case.
If in Theorem 4.7 we take E = K,([a,b],R) and F = C([a,b],R), then (I —H)™!

L(K,([a,b],R)). If we define I —R= (I —H)™!, then R = H(I — H)"! belongs to
L(K,([a,b],R),C([a,b],R)) and it can be represented by a kernel p € CIBV,™([a,b] X
[a,b],R) (by Theorem 4.2). O

Theorem 5.2. Let g € SL([a,b],R) be differentiable and non-constant in any non-
degenerate subinterval of [a,b], f € K¢([a,b],R) and o € CIBV,™([a,b] x |a,b],R). Con-
sider the linear integral Fredholm-Henstock-Kurzweil-Stieltjes integral

b
X0 = () [ al9)x(@)dgs) = £, 1€ ab, (16

and its corresponding homogeneous equation

b
u(t) - (K) / a(t,s)u(s)dg(s) =0,  t¢€lab]. (17)
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Consider also the following integral equations

v [ [ atowo|ae-we. el as)

z(s)—/: [/aba(t,o)dz(t)

(i) either for each f € Kq([a,b],R), equation (16) admits a unique solution xy €
K,([a,b],R) given by

and

dg(0)=0,  s€[a,b]. (19)

Then

0= 0= [ 09/ (5)dg), 1< b,
where the kernel p € égBVbJr”([a,b] X [a,b],R) is uniquely determined, and for each
w € C([a,b],R), equation (18) admits a unique solution y, € C([a,b],R);

(ii) or equation (17) admits non-trivial solutions in K,(|a,b],R). In this case, equation
(16) admits a solution if and only if for each solution z € C([a,b],R) of (19),

/ab [(K) /aba(t,s) f(s)dg(s)] d2(1) =0

<resp. / ’ {(K) / ba(t,s)u(s)dg(s)] dw(7) :o).

Analogously, equation (18) admits a solution if and only if for each solution u €
K,([a,b],R) of (17), we have

/ab [(K) /abq(t,s)u(S)dg(s)} dw(r) = 0.

Proof. Leth(t) = (K) [ a(t,s)f(s)dg(s) and v=x— f. Then v(r) = (K) 7 a(z,5)x(s)dg(s)
and, by Theorem 4.2, h,v € C([a,b],R). Thus equation (16) is equivalent to the following
equation

YO~ ) [ @)y (6)de) =h(), 1lad] 0

Let K, : [a,b] X [a,b] — L(R) be such that K,(¢,s)x = [, a’(0)xdg(o) for every x € R.
According to Theorem 4.4, K, satisfies conditions (C°) and (SV,). Moreover the mapping

Kg it € [a,b] — Kq(t,-) € SVa([a,b], L(R))

is continuous and we have

b b
/a K, (t,5)v(s) = (K) / o' (s)v(s)dg(s).
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Therefore (20) is equivalent to

b
v(t) —/a d,K,(t,5)v(s) = h(t), t € [a,b], (21)

and by the Fredholm Alternative for the Riemann-Stieltjes integral (Theorem 2.11), ei-
ther 4 € C([a,b],R) and equation (21) admits one and only one solution which implies
that for each f € K,([a,b],R), equation (16) admits a unique solution, or the homoge-
neous equation corresponding to (21) (respectively (16)) admits a non-trivial solution. In
the second case, the adjoint (K,)* equals K,. Then equation (16) (respectively equation
(18)) admits a solution (not necessarily in K,([a,b],R)) if and only if for each solution

z € C([a,b],R) of (19), we have [” {(K) ffa(t,s)f(s)dg(s)] dz(t) = 0 (respectively for

each solution u € K, ([a,b],R) of (17), we have [” {(K) faba(t,s)u(s)dg(s)} dw(t) = 0).
The missing part of assertion (i) follows easily from Theorem 5.1. O

6. The Linear Integral Equation of Volterra-Henstock-
Kurzweil-Stieltjes

Theorem 6.1. Let g € SL([a,b],R) be differentiable and non-constant in any non-
degenerate subinterval of [a,b], f € K,(|a,b],R) and a € ggBVb“([a,b] X [a,b],R) such
that a(t,s) =0, for s > t. Then the linear integral equation of Volterra-Stieltjes in the sense
of the Henstock-Kurzweil integral

X0~ (K) [ als)x()dg(s) = £(0), 1€lab] 2)

[a.1]

admits one and only one solution xy € Kq([a,b],R). Furthermore, the operator Hy o €
L(Ky([a,b],R),C([a,b],R)) given by (Haf) (1) = (K) [; (t,5)f(s)dg(s). for each t €

la,b], is causal as well as the bijection f — Xy which can be written as
t
x/(0) = £~ (K) [ p(t.5)7()dg(s). 1€ [abl, 23)
a

where p € (Zf,’BVb*”([c,d] X [a,b],R) and p(t,s) = 0 for s > t, and the Neumann series
I—Hpo=1+Hqg+ (Hag)*+ (Hayg)® +... converges in L(K,([a,b],R)).

Proof. Lety=x— fand h(r) = (K) fab a(r,s)f(s)dg(s). Both functions y and 4 are contin-
uous, since h = Hy 4 (X[a,s.f) and y = Hy ¢ (X|4,1%) (see Corollary 4.1) with X, f and X, x
in K, ([a,b],R) and Hy z € L(K¢([a,b],R),C([a,b],R)) (see Theorem 4.3). Then equation
(22) is equivalent to the following equation

Y0~ (K) [ ats)3(5)dg(s) =h (). 1€ lab] en

Let K, : [a,b] X [a,b] — R be such that K,(z,s)x = [;’ a’(0)xdg(0), for every x € R.
Then by Theorem 4.4, we have

[ dskelesivs) = (K) [ @ )y(s)dgs).
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Thus equation (24) is equivalent to the following equation

_/utds[(g(t’s)y(s)—h(t), t € fa,b]. (25)

By Theorem 4.4, K, € C°BV*([a,b] x [a,b],R) and since a(t,s) = 0 for s > ¢, then
K,(t,s) = 0 for s > . Thus, according to Theorem 4.5, in order to prove that given h €
C(la,b],R), equation (25) has one and only one solution yj, € C([a,b],R) and the operator
h — yyp, is causal, it is enough to show that

(i) there exists a division d = (s;) € D, ;) such that sup {SV(s, | 1((K,)");1 € [si—1,51]} <
Li=1,2,...,d|.

(ii) for eacht € [a, b, the operator I — K4 (t-+,1) is invertible.
Proof of (ii). By the continuity of g, given § € [a,b] and € > 0 with € < 1/2V*(a), there
exists &(§) > 0 such that |g(r) — g(§)| < €, forallz € [a,b] with 0 < |r —&| < &(§)/2. Then

Ik to+ ol = | [ atr+ouspde(s)]| < V@M el-+0) o)

which tends to zero as 0 goes to zero. It follows that K, (z+,7) is invertible.

Proof of (i). Let us consider the gauge 0 of [a,b] defined as above and let d = (§;,s;) €
TDy,; be d-fine. Given i€ {1,2,...,|d|} and € [s;_1,5], let d; = (/) be a division of
[si—1,¢]. Then

< V(@) [g(r) = glsim1)| < V(@) < ‘2‘

z [(Kg)t(rj) —(Ke)'(r 1)

J

0)x;dg(0)|| =

[ «(@as(o

Hence BV, , 1((K,)") < 1/2 and (i) follows.
Finally, the assertion about the Neumann series for the resolvent of equation (25) in
L(C([a,b],R)) follows from Theorem 4.6. Besides, the operator Fk, given by (Fg,y) (t) =

J2dK,(t,5)y(s) is causal as well as (Fg, )". Therefore (I—Fx, )71 is also causal. By The-
orem 4.7, the same applies to the resolvent of equation (25) in L( ¢([a,b],R)). Thus from
the fact that Fx, = Hy , (see Theorems 4.4 and 4.3), the operator I — Hp o = (I — ng)_l is
causal. O

Remark 6.1. Given g € SL([a,b|,R) differentiable and non-constant in any non-degenerate
subinterval of [a,b], let RX([a,b],X)4 be the space, endowed with the Alexiewicz norm, of
the equivalence classes of functions f : [a,b] — X which are improper Riemann-Stieltjes in-
tegrable with respect to g and have a finite number of singularities. Also, let L 4([a,b],X)a
be the space, endowed with the Alexiewicz norm, of all equivalence classes of functions
f :|a,b] — X which are Bochner integrable with respect to g (i.e., in the Stieltjes sense)
with finite integral. Then Theorems 5.2 and 6.1 hold for R3([a,b],X)a or Li4([a,b],X)a
instead of K4 ([a,b],X).
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