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IN ,. ~A~~EM OF HYDRDDYMf1~ .. ~--l 
Jor•• Araaona and Francisco Vlllarr~al 

·• Introduction 

The ala of this paper Is to stud~.the e><lstence of discontinuous 

<shocks) solutions for the Sl:lstea 

In a onir dl ■~nslona\ space 
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and the s~mbol 
... ... denotes the association relation < see DEF. 1.1 

and CCJ, sections 2 and 3 ). 

In li we state so•e bas!c definitions and results about the 

si~plified algebra q
5

<n>. In l2 we Introduce the e,cponentlal and 

the logarith■ of a generalized function and this is used to solve 

a ~lass of ordinar~ differential equations of first order In q
5

<R> 

In ~2 we introduce also the composition in aver~ particular case. 

This reseach was partial\::, supported b~ the Conselho Naclonal 
de Desenvolvimento Clentlflco e Tecnologico <CNPq) and b~ the Fun­
da~io de Araparo a Pesqulsa do Estado de Sao Paulo (FAPESP>. 
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l THE ·ll .. LIFIEO M.GEIRA 9•<n> 

Our ••In rafaranc• for Coto■beau'1 thaor~, containing an 

or1anlzad axpoaltlon of It• basic kernel, la CA-Bl. Here w• 
su•marlz• •o•• special concepts which wilt be needed to •tate and 

solve the above prob1e■• For th• general notation,••• CA-BJ,1.1. 

Here A denotes • . non void open subset of R"and the notation k CC 0 

•rana that K la• compact sub5et of n. It Is known that we can 

construct a differential al9ebra q(Q) • c<A,k> <In what follows 

the notation I denotes lndlstlnctl~ I or C > which contains, as a 

vector subspace, the set It CO> • I>' CA ,k) of all d latr I but Ions on 0 

In such wa~ that the partial derivation In q(O) generalizes 

exacth the pa.-tlal derivation Inf/ CO><see CA-Bl, 2 and 5>. The 

aimpllfled , al9ebra q <O> Is a suba1gebra of c<O> whose definition . ' 
we shall give brlefl~ (see CA-BJ, 8.t.3 Cd)>. 

In what follows we denote b~ I the lnte.-val Jt,tl c· I and we 

denote b~ r the ••t of all 1trlctl~ Increasing function• 

V ! N --t •: such that 11• V(q) .• +e> • The set 
q-♦♦C) 

. lxO · c, t.col • ~.cn,11: • <u S It I U((,•) s C <O,IO for evn=, i: s I> 

endowed with th• polntwl•• operations Is a I-algebra. The set 



I 

,,.,.cnJ • ,H,.cn,IJ :• (u C ,.cn,lllt' K cc n and t'. C Nn I NC II, 

c > I and ~CJ such that 1,•uct,K)I ~ ct-N whenever Mc Kand 

la a subaleebra of ~.cn,IJ and the set 

•.col - •.co,IJ !• (u C ""··tnllt' I( cc n and t' CII C ti' :II N' N 

and V c r such that t' q it N :II c > t and 1111 c J such that 

called aoderate <resp. null> functions on O. We define the 

algebra of <sl11Pllfled) 9enerallzrd functions on n b~ 

4'" srnJ 

all <c,x>, lMQ, is an inJectlve homomorph is■ of ~lgebras b~ ■eans 

of which we ldentif~ CCD<O> with a subalgebra of qs<n>. We have no 

natural inclusion map either from C<O> or~ <O> into q
5

(0> but thi~ 

is not relevant for our purposes. If n'and n are open subsets of 

Rn such that,• n'c n and f, q
5

<n>, the restriction off ton', 

denoted b~ fin', Is defined•• the class of t11>cn' In ~.ut >, 1111\ere 

i, ~K,scnJ fs •n~ representative off. If a, ti' and f, ~.<n>, 

the-partial derivative of order a off, denoted b~ ,•,, Is defined 



repr1s1ntatlve of f and ,•tcc,M) : • t ,•icc,•)l(H) for ever~ 
<c,M>, INh.Jt can be •••11~ v•rlfled that the definition• of flirt 

e.t.3Cf> we know that ~. I• a flnt sheaf of I-algebras on Rn. If 
f c ••<A> and cvA,ACh Is the faalll~ of all open •ub••t• of A 
•uch that fl\lA • t for ever~ A & A, It fo1low11 Uat flU • t 11h•r• 
V •UVA I• the lar11st open subset of A 11h•r• f vanish••• The set A,h . 
An CV 111 called the support off and 111 denoted b~ supp<f>. 

K - algebra i
5 

defined as follows (see [A-Bl,8.2 and 3.1>. The set 
CN UC> :•Cuc K1 13 NE N, c>e and~ C I such that lu(OI 16 ci'N •• 
whenever e < t < ~ >, 

endowed with the pointwise operations 111 a K-al9ebra and the set 
t. (IO:• Cu ti '4N <1013 NC Nanda V C r Heh that t' q ~ N 3 c)t • •• 
and~, I such that lu<t>I ~ ctV(q)-N whenever e < t < ~ > 
Is an Ideal of ~N,s<K>. We define the algebra of (sl ■Pllflcd> 

generalized nu■bers b~ 

• •.cu 
The natural ■ap z c K ~ class(t ~ z> c i• and, for a given 

u C CN CK) ---. Clt,><,> ---+ u(K)J C CH [AJ , •• •• 



' 

ar• lnJ•tlv• and h•nc• •• can ld•ntlfJ I Cr••P• i•> with a 

••.1ballebra of i• Cr••P• "'•<n». Tht cl••1nts of th• I•••• of•• In 

"°•<n> arc called ••n•ratlzed con•tanta. 

dtrlved fro■ the•••• conc1pt1 In 9<A>. Sine, her• wt Introduce 

"',<n> dlrtctJ~, thr~ appear In this paper•• definitions. If" 11 

a Lebesgue-•1asurabl1 subs•t of a" such that H cc n and f, 91 <0>, 

we d1fln1 the Integral off on" (111 CA-Bl, 8.2.2 (b)) b9 

J f • J fC,c)dK : • cla11( ' - J $(,c)d,c ) ' i 
H ti " 

I 

where f & t;H,t.rnJ It. an9 r1pr111ntatlv1 of f. Cltarl~ tht 

integr-al off on r1 lnd1p1nd1 on th• r1pr-111ntatlv1 1 off. 

If f , . ~,<n> and 1upp(f) CC n, It is•••~ to 11£ that If K and L 

ar~ two coapact subsets of A containing supp(f) in Its interior 

then the integrals off on Kand L art equal. Then, we define <see 

J f • J f(,c)d,c 

n n 
= • I f 

K 

wher-1 K Is an~ compact subset of O containing supp(f) in its 

Interior. The integral of a a•n•raliztd function has the usual 

linear prop1rtl11. 

We••~ that a ~•ntrallzed numb•r z, i 1 I• associated with •• 

denoted b~ z: •• If there 1><l1ts a (or equlvalentl~. for each> 



this fact b~ Za ~ z •• 

,. 
11• z<t> • •· a:--... Two 

DEFINITION 1.1 Wr sa~ that f,g , q
5

<n> are associated and wr 

Given f,9, q•<n>, the definition of association in 15 shows that 
f ~ g if and on1~ If, for an~ representatives t and 9 off and g 

lim J Cf.<t,><> - e<t,,c)>,<,c)dx • e. a:--0 n 
The association relation has the following properties <see CA-BJ, ' 

<b> U 'I' E CcoU'D, f,g C qs<n> and f:: Iii, then 'l'f:: ..-g 

< c > 1 f f, !I C q 
5 

m > , f :: s and ex E Nn , then & 
0 

f ::: ~ ex 9 • 

<d> If f,g E q•<R> and 

that__!!_ -. e and f - s ~><, 

DEFINITION 1.3 Let Tc»' (Q). We sa~ that 

distribution T as aacroscoplc aspect If there Is a representative 
1 off such that, (or ever~•, ~<O>, ~e have 



U.3.U 11• r i<t.x>•<x)dK • ( T,• > • 
t---+e ·n 

Clearl~, an~ other representative of f satisfies Cl.3.l) for 

NOTATION From now on we will work onl~ with real <clas•lcal and 

s•n•rallzcd> functions, so•• can sl•Pllf~ the above notations 

, «>1 , ., 
,;-

5
(1,1>, (I <1,1> , CC .I> , etc. to ~s<I> • I> Cl) , C Cl> , etc. 

DEFINITION t.4 <a> An eh■rnt f, q
5

(R> Is said to be a Hnvislde 

9.f. < Heaviside 9enerallzad function) If It has the Heaviside 

funct Ion as •acr.oscop le aspect, that Is, If there is • 
A 

representative f off such that. for each•, 0(1>. we have 

~ ♦O) 

llm J f(~,x)~(x)dx • J ♦ (x>dx 
t--+0 -o, 0 

Cb) An ele111ent f, q
5

<R> Is said to be a Dirac g.f. < Dirac 

aenerallzed function) If It has the Dirac measure as macroscopic 

aspect, that Is. If there Is a representative t of f such that. 

for ever~.,, ~<R>, we have• 

(t.4.2> 11 ■ J1ct .><>•<x>dx • •<•> • 
t---+I -«> 

REKARI The above concepts of Heaviside generalized function and 

Dirac generalized function arc called rcspectiv•l~ Heaviside s.9.f 

and ~lrac s.g.f •• in CA-Bl.8.3.3. · In order to distinguish the■ 

from the generalized functions H CI>' <I> C ~<I> and , , I>" <I> C 
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EXAMPLE l.S (a) Lett C '"••tll and suppo•• that tjl•r• la a 

• · function A: I~-•♦ such that 

CI> 11• AU:>• t J 
. . .£.! _,. 

nu tee .,c> •. • If M C -A(t) and t !i l , 

+Ait > . 
( 11 I> i Ct • M) • 1 I f ,c ) A (t ) and t: , 1 J <1 V) l i'a J I f U: , M) I d>e • t 

·. (-+t •A<t> . 

Than th• cl••• f c q•(I) off Is a H•avlald• 9.f •• The condition 

~IV> can b• replaced b~ th• stronger one: 

- CI\f> sup 11u:,,c>I <.,. 
(t: , M )G l>cl 

and suppose that there Is a funct·lon 

Cl) 11• A<t> • e, ,---.e nu i<t,K) •• If hcl ~ A(() and t' I' 

+Go • ., 

<III> J 1<t.x)dK • l U: 5 I> 1 UV) sup J l~<e:,x>ldx ( ., • 
-c, . (51 -C> 

Then the class f c q
5

<R> oft I• a Dirac g.f. 

<c> L•t .P C.~<R> be a function verlf~lna the follo~ing conditions: 

+G 
• P. ii t • . .P<t> ) e , supp(.P) • C-:-1,ll and J P(s)ds • l • 

~ 

Then th• function ~.P d1tflned b!:t 1.P<t,,c) : ■ ,-lP(t-lK) If (t,x)51MI 

belongs to ~"••[RJ and clearl~ satisfies the above conditions <I> 

to UV> of Cb> < 1111th A<t > • t for ever!I t , I >, hence the class 

t, of t.P Is a Dirac g.f •• The class of the function 

Ip : Ct,><> ---+ f\> <t, t)_dt c R ..., . 



• 

belona• to cs"••tll and ntlefln the condition• lJ> to nu, Cor 

UV' » of Ca> (Mith "'') . ( for •v•rlf I: & I> which ehows that thll 

A . A, t 
class 1, of•, la H1avleld11 1.f •• Noh that Nit have ., . ,. 
Th11 •o•t 11l11•11ntal"i, Pl"OPllrt lits of Heavlsld11 1.f. and Dirac •• f. 

app11ar In th11 proposition b11low, who•• proof follows 11aslli, fro• 

DEF.t.1 and DEF.1.3. 

PROPOSITION 1.6 <a> Anlf r11pr11s11ntattv11 of a H11avlsld11 1.f. Cr11sp. 

Dirac g.f.) •atlsfles the condition (l.4.l) (resp. <t.4.2>>. 

tb) If f and ■ are both Heaviside 1.f. or both Dirac 1.f. th11n 

tc> If f I• a H11avlsid11 1.f. then f' I• a Dirac g.f • 

• In 9
5

(1+>• 

(d' > If f la• Dirac g.f. then flR*:: • In "°s<R*>. 

<e> lf f I• a Heaviside 1.f. or a Dirac g.f., •CI and •f:: • in 

q <I> then•• e. I • 
NOTATION Fro■ now on w11 d11not11 th11 Heaviside 1.f. blf H,K,L,H,Y,11tc 

and the Dirac 9.f. blf ,,, 1 , 11tc. 

Wit wilt distinguish now an laportant· class of H11avlsld11 g.f. 

DEFINITION 1.7 Wit salf that H c "'•<•> la a proP&r Heaviside 9.t If 

H ha• a repr11sentatlv11 A verlflfln1 the fotlowlnt conditions 



tPHl) For evar~ K ~ca th•re ara c > e and~, 1 such that 
SUP I ~ (( • )() I • C • 

(t ,><) ; Jt,"lll<K 

<PH2> 

10 

PROPOSITION l.8 (a) Ever~ represent•tlve of a proper Hcavl~lde 1.f 

sati•fies conditions (PH1> and CPH2>. 

(b) Ever~ proper Heaviside g.f. Is a Heaviside a.f •• 

Cc) If <Hi)l~i~m is a non void finite sequence of proper Heaviside 

ever~ Heaviside 9.f. H. 

Proof. The statement (a) follows lmmedlatel~ fro• the definition 
of ~

5
Cll, Cb> and <c> are eas~ consequences of the do11inat~d 

convergence theorem. I 

2 SONE SPECIAL GENERALIZED FUNCTIONS 

The content of this section is a fitting of concepts and 

results developed in CV] <i 3). The relation u c; t;H CR] does ,s 
u not imPl~ that c ; t:H,sCRJ, so we shall define a vector subspace 

t:~~!CRJ of ~H;sCRJ such that eu is 11oderaled whenever u belongs to 
this subspace. Hore general~. we ~ill give a sufficient condition 



f, ~ <I> adrquata to thr requlre•rnt• of this work. ·• 

u 

Let ~ 101Cll • ~101Cl,ll be the vector space of all functions 

u c ~.ell vcrlf~ln1 thr following condition : 

For all K CCR. th£re are c ~ 1, N, N and ~, J such 

tL09l 

Nr,ct •• d•flnr 

,1011CRJ • ,1011CR,RJ :• 

"·· "·· 
n 1 OSI [ R J - n 1 OSI C R I J : -• s • 

' l 
09 

C R J n l: C R l "·· 
, 109CRJ n 1' CIJ 

• • 
We sa~ that an element f, q Cl> • has th£ propert~ <LLG> C locall~ 

logarlth■ lc growth> if th£re Is a of f which 

belongs to ,~7:cR). C1£arl~, if f has th£ propert~ <LLG>, then 

each ·represe~tative of f belongs 

is th£ kernel of the restriction to 

t O t; 1 OSI [ R ) • 
N,s 

,~7:c1J of the 

Since 

n,1tural map of 

'H,sCRJ onto q
5

(1), it follows that the quotient vector subspace 

of all generalized functions which has propert~ CLLG> : 

t; log CR J 
qlosa<R> :• --'-'"'~•=s __ _ 

s 1 109CRJ 
s 

can be Identified to a vector subspace of q
5

<R>. 

PROPOSITION 2.1 (a) If u c l:~~!CRJ then eu, 'N,sCRl. 

(b) If u,,u.a' ~~~!CRJ and Ua - Ua' •!0•c~J then .u. - .u., •.ti] 

Proof. Ca) Fro■ the chain rule, for all <<,x> c I>CR and p, N•. it 

follows that (see [Fl> 
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and c <«,a> : ■ pl( ■ l«l>-1 • Therrfor•, th• •od£ratlon of •u r~5ults p 

fro• <2.t.1> and th• condition CLogl. 

(b) Wr fl>< K CC I and p, N and provr that thrrr exist N, N and 

¥, r such that for each q ~ N ther• arc c > e and~ G l such that 

lndrrd, sine• u, satlsfirs the condition CLogJ Cl• i,2),thrr~ are 
Ca. ii: 1, N ... E N and "la. C l •uch that 

It fol lows that 

and 

Fro• (2.1.3), (2.t.5) and the aean value theorea we get 

(2.t.6> l<tru,_ •u.z><t,x>l,21<u,-u1r><t,x>lc?e:-3N .. if <t,x>,J0,"'1,C><K 
log Sine• u, - u~, 1
5 

CR), there arr Na EN and~ Er such that for 

Let N :• 3N~ + Ha• Given q ~ N, fix c 

then, fro• (2.t.6> and (2.t.7> we get C2.t.2> In the case p • t. 



u 

Suppo•• now P • t. 8~ appl~ln1 C2.S.l> with u, lnsttad of u, 

' for all (( ,><> , l,cl 

whert T1 and T2 ar£ th£ MOd£ratt functions defined b~ 
p • 

T1 Ct,><) :• (tu& - ,u•)((,><>L L c (a, ■>TT u!a•l<,><> 
■•1 a p 1•1 

p • 

T ( ) . uaU:,x>~~ < ,~c Cad c Sa,> <cx.t 
2 ( ,>< •• • ~ ~ cp cx,11 ~ U& ••• U&-U11 • 00U11 J<E: ,><> 

, 111=1 a 1c1 

Cltarl~, It I• enough to find VJ, rand ,IJ, N such that for tach 

In the case j • 1, <2.1.8) follows from (2.1.2> for P • e and 

Therefore, the following definition is aeaningful. 

DEFINITION 2.2 Let f, q 109 <R> The exponential off, ·denoted s • 
f 

e 

o~ exp(f), is the class in q~(R) of the moderatt function , 1 where 

t is an~ representative off. 

If I is an open Interval of I then for each f, q
5

<I> there exists 

F & q
5

<I> such that F'• f CF I• called a primitive off, see CA-Bl 

A.~.2, 8.1.3Ca> and (d)>. 

THEOREM 2.3 Let f,g E q <I> and supposc · that f has a pri ■ itivt 
s 

of the differential 



H 

·«-.uat Ion 

C2.3.S> 

has a rapras,ntatlva g 1lven b~ 
A A J)C A 6 (• ti 6 (• ) ~<t ,><> • c A Ct) + 1<t:,t>c,.. .. , at l•-f .. ,>< for all <t,><>, IKI • 
where i and J arc an~ representatives of I and F raspactlval~, 

Proof. Fix an~ solut Ion ~ of (2.3.1>. Since F' • f It follows that 

A, 4N,s<I> the ~odrrate function defined b~ 
)( A 

~<e:,x> •:cc>+ J s<E,t>eF<c,t>dt for .cvu~ u:,><>, I1<R 
a 

Is a representative of h. I 
DEFINITION 2.4 Let ~ ' J6,+co], and 

satisf~ln1 the condition: 

uU: ,><> , 30,JC for all Ct,><> c. lxR • 

defined b~ 

(2> We••~ that u satisfies the condition C~] If the followln1 

assertion holds: 
ever~ K CCR there are ... c I and <a,b> ca• such that 

a < b < r. and u<t: ,><> , Cu ,bl for all <t ,><> , ;,~,,..CxK 



l5 

•uch that u •atlsfl•• the condition cv,l1 the •a•• abbreviation 

hold• for C~ J. tn the ca•• J • +c •• 1111r ltc CUc'l (or CI/C>J> lnst'ead 

of CU+u>l <ar CV'+
0

'l>. 

and suppose that u. 
. I <I• i,2) satlsflet. cv,J. We have 

<a> If .u 1 sat lsfl•• CV'e, J then u 2 sat lsfles CV'e, J. 

(b) Assume that u1 -.at I sf I es CV'e, J and that 'fC c°C::J0,H) 

the condition : 

I 
For ever~ p, N and ever~ <A,B>, 1• with O <A< B < I, 

(:2.5.U there are ~ ) 0, N , N and "I , I such that 

· · : . .. J'f~_Plx> I " · ct N for all (( ,><> & J0,"1CxCAf: ,BJ • 

Then, for ever~ K CCR and ever~ p EN, there are¥ Er and NE N 

•uch that, for each q ~ N, •e can find c) 8 and "IC I satisf~in9 

Proof Clearl~ we can suppose that• CG. Since <a> is obvious let 

us prove (b). Fix K CC: R and p C N. 8~ <a>, u 1 and u 2 sat_ish C~J 

hence we can find ~ 1 , l and <a,b) & a• such that e<a<b<I> and 

(2.5.3) 

(2.5.4) I U(w .x>I L a'"' h ("' > ,. J"' .. ["K ... • ... ... w en ever ... , >< • ., , .• ,2 
.. , 



u 

whrrr • < a'< trdn(a,b' > and b') t ••tl•f'I•• b • b' < ~. Now, w~ srt 

A :• a - ~ and B :• b + b', th•n t ( A ( B (~.WE clala that 
t (t) :■ 1,1

1
(C,K) + tu

2
<c.,x> , CAe,BJ <2.s.:n 

for rvrr~ (C ,><,t) 4i lt,"'l;l ,c K ,c Ct,1l 
Indeed, b~ (2.5.3) and <2.5.4) we get 8 (t) , u

1
<t,x) + tu<c ,x) ' 

b + a' t: ( b + b' ( , and at " "1u:,x) - t (t > - tu<e: ,,c) " 
e<t> + lu(t,><>I, e(t) + a't, which provrs (2.5.5). The •••u~ptlon 

ever~ q ~ Ni WE can find ci ) e and "13 , l •ati•f~ing 

I C 
,~<q) - N& (2.5.6) I u<e:. w) "- i"' , for al 1 <~, x> E l0,"'13 CxK • 

that 

q ~ N, let •in ("I.), 
~i1'4 I 

and <2.S.S> we have 

which implies (2.5.2> b~ <2.5.6) 

"lu<c,x>l.s1.1p ,.,<p+ll~>I 
~'=CAe,BJ 

and (2.5.7). I 

THEOREM 2.6 Let ~ C ]0,+CD] and • C C~(Jt,~C> verif~in9 (2.5.i>. 
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(b) Jf u1,u2 & IH,atll and u1 - u2 , l•Cll, u 1(t • 1,2> satlsflts 

evil!, l and u1 ••t lafln C"'j l than ••u, - •-u2 , ••ell. 

Proof.<•> Sine• u satl•fl•• cV',J, th• ra•ult follows fro• tha 

p • 

(2.6.l> <••u>(p~t,M) • L L c,<a,•>•'•luct,><>>TT u<••it,M>, 
••1 «&l<p,a) l•l 

where c (a, ■ > and I(p,a) arc as In the proof of PROP. 2.1 • p 

(b) FIMed K cc I and p, N we will show that there arc N, N and 

¥, r such that, for each q ~ N, we c•n find c > e •nd ~, I such 

that 

Since the case p • e follows dlrectl~ from <2.5.2), we can assuac 

that p ~ 1. FrDm (2.6.1) we aet 

111here T1 and T2 
p 

T 
1 

(E: ,><> :- L 
111==1 

are the ■oderate functions: 

«E: ,><> , l><R >, 

No~, for having (2.6.2) It Is anough that TJ <J • 1,2> satisfies 

<2.1.B> (sec th• proof of PROP. 2.1). We start fro• the following 

remark 



ll 

If 

1J, ~N Cll, thus the lncqualltlH (2.S.8) follo111 fro• (2.:S.2>,thc •• 
aodcratlon .of u1 and u2 and the assumption u1 - u2 , 1

5
CIJ.I 

DEFINITION 2.7 Let i, )0,+~l, ~, C~<l0,~C> satisf~ing (2.5.1) 

A A 
function ••f, whEre f Is an~ represEntatlve off satlsf~ing [V~J, 

PROPOSITION 2.8 Let & , l0,+coJ and .ssume that f c c
5

CR> has a 

A 
Ca) ••f is a representatlvE of ••f for ever~ 

satisf~ing (2.S.1), 

Cb) f is an invertible element In ~
5

<R> and the function A-1 
f given 

(c> The generalized function ef is well defined and the function 
A , 

ef : ((,><) C. I><R - expCf((,><)J ER is• ;. representative off/, 

(d) The generalized functions log f :a log• f and e 109 f :s 

(exp• log)• fare well defined and the functions log f:• log• f 
" log f and fare representatives of log f and e • respective?~ <hence, 

e109 f• f, see REHARK 2.9, (d) below>. 

Proof.Ca) Follows from DEF. 2.7 and TH. 2.6 Cb) Clearl~. the 
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• -1 
fu~ctlon • : -~ ' ·•+-~ ~ c I ntlsfl•• c2.s.u, hrnc,!. Ca> shon 

that · 1-1 :~ ·••~ .. Is a raprauntat Iva of 11 :• 't•f. •~· apphln11 

(2.4.l) we 11ct i-1<£,K) • cict,x>J-l for aver~ <t,K> c lxl and 

therefore f11 • classcii-1, • ·l. which shows that f I• Invertible 

<2.!S. U and 

• ~, •♦• It Is enough to show that • verifies <2.~.l). This Is 

cl••~ If p ~ 1 and It follows easll~ in the case p • t. Since 

sat• :• (exp• lo9)IR! we have e 109 f. ••f. since• satisfies 

clearl~ <2.5.1) and e 1011 1 • •. i •'•I 
. . 

REMARK 2.9 (a) In CA-BJ. I 7 It is defined the composition of 

generalized ■aps which life •ill sketch briefl~ here In a partlcul.ar 

case. Let U and V be two open subsets of •• It can be U$i1~ ,, 
showed (see CA-BJ,7.3.1 and 8.1.3,(d)) that f, q

5
(U) Is valued in 

V if and onl~ if, f has a representative i verif~lng the following 

condition : for ever~ K CCR there are K'CC V and ~, I such that 

11 ~ q
5

(V>. The concept of co~position resulting fro■ DEF. 2.7 
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Is not a part I cu tar cas• of the th I• one • Ince th• col'id It Ion CV, l 

do•• not l•pl~ that f I• valu•d In lt,,t. Bo, th• concept of 

coaposltlon Introduced In DEF 2.7 I• an eMtanslon of the concept 

defined In CA-Bl, 17 speclall!:t adapted to the applications that we 

Intend to do In this paper. The substitution of the h!:fpothesis 

•t I• valu•d In lt,,c• b!:t the w•aker condition cv,J Is coapensated 

b!:t the •i ■p\lclt!:t of the generalized functlon5 Involved In the5e 

applications. 

Cb) )f f c ~.<•> has a representalve f satlsf!:tlng the conditions 

cv,l and C~l. <for an!:t Jc lt,+col) then i satisfl•• the condition 
log CL01l, that Is f c qs . (I). Thus, th• definition of exp(f) derived 

fro• PROP. 2.B<c> Is a particular case of that resulting fro• 

. DEF. 2.2. 

then f :• classC-u> Is Invert Ible_ In .;-•CR>, hence -f • clas_s<u> Is. 

also Invertible In qs<R>. Thus, the conditions. cv,l and C~l on a 

representative off c .;-•<R), are. onl!:t sufficient conditions for 

the lnvertibilit~ off. 

,. (d) Litt f, _qs<R> and as~u11e that f Is a rep_resentatlve off which 

the generalized function \09 f (see PROP. 2.B(d)) belongs to 



101 
•• __ _ (I) and that the general I zed funct Ion 109 f f e 0 PROP. 2.8(d) 

.-· 

coincides •Ith the eMponentlal of 101 f, obtained fro■ DEF. 2.2 

and also denoted b~ 101 f • • 

condition (see <PH1> In DEF. 1.7): 

<2.H.U for all((,><) c l><R. 

statements hold: 

(11).If ~ satisfies the condition (PH2) of DEF. 1.7 and .., 

satisfies the condition <2.5.t><see PROP. 2.5); then the element 

Is a proper Heaviside g.f. 

, ..,-1 satisfies the condition <2.5.1> and that there Is V c ~
5

<R> 

havln_g a representative Osuch that ,..,.O, verifies one of the t1110 

fallowing conditions: I ( .. ) . ~ & o (( • )(, " (6.,)-~C-.,r( - ..,1 l ti ((. >C) C. l><R 
<2.H.3> 

(b). y s)t:l"I C I such that ..,(Sf> " .., <•>( y ( C ]0 ."It• 

Or' 
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lea> •, Ocr,K>, cA.,>!c.,c,r,, - .,11 t' <t,K> c 1,c• C2.H.4) 
Cb) t' t > t 9 "'I c I such that .,(t)t'. 111, .,(t() t' t'. c lt,"'c. Th•n th• 1•n•rallz•d function 

bclon9s to q•(R) and ha1 a repre,~ntatlve A which satisfies the 
condition <2.St.t>. Horeover, If O verifies the condition (PH2>, 
then H Is a proper Heaviside g.f. (and In this case, also V Is a 

(2.1t.3> and (2.1t.4) Implies (PHl>). 

Proof.From (2.i8.i> It fo\\owa that 

,. which shows that _,_ satisfies the conditions CVGl and CV'GJ, hence 

,. is well defined and (see PROP. 2.S(a)) .,.,. is a 
representative of.,., •• Thus, the function 

0 -1 ,. : (t,><) E I>eR--+ (A,1') .cc .... ,.)<(,><) - "1l, R 
is moderate and Its class In q

5
<R> Is the generalized function V 

defined b~ <2.lt.2>. Since., ls strlctl:, increasing, fro■ <2.tt.6~ 
the definition of O and the Inequalities A-,< t and .,1 > t, we get 

for ever:, Ct ,K> c l><R 
which laplles that O verifies th• condition <PHO. On the other 
hand, since A satisfies <PH2> we have 



tla .c.,.i.><t,><> • .,, <r••P• "'r> If ,c Ct <rn, ... ,'.c > t> 
t-+t 

II 

hence, fro• the definition of O ~• obtain 11• Oct,x> • t Crasp.t) 
t__,., 

If x < I (rasp. x > I>, and th• proof of <II> Is co■plats. 

CIII) Case l :The condition (2.11.3) hold•• Since A./< t, fro■ the 

statement <a> it follow• that 

and the stat•••nt Cb) shows that there Is "I c J such that "''Prt> 6 

"'rt . for all t c Jt."IC. _Let O : l><R --+ R be the func:t ion 9 lven b!t 

·.•{ :O.ct.K>, If <t,K>c Jt,"ltMR 

.Cice: ,><> 
... (.6_,)-~(.,(Pt) _,,

1
J, if Ct,><)C C"l.l~R 

. r 

Cl•arl~, w• have O C eN, 5
CRJ and O 0 C U•CRJ, hence · Q is a 

rcprRsentatlve of u. Fro■ the definition of Q and (2.18.7) •e get 

(2.H.B> 

,. 

I 
e ( "'rf.,.6 A.>.W(t ,><) + "'l -' "l < J, If Ct,><) C l0,"IC><R 

I .C 6"'.W« ,><) + _,l • ,,<Pr<> < J, If U: ,><> C ["I, l~R 

which shows that .6.,.w + "'l •~tlsfies the conditions cu,J and cv',J. 

Since ,,-l verifies the condition <2.5.l) It follows <see DEF. 2.71 

that the composition -1 ,, • (A.> .v + "1) is well defined and. frm 

PROP.2.8Ca), has the function ,,-1• <A.>.0 + ., 1 , as a representativ1 

Ther_cfore. the function 

ls ■oderate and Its class in q
5

(R) is the generalized function 
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is strlctl~ lncraaslnt, tha daflnltlon of A and (2.St.8> lapl~ 
e, ~<t,><>, (AP>-~<Prt - , 1 , for all Ct,><>, Jt."IC>CR and t!ct,><> • 

Ca•• 2 :The condition <2.tt.4> holds. Since A~ ( t the statea£nt 
<•> lapl les 

and the statement (b) shows that there Is "I, I such that .,rt, 
~(Prt> if c, lt,"IC, hence b!I <2.1e.1e> war havar "r~ "'A.-.0«,><> + 

~
1

, ~
1 for evl'r~ <E,·><>, lt,"IC><R 111hich, togethl"r with <2.1t.1e>, 

implies that A~.c. + ~l sat isfles CVJ) and Cv'~J. Since .,-i vl'rifles 
the condition <2.5.1), it follows that 

r£presentative of -1 
A ~ • (A~.v + ~1 > and thl"refore, the function H 

Is a representative of the generalized function H given b~ 
-1 (2.1t.5>. Now, since~ Is strictl~ increasing, from <2.1t.1t> and 

(2.11.11) we 1et <2.it.t>. For the last stateaent of <III>, it is 
enough to show that A verifies CPH2>. Let O denotes either of the 
aoderate functions O or a which defines A (see (2.tl.9) (resp. 
(2.tt.11)) In the C~se t(resp. Case 2>> then, since O satisfies 



-1 0 llm c,., • (6v. + ,., 1 >lU:,><> • # 1 <resp. 'r' If><<• <resp. ,c > t> 

c-+t 
hence A satisfies (PH2) bl:I Its own definition. I 

t2.ll • l:I hc,t> :• >< - l:l<t) 

• Lhc,t > :• (l:I (><,t > ,t > 

DetJL(x,t) • DetJL_&<A,s) • t. 

With these notations we have the following re5~lt: 

PROPOSITION 2.11 For ever~ G, ~,<R> the statemets below hold: 

<I> G•~• ~ 0 if and onl~ If G ~ 0 

<II> G•~• • 0 if and onl~ if G • e. 
,. 

Proof.Let G be an~ representative of G, hence the map 

,. * ,. 
G•~ : U:,><,t>, l><R• - GC~,>< - ~<t», R 

Is a representative of G•~•. If G•~• ~ 0 then 

(2.11.l) 11• J ect,>< - ~(t>>•<K,t)d,cdt • t for each•, ~<R•> ,_, .. 
Given•, ~<R>, it is Enough to &how that 

+«> 
(2.11.2) 11 ■ J 8(t,A).(A)dA • f 

t-+t -CD 

Fl>< •&, ~<I> with integral equal to ion R, then 
+«> J &cc,A>•<A>dA • J D<c,A>•<A>•&<t>d~dt cc, I> 

• -t) s 
changing variables w1 

can 111rlte 



♦IC) I J &ct,A>•<A>dA ■ O<t,K - ~<t>>•<M - ~ct>>•.<t>d><dt -m L-•cs> (t C I) ■ 

Con•ldtr • C ~<••> defined b~ •<M,t) : ■ •<>< - w<t>>•.<t>. fro• 

th• above ldantltw Wt get, •• SUPP<•>• L-1,s> 
♦IC) J 6ct,A)-,(.~)dA • J act,x - !fct))'t'(><,t)d><dt 
-Cl SUPP('+') Ct ' l > 

which lapll•• <2.11.2> b~ (2.11.1>, that is G ~ •• Conversel~, now 

the chan9e of variable formula shows that 

J G(t,>< - !f(t))'t'(x,t)dxdt •• • • 

• J G<c:A>'+'<A + w<t>,t>dAdt 
L(supp('t')) 

L•t ♦ C ~<I•> be defined b~ ♦ (A, t) : • 't' (,1 + ~ ( t), t ) • 

Since supp(♦)• L<supp('+'>>, the above equal it~ iaplies 

(2.U.3> J G([ ,>< - ~Ct »•<><,t )dxdt ... 
whera • c ~ca•> is defined b!f 

+er, 
.,(A) :• J 't'(A,t)dt for ever!f A, R 

-cD 

. <t c I> 

The assumption G ~ e shows that <2.11.2) holds and this together 

with (2.11-3), implies (2.11.1). The proof of <I) Is co11plete. 

For the proof' of CII >, ass•lmt now that G•~* ,. e, K cc R and · p , H. 

We will show that we can find Y c r and N, N such that for 

each q ~ N there are c > e and "IC I satlsf!fing 

C2.U.4> IG<P>ct,A>I ~ ct¥Cq) - N for ever!f u:,A> c lt,"ICxK'. 

• -1 Indeed, the assumption on G•~ lmplles, since K& :c L <KxK> Is 

a compact •ubstt of 1• and • :• (p,f) c N•, that we can find 
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Y, rand N, N •uch that for •vtri - • N thtr~ art c > t and 

"I, 1 sat lsh Ing 

(2.U.6) 

which ~hows that <2.SS.4> follows fro• (2.SS.5).Conv~rsel~, assu•e 

2 
that G • t and fix K cc R• and (p,q) EN. W£ ~ust show that w£ can 

find Y c rand NE N sych that for £Y£r~ q ~ N th£rt art c > e and 

"IE I satisf~ing (2.11.5>, In fact, b~ using th£ s£cond id£ntit~ 

In (2.11.6) and the chain rule, for a11 <t,x,t>, IxR• , w£ g£t 

q • 

(2.U.7> ~«ca.~*><t,x,t> •LL c (a,.)G(p+ll'llt,x-~(t»TT ~(a,lu 
n;=1 c.: P i=1 

where« runs ov£r I<q,M) and cP<«,•>=•<-1l« 1cP<«,m> Cs££ th£ proof 

of PROP.2.1<a> for the definitions of I<q,m) and cp<«,m>>. Ltt K1 

and K2 be c01r1pact subsets of R such that L<K> C K1xK 2 and consider 

• 
<2.U.8) c~ :• s•JP 

s,K 
i~m.q 

L lcp(«,•>I TT ,~<«i>(s)I • 
« . ja:1 

Since G • t we can find¥ & rand N, N such that for sv£r~ q ~ N 

there ar• C■ >•and~ E I satisf~ing 

q 

L ,a<p+~) ((,A)I ~ c.~l(q)-N Nh£n£ver (' Je.~c • 
111•1 

Glv•n <x,t> EK, If CA,s> • Lh<,t> wr haves• t and"•>< - ~<t>, 



· hence c2.u.1>,c2.u.1> and ca.u.t> 111,h c2.u.s> for c • c.c •• l 
..... 3 A 8YBTE" OF PMTIM. DIFFERENTIAL tOUATIDNS ROIi 

HYDROOYNMIC& WITH VJ8COSJTY 

CD • • Assume that~, C <•••••> Is a strlctl~ increa,ln9 function 

Is defined In••> + and consider the following •~•tea of non-linear PDE: 

pt- ♦ (.c>u) :: e 
' )( 

[6] 

CEa> Et +[CE+ p)ul,c.":. CC~•.P>uux JK 

<E~> E ~AP+ iPu• 
L 

where .c>, u, p and E are In ~
5 <R•>, A,•• and the s~mbol ~ denotes 

the association relation <see DEr.t.1). We also consider another 
s~stem Cil associated with [SJ, which consists of the equations 

A discontinuous (shoe•> solution C constant before and after the 
shock with constant veloclt~ of propagation and ••croscopic fora 
of the shock Invariable with the ti••> for the syste• CSJ Cor [Sl> 

<Ba> 

ca., 

• P • AP.H•~ + , 1 • 

• p • Ap.L•~ +pl• 

cs., • u • Au.K•~ ♦ u1 , 

• E • AE.H•~ + E1 , 
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which .ara •olutlons of th• •~•l•• CSl <or til> and satisf~ th• • following conditions: 

<Aa> »•, CCDCI) is the function defined In C2.ll, assoclated'to 
the funct Ion l:I • <that Ir. l:I (K,t > -= 
M - ct for all <x,t), 1• >. 

CA■ > Let w denote 1ndistlnct1l:I P,u,p or E. There are real nu~bers 

Av. :• I( -r 

H,K,L and Hare proper Heaviside g.f.Csee DEF.l.7>. 
,.. H has a representative H satisfl:ling c2.1e.1><see PROP.2.1t). 

Note that the Heaviside g.f. gp in EX.1.S<c> is proper and 
satisfies the condition <apr 11* • e , hence up has propertl:I <A.>. 
In what follows we will need the identities below, called Juap 

•• ,Er and E1 lnt~oduced In (A,> and <A.>: 

(Ja> .Ap "' Pl Cl + Pl > • .Au• .6p 

(Ja) 
Pl 

> + C • .6uCl + - ul • AP 

<J■> 6p(l 
ul 

) - '1 
6E 

El - Pl 
♦-

6p - • .6u (J,.) 



In c-.c,, daflnad h 

p . • APH ♦ '1 u.: • AuK ♦ ul • •• • ' 
t3.tl 

p • 
. . . • Apl + '1 • E•: • AE.1'1 + El • 

we can write the •hock •olutlon• CS,>-<S.> In th• following wa~ 

p E 

• PROP. 2.11(11> It follows that th• generalized function U defined 

. ' . 
In C2.te.2) • naael!, 

[3.31 

is a proper Heaviside g.f •• With these assumptions and notations 

(which includes those of PROP.2.lt>, we have the following result: 

LENKA 3.t Ca) The following conditions are equivalent: 

"1 
< i > VK' ::: - -- tf 

A.-

Cb)lf the equivalent conditions of Ca) hold, then the fo\lowing 

conditions are equivalent: 



ll 

(3.t.2) 

Fr-0111 the r•lat Ions tau • e, u~ • 61.aK' (srr [3.1 J> and K' :: f( Cstt: 

PR0P.1.6) It follows that (3.1.2) is eq•.aivalent to Ci). 

Cb> The definition of u• ([3.lJ) shows that CJ) is equivalent to 

(3.t.3) 

Since Au ♦ 0 and u~ s 6u~, the condition <i> of (a> shows that 

<3.1.3> is equivalent to 

B~ PROP.1.8Cc> we have K• ~Kand hence, b~ the chain r-ule, we get 

KK
• .. 1 • . 

~ 2 K which togethe~ with (3.1.1> ~nd 4~ • 0, implies that 

<3.1.-4) is eq•Jivalent to (JJ>.I 

In .the sequel we will prove that the s~stea CSl has shock 

solutions If and onl~ If the Jump conditions <J.>-<J.> of the 

classical case without viscoslt~ (that is ~=e> hold. We will show 

also that the situation is rather different for the associated 

s~stem [SJ which ma~ not have shock solutions. Nore 

will prove that, in the particular case ~(x) • x2 • for all x ~ •♦• 

the corr-esponding s~ste• [Sl has not shock solutions. We recall 
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PIOl'OIITIDN-,.2 If, and u art 1lvtn b~ CB,> and CS■ > respect Ivel~ 
then the following conditions are equivalent: 

Cl), and u -arc solutions of th• squatlon CE,>. 

Cl I> The Jump condition CJ,> holds. 

Proof.The relations C3,2l, the chain rule and the PRDP.2.11 <I> 

other hand, b~ t3.il we get 

and since K' and (HK>' .,... assoclatsd with H' (see PROP.1.B<c> and 
PROP.1.2<c>> it follows that 

I .. pl (p·u· - cs>.> .. A.PC-(c - ul) ♦ (1 ♦ --)A1.1lH' o 
AP 

Hence, the re5ult follows from PROP.1.6(c) and <e>.I 

fRDPOSITION 3.3 If P,u and p arc given b~ <S,>,<Sa> and <S■ > 

respectivel~ then the following conditions are equivalent: 

Cl) ,,u and.Pare solut ,lona of the equations CE,> and <E.>. 
(ii> We have the following ~tateaents: <a> The Juap conditions 

<J,> and CJ■ > hold , (b) Th• generallz~d functions H, Kand V <see 
[3.3l) satisf~ the relation 

.,1 

11.,, 
Proof. Firstl~ we will give 

<3.3.U VK' 
... ... -

Since 

t( 

some prellalnar~ computations. 



<-cP•"• 
2 , • 

♦ ,.u. + p.) -~. bi, PROP • .?, H CU It follows that 

(Pu)t + (pu• + p) ~ C <.-•P>u :,)C If and onh If >< JC (3.3.2) 

(-cP• ♦ ,, 2 + • u. p.,· .. It ... Cc.-.,• >u• • 
On the other hand , bi, [3.ll we have 

•e •Pl+ P1u1 <~l - c) , 11 1 • u1APCu1 - · c) , a2 • P1Au(2ul - c) 

2 2 a 3 •AP, a4 • ApA,J(2ul - c), ":; • pl'A1J, a
6 • AJ>Au. 

Since K', L', <HK>', <K 2 >' and (HK 2 >' a.re as1oocia.ted with H' (see 

PROP.1.B(c) and PROP.l.2Cc)), the preceding identlt~ iapliH 

(3.3.3> <-cPtt 2 ,· + P••J• ♦ p* - al-f ... 
1111here a "'L II. I . From (3,3.2) and (3.3.3) It follows that 

(py2 + p )K :: C (..-e.P)u 
. .. (Pu)t ♦ 

JK if and onh if C <.,•"• >•l•J' ... K 

aH' hence, b~ integration Csee PROP. l.2<d> or CA-BJ,4.3.2> we &et 
(Pu>t + (Pu2 + ~>>< = C<,..•.P>ux J>< if and onl~ if 

(3.3.4) 

Fro~ the definition of a.j (0 & J ~ 6) we obtain 

a• Ap+APu1<u1 - c)+Auul(Ap + '1>•Au<u1 - c)(AP + P1)+6u2 (AP + '1>· 

Now, If the condition CJ&> holds we can write 
2 '1 2 Pl a• Ap -+ La.u (AP + p ><- --> • Ap .- '1Au U + ->. l AP A, 

We can suaaarize the above considerations as follows: 
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If (Ja> holds then CJa> holds If and onl~ If a• t. 

On the other hand, b~ C3.3J we have 

<~•P.)U~ - A~Vu~ ♦ ~lu~ 

and •inc• u~ • AuK', K' ::: I In q•<R*><sre PR0P.l.6(d')) l'nd VK' :: t 

• • 
In~., ■ > b~ the assumption CAw> , from the above ldentit~ wt get 

(3.3.6) 

Cl>_,. Cit): Bines, and u are solution• of <E.>, b~ PR0P.3.2 'the 

condition <Ja> holds and •Ince P,u and pare •olutlons of <Ea>, b~ 

(3.3.4) we have 

(3.3.7) 

t to R
._ 

B~ restric ion U5ing (3.3.6) and PR0P.1.6(d), fro• 

(3.3.7> we get z ~ e, hence we can write <3.3.7) a5 follow5 

(3.3.8) 

• Now, b~ restriction to•♦, from (3.3.8) we g£t 

hence, b~ (3.3.6> and a ainor aodificatlon In the proof of the 

PROP.1.6<e> we have a• t, which shows b~ (3.3.8> that 

(3.3.9) 

rro■ (3.3.9> and LEKKA 3.t it follows (3.3.1>. Since a• I and the 

condition CJ•> holds, b~ C3.3.S) It follows that CJ■ > holds. 

CII) ...+ Cl): &Ince .the conditions (Ja> and <J■ > hold, b~ PR0P.3.2 



and (3.3.,> It follows that, and u ar• solution• of CE.) and•••• 
Fro• (3.3.l) and LEKHA 3.1 It follows that C3.3.9) holds, which 

that ,,u and pare aolutl0n1 of lEa>.I 

PROPOSITION 3.4 If P, u, P and E arc eiv«n b~ (S,>,<Ss>,<S■ > and 
cs.> rcspcctlvel~, then the following conditions arc equivalent: 

(ii) We have the following state•ents: Ca> The ju■p condition• 

(see C3.3l> satisf~ the relation (3.3.1) and 

VKK' 
~ 1 .,l ... -- -- ..r 

2 A., 
Proof. The argument is similar to that of the proof of the PROP.3. 
3. ·The relations [3.2] and the chain rule i~pl~ the two identities 

Hence, b~ PROP.2.11<I> we get 

<3.4.2) 

Now·, fro• [3.1 l we 11et 

... .. if and onh H 

where the real nu■bcr• bJ <t, J 6 5) arc defined b~ 



b1 • CE1 + p 1 )u1 - cE1 , bi• AuCE 1 + pl) , b2 • 6pu1 

b
3 

• 6E(u
1 

• c > , b 
4 

• A1JAp and b
5 

• Au6E • 

Since K' ,L' ,K' , (KL>' and (K">' are •••oc lated to t( , b~ der I vat Ion 

of the preceding ldentlt~ we obtain 

C3.4.3) 
... ... bH' 

where b • L bJ • Fro■ (3.4.2> and (3.4.3) it follows that 

... ... 

bH' hence, b~ Integration we have 

(3.4.4) I 
Et + CCE + p>uJM 

, ... 
(~•P•)u*u~ .., bH 

if and onl~ If 

+ z, for ~ome 9eneralized con5tant 

From the def'in It ion of b. (0" j " :i> it follows 
J 

z • 

b • Ap(Au + ul) + AE(Au - c + ul) + Au<E1 + P1> 

Au 
and 5ince the condition <J,> implies Au - c + u1 • -P1~ we can 

wr ita 

Therefore, we have the following stateaent : 

If CJ,> hold5 then <Ja> holds if and onl~ if b •I. 

We have al5o the relation 

C3.4.6) 

which followa fro■ a ■ lnor ■odificatlon In the proof of (3.3.6>. 

Cl>~ CII): Since ~.u and pare aolutlona of CE,> and <E■ >, b~ 

PRDP.3.3, the condition• CJ,>,<J■ > and <3.3.1) hold. Since P,u,p 



... ... bH + z 

17 

Hence, b~ a •lnor aodlficatlon In the proof of the lapllcatfons 

(3.3.7) ~' (3.3.8) o:::::::;, C3.3.9), (b~ 2'PPhing (3.4.6) and PR0P,1.6 

(d),<e>>, we a~t b • e and z ~ t which l•pli•s 

(3.4.7> 

Since (3.3.1) holds, the relation (3.4.7) together with LEHHA 3.1 

(II)~ Cl): Since (J.,), <Ja> and (3.3.1> hold, b~ PR0P.3.3 it 

follows that P,u and Par• solutions of (E.,> and <E.>. On the 

hence,. from (3.3.1), (3.4.1) and LEHHA 3.i(b) it follous that 

b~ (3.4.4) (with z • 0), it follows that P,u,p and E are solutions 

of <E:.>. I 

(S.,.) respectivel~ , then th£ following conditions are equivalent: 

(II) The Jump condition CJ.,.) J\olds. 

<3.5.U 



Froa t3.ll It follow• 

AP•++ ~.u: • dt ♦ d 1H ♦ d2K ♦ d3L + d4HK ♦ d5K2 ♦ d6HK 2 

wh1rt tht rial nuabtr• dJ Ct~ J ~ 6) ar1 d1fln1d b~ 

PROP.3.3 and PROP.3.4, It follows that 

... ... in ,;-
5 

<I> 
where d • L d .• Now, fro~ <3.~.1> and PROP.2.11(1) w~ set J 

(3.S.3) E:: AP++· Pu
2 if and onl~ if E• ~ dt + dH in ~s<R> • 

On th• other hand, th1 definition of d and <3.5.2> show that 

whic~. b~ the definition of AE, i ■Plits 

(3.S.4) AE • d and E1 • APl + + P1u~ if and onl~ If <J.> holds. 
(I) -=e, (ii): Fro11 (I), (3.5.3) and the rtlation H:: Hit follows 

(3.5.S) Cd 

Ther1for1, b~ r~strlction to I~, tht PROP.l.6(d) shows that 

C3.S.6> E • d • + 1 6 2 l t APl 2 '1"1 
and b~ (3.5.5) wt 11t (d - AE)H: t In~ Cl). Now, b~ rtstrictlon . s 

• to•♦, th1 PROP.1.6<d> and Ce>Cwith a minor modification> we have 



H 

6E • d , 

(II)-<- Cl): fro111 (II> and (3.5,4> It follows U.at (3.:-i.6>'and 

(3.:-;,7) holds. Since H ~ M w£ hav£ E• ~ ~E.H + El in ~,<R>, hrnce 

...... dH 1 2 I E• + AP 1 + 2 P1u1 • dH + dt, which shows Ci> b~ <3.S.3>, 

We can su~•arlze the PRDP,3.4 and 3.5 In the following rasult: 

PROPOSITION 3.6 For the generalized functions P, u, p and E in 

fol\0111ins conditio_ns. are equivalent: 

(i) P, u, p and E are solutions of th£ s~stem [SJ, 

generalized functions H, Kand V <see [3.3J> satisf~ the follo111in9 

r£1ations in ~
5

<R> 

(3.6.U VK' 
... ... and VKK' 

... __ 1 _ __:i_ I 

... 2 t( • 
A.., 

NeKt, we will show that ·there are s~ste•s [SJ without shoe~ 

solutions. We need the following result: 

constant z £ ~ CR> such that 
Ii 

<3.7.U and 
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,. Proof.I~ th1 •••u~ptlon CA.> th1r1 11 a r1pre1rntat1v, H of H 

v1rlf~in1 <2.lt.l> <••• PROP.2.lt>, ltt i. • 6P~ + , 1• Fro- PROP. 
) 

2.lt <J> and PROP.2.8 (b) It follow, that P• I• an lnvrrtlbl• 

1h1111nt of ~,<a> and, b~ PROP.2.BCd), wt know that 1011 '• 11 wrll 

'defintd, 109 '• C ~!0 itl> (1rr REH.2.9 (a)) and thrrtforr, , 109 P• 

•• a1•o will d1fln•d• Sine•, and u art 10lutlon1 of <E&>, tht 

(3.7.2) 

Th« 111od£ratr function F ; .. log P• is of 

THEOREM 2~3, an~ solution of the differential equation (3.7.2) has 

a representative given b~ 

(3.7.3> 

,. 
for ea.ch <c ,><> E . IxR, wh£r£ ze E ~H,s CR> and w£ can ass•Jm£ thi\t 

follow, that th• condition <J&> holds, which implie, that 
-1 Pl (Au> (c - u1 > ., 1 + - < t • 

b,p 

li• ;.(() • Cc - u1 )-i(Au)tAP.lim ~(C,a) + P
1
].lia i<c,a) e:-• t--+t (--+t 
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and, •Inc• b~ th• a11u•ptlon <A.>, A •nd R 1atl1f~ the condition 
,. (PH2> <••• DEF.1.7> and a< O, It follow, that 11• Et<t> •I• We 

t._..... 

then the above ,. 
11 Ill Zs, (t) • Pl • 

t--+t 
COIIIPUtat Ion, show hence 

z1 ~ , 1 , ~here z 1 denote, the cla11 of ;
1 In i

5
• Hence, we can 

write the class K of Q <••• <3.7.3)) In the fallowing••~ 

• u • • 
-2. I (u1 - c>z1P• P•. Hence, It Is enough ta define z :• <u1 - c>z1• 

ln th• r••ult belaw •e consider the particular case J(K) s K2 • 

PROPOSITION 3.8 lhe •~stea 

has no shock solutions. 

Proof Ass~~• that there are "generalized functions P, u and pin 

<1 ~ I~ 5), which are 10lutl0n1 of • • and <Ea>. B~ LEKKA 3.7 

there is a generalized constant z , ~,tR> satisf~ing (3.7.1>. 

-Since P,u and p arc clearl~ solutions of <E.> and <E:>, b~ PROP.3. 

3 the 9eneral1zed functions H.K and V verif~ the condition <3.3.1) 



42 

·-.·~~-: 
~-: 

:j~}<~~ . 
: \ : · 

In •• ,.,. Therefore. b~ (3.7.l) It fo;llo11s that z,~ .= • In 

••<I>, hence b~ Integration <see PROP.i ~2<d>>, there eKl•t• a 

■enera 11 zed constant z1 , I'• (I) such that 

ca.e.u 

convergence theorea show• that"•: , 1 In~.<•~> <r••P· '•: Pr ln ­

q•c•:>> w~lch together •Ith z ~ , 1cu1 - c> <••• (3.7.l>> l•Plies 

.. 2 . • .. . • 
zp• .. P1<u 1 - c> in q•<I_> (resp. z, ... "-l"r<u1 - c> In qs<I+» 

Chere we use the fact : lf f C q•cn>, z C ••• f:: e and z ~ « c I, 

then zf:: e ).· Hence, b~ redriction to I~ <resp. 1: > In <3.8.U. 

in i • which iapl ies 

(3.8.2) 

B~ PRDP.3.3 •• know that the condition <J&> holds.hence u - c > e 
l , 

therefor«, from (3.8.2) it - .This is a 

contradiction in view of the assumption CAa> ■·• 

Fro• the PROP.3.8 •e get: 

THEOREM 3.9 The •~stea 



., I 
,i, > ., t • ,.,,., ) .,. • • 

• 2 .. ~ <E.> (Pu)t + (p ♦ ,u )K .. (p u.,.)K 

<E!> Et + CCE + p )u::JK 
.. 2 .. ,., uuK>K 

CE.> E 
... + ·,u2 ... JIP .. 

PROPOSITION 3.lt For the generalized function5 P, u, p and E in 

and cs .. > 

the following condition~ are eqyivalent: 

(i) ;,, u, p a~d E are 5olution5 of the equation 

(E- > E 1 ~ .. 2 
.. I:: AP .. T , .. 

where the real numbers dj (1 ~ j ~ 6) are given b~ <3.~.2l(see the 
6 

proof of PROP.3.5>. In this case we have ~Ea L d .• 
j•i J 

Proof.The argu~ent is a •inor ~edification of the proof of 

PROP.3.5 b~ appl~in9 PROP.2.11CJJ>. I 
Finall~, we will coaplete the lnfor•~tion contained In PROP.3.6 b~ 

showing that there are proper Heaviside 9.f. H. Kand V verif~ing 

let us 

I 



r•cal 1 that 

sattsfi•• thr condition c2.~.1> with•••~ Csrr PROP.~.~>. 

LEMA 3.tl L•t t CI such that t > I and lrt ~ : I---. Cl,eC b• a 

f,.inct ion such that l 1111 .,.cc> • e • Thrn, thrrr t>dsh O C '"••CIJ 
(--+t 

'sati•f~ln1 th• condition CPH2> <see OEF.t.7> and 

(3.U.U 

... 
If V Is thr cla-.-. of V In~ <R> and .. 

the Heaviside ;.f. of EX. l.5<c>. then we have: 

(3.U.2> VIC' ::: "K' VKK' ::: ½ VK' 

Proof. Fix PC IICI> .as in EX.S.5(c) and let denote b~ :a:<c, .J the 

characteristic function of the inh:rval [- ~ c. ~ t Jc I. Then, we 

have and• denotes 

as usual t~e convolution product. It i-. well known that 

s•JPP u<c •• > c C-2t,2!J, uu: •• > E 1 in c-c,cJ and e,. u<t,.>" 1 

for ever~ c C I. Next, we define the two f0llowin9 functions: 

y(( ,)() :a . .,.([)u(C,><) for ever!I (C '><) ' I><R 
and 

{ u(C, ><) for r~ch (C,x) C I><R+ 
w (( • )() =· 

1 for each (C ,><) E l><R . -
Then 11e set Oct,><> :• 1 + w(t ,><>Cv(C ,><> - l l for cvrr~ ((,><) ' 

Ixl and It Is ···~ to ,.er that O nt lsfin (3.U.U and 

(3.U.3> 
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aoderate and for this It Is enough to prove that u Is aoder•t• 

Mhlch follow• fro• th• definition of u. Indeed, for everi kc N we 

have lu<lc>u;,,c)I " 4kt-kJ IP(k)(s)lds he C I>. flnalh, H will 

~ ~. -~ 

u•• (3.11.3) for to prove (3.ll.2). fl>< P, 0(1>, 1, and ,, • f, 

•• In EX. l.5Cc>. Since It follows that a 

representative of K • f, hence, letting • c C<R> arbitrar~, the 

first relation of (3.11.2) follows from 11• I<t> • e, where 

t-• 
I<t > _:• J~u: ,><> - e ]~' (t ,><>•<x>d><. 

-,0 

.Sine• SUPP R' <t,.) • c-c,c:J, b:, (3.li.3) it follows: 

+C) 

I<t > • C.aa Cc) - 8 lJ Pc: Cx>.PC><>d>< - t 
-,0 

if ( - • 

be~ause llm .aa<t> • e b~ hipothesls. For the second relation of 

.c-• 
(3.11.2>, letting • Ci ~<R> · arbltrar:,, it suffices to show that 

li• J(t> • 0, where 
t-e 

Froli 

J<t > :• (16u: ,><>~' 
-c, 

(3. U .3) 

<t ,x)C~<t ,><) - ! Jo,(x)dx. 

.+CIO 

J<t> • .-<c>J ~- <t,><>t~<t,x> 
-0 

1 - 2 >r<x>dx 

and since K~ : ½ K' (see PROP.1.BCc> and PROP.1.2Cc>> we conclude 

that the above integral tends to e 111hen t - e. I 

LEMMA 3.12 Let <P,,Pt> G R• 111ith t (Pr< , 1 , J Ci ]0,+G>l and ., E 

ccoca• a•, an strictl~ Increasing function such that Imc.,, • l0,JC. 
+' ♦ 



<••• the notations of PROP.2.tt> ~ ••tl•fles on• of th• conditions 

th• following conditions: 

(JJ> Jf K :• 1,, ~.<•> Is the Heaviside••'• of EX.1.S(c), th•n 
V, Hand K satl•f~ th• condition (3.,.1, <see PROP.3.•>-

~ Proof.With the notations of PROP.2.lt we define ft ·- __ \ . . , then 
A~ 1 > s. Since ~rt~ ~r C resp. ~,,rt>~ ~r because~ is strlctl~ 

lncresing) we have (A~,-!~rt + e • l <resp. (A~,-!~c,rt) + e • 1> 
for each t € I. Assu~e now that ~ satisfies (2.lt,3),(b) and 
consider the function 

Then, 
b~ the LEHMA 3.11 there exists Y c ~sCI> satlsf~in; <3.11.2> and a 
representative 0 verlf~lng the conditions (PH2>,<3.1i.l> and 

the definition of . • A shows that In addition V satisfies 
<2.lt.3),Ca>. Analo1ousl~, if 

deflnl1 -1 ~ : l CI--+ CA~> .~(#rt>+ I 5 Cl,1[, fro• the LEKHA 3. 
11 It follows that there exists V, ~ Cl) verlf~lna (3.11.2) and a • 
representative O of V which satlsfle• · <PH2> and (2.lt.4),(b). 8~ 
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conc•-u•nc•, th•r• eKl•t• YI ,,ct> 1atl•f»ln1 (3.ll,2> and O. a 

repr•••ntatlve of V, varlt»ln1 CPH2> In such a ••~ that <~.0> . 
••tlafl•• <2.tl.3> or C2.tt.4>, henc• V la a prop•r Heavl•ld• 1.f. 

becauae <3.tl.t) l ■P11•• CPHt>. Now, the atat•••nt Cl> follows 

from PROP.2.10<JII> and the stahment CIJ) follows from <3.U.2>.I 

Fro■ PROP.3.6 and LEHHA3.t2 •• act the following •Kistcnce result: 

THEOREN 3.13 Let r, , Je, +.o], 
C) • • ~, C <l+,I+> an strlctl~ lncreslng 

function such that ~ and ~-l satl•f~ the condition (2.5.l>, I•<~> 

• Je.~C and ~ satisfies one of the conditions <2.19.3),(b) or 

<2.10. ◄ >.Cb). Then. for the generalized functions P, u, P and E in 

and U arc as In LEHHA 3.12, the followinu conditions are 

~qulvalent: 

(I) P, u, p and E are shock solutions of the s~ste■ CSl. 

(11) The Ju111p conditions (J
1> U Ii I_. ◄ > . hold. I 

REKARK It is ea•~ to see that the functions ~<K> 0 • 
: • >C ( ... "" .... ) .. 

· h~pothrsis of THEOREH 3.13. 
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