








é".'th - c""tn.u: w (u & C‘tn.lllf KCC R and ¥ « & N“3anNeN,
c 0@ und m & I such that 1p%ute )l & ce™™ whenever x ¢ K and
€& 20,41 ’

is & subalgebra of G'ER,KJ and the set

2,[R) = R CA,K) i= Cuc 8y, (RIIF K CC R and ¥ «c " 3 NN
and ¥ €F such that ¥ qa N 3 c 20 and A€ T such that

12%ute, %)l & cc“q)"N whenever %X € K and € € 10,M])

is an ideal of GH"mJ. The elements 9? c"'stm (nsp.ﬂ‘tnl) are
called moderate (resp. null) functions on @ . We define the

algebra of (simplified) gensralized functions on 0 by

¢, o)
= . m H s
S M) = & (@,K) im

ﬂ‘[n]

The map ¥ € C%(R) —— class(® ¢ §.(R), where Pe.x) = §(x) for
all (€,%x) € I, is an injective homomorphism of algebras by means
of which we identify c®(q) with a subalgebra of c‘(n). We have no
natural inclusion map either from C(R) or o (R) into G‘(n) but this
is not relevant for our purposes. If ' and N are open subsets of
R" such that # # R'C R and ic € (R), the restriction of ¢ to ',
denoted by fI , is defined as the class of HIxg in § (@ ), where
is cn'stﬂl is any representative of ¥. If « ¢ N" and f¢ G (R,
. the-partial derivative of order « of ¥, denoted by a“#. is defined

as the class of 2“? in G‘(Q). where $ec €y ‘EQJ is an arbitrary



representative of ¢ wnd 3*¥Hce,x) : » € a%%ce, 2300 for every

(€,%) € IXN.It coan be easily verified that the detinitions of i
and 3%¢ are independent of the representat lve ? of ¢. From [A-B2,

8.4.3(f) we kpow that c' is a fine sheat of K-algebras on R". 1¢

T 9'(95 and (V) is the

aVaca fanilly of a1l open subsets of @

such that NU‘ = ¢ for every A G'A. it follows that ¢V = ¢ where

Ve U‘ is the largest open subset of N where ¢ vanishes. The set
AGA

QN CV is called the support of ¢ and Is denoted by supp(f),
The generalized (real and complex) numbers are the elements of a

K - algebra is defined as follows (see [A-BJ,8.2 and 3.4). The set

G) g K) = (u g Y3 N € N, €20 and % ¢ I such that lute)! ¢ celN

whenever @ (€ ¢ » )

endowed with the Pointwise operations is a K-algebra and the set

n‘cx):- {u ¢ C" '(K)la N Nand 3 ¥ ¢ r such that ¥ g 2 N 3 c)o

and % € T such that lu(g)| ¢ ce¥¢92-N whenever @ ¢ € ( » )

is an ideal of 6" .(K). We define the algebra of (simplified)
’

general ized numbers by 2
€ tK)
i' :-—_".Ls_~-
u'(x)

The natural map z ¢ K — class(e —— z) e i' and, for a given

] , the nafura! #ap Induced by

4G CH.'(K) — ttt,x) - ui{x)d ¢ CH.‘IRJ 0



are inJetive wund hence we can identify K (resp. i.) with a
subalgebra of K (resp. §_(R)). The clements of the imape of i' In
G, (R are called gensralized constants. !

The concepts of integral and association defined in the sequel are
derived from the same concepts in §(R). Since here we introduce
c‘(n) directly, they appear In this paper as definitions. If M is

s Lebesgue-measurable subset of R" such that H CC R and ¢ ¢ € (R),
we define the integral of ¢ on M (see [A-B], B8.2.2 (b)) by
J if= I f(x)dx : = class( € — J foodx ) € is
M M M
where te 6".‘ERJ is any representative of f. Clearly the
inéegral of f on M independs on the representative % or 1.
i¢ ¢ G-Gs(ﬁ) and supp(f) CC R, it is ecasy to see that if K and L
are ‘tuo compact subsets of Q containing supp(f) in its interior
then the integrals of § on K and L are equal. Then, we define (see

‘CA-B1, 4.2.4) the integral of §f on 2 as
f = Flxd)dx : = ¢
In In IK
where K is any compact subset of @ containing supp{f) in its

interior. The integral of a gensralized function has the usual

linear properties,

Ve say that a generalized number z € i‘ is associated with O,

denoted by Z ~ @, If there exists a (or equivalently, for each)



representative 2 ¢ Sn,af®) of z such that 1im 2(e) = 0. Two
. ' c—0

elements 2,, zp € i. are associated I¢ 24 - 20 ~ @ and we denote

this fact by 2z, ~ za.

DEFINITION 4.5 We say that f.9 € c'(n) are assoclated and we

'denote by £ <~ 9, I¢ for every ¢ € D(N1) we have

Jet-mezxe in K .
f ]

Given 7,9 € ¢ (@), the definition of association in K. shows that

g if and only if, for any representat ives 3 and 3 of ¥ and ¢

respect ively and for any ¢ ¢ 0(Q), we have

Lim [ cheno - S, 0w = o | ’
e—o “n

The association relation has the following Properties (see [A-BJ,

6.3.4).

PROPOSITION 1.2 (a) I¢ F,09, €6_@ and £, . 8, (i = 1,2) then

fo + o g, + 92 .

() It v € C°), §,9 ¢ 52 and £ X g, then vf I wg

() 1f f.9€ 5.¢A), #+ X g and x € N , then 8¢ 2%g .

d3F «~ » .
(d) 1+ +,9 ¢ G'(R) and e -sﬁ: + then there is ¢ ¢ cs(l) such

that

2¢ =@ and § -g =~ ¢ . .
DX,

DEFINITION 1.3 Let T ¢ 9 (Q). wWe say that ¢ §.(R) has the

distribution T as macroscoplc aspect ¥ there is 3 representative

? of 1 such that, for every ¥ € (), we have



(1.3.1) 1im [ Hevondx s ¢ T
e—0 "R
Cleunrly, uany other representative of ¢ satisfies (1.3.1) for

every ¥ € D). ' :

NOTATION From now on we will work only with real (classical and
general ized) functions, so we can simplify the above notations

G‘(I.I). o (R,R) , c®(R,R) , etc. to ¢‘(l) , Dy, c® ) , etc.

DEFINITION £.4 (a) An element § € c‘(R) is said to be a Heaviside

g.f. ( Heaviside generalized dfunction ) If it has the Heaviside
function as macroscoplic aspect, that is, ¥ there is a

represent{tivc 3 of § such that, for each ¢ ¢ D(R), we have

+o
(1.4.1) 1im I?(t.x)?(x)dx - I $(x)dx .
€—0 "o "]

(b)Y An element ¢ ¢ c‘(l) is said to be a Dirac g.f. ( Dirac

g:nérlllzed function ) if it has the Dirac measure as MACFOSCOPIC
aspect, that is, if there is a representative 3 of ¢ such that,

for every ¥ € O(R), we have '
- At ¢
(1.4.2) Tim | feex0etade = 00 .
€—0 " —w
RENARK The above concepts of Heaviside generalized <function and
Dirac generalized function are called respectively Heaviside s.g.¥
.and'Dirac $.g.¥., in CA-BJ,8.3.3, in order to distinguish then

from the generalized functions H € o (R)CG(R) and 6 6 & () C

G(R). see [ﬁ‘BJ. 2-5.3 “,l(b’ ‘nd 502031

.



EXAMPLE 1.5 (a) Let % ¢ 6, R and suppose that there Is

‘qunction A ' I ——O.I: such that @

(1) lim AlE) = @ » (1) #e.x) =@ 14 x ¢ ~Ale) and €6 I

i
1)

. tAfeY
(1ID) e, x) = 4 1€ %) Ate) and € 6 T (IV) 1im [ 19¢e,x)1dx = @
=0 =A(L)

Then the class ¥ 6 c'(ll) of 3 is & Heaviside g.f.. The condition

C(IV) can be replaced by the stronéer one :

IV Y sup 130 Co .
S (t.x)GIxR

(b) Let ?GQH.‘ERJ and suppose that there is a function

a: 1 — ll: such that

CI) lim ACE) = @ 3 (11) $¢e,%) = @ if Ix) & AC€) and €6 I
e—o

. 0 +o
(I | Heoodx =t te e D s v sup [ 1Reaoldax ¢ o
- . ’ . €61 "-o

 Then the class ¢ & §_(R) of ¥ Is a Dirac g.1.

(c) Let 2 €. D(R) be a ﬂmction verifying the following conditions':

o
_2a @, P )0, suppte) = [=1,11 and | Pls)ds = & .
. : N m

Then the function ?’ defined by ?P(t.x) = t-ip(t_ix) i? (£,x)eIxR

belongs to GH ‘ERJ and clearly satisfies the above conditions (I)
’
to (IV) of (b) ( with A(e) =g for every € ¢ I ), hence the class

1, ot ?’ is a Dirac 9.f.. The class of the function

a x®
§, @ (€0 —— | o€, bt ¢ R
- ) ;



belonss to 6, [[RI and satisfies the conditions (1) to (IV) tor

CIV )) of (a) (with A(E) = ¢ Jor every € € I) which shows that the

class 9, of 3’ Is Heaviside g.¥.. Note that we have 3; = ?’. s

The most elementary properties of Heaviside g.f. and Dirac g.f.

sppear In the proposition below, whose proot Oolléwt easlly {from

DEF.1.4 and DEF.1.3.

PROPOSITION 1.6 (a) Any representstive of & Heaviside g.f. (resp.

Dirac g.¥.) satisfies the condition (1.4.1) (resp. (1.4.2)).

(b)) 17 ¥ and ¢ are both Heaviside 9.;. or both Dirac g9.f. then

F~g. |

tc) 1 & is » Heaviside g.f. then ¥ is a Dirac g.f.

(4> 1f ¢ is a Heaviside g.7. then fIRY 2 @ in ¢ (%) and ¢1R] T 1

in & _(R}).

(&) It ¥ is a Dirac g.f. then fIR" T 0 in ¢ (R").

(e) 1§ § is a Heaviside g.f. or a Dirac 9.f., « € ® and «f < @ in

g (R) then e = 0@ . 1

NOTATION From now on we denote the Heaviside g.f. by H.K,L,H,Y,etc

and the Dirac g.f. by S,S‘, etc.

Ve will distinguish now an important class of Heaviside g.f.
DEFINITION 1.7 We say that HE G'(I) is a proper Heaviside g.¥ |If

H has a representative ﬂ verifying the Jollowing conditions :
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(PHi) For every K CC R there arec ) 0 and m ¢ I such that

sup Iﬁ(c,x)l GIich o
(e X)) 6 Jo;"‘u“

@ If x (o
(PH2) 1im fice,x) =

H E—+¢ 1ifxre.

PROPOSITION 1.8 (a) Every representative of a proper Heaviside g.¢
satisfies conditions (PH{) and (PH2).
(b) Every proper Heaviside 9.f. is a Heaviside g.f..

(c) If (H. )ié n is a non void finite sequence of Proper Heaviside

ﬂ-’l‘ S = (“taqﬂ:-lll‘am) [ N and |q| ) o, then H:‘H;H-..-H:. is a

proper Heaviside g.f. and therefore H“‘H“'...H:~

 Hy ~ H in § (R) for

every Heaviside g.+. H.

Proof. The statement (a) follous immediately from the definition

of nstﬂl. (b) and (c) are €asy consequences of the dominated

convergence theorem. l

2 SOME SPECIAL GENERALIZED FUNCTIONS
The content of this section is a titting of concepts and

results developed in [V)] (§ 3). The relation ue GM sERJ does

not imply that eY ¢ G [RJ. $0 we shall define a vector subspace

G;O:[RJ of GH CR] such that e“ is moderated whenever u belongs to

this subspace. More seneraly, we will give a sufficient condition

for the validity of the relation vef ¢ FR) when ¥ ¢ C°(R) and



i1

' ¢ S () adequate to the requirements of this work.

Let c‘ontlﬂ - C‘o’ER.IJ be the vector space of all functions

ue G.EIJ veritying the following condition : 2

For all K CC R, there are c & 4§, NG N and a6 I such

CLog)
that Jute,x)! & los(cc-N) for each (€,x) € JO,mCxXK.

Next we define

log log .- alO9
GH.‘[RJ = GH“CR.IJ = ¢ ULRIN GH"[RJ

2199cg3 « 21°%R,R3 = €'°%RI N 8 LRI
3 s 3
Ué say that an element ¢ ¢ Gs(l) has the property (LLG) ( locally
logarithmic growth ) if there is a representative ? of t which
belongs to Gaoitkl. Clearly, if § has the property (LLG), then
each representative of § belongs to c;°:cnn. Since n:ogtﬂl
ies the kernel of the restriction to Gloitﬂl of the natural map of

GH ‘[RJ onto GS(R), it follows that the quotient vector subspace
of all generalized functions which has property (LLG)

log
6.°%cr2
¢loTp) 1w et
L3 9R3

can be identified to a vector subspace of cﬁ(R).
log u
PROPOSITION 2.1 (a) If u € G" ‘[RJ then € € cn.‘ERJ .

(b) 17 ue,ua € 6A00CRI and ue - us € R1OTCRI then € - "% n_[RI

Proé!. (a) From the chain rule, for all (€,x) € IXR and p € N.. it

$ollows that (see CFI1) :
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. r
2.1.0) (@) Ple,x) = LUEOFT ST e, tomu ' le .. le 0
m=f « ' 5 !

where « runs over the set I(p,m)im Cam(e,,..,and) ¢ N lx] = p )
and cp(u,n) = pl(n!«!)-‘. Thcrtforé. the moderation of ¥ results
from (2.1.4) and the condition CLog).

(b) We fix K CC R and p ¢ N and prove that there exist N ¢ N and
¥ € r such that for each q a N there are ¢ ) @ and mc I such that
€2.4.2) Pce¥h- Um(Ple L)) 2 ce¥O) = N for a1l (€,x) € 30,m[xK.
Ipdeeg. s]ncc U, satisfies the condition Llogl (I = 1,2),there are
€as 2 4, No € N and M. € I such that

(2.4.3) luite,x)1 & Togteae™) for a1l (€, € 30.mIxK (i=t,2).
It follows that

(2.4.4) €€ g e Ne b cvery (e € 10,M,CxK (i = §,2)
and ‘
€2.4.9) Cus - ug)(e,x)l ¢ logtc?E-QN') for all (€,x) ¢ 30.;.Eik.
From (2.1.3), (2.1.5) and the mean value theorem we get

(2.1.6) (Y- c“‘)(:.x)lﬂl(u.-u-.-)(e.x)lcfc'sn‘ if (c.x)eJ'o.mcxK
Since 4y - up & nl“nu. there are N2 € N and ¥ € r such that for
€very 6 & Na we can find ca ) @ and Ma € I such that

(2.1.7) 1€us - uadte, 0 ¢ cae™ ) ~ Mo (0 (0 0 T0marxk .

Let N i= ONi + Ne. Given @ a N, fix ¢ i= 2c3ca and ® = min(ae,am)

then, from (2.5£.4) and (2.1.7) we get (2.4.2) in the case p =@
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Suppose nhow P & 4, By applying (2.,1.1) with u, instead of u,

we get

(e¥% - ") Ple ) = T Ex) + Tole,x)  dor a1l (€,%) 6 IXR

where T and T2 are the moderate functlons defuned by

T te. k) im (e¥t - eUmi(e, »oEE; bYY c, (c.n)T‘T ué e %)
u‘
Tote,x) im gUu i, “’2:: §:: <, <«.n>§:: Lulss?

ses Uy~ UgS“...uga'5(€ x)
m—

Clearly, It is enough to find ¥, € I and N, ¢ N such that for each
qa Nthere are cy ) 0 and %y € I verifying

(2.1.8) 1T (€014 e 89 NG L 11 (LX) € 30,muIXK(j=1,2)

In the case Jj =1, (2.1.8) {follows from (2.4.2) for p = @ and

from the wmoderation of ugs. In the case j = 2, it

is a consequence

of (2.4.4) and the relation us - uz € 1)%cea. |
Therefore. the #tollowing definition is meaningful.

DEFINITION 2.2 Let ¢ ¢ ci“’ck). The exponential of ¥, denoted ef

or exp(f), is the class in G;(R) of the moderate function € where

4 is any representative of f.
I¢ 1 is an open interval of R then for each ¢ € cs(I) there exists
F & §_(I) such that F'= ¢ (F is called a primitive of ¥, see CA-BJ

4.3.2, 8.1.3(a) and (d)).

THEOREM 2.3 Let ¢§,9 € cs(l) and suppose that § has a primitive

Fe cl°9(R>. Then, every solution y € c‘(l) of the differential
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‘equat ion

(2.3.‘, s‘ 4 's LN -}

has 8 representative 9 glven by
X

Scexr =t Ao o [ Bcetref Yy gefleno oo (€, ¢ IxR
&

where 3 and P are any representatives of g and F respect ively,

. R and 2 6 €, (R)
a6 an P H,. .

Proof. Fix mny solution vy of (2.3.%). Since F'= ¢ jt follows that

(sep)’- neF hence the generalized function h :wm seF is a solution

of the diftterential equation 2’ = scF. By consequence, for every
A€ GH s(l!) the moderate function defined by

» A
fce,x) = 2¢e) + Jo.0eF € sor every (€.x) € IXR
a

is a representative of h. l

DEFINITION 2.4 Let B € 10,401, %€ CO(JO.GE) and wu € G‘ERJ

'

satisfying the condition:

EUBJ ] ul€,x) € Je,BL for all (€,x) ¢ Ixk . !

(1) For every p ¢ N we denote by '(Pz 4 the element of G‘ERJ

defined by

2.4.0) % wice 0 = e Plute, ) for an (€.x) € IxR

(2) We say that u satisfies the condition cu;: i+ the following

assertion holds:

For every K €CC R there are 9 ¢ I and (a,b) € R™ such that

IUEJ

® (adb<B and ufe,x) € Cac,b) for all} (€,x) € Jo,4CxK



In what follows, *u satisties CV, 3° means that there is B & 10,+0]
such that u satisflies the condition tv’is the same abbreviation

holds for tUEJ. In the case B = +v we write CV_J (or CU;J) instead

of LV, 3 for LV, .

PROPOSITION 2.3 Let wu, ,uy € GH.'[IJ such that Uy “uy € ﬂ‘[ll

and suppose that u, (i = 4,2) satisties tUbJ. We have :
(a) If u, satisfies EU;J then u, satisfies tv;:.
(b) Assume that u, satisties cv;: and that ¢ ¢ C(10,BC) verities

the condition :

For every p € N and every (A,B) € R® with @ C A (B (P

2.5.4) there are c ) 0, N& N and mec I such that
- ] JePlot e ce™™  for all tg,x) € J0,mCxCAc,BI .

Then, ' for every K CC R and every p € N, there are ¥ ¢ I and N € N
such that, for each @ a N, we can find c > @ and 2 ¢ I satisfying
2.5.2) 1Py - e8P upptennnt < ¥ Ny (e, x630,mDxK .

Proof Clearly we can suppose that B ( © . Since (a) is obvious let
us prove (b)..le K CC R and p € N. By (), u, and u, satisfy CU;J
hence we can find =, € I and (a,b) € R®™ such that @<al(b(F and
€2.5.3) ar 6'u‘(£.x) & b for every (€,x) & Jo.ﬂitxk.

‘The assumption u = ug = up & B LRI implies that there is a6 I

;uch that ﬂz 4 Ml and

(2.5.4) lute,x)l & a' € whenever (€,x) € 10,m,IxK ,
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where @ C &' ¢ minta,b’ ) and &' ) @ satisfies b + b" ¢ B, Now, we set

A=z -2 and B i=b + b, then @ C A (B (B, We claim that

e(t) '= ui(t.x) + tuz(t,x) ¢ [Ac,B2
(2.5.3)

for every (€,x,t) ¢ Jo,ﬂzt X K X [£0,4)
Indeed, by (2.5.3) and (2.5.4) we get e(t) ¢ ui(t,x) + tule,x) £

b+3¢(b+b ¢ p and B & ugleE,x) = () - tule,x) &

e(t) + lute,x)l € ¢(t) + a'€, which proves (2.5.5). The assumpt i on
u € n‘tRJ inplies that there ¢xi§t ¥ ¢ ﬁ and N1 € N such that, +or

every q 2 N1 we can find €y Y & and ﬂa € I satisfying

2.5.6) lute.>dl < cIEV(q) = Ne ror w11 (€,x3 € 20,m.EXK .

3

Since ¢ satisfies (2.5.4) there are <y )y o, N2 € N and ﬂ4 € I such

that

2.5.7) 1ePlo)1 « cae-N' for all (e,y) & 20,m CxCAc,B3 .

Let N := Ni + N2 « Fix q9q2a N, let ¢ := cic2 and m = min (a.),
: 2¢ic4

then, for each (€,x) € 1@,%mIXK, by applying the mean value theorem
and (2.5.5) we have

I(v(p)- ug - v(p’- uyd (e, x)l & lute,x)l.sup lwtp*izs)l

yelas ,B]
which implies (2.5.2) by (2.5.4) and (2.5.7). l

THEOREN 2.6 Let B € 10,+03 and ¢ ¢ Co(Je.bC) verifying (2.5.1).

We have :

ta) If ue &, [R] satifies the conditions [V, 1 and cu;:. then

Yol € Cﬂ.sfﬂll
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(b) I¢ L 1 cn.'tll and ug -y, ¢ I'CIJ, u‘(l = 4,2) satistlies

cv’: and ul satisties EU;J then v-u‘ - O-u2 [ t.tlJ.

Proo?, (a) Since u satisfies tU;J. the result follows from the

assumpt ion (2.5.4) and

€2.6.4) (Po)Ple,x) = 2:: 2 c, (e n>o"lu(:.x>)T_T e 0,
=i oG 1(p,m) I=1
where cp(«.n) and I(p,m) are as in the proof of PROP. 2.1 .

(b) Fixed K CC R and p ¢ N we will show that there are N ¢ N and
¥ € " such that, for each g a N, we can find c » @ and m € I such

that

(2.6.2) I(«Pou1 - v-uz)(P!c.x)l & ct‘(q)-N whenever (€,x)¢J0,mIxK.

Since the case p = @ follows directly from (2.5.2), we can assume

that p = 4. From (2.6.1) we get

(Peu, - w-uzsp)(t.x) = T (e + Tyte 0 (te,x) € IR ),

where T1 and T2 are the moderate functions :

P
T’_(c.x) = Z Z c, (x, n)(v -—"‘, )(t,x)l l ‘ 'lc 2 %),
m=4 « Lt i=g
| ]
Tz(c.x) m Z Z c (c.n)(v )(t x) Z Pi(t.x) . where
=4 o« =1
P, lE.x) = tul® e tugmupd gl Ll 0

Nou,.for having (2.6.2) it is enough that TJ (J = 41,2) satisfies

(2.4.8) (see the proo? of PROP. 2.1). We start from the following

remark : if ¢ € C”(Jo.bt) satisfles (2.5.4) then, for every m € N
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o P catisties (2.5.1). Hence, (a) shows that ¢™ 4 ¢ € LRI 1F

u € GH ‘tlJ. thus the inequalities (2.1.8) follow from (2.5.2),the

moderat ion of uy and “2 and the assumption u - u2 4 t’[RJ.l

DEFINITION 2.7 Let P ¢ 20,403, ¢ ¢ C®(Jo,BL) satisfying (2.%,.4)

and assume that ¢ ¢ c‘(ﬂ) has a reerescntat jve verifying [VDJ and

EU;]. The composition wef ¢ cs(l) is the class of the wmoderate

function #-3. Where $ is any representitive of ¥ satisfuing [Vbl.
PROPOSITION 2.8 Let B ¢ 10,+0) and wesume that ¢ ¢ GS(R) has a
representative ¥ satisfying V3 and LV, 3, then : :

(a) ¢»o% is a representative of wef for every ¥ € C°¢JO.BE).

satisfying (2.5.1),

() f is an invertible element in GS(R) and the function 3_1given

by 3-1(£.x) i= [3(8,x)3-1 for all (£,x) ¢ IXR, is a representative
of f_f '

(c) The generalized function e’ is well defined and the function
A

e* P g ,x) € IXR —— exp[$(£,x)] € R is a representative of e{.

(d) The generalized functions log # := l1og + ¢ 2109 i

and

(exp o 103) ¢ ¥ are well defined and the functions log 3:= log » ?

and 3 are representatives of log ¥ and .109 f respectively Chence,

2199 Tu 7, see REMARK 2.9, (d) below).

Proof. (a} Follows from DEF. 2.7 and TH. 2.6 . (b) Clearly, the



dunction ¢ .4 G.l:_r-—+ g-‘c R satisfies (2.5.1), hence (a) shows

. _?-1. Q . .

that ‘m 9o .15 a representative of g = 8. By wpplying
' 4t ] i

(2.4.4) we geut (e,x) = C¥(e, %) for emvery (€,x) € IXR and

therefore {g = clts:(??'ii = 4, which shows that ¢ is invertible

in. g ¢R) . and that 4~! s a representative of 74w g. () The

qunction ¢ : y 6. Rh.—==. ¢’ ¢ R satistles (2.5.1) and e = 1.

(d) Since log ¥ = Pef, where @ is given by v(y) = log y for each
s & BT . It is enoush to shou that ¢ verifies (2.3.1). This is
clear if p 2 1 and it Follows easily in the case p = @. Since
los ¥ o3, the first ‘statement is a conseaquence of (a). If we
set ¢ = (exp ¢ log;llz we have ¢1°g {- ¢ed. since ¢ satisfies
clearly (2.5.1) and elog ? - vt =% ]

lEHAﬁK 2.9 (a) In CA-B], § 7 it is defined the composition of
generalized maps which we uiil sketch briefly here in a particular
case. Let U and V be two open subsets of R. It can be egﬁils
showed (see [A-B1,7.3.4 and B.i.ai(d)) that § ¢ c’(U) is valued ;n
V if and only if, ¥ has a representative % verifying the follouiéb
condition : for every K CC R there are KCc Vand m & I such that
ﬁffc;x)l(t.x)_c-lo.ﬁtxk) CK .1t ¢ c;(k) is valued in V, it is

shown in CA-BJ that the composition gef is well defined whenever

g € c‘(V). The concept of composition resulting from DEF. 2.7



is not a particular case of the this one since the :oﬁ&it}on tu;:
does not imply that ¢ is valued In 210,8C. 8o, the concept of
composition Introduced in DEF 2.7.l| an extension of the cﬁnccpt
detined In CA-B), §7 specially adapted to the ap;ll:ltlons that we
Intend to do in this paper. The substitution of the hypothesis
“? is valued in 30,BL° by the weaker conditlion CVyd is compensated
by tge simplicity of the generalized functions involved in these
applications.

b) It ? ¢ Fg(R) has a representaive § satisfying the conditions
CVp 3 and CV 3 Cfor any B ¢ 10,+w]) then % satisfies the condition
Clogl, that is ¢ ¢ e:".’(u). Thus, the definition of exp(f) derived
from PROP. 2.8(c) is a particular case of that rcsultlng from
. DEF. 2.2.

(c) I¢ u e ‘n,;‘*’ and - -u satisfies the conditions LV 1 and Co:]
then ¢ = class(-u) |s Invertlblc.ln §4(R), hence -+ = clas;(u) is
also invertible in c‘(l). Thus, the conditionslcvll and CU:J on a
representative of f ¢ §4¢R), are only sufficient conditions for
the invertibility of #.

(d) Let T ¢ 5‘(3) and assume that 3 is a representative of f which

satisfies tUbJ and EULJ for any B € 30,40). It is easy to sce that

the generalized function log ¥ (see PROP. 2.8(d)) belongs to



¢1°%(R) and that the peneralized function 1% ¥ op proe. 2.80e)
"

coincides with the exponential of 1log ¥, obtained from DEF. 2.2

and also denoted by .los '.

’

The notations which we use now are suggested by those used in § 3.

PROPOSITION 2.40 Let (Pr.Pl) € R® such that @ P, Py s.0p =

* %
Pr -.kl.h.imﬁ_coll’.l+). & strictly Increasing function , Ve im

v(Pr)..yt.tr.ﬂ(Pl). by = Y " " and ﬁ c GH"t!J satisfying the
condition (see (PHL) in DEF. 1.7):

2.10.4) 1.0l ¢ ) hp e - p)  for all (e,x) & IxR .

14 ';' is the clas; in §_(R) of $_ = 2pf + »., then the following
statements hold: '

1) 3' satisfies the conditions EUol and IU;J(see DEF. 2.4).
(II).I¢ fi satisfies the condition (PH2) of DEF. 1.7 and v
saélsfies the condition (2.5.1)(see PROP. 2.5), then the element :
(2.10.2) U im (8 Hoep, - v

is a proper Heaviside g.f.

(1I1) Conversely, assume that Im(s) = 10,8C with P € 30,01, that
2 v-i satisfies the condition (2.5.1) and that there is V € cs(l)

having a representative 0 such that (9.0) verifies one of the two

¥6Iiouing conditions:

a) 0 & Ve, & an7itv 2 - vi1 ¥ €0 6 IR
(2.10.3)

(b). ¥ 8 > 03 m ¢ I such that vi(sg) & v(s)e ¥ € &€ 10.nL,
Qr



) 0« 0ce, ¢ (Av)-§t¢¢rr¢) =3 ¥ e, 6 IxR
(2.10.4)

) ¥t )ensmng I such that o(t)e & vite) ¥ ¢ ¢ 30,acC.
Then the generalized tunct lon

(2.10.5) . H :e 6 ity™d, (v o >0 = 23

belongs to SL(R) and has a representative fi which satistles the
condition (2.19.4), Moreover, i1¢t § verities the condition (PH2),
then H is a proper Heaviside 9.%. (and In this case, also V isa
proper Heaviside 9.7. since cithcr o} the statements (a) of
(2.10.3) and (2.10.4) implies (PH1)),
Proo?.From (2.40.5) j¢ follows that
(2.10.6) 0.( £ € "3.(t.x) € 291 - pE ( 291 {40 ¥ (€,x) ¢ IR
which shows that,a‘ satisfies the conditions tVOJ and CU;J. hence
(1) holds. Therefore, since v verifies the condition (2.5.1), we
deduce that veP, is well defined and (see PROP. 2.8(a)) 9-3. is a
representative of vep s+ Thus, the function

0 : €50 ¢ xR ——sy L R T T 7, 1€ R
is moderate and its class in c‘(R) is the generalized function v
defined by (2.10.2). Since v is strictly increasing, from (2.10.4),

the definition of { and the inequalities 4y ¢ @ and vy ¥ @, we get

1
which implies that 0 verities the condition (PHf). On the other

10ce.51 « -(Aa)‘!te(zpl) * 13 Jor every (e,x) ¢ IxR

hand, since ﬁ satls&l:s (PHZ; we have



Yim (seb MiE,x) = vy (resp. v ) 14 % €O (rese. ) O
e—e

hence, from the definition of 0 we obtain lim °(¢.x) = § (resp.i)
¢—0

14 x ¢ @ (resp. x > 8), and the proof of (1I) is coaplete.

\

(111) Case & :The conditlion (2.40.3) holds. Bince &y ¢ @, from the

statement ta) it follows that

(2.40.7) vt & Av.O(c.x) +tv &V for every (€,%x) &€ IXR
. and the statement (b) shows that there is n ¢ I such that e(prt) €

s € for all € € J0.nC. Let { : IXR — R be the function given by
. O, 14 (e,x) & 30,mCxR
ficg,x) =

ey ite e €) - v 3, if (e, 6 DN, IR

Clearly, we have bc GH"CRJ and 0 - ﬁ 4 ﬂ'tRJ. hence ﬁ is a

representative of U, From the definition of ﬁ and €(2.10.7) we get

° (v e & aolite,x) + vy € vy CB, iF (€, & 10,7IxR
(2.10.8) '

0 ¢ avlite,x) + v, = vtp €) CB, if (€206 [M, AR

which shows that ar.W + 1 satisfies the conditions CU,J and [U;].

Since 9-1 verifies the condition (2.5.4) it follous (see DEF. 2.7!
that the composition 9-1- (Av .V + ¢1> is well defined and, fro

PROP.2.8¢a), has the function v °

° (Ae.ﬁ + 91) as a representatiw
Therefore, the function

. & . et P | 0 -

(2.10.9) Hie,x) = (ap) Ly “(av.W(e,x) + 91) ’13 ¥ (e,x) & Ix

is moderate and its class in c‘(R) is the generalized function

defined by (2.40.5). Since v(Prt) & v L whenever € € J0.mL and .
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is strictly Increasing, the definition of f and  (2.10.8) Imply
X fice .20 ¢ (Ap)'f(prt = Py for alY (£,x) ¢ 30.7CXR and fe,x) =
@e)"ltp e -2 ) a t for each (e,x) ¢ [%,43%R, showing that B
satisfies the condition (2.10.1).

Case 2 :The condition (2.10.4) holds. Since &v ( 0 the statement
(a) implies

(2.10.10) v(p ) ¢ av.0¢e,20 + vy € vy for each (€,x) € IxR - -
and the statement (b) shows that there is m ¢ I such that v, € &
9(Prt) it € € J0,mC, hence by (2.106.40) we have vE & Aw.O(t.x) +
v, & ;1 for e;ers (€,%) € J0,mLxR which, together with (2.40.10),
implies that Av.0_+ v, satisfies LV, 3 and tU;J. Since v} verifies
the condition (2.5.1), it follows that v~t. (auw.0 + v) is a
representative of 9-1. Ay .V + al) and therefore, the function ﬁ

defined by

€2.10.11)  fte,%0 = ap> 3™t (o 0ce ) + Vi) = P13 ¥ (€, x0cIxR
is a' representative of the generalized function H given by
(2.1¢.5). Now, since v-iis strictly increasing, from (2.10.40) and
(2.10.14) we get (2.10.1). For the last statement of (III), it is
enough to show that ﬁ verities (PH2). Let {0 denotes either of the
moderate functions 0 or 0 which defines ﬂ. (se; (2.10.9; (resp.

(2.10.11)) in the Case 1(resp. Case 2)) then , since 0 satisfies



(PH2) (because 0(:.-) = 0((.—) for small €) we have

Vim £v7%e (av.0 + 2 33E,%) = p trewp. £ ) 1F X €0 (resp. x ) 0
90

hence fi satisfies (PH2) by its own definition. ] 4

Glven y & C°(R) lat us consider the function u"¢ C(R®) defined by
£2.13 o ik, b)) imox = ¥(t) for each (x,t) ¢ R® .
The map L & CO(R®,R®) defined by Lix,t) i= (3" Ox,t),t) for every

(x,t) 6 R® is biJective with inverse L-ita,s) i (a + y(s),s) for

all (A,8) € R®, The jacobian determinants are
' DetJ, (x,t) = DetJ .. (a,5) = {.

With these notations we have the following result:

PROPDSITION 2.4 For every G € c‘(l) the statemets below hold:

t X4

(1) Gew® T @ if and only i G @ .

(1I) Gey™ = @ if and only if G = 0.
Proof. Let 3 be any representative of G , hence the map

Bou™ ¢ (€,x,t) & IxR® — OBCe,x - yit)) € R

is a representative of Gos™. I+ Goy" = @ then

(2.14.4) 1lim J ﬁtt.x - y(t)Ivix,t)dxdt = @ for each v & P (R®)

€—0 " RT )
Given ¥ € O(R), it is enough to show that
+o
(2.41.2) vin [ Ble.arearda = @
€—0 " -»

Fix ¢4 € D(R) with integral equal to 4 on R , then

+o
[ Btearecarda = [ ote,arecarecctidadt e I
e s '

where § = supp(¢ixsupp(Ps). Hence, by changing wvariables wi

can write
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+©
] Btesnrviaran = [ Ben = wiearein = yeersencoranet ce ¢ 1.
-0 L=*(8)

Consider v ¢ D(R®™) defined by vix,t) = w(x = y(t))v.(t). From

the above identity we get, as supp(v) = L 3(5)

+0
[ Bue,arecaran = B = sursawtic, vranoe. e © @
-t supp(w)

which inplies (2.14.2) by (2.11.1), that is 6 = @. Conversely, now

ui must show that (2.15.1) holds. Indeed, for 3 fixed v ¢ O(R®),

the change of variable formula shows that

| 6te.x - ytt)ivix,troxat = [ 6teiareca + getr,trande  ce < n
R® - . Lisupp(w))

Let ¢ ¢ D(R®) be defined by U, t) = wa + yit), ¢y,

Since supp(®) = L(supp(w)), the above equality implies

+(¢A
(2.11.3) J Bee.x - sttrrvin,tranat = [ Be.arearan
R® o

¥

where ¢ € ®(R®) is defined by

+o
v(a) = I vla,t)dt for every A € R
-0

The assumption G ~ @ shows that (2.41.2) holds and this together

with (2.11ﬁ3). implies (2.41.5). The proof of (I) is complete.

For the proof of (II), assume now that Gos* = 0, KCC R and p € N.

We will show that we can find ¥ €ErF and Ne N such that for

each q 2 N there are ¢ ) @ and m €& I satisfying

2.41.40 18P, ar1 g ¥ SN evers (€£,4) ¢ 10,%CxK .

Indeed , the assumption on G-s* implies , since K, := E‘ (KxK) is

a compact subset of R® and « :m (P.®) ¢ N°, that we can find



¥er wnd NG N such that for every a b N there wrec ? @ and
me I satisfying

2.15.5) 12%Beymrte )1 & ¥ T N dor w11 (e, t) € 30,mIxK
Given a € K, If (x,t) '= L_tta.a). we have x = A + yi(t) and a = ¢

and therefore

(2.11.6) 8P e ar = 8P e x - wit)) = 3% (Gey  HeEL XD

which shows that (2.44.4) follows from (2.11.5).Conversely, assume
that 6 = @ and fix K €CC R® and (p,q) € N? We must show that we can
§ind ¥ € © and N € N such that for :;ers q 2 N there are ¢ ) @ and
me I satisfying (2.41.5). In fact, by wusing the second identity

in (2.44.6) and the chain rule, for a1l (e,x,t) ¢ IxR® , we get

q »
(2.44.7) 3% (Bey®rce,x,t) = 2 2 Ep(a.m)&(Pﬂ“zt,x-s(t))‘ I o™i ity
m=1 « i=1

where « runs OVEr I(q.m) and Ep(«.n):=(-1;“|cp(a.n) (see the proof

of PROP.2.i(a) for the definitions of I(q,m) and cp(«.n)). Let Ki

and K2 be compact subsets of R such that L(K) € K‘sz and consider

m
(2.51.8) Ca ‘= SUP 2: IEP(c,n)I l l |s(“')(s)l 3
scK L . i=4
i£msq

Since G = @ we can find ¥ 6 r and N € N such that for every ] 2 N

there are C€a > @ and M € I satisfying

q
. {2.54.9) sup 2:: I6(9+") {e,a) & c.tt(q,-N whenever € € J@¢,mC .
AEKi m=4

Given (x,t) ¢ K, if (a,s) = Lix.t) we have s = t and a = x - y(t),



“hence (2.11.7),(2.11.8) and (2.11.9) Imply (2.12.8) ¢or ¢ » C;c..a

9 A BYBTEN OF PARTIAL DIFFERENTIAL EQUATIONS FRO
HYDROOYNAMICS WITH VIBCOSITY
Assume that v ¢ COT.RY) is w strictly increasing funct jon
which satisfies (2.5.1) (with B =ow, since v jg defined in R:)
nna consider the following |3stel'of non-linear PDE:
[ (e, Pt (a) T o
(Ba) Gudy ¢ 6+ 20 T Leverr, 3,

Ll s
[ 9
(Ex) Et ¢+ L(E + p)qu_~ t(w-ﬁ)uux Jx

- (Ead) E X ap 4 %Pu'

where £, u, p and E are in cs(l'). a¢Rr" and the sumbol ~ denotes

the association relation (see DEF.{1.4), We also consider another

system C£S] associated with [S], which consists of the €quat ions
(E;) (1=2,3,4) of I8 and the equation (E,) replaced by

(Ed) ' Pe ¢ thu) =0,
A discontinuous Cshock) solution ( constant before and after the
shock with constant velocits‘of Propagation and BacCroscopic forms
of the shock invariable with the time) for the systenm LS (or [S))
is aﬁs subset €p,u,p,E) of c‘(l) given by

(Ba) £ = 2. Hoy" 4 £ (8a)  u = Au.Key™ + 4

8a)  p = tp.ley” 4, ) E=2EMy” 4 g,



which are solutions of the systes (€63 (or 8§ ang satisfy the

following conditions:

(Ay) s“ ¢ c®m) is the function defined in £2.13 » associated ' to
the function y : ¢ ¢ R ~— ct ¢ R, where ¢ ¢ R (that is s.(x.t) =

X = ct for all (x,t) ¢ R ).

(As) Let « denote indistinctly £.,u,p or E. There arg real numbers
%, and %3 verivtying the condition @ ¢ ®, ( %y ¥nd we define

by m Ko T Ky (hence o« ¢ @),
(Aa) H,K,L and M A€ proper Heaviside 9.f.(see DEF.4.7),

(Aa) H has a representative ﬁ satisfying (2.10.4)(see PROP.2.40).
(Aa) K has the following Property : YK = @ in Gs(l!.) for every
Proper ‘Heaviside g.f. Y,

Note that the Heaviside g.f. 9’ in EX.1.5(¢) s Proper and

satisfies the condition (gp)'la* = ¢ , hence 9, has property (Ay).
In what +follows we will nced the identities below, called jump
conditions, which are relations among the real numbers c.Pr.P,,.
««.E_ und E, Introduced In (A;) and (Az):

P P
o) c=Auu+—‘>+ul. CJm) é£=,l¢;+_‘.;,
ap Ay® aAp
1 2
u E =ap ¢+3p u
(o) 4pct by o, SE_ . €2 r 2 rr
1 4p b 1 ? { 2
. o Ay El = apl + 3 P.‘ul .

Finally, by introduclng the generalized functions 9..u..p. and E.
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in c’(l) defined by

Py = APH + " ’ u,i = AuK + Uy
£3.4) 7
Py’ = ApL + Py E': = AE.M + El '

we cun write the shock solutions (§4)-(S4) in the following way

= - = i
P Py o u CICE I
€3.2) \ ]

‘ P gy E = Eg 4.
gince H sutisfles (Ag) and (As) and ¥ verifies (2.5.1), from

PRDP..Z.tO(II) it follo;s that the generalized function V defined
in (2.;0.2). na-é]s

£3.33 Ve (8 er, - vp) € S R)

is a proper Heaviside geFae With these assumpt ions and notations
(uhi;h includes those of PROP.2.40), we have the following result:
LEMMA 3.1.(a) The following conditions are equivalent:

3

Ciy WK = - H

Ay

Cii) (wep i, = ©
(b)If the eauivalent conditions of (a) hold, then the following

conditions are equivalent:

A g N
(J) (J-P*)u‘u. ~ @
v
(J§) VKK = -—‘5—-—‘—-
&y

Proof. (a) From £3.3] we get 4

H

(3.1.1) vep, = AVV + 9i



3

thch_lnpllcs that (i) is equivalent to

(3.1.2) AoV, + U R0 .

From the relations ou * 0, u; = &uK’ (see [3.10) and K ~ H (s%e
PROP.1.6) it follows that (3.1.2) is equivalent to (i).

(b) The definition of u, (£3.13) shows that (j) is equivalent to
(3.4.3) Buvep IKU, + Uy(veP Iy = O .

Since &u % @ and u; = AuK', the condition (i) of (a) shows that
(3.1.3) is equivalent to

(3.1.4) (vep IKK' = @ .«

By PROP.1.8(c) we have K® % K and hence, by the chain rule, we get

KK = —%— K which together with (3.1.1) and 4- % 0, implies that

(3.1.4) is eauivalent to ¢ij).l

In the sequel we will prove that the system [S1 has shock
solutlons if and only If the Jume conditlons (Jg)—(Ja) of the
classical case without viscosity (that is v=9) hold. We will show
also that the situation is rather different for the associated
system £SJ which may not have shock solutions. More precisely, we
will prove that, in the particular case vix) = x2 for all x € R:,
the corresponding system £S31 has not shock solutions. We recall

_that the generallzed functions #,u,p Bnd E defined by (84),(Sa),

(Sa) and (Sa)} respectively, satisfy the conditions (Ai)(!s|£5).



PROPOSITION-2.2 I¢ » and u are glven by (8,) and (Eu) respectively

then the following conditlonu are equivalent:

(1) # and u are solutions of the equation (E.),

(1) The Jump condition (J,) holds.

Proof. The relations (2.23, the chain rule and the PROP.2.14 ()
m}ns that #, + (Pu) T 0 it and c;nls i¥ (P, - cp) X 0. On the

other hand, by [3.1] we pet

(Puuy = €2,) = (u; - clarH + PiauK’ + Bpau(HK) ,

and since K and (HK) are associated with H (see PROP.1.8(c) and
PROP.1.2(c)) it follows that

~

t
(P.u. - cP.) ~ ApL-(c =~ ul) + (4 +

YAudd .
ap

Hence, the result follows +rom PROP.1.6(c) and (e).l

PROPOSITION 3.3 If p,u and p are given by (8,),(S2) and (Sa)

respectively then the following conditions are equivalent:
(i) P,u mnd. p are solut}ons of the equations (Ev) and (Eax).

(ii) We have the following statements: (a) The Jjump con&itions

(Ja) and (Jg) hold » (b) The generalized functions H, K and V (see

£3.31) satisfy the relation

= L4
(3-3." UK' ~ -

Ly in §_R).
Ay

Proof. Firstly we wil} glive some preliminary coﬁputatlons.

Bince  Civerlu, 3 = L(ver DU, T oy® and (Pudy + (2u" 4 p) =



(-cp'u. + P.uf + p.)'-s'. by PROP.2.44(1) it ¢tollows that

(Pud, + (pPu® + P, ~ Clvepdu, 3 i¢ and only I¢
€3.3.2)

(~cp, + P.us + p.)' ~ E(v-).)u;J'. !
On the other hand , by 3.1 we have
R T S A 2, HK + 2, k2 4 a HK2
*# 7 el T Py m Ryt 2 3 4 *s %

where the real numbers 3, Q& i &€ 6) are defined by

3, = Py Pl"l‘"l -c) , a0 = ulAP(u1 ~-c) , a, = PlAu(zul - c)

ag = bp , L PR APA-.I(?l.l.l -+c) ) as = plAue, né = ApAuz.
b=
Since K, L', (HKY , (K°) and (HK®)’ are associated with H (see

PROP.1.8(c) and PROP.1.2(c)), the Preceding identity implies

2 rl L)
€3.3.3) (-cp, + Fuuy * Py ~ 3N

where a = 2 __ a, - From (3.3.2) and (3.3.3) it follows that

(Pu)t + (Pu2 t e < [(w-?)ux 3, if and only if [(e-ﬁ.)u;i -

aH hence, by integration (see PROP. 1.2(d) or CA-B1,4.3.2) we get

(Pudy + (pu? + P, ~ Ceepdu, 3 if and only it
€(3.3.4)

(vep Uy, S aH + z , for some generalized tonstant z.

From the definition of aj (@ & j & 4) we obtain

a= AP+A.Pul(ul - c)+Auul(AP + PIHAu(ul - cllap + Pl)+du2(AP + ’1)'

qu; I¥ the conditlon (Js) holds we can write

P P
a = Ap 4+ Auz(Ap + pl)(— 1 ) = Ap ~ P‘Auzti + -_l_).
. Ap aAp

We can summarize the above considerations as follows:
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(2.3.3) 1¢ (Jo) holds then (Je) holds if and only If & = ¢ .
On the other hand, by £3.3) we have
(vop YU, = sV, ¢+ vlu;

and since u, = 8uk, K T @ in & (R")(see PROP.1.4(d")) and VK e

“in c‘(l') by the assumption (As) , from the above ident ity we get
(3.3.6) (vep I, S0 ing ). .

(1) weed (11): Slnce P and u are ioiutloni o? (Eg), by PROP.3.2 the

condition (Js) holds and since £,u and p are solutions of (Ea), by
(3.3.4) we have
(3.3.7) (vep W, ~ aH + 2z in §.(R) .
By restriction to RT and wusing (3.3.6) and PROP.1.6(d), from
(3.3.7) we get z ~ @, hence we can write (3.3.7) as follows
(3.3.8) . (vep YU, ~ aH  in & _(R) .
Now, by restriction to l: , from (3.3.8) we get
(vep I, T aH In g (R ,

hence, by (3.3.6) and a minor modification in the proof of the
PROP.1.6(e) we have a = @ , which shows by (3.3.8) that

. & o
‘3.3-') (!’.’.)u. bl 0 in G"(R) .
From (3.3.9) and LEMMA 3.4 it $0llows (3.3.1). Since a = © and the

condition (Js) holds, by (3.3.5) It follows that (Ja) holds.

(11) == (1): Blince the conditlions (Je¢) and (Ja) hold, by PROP.3.2
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and (3.3.5) It ?ollows that » and u are solutions of (E,) and a=9,
From (3.3.1) and LENMA 3.1 it follows that (3.3.9) holds, which
ImPlles  (ver U, 20 = aH . Hence, (3.3.4) ( with z = 0 ) sHows
that 2,u and p are solutions of (Ea>.B

PROPOBITION 3.4 If £, u, p and E ware given by {(64),(S2),(Ss) and

(Sa4) respectively, then the following conditions are equivalent:
(1) 2,u,p and E are solutlons of the squations (E¢), (Ex) and (Ep).
(ii) We have the following statements: (a) The jump conditions

(Ja),(J=) and (Js) hold, (b) The gseneralized functions H, K and V

(see [3.3)) satisty the relation (3.3.1) and

(3.4.1) VKK® X - —%—

LW in S (R) .
Ay
Proof., The argument is similar to that of the proof of the PROP.3.
3. The relations [3.21 and the chain rule imply the two identities
L 4
E¢ + C(E + plul = C(E, + p du, - cE, T oy
Cévepluu, 3 = rtvok.»u.u;a'-s'

Hence, by PROP.2.11(1) we get

Ey + C(E + plul, - CerePluu, 3 if and only it

T (3.4.2)

C(E, + Py, - cEY 2 Ctver du u, T,

Now, from £3.1] we get

(E' + p.)u..- cE. = bo + h‘K + sz + bSH + b4KL + bsKH

where the real numbers bJ (0 & Jj&S) are defined by



L

by = (El + Pl’“l - CE.l ‘ b‘ - Au(El * pl) 3 b2 = Apul

b3 = AE(ul -¢), b‘ = AuAp and b_ = AubE .

S
Since K L' ,M , (KLY and (KM)Y are assoclated to H , by derivation
of the preceding identity we obtain

(3.4.3) C(E, + pdu, - cET S bH

where b = 2 bj . From (3.4.2) and (3.4.3) it follows that

E * [fE + plud, - Levesduu, J; if and only if E(9o9’>u.u;3"=
bH hence, by integration we have

E, + [(E + plul, = Clvepduu, 1 if and only if
(3.4.4)

(9-9*)u*u; ~ bH + z, for some generalized constant z .

From the definition 9! bJ (@ £ j £ 5) it follows
b = Ap(&u + ul) + AE(Ay - ¢ + ul) + Au(E1 + Pl)
and since the condition (Ja) implies Ay - ¢ + u, = -pl—%%— WE can

.

write
AE
b = Apléu + ul) - Au(’lT - qu - P-I) .
Therefore, we have the following statement:

(3.4.95) I¢ (Ju) holds then (J3) holds if and only if b = @ .
We have also the relation
¢ ~ »*
(3.4.8) (a-’.)u'u“ ~ @ in Gs(l )
which follows from a minor modification in the proof of 63.3.6).

(13 == (i1): Since #,u and p are solutions of (E<) and (Es), by

PROP.3.3 , the conditions (Jy),(Ja) and (3.3.4) hold. Simce £,u,p
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and E are solutions of (Es),(Ey) and (Es). by (3.4.4) it follows

(vep du U, ~ bH+ 2 in & () .
Hence, by a minor modification in the proof of the implicat ions
(3.3.7) == (3.3.8) = (3.3.9), (by applying (3.4.8) and PROP.1.4

(d),(e)), we pet b = @ and z ~ @ which implies

(3.4.7) (vep Judy ~ @  in&_(R) .

Since @3.3.1) holds, the relation (3.4.7) together with LEMMA 3.4
implles ¢3.4.4), By (3.4.5), since b = @, we have that (Js) holds.
Cil) wmmd (1): Bince (Jg), (J=) and (3.3.4) hold, by PROP.3.3 it
follows that p,u and p are solutions of (Ed) and (Ez). On the
Ot.htl' hand, since (Jg? and (J3) hold , by (3.4.3) we have b = @
hence, from (3.3.4), (3.4.4) and LEMMA 3.i(b) it Follous that
(3.4.7) holds and therefore (vep du u <@ =bH in §_(R). Hence,
by (3.4.4) (with z = @), it follows that f,u,p and E are solut ions
of (Es). 1

PROPOSITION 3.5 I¢ 2, u, » and E are given by (S4),(S3),(S3) and
(Sa) respectively , then the following conditions are equivalent:
Ci) P,u,p and E are solutions of (Es),

Cii) The Jump condition (Ja) holds.

Proof. The relations [3.2] imply

(3.5.1) Ap ¢ —%— Puz = (ap. e P u2 ).s'



From £3.1] it ?ollows

a2 2 2
AP g Pty t Gy v dH 4 Ak 4 gL MK + a.K* ¢ g HK

where the real numbers dJ (® ¢ J & &) are defined by
4 2 2,
It R SIS B LR Ao
€3.5.2)
93 = A8P . Oy = uibrau , dg = i plad?, dg = ~3 arai?,
From the identity above and (3.9.4) , by the same argument used in

PROP.3.3 and PROP.3.4 , it follows that

Ay + - pu2 2 dg + dH  in §_(R)

where d = Z dJ

-
€3.5.3) EX ap + =1~ pu® if and only it E, X dg + dH inc_(R) .

» Now , from (3.5.1) and PROP.2.44(1) we get

On the other hand, the definition of d and (3.5.2) show that

d = (APr + —%— Pruf) - (ap1 + —%— Pluf) .

whick, by the definition of AE , implics

(3.5.4) AE = ¢ and El =ap, ¢+ -%— Pluf if and only if (Jg) holds.

(i) == (iid: From (i)}, (3.5.3) ang the relation H< M it follows

that 8E.H + E, = AE.M + E, = E, % dg + dH , hence

b -
€(3.5.5) (d - AE)H ~ Ey - de in §_(R) .
Therefore, by restriction to R: ¢+ the PROP.1.6(d) shows that

i 2
(3.5.48) E1 = d0 = apy ¢ == ’lul

and by (3.5.5) we get (d - A X ¢ i Sg(R). Now, by restriction

to l: + the PROP.1.6(d) and (e}(with a minor modification) we have



(3.3.7) &t = ¢

F'om (3-5.6’.(3.5.7) ‘nd ‘3.5.‘)‘ lt ‘ollo"‘ th‘t (J" ho‘d‘

Cii) mad €i): From (i) and (3,5.4) it follows that (3.%9.4) and

(3.5.7) holds. Since H X M we have E, % 8E.H + E; in & (R}, hence

~ 4 2
E“ ~ gH + Apl + > Plu,

= dH + dg , which shows (i) by (3.5.3).0
We can sunmarize the PROP.3.4 and 3.5 In the following result:

PROPDEITION 3.6 For the generalized functions P, u, p and E in

0;(I') defined by (8,), (Sg), (Ss) and (Sa) respectively, the

~$ollowing conditions are equivalent:

i) p, u, p and E are solutions of the system [S3],

Cli) The Jump conditlions (Ja?2,0Jz2),(Js) and (Ja)? holds and the

generalized functions H, K and V (see [3.3)) satisfy the following

relations in €5(R)

v v
1w and Wk X - —é—- =yl

Ly Ay

(3.6.4) VK % -

Next, we will show that °*there are systems LS without shock
solutions. We need the following result:

LEMKA 3.7 Let # »nd u te the generalized functions in Gs(l“) given
by (B4) and (Sg) respectively and suppose that £ and u are

‘soluflons of the equaticn (E;). Then there exists a generalized

constant z € cs(R) such that

(3.7.1) Pfu; = zp)' and z~ Piluy - o)
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Proo?. By the assumption (AL) there is » representat lve ﬁ of M

verifying (2.10.1) (see PROP.2.10), let £
) )

2.10 (1) and PROP.2.8 (b) it follows that Py

o =02 4 p . From PROP.

Is an Invertible

element of ¢_(R) and, by PROP.2.8(d), we know that log , s well

"defined, log #, ¢ c:°9(u> (sec REM.2.9 (a)) and therefore, €1°9 *

is 3lsc well defined. Since £ and u are solutions of (E.), the

®
identity ’t + (Pu)x = (P.u. - :P“)'os " and PROP.2.44(IX) imply

TR O AU Py, - Therefore, by the definition of u‘(sec £3.14

we can write

(3.7.2) ‘ K+ etk = en™ e - upeiis,

A
The moderate +Function ﬁ = log £y is a representat ive of

A

F :=log #_ . Since F ¢ clos(R). F = P:‘P; and e

~ = ;. » by the

THEOREM 2.3, any solution of the differential equation (3.7.2) has

a representative given by

(3.7.3) Ree,») = (c-ul)tﬁ_cc.x)AuJ":Qetc>+2*(c.x)-$.(c,a)J

for each (€,x) € IxR, where 30 € GH S(R) and we can assume that

2 (8, €ince » and u are clearly solutions of (E.), by PROP.3.2,it

follows that the cendition (J.) holds, which implies that

Py

ap

e e -y e g4

1 {e,

Taking x = a in (3.7.3) we get

lim 2o6€) = (c ~ up) " deawrar.tin fee,a + #y3.10m Ree,a)
€E—0 €—0 £—0
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and, since by the assunption (Ap), Q and R sat isfy the condition

(PH2) (see DEF.1.7) and & ¢ ©, It ?0llows that 1im ;.(t) -0 . Ve
¢—e
consider the moderate function

A
Zite € X b Bote,0) - $.¢¢> c R,

then the above computations show that lim ;‘(c) = p

1 hence
0

z1 -~ p‘. where z, denotes the class of ;‘ In i‘ « Hence, we can

write the class K of Q {(see (3.7.3)) in the following way
-1 -4
K = (Au) “(c - “1”! (P, - zi),
wich Inplies u, = ¢ + (c - ul)z‘P:l

and therefore we have u; =

2,; « Hence, it is enough to define z := (u1 - :)zi. ]

In the result below we consider the particular case vix) = x2

(u! - c)zip.

PROPOSITICN 3.8 The system

»
) py v tpud =0, (ED ud + (p ¢ Puz)x T fuy,
has no shock solutions.

Proo? Assume that there are ‘generalized functions £, u and p in

G‘(l‘) given by (S54),(Sa) and (S3), verifuying the conditions ‘Ai)

(1 & 1 &5, which are solutions of (E.) and (E%). By LEMHA 3.7

there is a generalized constant z ¢ cs(l) satisfying (3.7.1).

Since £.u and p arc clearly solutions of (Ee) and (E), by PROP.3.
3 the generalized functions H.K and V verity the condition (3.3.4)

and by LEMMA 3.i(since v(x) = x° for a1l x € R) we have Psu; S e
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In € (R). Therefore, by (3.7.4) It foliows that z¢g .5 @ i

o (R), hence by integration (see PROP.A;Z(d){. there exists a

seneralized constant z, & €_(R) such that

(3.8.4) 2P, ~ T in §_(R).

Since ﬁ satistlies (PH2) and t2.10.4) (see (Ag),(AL)) the dominated

convergence theorem shows that p - 1 in G'(l:) (resp. £ ~ P, in
G4 (R3)) which together with z X piCu; - €) (see (3.7.1)) Implies

2

oy . L ~ e g
2P, ~ Pyluy = ) in & _(R) (resp. 2P, ~ £,P (uy = ) In SR

(hcfc we use the fact : I+ # ¢ G’(ﬁ), z 6 i., {IQoandz=~«6 R,

then zf ~ @ ). Hence, by restriction to l: (resp. R: ) in (3.8.1),

~ 2 ~ =
we' ' get Zy ~ Pl(u1 - ¢c) (resp. zg ~ ’l’r(ul -~ ¢)) in R‘. Therefore,

2 ~ . = A f A
we get Pltul c) =~ ’l’r(ul c) in R' shich implies

: 2
{3.8.2) ’1("1 -¢c) = PIPr(u1 -c) .

By PROP.3.3 we know that the condition (Ju) holds,hence u, - c > @

therefore, from (3.8.2) it follows that ’1 = ’r «This is a

contradiction in view of the assumption (A:)..l

From the PROP.3.8 we get:

THEDREHM 3.9 The system



{Es? Py ¢ tou) =0

“ 2 - Q
(Ep) (Pu)t + (p ¢+ puy ’x ~ (r ux)x

“ ~ 2
(Ep) Et + C(E + p)qu ~ (£ “"x)x

l (Ea) E =~ Ap + -%— Pu2

has no shock solutions. l

When we have the equality In (Es) (instead of the associat ion) we

get the following result:

PROPOSITION 3.40 For the generalized functions £, u, p and E in

cs(R°) defined by (S4),(S=2),(Ss) and (Sa) respectively,

the following conditions are equivalent:

(i #, u, p and E are solutions of the equation

(Eq) E=ap ¢ —%— Pu2 s

Cii) The condition (Ja) holds and we have the identity

BELH = d,H + 0K + d L + O HK + d5K2 + d HK?

£ Jj €& 6) are given by (3.5.2){see the
é

proof of PROP.3.5). In this case we have &E = 2 d. .
J=4
Proof.The argument is 3 wminor modification of the proof of

where the real numbers dJ (1 <

PROP.3.5 by applying PROP.2.15¢11). B
Finally, we will complete the information contained in PROP.3.6 by
showing that there are proper Heaviside g.f. H, X and ¥ wverifying

the condlt}on! {As) and (Ag) and the relations (3.6.1), Let wus

o —— e ————
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recall that v ¢ C’(l:.l:) is » strictly incressing function which

satisfies the condition (2.5.1) with P = ¢a (sec PROP.R.%).

LEMMA 3.18 Let © € R such that © > 1 and let & : I — [1,0L be a

function such that lim x(€) = 6 . Then, there exists O ¢ €\ (IRD
€20 4

‘satisfying the condition (PH2) (see DEF.1.7) and

¢3.11.4) e & Uie,x) & x(€) for every (€.x) € IXR.

Moreover, i V is the class of U in c‘(ﬁ) and K := 9, € §_(R) - is

the Heaviside g.f. of EX. 1.5(c), then

we have:
(3.11.2) VK T oK and VKK’ Zéux’ in €_m).

Prool.Fix ¢ E.o(l) .88 in EX.4.5(c) and let denote by z{€,.) the
characteristic function of the interval [- g €, g EJC R. Then, we

have u(e,.) = x(€,.)% p_ ¢ CP(R), where o = 2 ¢ and % denotes

F A

as usual the convolution product. It is well known that

supp u(e,.) € [-2e,2¢], ul(g,.) 81 in [~£,£) and © < ul€,.) £ 1

for every € € J. Next, we define the two following functions:

v{€,x) = mlelule,x) For every (£,x) € IR
and

ule,x) for each (€,%x) ¢ IxR*
wlg %) '=

i for each (e.x) € IxR_.

Then we set O(C.x) = i 4+ w(€,x)Cvle,x) - 13 for every (€,x) €

IxR and it is easy to see that 0 satisfies (3.44.4) and

(3.11.3) Ote.x) = nte) for each te,x) ¢ IxC—€,€3
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and Q(t}xi B 0 (resp. °(¢.u> ® §) whenever x & =2X (resp. X & 20),

which lmplies that 0 satis?ies (PH2). It resalins to show that 0 is

moderate and for this it |s snough to prove that u s moderate

which follows from the detinition of u. Indeed, for avery k 6 N we

have lu(k)(t.x)i & Akz—kj lr(k’(s)lds (x € R). Finally, we will

use (3.11.3) for to prove (3.14.2). Fix » ¢ D(R), 3’ and 3" -'3,
as In EX. 1.5(c). Since R - 3’ it follows that Rois s

representative of K = {’ hence, letting ¢ & D(R) arbitrary, the

¢irst relation of (3.51.2) follouws #from 1lim I¢(e) = O, where

¢—>0

Ie) := jé&e.m - o R (€ )¢ (xddx.
-

Since supp R (£,.) = [-€,€1, by (3.14.3) it follows:

+0
ey = tate) - 03f B LIPGIIX — @ ifEe — 8
)

because 1lim au(€) =0

by hipothesis. For the second relation of
£e—0

(3.41.2), letting ¢ & H(R) arbitrary, it suffices to show that

lim J(€) = &, where
e—*0

Jie) = ]*‘Bu.x)k' te )R, %) -% M (x)dx-
w

. 400 '
ron (3.41.3) we set oty = s R otkeno - L woox
-

and since KK ~ -1,‘—, K’ (see PROP.1.8(c) and PROP.1.2(c)) we conclude

thit the above integral tends to @ when € — @, '

LEMKA 3.42 Let “’r"x’ € R® with @ ¢ P ¢ 12T 6 € J0.+0) and v E

Co(R:.Ri) an strictly increasing funct ion such that Im{v) = je,pC.
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Moreover, mssume that v-‘ satisfies the ctondition (2.%.4) and that

(see the notatlions of PROP.2.40) v satisfies one of the condit ions

(2.10.3).(b} or (2.40.4),(b), Then, there Is V ¢ c.(l) satistying

the following conditlons:

(1) The generalized function K defined by (2.40.5) s a proper

Heaviside g9.¢, and H has a GCrcicntltlvc veritying the condition

(2.190.4).

(I1) I+ K := 8, € c‘(l) is the Heaviside s$.f. of EX.3$.5(c), then

V, H and X satisfy the condition (3.6.1) (see PROP.3.4).

v
Proof, Nith the notations of PROP.2.10 we define ¢ :m —1 then

’
Ay
¢ > 4. Since vrt & 2y { resp. v(rrc) & v because v g strictly

incresing) we have tAv)_forc + 021 (resp. (Au)-fv(’rz) +0 2 1)

for each ¢ ¢ 1. Assume now that v satisfies (2.10,3),(b) and

consider the function « : ¢ ¢ y —, (Av)‘ier: +0 6 [1,60. Then,

by the LEMMA 3.11 there exists ¥ (4 cs(l) satisfying (3.14.2) and a

representat jve 0 verifying the conditions (PH2),(3.11.1) and

hence, the definition of x» shows that in addition U satisties

(2.1¢.3),¢a). Analogously, it Y satisfies (2.40.4), (b)), by

definig x : ¢ ¢ I — (Av)-fv(ﬁrt) *+6 € Cs,00, from the LEMMA 3,

11 it follows that thers exists V ¢ c'(l) verifying (3.14.2) and a

representative 0 of V which satisfies (PH2) ang (2.£0.4),(b). 8y
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concequence, there existe V ¢ "(l) satisfying (3.11.2) and 0. a
reprasentative of V, veritying (PH2) In such a way that (v, 0y
satisflies (2.10.3) or (2.10.4), hence V is a proper Heaviside ;.4.
because (3.11.1) Implles (PHi). MNow, the statement (I) follows
from PROP.2.4€(1I1) and the statement (II) follows from (3.11.2).0
Fros PROP.3.46 and LEMMAS.12 we get the following existence result:
THEOREN 3.13 Let B ¢ 10,401, v ¢ C°(R},R}) an strictly Incresing
function such that v and v-‘ satisfy the condition (2.5.4), Im(v)
= Jo.PL and v satisfies one of the conditions (2.10.3),(b) or
(2.1€.4),(b). Then. for the generalized functions £, u, p and E in
P (R) detined by (Bo), (Sad), (Sa) and (S.) respectively, where H,K
and V are as in LEMMA 3.42, the following conditions are

i i
equivalent:

(i) P, u, p and E are shock solutions of the system £§).

(1i) The Jump conditions (J,) (1 & 1.4 4) hoid. B

REMARK It is easy to sce that the functions v(x) := x> (a5 &% ),
vix) 1= 3% - ¢ (a 1, v(x).:- sh %, v(x) = ch x, for x ) 0, are

simple exarples of functions ¢ ¢ co(l:,i:) which satisfy the

"hypothesis of THEOREM 3.13.
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