





0.- INTRODUCTION

The dissipative mechanical systems are second order vec-
tor fields on the tangent space of a given compact Riemannian
manifold M and are obtained by the addition of a dissipative
force to a conservative (Lagrangian) mechanical system: The
dissipative forces are velocity dependent and slow down the
system in a such way that the mechanical energy decreases
strictly along. the non trivial integral curves, making the non-
wandering set a coletion of critical points. A first study on
the geometric theory of dissipative mechanical systems was pu-
blished by Shashahani in 1972 [11],see also [1],where dissi-

pative systems with constraints are considered.

The dissipative mechanical systems are parametrized by a
pair (V,D) where V, the potential, is a smooth real function
defined on M, which represents the conservative component ,and
D is the dissipative force. Among the dissipative mechanical systems
there are the strongly dissipative ones for which V is a Morse function
and D satisfies a strongly dissipative condition (see Def. 1.3); they

have very simple properties that we will describe below.

There are two well known results in the geometric theory
of dynamical systems (see [7]) the so called tﬁeorem of Kupka
and Smale ([51,[12]1) and the theoremsof Palis and Smale ([61,
[8]) on the structural stability of the Morse-Smale systems

-1-



{including gradient systems). Morec recently Takens [13],using
some perturbation tecniques, obtained other generic results on
gradient systems with a fixed Riemannian metric and on me-
chanical (conservative) systems in the special case of a Rie-

mannian metric of zero curvature.

In the present paper the main results deal with generic
properties and structural stability of dissipative mechanical
systems. Theorem 1.4 proves that the strongly dissipative me-
chanical systems have only hyperbolic critical points and gi-
ves a description of the invariant manifolds. Usual topologies
are considered in the set of all dissipative mechanical sys-
tems and Theorem 1.5 shows that the subset of all strongly dis-
sipative ones such that the invariant manifolds are in gene-
ral position is open and dense. Theorem 1.6 proves that the
systems of the above open and dense set are structurally sta-
ble. In proving Theorem 1.5 one sees that it is possible to
put the invariant manifolds in general position pertu}bing D
with fixed V. Nevertheless we considered the barameters (V,D)
for the systems because we believe that ii is possible to obtain trans-
versality between the invariant manifolds just fixing D and

perturbing V.

1 - STATEMENTS OF THE RESULTS

Throughout the p&per (M,<,>) will be a C” compact con-
nected Riemannian manifold, 3M=¢., We call M the configuration
space. The ¢ Riemannian metric <,> defines the kinetic ener-

gy Ki: ™™ — R by K(v.) -%—<vp,vp>,vp€TpM. The induced Levi-



Civita covariant derivative will be denoted by V. A potential
Visa Gt function V: M — R and theé mechanical energy is

E: TM —+ R defined by E(vp) = K(vp) +V(w(vp)) = K(vp) +V(p]),

(TM,n ,M) being the tangent bundle of M. Let (TM)0 denote the
zero section of this bundle.
DEFINITION 1.1 - A dissipation fonce i4 a C* map D:TM — TM which pre-
senves each §iben and such that:

1) forn akf peM and OPGCI'M')0 one had D(OP). = 0;

2) for all vaI‘M-(’I‘M)o, <D(vp) ,vp>< 0.

As a matter of fact property 1) follows from property 2)

and the continuity of D.

DEFINITION 1.2- A dissipative mechanical system on the configuration
space M is a pain (V,D) of a C**1 potential V and a C° dissipation foxce,
D, r>1. The pain (V,D) parametrizes a second onder C* vector field on T™M
(sometimes denoted also by (V,D)) defined by

V;d = -grad V(@ + D@, -

whene q denotes the derivative of a motion q=qft) and grad V denotes the
consenvative field of 5oicu chanacterized by \ .

av(v_) = <grad V(p),v.>, Vv 6IM.
(vp) = <grad V(p) ,vy>. Wy

REMARK - The mechanical energy decreases along non trivial in-

tegral curves of the vector field induced on TM; in fact
dpee e A[Lle o0 ven(s - <D(Q).3>
It (a(t)) It |7%9.9> w(q) q).q

which shows that E decreases on all solutions not reduced to

a fixed point. Note also that since this vector field (V,D) is



) 5 g q . +2
of second order, its integral curves are derivatives of CF
curves on M and its critical points lie on the zero section (TM)O.

Moreover Op is a critical point if and only if grad v(p) =0.

In what follows we denote by ¥'x9 the set of all dis-
sipative mechanical systems with the topologies induced by .
r+1(M R). and cf (TM,TN), 1srse;in other words ¥ x@ is the pro-
duct of ¥ with the c** -topology and @ with the induced compact
open Cr-topology or the induced Whitney Cr—topology. In the
first case we will say that ¥ 'x @ has the Cr—'topology and in

the second one " x & has the Whitney C* -topology.

DEFINITION 1.3- A dissipative mechanical Ayétmn (V.D) is said to be
strhongly dissipative i4:

1) V is a Morse function:
2) D satisfdies the following condition: for all peM and all
vaI‘br(—(‘I’M)O
one has <6D(0p)vp,vp> < 0 where 8D denotes the veatical deriva-
Zive of D.

Remark that condition 2) is equivalent to <6D(Op)vp,vp> <0 for

" all vy such that | vpll =1 and all peM.

THEOREM 1.4 - let (V,D) be a strongly dissdipative mechanical system.
Then the following propenties hold:

i) The critical points of (V,D) are hypenbolic;
1i) The stable and unstable manifolds We(Q p) and W“(Op) of a eniti-
cal point 0p are properly imbedded;
iii) dim w“(op) 44 the Monse index of V at p, and
iv) dim w“(op) s dim M< dim ws(op).



THEOREM 1.5-The set of all strnongly dissipative mechanical system such
that the stable and unstable manifolds of critical points are in genenal
position is a dense open set of ¥ &7 in the considered above topologies.

As usually, we say that (V,D)E¥x@D is structurally sta-

ble if there exist a neighborhood ¥ of (V,D) and a continuous
map h from % into the set of all homeomorphisms of TM with

the compact open topology, such that:
1) h(V,D) is the identity of TM;

2) h(V,D) takes orbits of (V,D) to orbits of (V,D), for
all (V,D)e ¥, that is,h(V,D) is a topological equiva-

lence between (V,D) and (V,D).

1£f the topological equivalence h(V,D) preserves the time,that
is, if X, (resp. Y.) is the flow of (V,D) (resp. (V.D0)) and
h(V,ﬁ)-Xt==Yt-h(V,ﬁ) for all t€R, then we say that h(V,D) is
a conjugacy between (V,D) and (V,D).
THEOREM 1.6 - Any A/u'.ongly dissipative mechanical system such that all
the stable and unstable manifolds of critical points are in general posi-
tion is stnuctunally stable and the topological equivalence 4§ a conjuga- -
cy. '
The theorems 1.5 and 1.6 have also the flavor of an in-
teresting theorem proved by D. Henry [3,41 for a dynamical sys-

tem in infinite dimensions. On the Sobolev space

1_
Ho = H(]j CIO |"[1R)

he considered the following parabolic PDE:

2 .



where f: R — R is a smooth function such that £(0)=0, £'(0)=1

tf"(t) <0 if t=0 and X is a real positive parameter.

THEOREM (D. Henry) - 1§ /X is not a positive integen, then all stable
and unstable manifolds of the §Low defined on Hé by above PDE are in ge-
nexral position.

The time-one map f of the flow considered by D. Henry is
a Morse-Smale map in the sense of f2] and as a consequence is
stable relatively to the union of all unstable manifolds of the

fixed points of f (see Theorem 10.27 in [21).

We finish this section with the following example of a
strongly dissipative mechanical system which does not satisfy
the conclusions of Theorem 1.5. Consider the motion of a (mass
one) particle constrained on the surface M of a symmetric ver-
tical torus of R?® obtained by the rotation, around the X-axis,
of a circle defined by the equations y=0 and x2+(z-3)2=1, The
potential V is proportional to the height function of .the to-
rus and the dissipation force D is given by D(vp) =—c-vp. c>0
(a viscosity coeficient). These datas define a strongly dis-.
sipative mechanical system with the torus M as the configura-
tion space. The metric of M is the usual one induced by R? and
the potential is a Morse function. The symmetry shows that the
unstable manifold of dimension 1 of one saddle is contained in
the stable manifold of dimension 3 of another saddle and hence

they are not in general position, since dim TM=4.

2 - PROOF OF THEOREM 1.4

Let p be a point of M and U an open ﬁeighborhood of p
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in M such that there exists a trivialization of TM over U, i.
-1 . .
e. ¢: 7w “(U) — Ux R", Let x and v the projections onto U and

R". The vector field has the following expression on UxR":

T -V

%% = -grad V(x) + D(x,v) - T(x:v)*v,

where T': UxR" — Ehd(Rn) is the difference between the Levi-
Civita connection and the trivial connection of ¢; I' is Iinear
in v. Then it is clear that the critical points of (V,D} are
the 0p such that grad V(p) = 0. In such a point the linear part

of the system is L: T _MxR® — TprRn given hy

P

where I: R® — TpM is the canonical isomorphism defined by the
trivialization, H is the Hessian of V at p and A is the ver-
tical derivative GD(OP) of D. The first statement of Theorem

1.4 follows from the next lemma:

LEMMA 2.1- let L: RXR® — RR® be a Linear map given by

with B symetric, det H=0, and & eontractings (Bv,v) < 0 for all vER?,
v=0 ((,) 4s the scalar product of RY). Then the eigenvatucs of T have neal



parts different from zeno.

PROOF - If iB=0 is on eigenvalue of L there exists u€C®, u=

=v+iw= 0, v,wER" such that
(iB)2?u-~- (iBg)Bu+Hu=0
or equivalently

-g2v+ BEw+Hv = 0

-“B%w-BAv+Hw = 0.
The symmetry of H implies
B-L(Bv,v) + (Bw,w)] = 0

which is a contradiction since the bracket is negative.

The second statement of Theorem 1.4 follows from the fact
that the energy E decreases along non trivial solutions. For

the last statement one consider a path of matrices:

[o I4 0 I4 0 I

u{ + (I-w) =
-H ~I4 - p.y -H -uId+(1-u)K

Since —uId*(l-u)K is éontracting for all u; O<u<l, the conti-

nuity of the spectrum able us to consider the case



3 - PROOF OF THEOREM 1.5

We remark now that any trajectory of a strongly dissipa-
tive mechanical system meets (TM)0 at most a discrete set of
times. Also, the stable and unstable manifolds are embedded

submanifolds of TM.

Let us denote by (SDMS) the set of all strongly dissipa-
tive mechanical systems and by G the set of all (V,D)E(SDMS)
such that the stable and unstable manifolds of critical points are

in general position. -
LEMMA 3.1 - (SIMS) i a dense open set of ¥ 'x9.

PROOF - Since the set of Morse functions in open and dense in

c*™*1(M,R) and
"<8D(0 )V, v, > <0 on A= {vpeTM“]vplsl"

is an open condition one sees that the openness of (SDMS) is .
trivial. We only have to prove the density of (SDMS) in the
Whitney cY-topology. Given any neighborhood of DEZ in that
topology we construct D which is equal to D-8I on the compact
set A and equal to D outside of aneighborhood of A choosing a c”

bump function and a small §>0, properly. v

From now on the set (SDMS) is supposed to be endowed with
one of the two topologies induced by ¥ x@. As a consequence

of next lemma 3.2 one can show that the set G contains a resi-
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.dual subset of (SDMS) which implies that G is demse in (SPMS).

LEMMA 3.2- For any pair (z,X) of a podint zGTM—CHw)O and a strhongly dis-
dipative mechanical system XE(SDMS) ,there exist a neighborhood N of z and
- an open neighborhood U of X in (SDMS) such that the set of all YEU fonr
which the stable and unstable manifolds are in general position at all the
points of N is open and dense .in U.

The openness in Lemma 3.2 is trivial and the density fol-
lows from arguments below whose statements require some clas-

sical concepts that we recall for a sake of completeness.

Fix an element XE(SDMS) and zOGTM—(TM)O. A flow box H of
the system X, centered at zy, with time function t: H — R
and basis Hy, is the following submanifold with boundary of
TM—(TM)O: t is a C'-function such that the Lie derivative under
X is equal to 1 and t(ZO) =0, H0 is a ball of t-l(O) centered
at zg of dimension (2n-1) and H is precisely the set of all z
such that [t(z)| <1 and the trajectory pf z meets Hy. Denote
also by H, (resp. H_) the set of all z€H such that t(z) =1
{resp. t(z} =-1). (see [7] p. 40 for the existence of H). We
may assume that H is a flow box with coordinates (x= Y1sYgs--
..yan and such that if o5 and °j are two critical points of
Xt Hnwu(oj) and HnWsCai) have, each one, just one connected

component. Let us call:
U, (X) H, oW (cj) and S _(X) H oW (ci).

The first step is the construction of a vector field X on

TM (which may not be of second order in H) such that given €>0
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and VGRzn_l, vl sufficiently small, one obtains [X- X|| <¢ in

H and

a) X=X outside H;

b) X is C* in H and for all yG(H0/4), the trajectory of
X with initial condition of coordinates (-1,y) meets
H, in the point of coordinates (+1,y+v).

We may choose ver?n-1

such that S+(X) is transversal to
U, (X)+v (see [7] Cor. 1, pg. 25). In those hypothesis one sees
that S_(X) is the intersection of WS(oi;i) with H_ and U;(X)+v
is the intersection of Wu(cj;i) with H+/4. This implies that
the manifolds Wu(uj,i) and Ws(oi;i) are transversal in the
points of H corresponding to [-1,+IJX[H0/4). In order to cons-
truct X we proceed as in [7] (see [7] Lemma 2.4, pg.101),con-
2n-1

sidering two c” functions y: [-1,+11 —R" and $: R .-a-R+

such that:
p(x) = 0 for x€[-1,-1/21uv[1/2,1];
¥(x) > 0 for x€(-1/2,+1/2);

¢o(y) = 0 for [y} > 3/4;

¢(y) =1 for [yl < 1/2.

In the above coordinates, X is given in H by:

dx _
I - b

dy <1_ [?
AR STORIORNRE ATCHLS
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The trajectory defined by x(0) = -1 y(U) =y0(-1(110/4) is given
by

x(t) = t-1

t
V() = vg ol [ #0r(s)wis-1as] v

For [v|]| small enough, ly(e)|| < 1/2 vtero,21, and then $(y(s))=

= 1, which implies, finally,

HER)= v+ D[Ltw(s-l)ds] v

and the trajectory meets f:l+ in the point of coordinates (+1,y0+v).
We proceed,analogously,with all pairs (ci,cj) of critical points

of X.

The second step is to transform X in H in order to obtain
a second order vector field Y which is equal to X ouj:side H
and in H differs of X by a Cr;diffeomorphism h close to the
identity (see [101, pg. 267). We may assume that the flow box

H is contained in a natural chart of TM.
(QI'qZ'---oqnsql'AZ:---a&n)g

and the last n coordinates of all points of H are are constant

sign.

1f
ey = (). .00 (1), ter-1,+11,

is a trajectory of X in the flow box H, the traljectories of Y

will be given by yV(t) = (v](t)....,v}_(t)) such that:
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(i) dyy(t)/dt = vV . (), i=1,2,...,n, t€[-1,+1]

n+1
(i1) ¥/ (1) = y'(z1) = P* = (P],P.....P3))
(1i1) a¥y)(r)/ad = aaY(t)/atd , i=1,2,....2n and
tetl 1 tmtl i

l<j<r.

Use the family of flat functioms:
¢T(s) = 1+ teexp[s?/s2-1)1, s€(-1,+1),

. tef-1,+11, and ¢r(5) =1 elsewhere.

Let Tyo i=1,2,...,n, be numbers in [-1,+1] given by
+ - +1 y
Pi- Pi = . ¢Ti(s)An+l(s)ds A

orx

+ - +1y
(pi_Pi)- Ll An+i(s)ds

T, = :

+1
[ Az+1(s)exp[szl(s’-1)]ds
-1 .

Define

t
= n y
HOREAS IONOIOLL

.

Y, () = ¢, (O M COP

and check conditions (i), (ii) and (iii)}. The map h: H — TM

given by

A (e)seee g (8)) — (WY (e) ey (1))
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has its range in Il for X closc to X und h is a €7 map close! to

the identity then a Cr—diffeomorphism.

DENSITY OF G:

We remark, easily, that G= {YE(SDMS)| the transversality
holds in T';VI =TM- TMO}. Let K = {VPGTM‘%S "Vp” s n}. Each K -is
compact and TM = U K_ . Let G_ be defined by
. nzl P n y

G 1= {Ye(snms)\x holds in Kn}

and it is clear that G = ] G,- It is enough to prove that each
G, is open and dense in ?géMS). The openness of Gn is trivial.
Let us prove that Gn is dense in (SDMS). Take YE(SDMS) and U
neighborhood of Y in (SDMS); we have to prove that UnG_ = ¢.
For each (Z,z)GUxKn, there exist neighborhoods U(Z,z)cU of Ze&U
and N(Z,z) of z€K  such that G(Z,z) -{er(z.z)’E holds in N(z,z)}
is open and dense in U(Z,z), by Lemma 3.2. Fix Z and cover Kn
by a finite number of neighborhoods N(Z,zi),each G(Z,zi) open
and dense in U(Z,z;). It is clear that ﬂU(z;zi)cU is a neigh-
borhood of Z. The set I(Z) =QG(Z.zi) i;lopen in QU(Z,zi) and

is contained in U and it is easy to see that
1(Z2) = Gnn [[}U(Z,zi)] )

But I(Z) is dense in ﬂU(Z,zi) since each G(Z.zi)nﬁlU(Z,zi)] is
i ;

open and dense in
flugz,z.).
i 1

Then Iz= ¢ that is,UnGn= 0.
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OLENNESS O G

We start the proof of opemness observing that if (V.D)E¥* D

then all bounded solutions are defined for all t€R.

LEMMA 3.3 - Let (V,D)E7xD and &= »/[V,D) be the set & = {vEM|the so-
Lution of (V,D) through v 4is bounded}. Then:

i) o 48 connected and is the langest compact invariant set;

ii) of 48 uniformly asymptotically stable set for the §Low on TM;

1i1) /(V.D) 46 an upper semicontinuous furction o (V.D) in ¥« D;

iv) 1§ f=X 0 L& the Lime one map associated to (V,D) and

@, = (veMM|E(v)<a}
gorn a sufficiently Lange a>0, then
o= £(9); .
020

+v) The map n/Sf: of —+ M 4§ sunjective;

vi) 1§ (V,D)E(SIMS), that is, (V,D) is strongly dissipative,then s¥
48 the union of the unatable manifolds of afl (§inite numben)
critical points.

(For a proof see [11).

To prove now ihat the set
G= {(v,o)e(snms) |§ holds in 'm}
is open in (SDMS) we remark that

G = {(v,n)e(snmsm; holds in d(v,n)}.

Since & (V,D) is compact, there exist a neighborhood W of (V,D)
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(W with compact closure) and neighborhood U of (V,D) in (SDMS)
such that for all (V,D)€U one has & (V.D)cW and the transver-
sality holds in W. Then U<G and G is open. This finishes the

proof of Theorem 1.5. . |
4 - PROOF OF THEOREM 1.6

We recall now Lemma 4.1 which we quote from [6] (see also
[23). L-et Crit (V,D) be the set of critical points of (V,D)E(SIMS).
By the implicit function theorem, given (V,D)E(SDMS) there exist
neighborhoods W of (V,D) and U, each Q,€Crit (V,D) such that
for any (V,D)ew, there exists in U; one only QfECrit (V,D) near
Q!

1
LEMMA 4.1 - let (V,D)EG, PECrit (V,D) and dim WY(P) =m. Fix a m-disc B}
centered at P contained in W‘I‘OC(P). Given €>0, there exist neighborhoods
U of Pand W of (V,D) 4in (SIMS) 4uch that if (V,D)EW, QeCrit (V,D) and
Q'eCrit (V.D) 44 the comwesponding.eritical point nean Q, and moneover,
if WHQMaU= ¢, then WH(Q*)nU 48 dibened by m-discs e-C' close to B,

A partial order in the set Crit tV;D) of a strongly dis-
sipative mechanical system (V,D) is the following (see [61],

C121):
Ps<Q iff WY(Q)nWY(P)=4 ¥P,QECrit (V,D)

The phase diagram of (V,D) is (Crit (V,D),s). If P s Q there
exists a chain_ (_P1 = Q.Pz, Y. ,Pz = P) such that

WE(PS )W (Ps, 1) = 0, 1sjse-1;
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deline depth (QJP) =k.mecaning that k is the -maximum of the
lenghts £ of all chains connecting Q to P; depth (Q|P) =0 means
that WY(Q)nW®(P) = ¢. Remark that if Depth (Q|P) =1 and GS(P)
is a fundamental domain (GSCP] is the boundary of a cell Bs(?)
centered at P and contained in Wioc(Pll then WY(QInG3(P) is
compact. For any QECrit (V,D) there exists at least one maxi-
mal chain of lenght nz21, (P1=Q,...,Pn1, that is. Pn is a sink

and depth (lePj+1)-1, j=1,2,...,n=1.

The next lemma is lemma 7.3 of [71, pg. 87:

LEMMA 4.2 - Let P be a enitical point of (V,D)E(SDMS). There exist a
neighborhood U of P and a continuous map 7: U —n By whene

_ B, = B.(P) =Unw§°c(P)
Sduch that: -

1) 7Lp) =B, =Tnk () 4 a disc containing P

2) fon each x€B_, Tlx) 4 a CT-submanifotd of ™ transversal 2o
' w‘l’oc(p) at the point x;

3) m s of class C' except possibly at the points of By:

4) the §ibration defined by w is invariant fon the fLow X, of the
vecton §ietd degined by (V.D), that is, if t=0 then '

X, (7 0)2F (X, (x)) . VxeB,.

In proving lemmas 4.1 and 4.2 we really have an Unstable

Foliation of U at PECrit (V,D), (V,D)EG, that is, a continuous

foliation

F@.0): xe0 —» '.9'x(p,ﬁ) « 77 3.

Moreover, this unstable fpoliation can be easily globalized
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'through saturation by X.. This way we obtain a global unstable
foliation 7 (P,U) where

U= U x @,
teR

and a projection m: U — W% (P) given by n-XrQﬂ =Xt-5(p), peﬁ,
and such that:

a) the leaves are C! manifolds with tangent spaces vary-

ing continuously in the Grassmanian and
FoU.p) = Wip);
b) the leaf 57x(P,U) containing x€U is equal to
1 (%)) 5

c) F(?P,U) is invariant for the flow X, of (V,D): that
- Y sad ~ =
is, X (F (P,1)) = fxt(x)(p.U), tER, XEU, or m-X,
= Xt‘n in U.
The same holds for (V,D) near (V,D) in G.

For any maximal chain [Pl.Pz....,Pn) on the phase diagram

of (V,D) we obtain, by induction, a compatible system of glo-

bal unstable foliations,

(F(Py.U)), F(2y.U)) e, F(P U

and the associated projections

. ) s = - '.=
L Ui — W (Pi), ni(Xt/Ui) Xt LIS 0200 Tk

The compatibility means that if a leaf F of f[Pk,Uk) intersects
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a leaf F of F(P,,U,), k<tsn, then FoF; moreover, the restric-
tion of F(P,,U;) to a leaf of F(P.U) 1s a C! foliation.

Consider again (V,D)EG and fix a>0, sufficiently 1large,
such that the bounded set ﬂa of Lemma 3.3 contains ('I‘M)0 and
the set & (V,D). We know that for any small e>0 there exists
a neighborhood W of (V,D) in G such that &/(V,D) is contained
in the e-neighborhood of (V,D} in ga, for all (V,D)EW. We
may also assume that the vector field corresponding to (V,D)EW
points inward at every point of aga. Q’a is a disc bundle in
TM with sphere bundle 9%  and

a2, - 1] ws(Pi)nﬂa.

PiGCrit (VD)

From now on, in this section, we call WS(P)n Qa_ the stable
manifold of P which we denote simply by ws (P). Let us denote
by ws (P) the closure of WS(P) in Qa. The topological boundary
of W$(P) in & is aWS (P) = WS (P)-W5(P). Then x€3W*(P) if and
only if there exist a sequence of points Yi in a fundamental
domain GS(P) and t,+-= as i+» such that

x = iﬂ XtiC)'i)
where Xt denotes the flow corresponding to (V,D). Remark also
that aWS(P) is positively invariant. If P,Q are two distinct
points of Crit (V,D) such that W3(P)nW®(Q) = ¢, then Q€W (P) and
there exists x€EWS (P)an(Q), x =2 Q; furthermore, by transversali-

ty condition dim W°(P) > dim W5(Q).

The following sequence Li is similar to the considered by
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Shashahani [111]:

L0= o Ll is the union of all stable manifolds whose topolo-
gical boundary is empty; for iz 1 one defines Li+l to be the
union of Li with the union of all stable manifolds whose to-
pological boundary is contained in Li' It is clear that for
all i20 Li is closed, Li+1—Li is a disjoint union of stable ma-

nifolds and ¢ = LocL

o

1=LZC...CLp = E?é,

Denote by P* the critical point of (V,D) corresponding
to PeCrit (V,D), for (V,D) near (V,D)EG.

We start now the construction of a homeomorphism h which
will give the structural stability of (V,D).

Take any WS(PI)EL1 and the corresponding WS(P? . Since
NS(PI) and WSCPI) are eC'-close on compact sets (see [71], pg.
758), for (V,D) near (V,D) there is a diffeomorphism

hy: 6%(P)) — 65(P)
and let us extend it to the full ws(Pl) using the flows X, and
X; of (V,D) and (V,D). That is, if xGWS(Pl), x=P1, tER is the
unique time t such that Xt(x)EGSCPi), then we define hy(p)) =
= P] and hl(J.c) = xftfﬁl'xc (x)ewscpp. ‘The map

hy: W (P)) — WS (P})
is a homeomorphism (a diffeomorphism on ws(Pl)- {Pl}).

Do the same for all stable manifolds of Ll'

The second step is to define a homeomorphism h, from

S
W (PZ)GLZ—L1

onto the corresponding WS(PE) in a such way that h2 will be
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compatible with the defined above hl' for the casc in which
Ws(pz)nws(pl) #¢. The manifolds W’(P;) and w“(p;) are eC'—close
on compact sets and we have depth (Plle) = 1. Then the set
V12 =GS(P2)an(P1) is a compact manifold and also Ws(Pz) and
WS(PE) are eC'-close on compact sets. By the transversality
conditions of the invariant manifolds of (V,D) and of (V,D)
near (V,D), there exists a diffeomorphism hé from V,, onto
Vi, =G (P W’ (PD).

1P U — wscﬁl) and w}: U} — ws(pi) be the pro-
jections associated to the global instable foliations J(P,,U

Let w

1)
and JVIP*,Ui). The transversality conditions imply that we may

consider 712 -nllTvlz and wiz =ni/TVi2 for suitable tubular

neighborhoods
: s
(TVlz.oz.Vlz) of V12 in G (Pz)
and
(TV]2.03,V],) of Vi, in GS(P3),
chosen in a such way that the open maps h1°“12 and wizlmve the

same image in ws(pi‘)’. The maps ‘ - R
(mypx05): TV, — W3 (P))xV,,
(nfpxo3): TVi, — W (P)xV,

and the homeomorphism

(hyxh3): ws(pl)xvlz =y wscpi)xviz
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‘able us to define, uniquely, hg: ’I‘V1 — TV},, such that the

diagram below is commutative:

ho
v, TV,
(7} 2%9,) (T§2%0%)
(h,xh})
WERy )Xy, —L2T . wieen)xvy,

Remark that h'?:/('l‘Vlz-Vlz) is a diffeomorphism.

We have to repeat the same construction of h'z' for all Q
such that Ws(Ql)eL1 and WS(PZ) nws(Ql)'ztb. Using properly the
Isotopy Extension Theorem (IET) for diffeomorphisms (see [2],
pg- 133 for a statement) wé extend all the hy: V), — TV],
to GS(PZ) and obtain a homeomorphism 52: GS(PZ) — GS(PE) which is a
diffeomorphism except for the points of the compact manifolds
VIZ above considered. Finally hz: Ws(PZ) —_— WS(PE) is cons-
tructed by hz(z) =x:t-h2-Xt(z) for z = P,, where t€R is the
unique time such that Xt(z)GGS(PZ), and h2 (PZ) =P¥*, The second
step is finished if we do the same for all WS(QZJ of L, -Ll.
* Consider the union hluh2 defined on the union of all stable

manifolds of Lz.

Thus it remains to prove the continuity of hl”hZ' The
- only points to check continuity are those xEBWS(Pz) such that,
say, xew® (P ). We may (and will) assume that x is sufficiently
close to P . Recall that h takes leaves of y(Pl,U ) near
wY (pl) to leaves of f(P*,Ui‘). Takes a sequence x, ews (Pz),_.

X, — Xx. The leaf through hz(xn) converges to the leaf through
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(h1”h2) (x) =h1 (x). It remains to prove that hz(xn) converges
to W?(Pi’). But this happens since the sequence of times tn

such that X, (h,(x ))EGS (PY) tends to infinity.
o n 2

The next (third) step is the consideration of P3 such that
WS(P3)€L3-L2 and we will construct a homeomorphism h3 from
WS(PS) onto the corresponding WS(Pg) in ‘a such way that hq will
be compatibly with h1 and h,. The fact that WS(P3]€L3 -L, im-
. plies that there exist at least one point P€Crit (V,D)  such
that depth (P|P3) <2. For each critical print Q; such that
depth (Q;[Pg) =1, W5(Q )€L, and h) is defined on WS(Q); we
proceed as in the second step and construct germs of diffeo-
morphisms h%, defined (locally) on Gs(Ps). exactly as we did
before when we did construct hg. For points P1 such that deptﬁ
(P1|P3) =2 one conéiders a sequence (Pl’PZ'PS) such that deptﬂ
(Pl|fz) =depth (P2|P3) = 1. That implies that the manifolds
Wu(Pz) (resp. WS(PS)) and Wu(Pi) (resp. WS(Ps)) are eCf-close
on compact sets. By the transversality conditions st- Gsﬂg)n
w“aa) is a compact manifolds and there is a diffeomorphism hé
from V,; onto V3, =G (P§)aW"(P§). Let 7,: Uy — w$(P,) and '
"5: UE —_— wS(PE) .be the projections associated to .9TP2,U2)
and F(P%, 3. The transversality conditions imply that we may
consider

e

Ta3 7. Tp/TVp3 8nd wig = w3/TVas
for suitable tubular neighborhoods

. s
(Tsz.as,st) of st in G (PS)
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and
(TV35.0%,V35) of V3; in as(pg),

“such that the open maps hzow23 and "53 have the same image in
WS(PE'). As we did before we construct hg such that the follow- .

ing diagram is commutative:

hl'

TV TV

23

23

(T53%03) | (153%0%)
. 1
s Sal Y *
WP Vo3 —mmany” W (PE)Vas

The construction shows us that hg takes leaves of f(PZ,UZ) nTV23'
to leaves of f(PE.UE) nTV}4. But moreover,since h, takes leaves
of .57(P1,U1) near wu(Pl) to leaves of S (P},U}) and by the com-
patibily of the system of foliations we see that h':,; takes

leaves of f(Pl,Ul)nTV23, to leaves of ﬂPi.Ui)nTViy

We have to repcat the same construction of the last hg

for all sequences (Pl’Pé‘PS) sach that
depth (PllPi) = depth (Pé]Ps) = 1

with Py fixed. We assume also that we did the same for all Py
such that depth (i’1|P3) = 2. Using properly the (IET) for dif-
feomorphisms we extend to GS(PS) all the h':,; constructed in the
second step anci obtain a homeomorphism ﬁsz GS(PS) — GS(Pg) 5
Finally we extend }-13 to Ws(Ps) using the flows X, and X; and
obtain hg: W¥(P5) — W'(P§) by hy(u) = X#_+hgeX (W) for u=P,,
where T€ER is the unique such that X_t (u)€c® (PS)’ and h3(P3) -Pg.
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The th.ird step is finished if we do the same for all WS(QS)
of Ly -L,. Consider the union hl”hz"hs defined on the union of
all stable manifolds in Lye The continuity of h1"hz”h3 is pro-

ved in the same way as we did in the second step. The induc-

tion procedure is now evident. B
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