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0.-. INTRODUCTION 

The dissipative mechanical systems are second order vec­

tor fields on the tangent space of a given compact Riemannian 

manifold Mand are obtained by the addition of a dissipative 

force to a conservative (Lagrangian) mechanical system, The 

d~ssipative forces are velocity dependent and slow down the 

system in a such way that the mechanical energy decreases 

strictly along . the non trivial integral curves, making the non­

wandering set a coletion of critical points. A first study on 

the geometric theory of dissipative mechanical systems was pu­

blished by Shashahani in 19 72 (11] , see also U 1, where dissi­

pative systems with constraints are considered. 

The dissipative mechanical systems are parametrized by a 

pair (V,D) where V, the potential, is a smooth real function 

defined on M, which represents the conservative cqmponent,and · 

D is the dissipative force. Among tlie djssipativeueclianical systems· 

there are the strongly dissipative ones for which V is a Morse function 

and D satisfies a strongly dissipative condition (see Def. 1. 3) ; they 

have very simple properties that we wi:11 descrilie Below. 

There are two w,11 known results in the geometric theory 

of dynamical systems (see [7]) the so called theorem of Kupka 

and Smale ((5] ; [12]) and the theorems9f Palis and Smale ((6), 

[8)) on the structural stability of the Morse-Smale systems 
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(including gradient systems). More rc~cntly Tak ens (13],using 
some perturbation tecniques, obtained oth~r generic results on 
gradient systems with a fixed Riemannian metric and on me­
chanical (conservative) systems in the special case of a Rie­
mannian metric of zero curvature. 

In the present paper the main results deal with generic 
properties and structural stability of dissipative mechanical 
systems. Theorem 1.4 proves that the strongly dissipative me­
chanical systems have only hyperbolic critical points and gi­
ves a description of the invariant manifolds. Usual topologies 
are considere d in the se·t of all dissipative mechanical sys­
tems and Theorem 1. 5 shows that the sub.set of all strongly dis­
sipative ones such. that the invariant manifolds are in gene­
ral position is open and dense. Theorem 1. 6 proves that the 
systems of the above open and dense set are structurally sta­
ble. In proving Tlieorem 1. S one sees that it is possible to 
put the invariant manifolds in general position perturbing D 
with fixed V. Nevertheless we considered the parameters (V,D) 
for the systems because we believe that it is possible to obtain trans­
versali ty bet1-1een the invariant manifolds just fixing D and 
perturbing V. 

1 - STATEMENTS OF THE RESULTS 

Throughout the paper (M.<,>) will I?e a Ceo compact con­
nected Riemannian manifold, aM • ~. We call M the configuration 
space. The Ceo Riemannian metric<,> defines the kinetic ener­
.&l K:- TM___.. R by K(v) • ½<y ,v >,v €TM. The induced Levi-. p p y p p 
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Civita covariant derivative will be denoted by V. A potential 

V is a cr+l function V: M - R and th~ mechanical energy is 

E: TM - R defined by E(vp) • K(vp) + V(w(vp)) • l(vp) + V(p), 

(TM,,r,M) heing the tangent bundle of M. Let (TM)
0 

denote the 

zero section of this bundle. 

DEFINITION 1. 1 - A CU44.i.pa;Uon 6oJLU .LI, a er map D:'IM - TM IAiklclt pu-

4VLVU e.a.c.h µ_bvr. and 4u.c.h .that: 

1) ~OJt all. pe.1 and OP6CI'M) 0 one luu D(O/ ,. O; 

2) 6011. all. vlfM--(1M)
0

, <D(v ),v > < o. 
p p ➔ ~ 

As a matter of.fact property 1) follows from prope~ty 2) 

and the continuity of D. 

DEFINITION 1. 2 - A di..44.i.pa.tlve. mechan.lc.al 1.y4.tem on the con6,igwr.a.t.i.on 

.6pace. M .l6 a. pa.iJt (V,D) 06 a. cr+l poun.t..iat Vanda. er dl6.6.ipa,t:1.Dn 6oJt.U 

D, r l!: 1. The. pcwr.. (V, D) palUlllJIWLi.zeb a 4 e.cond oJulvr. er ve.ctolt 6-ie.td. on TM 

(4omwmu dilno.te.d al.60 by (V ,D)) cie.61,ne.d by 

Vft • -grad V(q) + D(~, . 

whVte. q de.no.tu .the. ~va,tlve. 06 a mown q • q(t) and grad~ de.no.tu the 

C.On4Vtva,tive. 6-i.e.l.d 06 6011.c.u ~e.d by 

dV(v ) • <grad V(p) ,v >, Vv ~. 
p . p p 

REMARK - The mechanical energy decreases along non trivial in­

tegral curves of the vector field induced on TM; in fact 

which shows that E decreases on all solutions not reduced to 

a fixed point. Note also that since this vector field (V,D) is 
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of second order , its integral curves are derivatives of cr• 2 

curves on M and its critical points lie on the zero section (1:'1) 0• 

Moreover Op is a critical point if and only if grad V(p).; O. 

In what follows we denote by "J'x !!J the set of all dis­

sipative mechanical systems with the topologies induced by 
cr+l(M,R),, and Cr(TM,TN), lsrs ... ;in other words 'f°x!5J is the pro­

duct of r with the cr+1-topology and ~ with the induced compact 
open er-topology or the indu:,:ed Whitney er-topology. In the 
first case we i.:ill say that Yx ~ has the Cr -·topology and in 
the second ·one r ·x ~ has the Whitney Cr-topology • • 
DEFINITION 1, 3- A du.1,ipa,t,[ve mec.h.anl.c.a.t 1,y1,.t2m (V,D) Lt,. 1,o.,ld :to be 

4-tJl.ongly du.1..lpa.Uve. .l6: 

1) V Lt,. a. Mo.l[.l,e 6wtc.ticn; 

2) D 1.ail.J.6-lu .the. 6oll.owbtg cond.l:t.lcn: 601t a.U pe.1 a.nd a.U 

V ~-(TM) p 0 .... . . :. 

one hal. <6D(O )v ,v > < 0 whvr.e '5D dw.otu the vui,Uc.al. dvu.va.-.. p p p . 
Uve. 06 D. 

Remark that condition 2) is equivalent to <oD(O )v , v > < 0 for p p p 
· all vp such that II vp!I • 1 and all p€M. 

THEOREM 1. 4 - Let CV ,D) be a. 1,.t,umgl.y du..t.-lpa,Uve me.c.han-i.c.a.t 1,y1,.tem. 

The.n & 5oUowbtg p1r.0prvr.t..le.J. hold: 

i) The. Clti,t,ic.al po-in:tl. 06 CV ,D) a11.e hyptVl.boUc.; 

ii) The l>.tabl.e a.nd wt/,,tabl.e ma.n.i.60.tdl> W8 (O ) a.nd Wu(O ) 06 a. e,,,i.,i;t,i.-p p 
c.a.t po.lnt O OM. p1r.0pVIJ.y ~ bedded; p . 

iii) dim lf1(0p) .l.6 .the. Moll.41Z. .i.nde:x. 06 V a.t p, a.nd 

iv) dim w1(o ) s dim Ms dim w6 (0 )·. p p 



THEOREM 1. 5 - The 4e..t 06 all. 4-tltongly di.44-i.pau.ve mec.Jumlc.al 4!,'4tem 4uch 

that the 1..tll.ble. and wt4.tll.ble. man.i..6oldli 06 CJL.Uic.a.l po-lnu aJt.e. m genvr.a.l 

po1.Ltlon .l6 a de.n1.e. open 1,e,t 06 7'"x !JI .i.ri the con1.-ld.vi.ed above. .topolog..i..u. 

As usually, we say that (V,D)€Yx9 is structurally sta­

ble if there exist a neighborhood o/1" of (V ,D) and a continuous 

map h from o/1" into the set of all homeomorphisms of TM with 

the compact open topology, such that: 

1) h(V,D) is the identity of TM; 

2) h(V ,D) takes orbits of (V ,D) to orbits of (V,11) •· for 

all ('V,Ii)6Y, tha.t is,h(.V,IT) is a topological equiva­

lence between (V,D) and (V,TI). 

If the topological equivalence h(V,U) preserves the time,that 

is, if Xt (.resp. Yt) is the flow · of (V,D) (resp. (V,D")) and 

h(V,U)•Xt=Yt•h(V,l>) for all t€R, then we say that h(V,D") is 

a con j ugacy between (V,D) and (V,TI). 

THEOREM 1. 6 - An.y 4-tltongly di.41..i.pailve. mecJum.i.c.al 4y1,t":!7' 4uch tha,t all. 

the 1,.tll.ble and un4.tJl.bl.e man..i..60.t.dl. 06 ~ po.i..ntl. 1%11.e. .i.ri ge.nvr.a.l po1...i..­

ti.on .l6 1,tJw.c.twr.all.y ~le and the. :topolog.ical e.qu.lvale.nc.11. .l6 a c.onjuga,-

• c.y. 

The theorems 1. S and 1. 6 have also the flavor of an in­

teresting theorem proved by D. Henry (3,~l for a dynamical sys-
• 

tem in infinite dimensions. On the Sobolev space 

he considered the following parabolic PDE: 
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where f: R - R is a smooth function such that f(0) = 0, f' (0) = 1, 

tf"(t) < 0 if t" 0 and X is a real positive parameter. 

THEOREM (D. Henry) - 16 Ir. i.l. no,t a po1;i..:t.i..ve. -lnte.ge.Jt., .t.hen. aU .t..ta.ble 
and wu..table mani.6old4 06 ,the, 6lcw de.6.lne.d on H~ by above. PDE a/te. .in ge.­
n.eJutt po4.lti.on. 

The time-one map f of the flow considered by D. Henry is 
~ Morse-Smale map in the sense of [2] and as a consequence is 
stable relatively to the union of all unstable manifolds of the 
fixed points of f (see Theorem 10. 2 7 in [ 2 J) • 

We finish this section with the following example of a 
strongly dissipative mechanical system which does not satisfy 
the conclusions of Theorem 1.5. Consider the motion of a (mass 
one) particle constrained on the surface M of a symmetric ver­
tical tor~s of R 3 obtained by the rotation, around the x-axi~ 
of a circle defined by the equations y • 0 and x 2 + (z-3) 2 • 1. The 
potential Y is proportional to the height function of .the to­
rus and the dissipation force D is given ·by D(v ) • -c•v , c>0 . p p 
(a viscosity coeficient). These datas define a strongly dis- . 
sipative mechanical system with the torus Mas the configura­
tion space. The metric of Mis the usual one induced by R3 and 
the potentia~ is a Morse function. The symmetry shows that the 
unstahle manifold of dimension 1 of one saddle is contained in 
the stalile manifold of dimension 3 of another saddle and hence 
they are not in general position, since _dim TM• 4. 

2 - PROOF OF THEOREM 1 • 4 

Let p be a point of M and U ·an open neighborhood of p 
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in M such that there exists a trivialization of TM over U,. i. 
-1 · n 

e. ♦: rr (U) - Ux JR. Let x and v the projections onto U and 

Rn. The vector field has the following expression on Uxlln: 

{

dx 
at 

dv 
at 

., V 

• -grad V(x) + D(x,v) - r(x;v) •v, 

where r: UxRn - E~d(Rn) is the difference between the Levi­

Civi ta connection and the trivial connection of ♦; r is linear 

in. v. Then it is clear that the critical points of (V,D) are 

the OP such that grad V(p) :a O. In such a point the linear part 

of th.e system is L: T Mx:lln - T Mxlln given by p p 

where I: Rn -- T M is the canonical isomorphism defined by the p 
trivialization, His the Hessian of Vat .P and A is the ver-

tical derivative iSD(OP) of D. The first statement of Theorem 

1,4 follows from tfie next lemma: 

LEMMA 2 .1- Le.t L: ifx-Jll - :ifx-Jll be. a. Une.M map g.i.ve.n by 

L • [O Id] 

-H 7i 

wUh R -11y,mieruc, det fI,. o, and X c.Dn.tJta.ct.lng:· (!v,v) < o 6011. a.U v€if, 
V"' 0 ((,) .u, the. .Ilea.la.II. pJWdLLct 06 If). Then :the. e..i:ge.nval.u.u. of[ ha.ve. 11.e.al. 



- 8 -

pal[,t.6 d.i.66eJLe.n.t 6Mm ZVW. 

PROOF - If iS,. 0 is on eigenvalue of L there exists u€G:n, u• 
•v+iw,. 0, v,\\€Rn such that 

or equivalently · 

J-6 2 v+ sXw+Hv .. o 

l-6 2 w - 6Av + Hw • 0. · 

The symmetry of Il implies 

13 • [ (Kv, v) + ('Kw, w) ] • 0 

which is a contradiction since the bracket is negative. 

The second statement of Theorem 1.4 follows from the fact 
that the ~nergy E decreases along non trivial solutions. For 
the last statement one consider a path of matrices: 

Since -µId+(l-µ)~ is contracting for allµ, Osµsl, the conti­
nuity of the spectrUill able us to consider the case 
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I 

3 - PROOF OF THEOREM 1 • 5 

We remark now that any trajectory of a strongly dissipa­

tive mechanical system meets (TM) 0 at most a discrete set of 

times. Also, the stable and unstable · manifolds are embedded 

submanifolds of TM. 

Let us denote by (SDMS) the set of all strongly dissipa­

tive mechanical systems and by G the set of all (V,D)€(SDMS) 

such that the stable and unstable manifolds of critical points are 

in general position. 

LEMMA 3.1- (SIJ.IS) ,it, a den4e. open .ie.t 06 o/'"x!J. 

PROOF - Since the set of Morse functions in open and dense in 

cr+l(M,R) and 
... 

"<oD(O )v ,v > < O on A• {v STM !Jlv Isl'! 
p p p p p 

is an open condition one sees that the openness of (SDMS) is 

trivial. We only have to prove the density of (SDMS) in the 

Whitney Cr-topology. Given any neighborhood of D69' in that 

topology we construct D which is equal to D-61 on the compact 

set A and equal to D outside of a neighborhood of A choosing a C.,. 

bump function and a small o>O, properly, 'f 

From now on the set (.SDMS) is supposed to be endowed with 

one of the two topologies induced by ct" >c 9. As a consequence 

of next lemma 3.2 one can show that the set G contains a resi-



dual subset of (SDMS) which implies that G is dense i~ (SPMS). 

LEMMA 3. 2- Fo11. any pewt. (z. ,X) 06 a po..i.nt z.€1M-(1M) 0 and a 4:tJt.ongly dlb-

4,i.pa.:tlve mec.han.i.c..al. 4IJ4tem X€(SIMS) ,:t.helt.e. e.x.Ut a. ne..i.ghboJt.hood N 06 z and 

. an open nughboll.hood U 06 X .i.n (SIMS) .tiuc.h that the. 4e,t 06 a.U Y€U 6M 

wh.i.ch the .ti-table and Wt4tab.le. ma.n.i.6old6 a11.e. ,£n genvi.al po4.i.t.lon a.t aU the. 

po.{.11.U 06 N .l4 open and den.6e. .in U. 

The openness in Lemma 3.2 is trivial and the density fol­

lows from _arguments below whose statements require some clas­

sical concepts that we recall for a sake of completeness. 

Fix an element _X6(SDMS) and z
06TM-(.TM)

0 • A flow box Hof 

the system X·, centered at z
0 , with ti~e function t: H - m. 

and basis H0 , is the follo~ing submanifold with boundary of. 

TM-(TM) 0 : t is a er-function such that the Lie derivative under 

X is equal to l and t (z 0 ) • 0; H
0 

is a ball of t-l (0) centered 

at z0 of dimension (Zn-1) and His precisely the set of all z 

such that It (z) I ~ l and the trajectory pf z. meets Ho. Denote 

also hy H+ (resp. H_) the set of all z€H such that t(z) = 1 

(resp. t(z) • -1). (see (7] p. 40 for the existence of H). We 

may assume that H is a flow box with coordinates (x • y1 ,y2 , .. 

• ,Yznl and such that if oi and oj are two critical points of 

X, HnWUCoj) and HnWS(oi) have,· each one, just one connected 

component. Let us call: 

U (X) • H nWu(o.) and S+(X) .. H nW5 (o . ). + + J + l. 

The first step is the construction of a vector field X on 

TM (which. may not be of second order in H) such that given E>O 



- II -

and v€~20
-

1 , !Iv~ sufficiently small, one obtains ~x - XII< e: in 

Hand 

a) X • X outside H; 

b) X is C
00 

in H and for all yS(H0/4), the trajectory of 

X with initial condition of coordinates (-1,y) meets 

H+ in the point of coordinates (+1,y+v). _ 

2n-1 We may choose v€R such that S+ (X) is transversal to 

U+(X)+v (see [7] Cor. 1, pg. 25). In those hypothesis one sees 

that S+(X) is the intersection of Ws(oi ;X) with H+ and u+·cx)+v 

is the intersection of Wu(aj ;X) with H+/4. This implies that 

the manifolds Wu(aj ,X) and Ws (ai ;X) are transversal in the 

points .of H corresponding to [-1,+1Jx(H0/4). In order to cons­

truct X we proceed as in [7] (see [7] Lelllllla 2.4, pg.101),con­

sidering two Cw functions~: [-1,+ll -+-R+ and t: R 2n-l -R+ 

such that: 

"1(x) - 0 for xS(-1,-1/2]~[1/2,1]; 

ljl(x) > 0 for xS(-1/2,+l/2); 

cp(y) - 0 for DYi > 3/4; 

4i(y) .. l for llrll < 1/2. 

In the above coordinates, X is given in H by: 
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The trajectory defined by . x(O) = -~ ylUJ = y 0~ui0 /4) is given 

by 

For ~vii small enough, Uy(t)II < 1/2 Vt€[0,2), and then cji(y(s))• 

• 1, which implies, finally, 

y(t) •Yo+ {f \/l(s-l)ds] •v 

f ... 
and the trajectory meets H+ in the point of coordinates (+l,y0+v). 

We proceed,analogously,with all pairs (a. ,a.) of critical points 
l J 

of X. 

The second -step is to transform X in Hin order to obtain 

a second order vector field Y which is equal to X outside H 
·- i r . and in H differs of X by a C -diffeomorphism h close to the 

identity (see [10], pg. 267). We m~y assume that the flow box 

His contained in a natural chart of TM, 

and the last n coordinates of all points of H are are constant 

sign. 

If 

is a trajectory of X in the flow box H, the tra·j ectories of Y 

will be given by yY(t) • Cr{(t) ~··· ,Y{n(t)) such that: 
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(l·.._;) Ye 1) Ye 1) p± (P 1 p± p± ) y ± = y ± • ~ 1' z••··• Zn 

(iii) djyr(t)/dtj I .. dj>..f(t)/dtj \ , i .. 1,2, •• · •• zn and 
t•±l 1 t•±l 

lsjsr. 

Use the family of flat functions: 

r€[-l,+1J, . and ~./s) = 1 elsewhere. 

Let -ri, i•l,Z, ••• ,n, be numbers in [-1,+l] given by 

or 

't'. -1 

I+l • 
AY 1(s)exp[s 2 /(s 2 -l)Jds 

-1 n+ . 

Define 

and check conditions (i), (ii) and (iii), The map h: H -- TM 

given by 
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has its range in II for X close to X and h is a C.r 11~1p dos<.• ! to 

the identity then a Cr-diffeomorphism. 

DENSITY OF§..:. 

We remark, easily, that G = {Y€(SDMS) I the transversality 

holds in TM = TM - TM
0

}. Let Kn= { vpETM !¼ :s: llvpll :s: n } · Each Kn ·is 

compact and ff.t "' U K • Let G be defined by 
n.-:1 n n . ~ 

. 
and it is clear that G • 

Gn is open and dense in 

Let us prove that Gn is 

n C • It is enough to prove that each 
n~l n . · 
(SDMS) • The openness of Gn is trivial. 

dense in (SDMS). Take YE (SDMS) and U 

neighborhood of Y in (SDMS); we have to prove that UnGn,. ~­

For each (Z, z) €UxK , there exist neighb.orhoods U(Z, z) c:U of zru n 

and N(Z,z)_ of z6Kn ~uch that G(Z, :.) •{xru(Z,z) j~holds inN.(Z,z)} 

is open and den~e in U(Z,z). by Lemma 3.2. Fix _z and cover Kn 
I 

by a finite number of 

and dense in U(Z,zil. 

borhood of z. The set 

is containe~ in U and 

neighborhoods N(Z,z.),each G(Z,z.) open 
l ~ .· l 

It is clear that 0U(Z;i.)c:U is a neigh-
. . ' i l • 

I(Z) •llG(Z,z.) is open in 0U(Z,z.) and 
i l i l 

it is easy to see that 

I(Z) .. ·G n~U(Z,z.)]. n • l 
:I. 

But I(Z) is dense in nucz,z.) since each G(Z,z . )nITlu(Z,z.)] is i l l 4_ l 
open and dense in 

nucz.z.). 
i l 

Then _Iz ,. cp that is, UnGn,. lj). .. 
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We start the proof of openness observing that if (V, D) S "/"x § 

then all bounded solutions are defined for all tflR. 

LEMMA 3. 3 - Le.t (V ,D)€'1'°x~ and ..91' • .;l(V ,D) be. the. be.t SJl • {v€IM l.the. 40-, 
l..u;ti.on 06 (V ,D) .tlvwugh v .u bowr.de.d}. The.n: 

i) sr .u conne.c.ud and .u the. lair.gut compact ..inva/U4nt 4e.t; 

ii) sl .u UYLi.6olUnl.y tU,ymptDt.lc.all.y Ua.bte.. •e.t 601t the. 6lDw on Thi; 

iii) s/(V,D) .u an u.ppe.lt 4emi.c.on.t..inuow. 6u.ncti..on 06 (V,D) ..in c;i", ~; 

, ~v) ) 6 f"' ,Xt•l".ui the. -Ume. one. map a.64oc,{a.te.d to (V,D) and 
,. ,...,_ .. \ .. ~ " 

~ g a = {vbIMIE(v)<a}. 

601t a J.u.66-<.ci..e..n:lt.y !altge. a>O, the.n • 

.91.. n t1cg L 
~o a 

~ v) The. map Tr/.91: s( - M .i4 ,1,U11.je.c:Uve.; 
,. 

vi) I6 (V,D)€(srMS), .that .u, (V,D) .i.4 wwng.t.g d.uJ..ipa.t.lve.,.the.n sf. 

.i.4 .the. Wl.,(.On 06 the. ~.table. JMM6ot.iu 06 ii.l. (6..in,i.te. numbeJL) 

.l ... 
(For a proof see [1]), 

To prove now that the set 

G • { (V ,D) € (SDMS) I}; holds in ™} 

- L 
is open in (.SDMS) we remark that 

G = {cv,D)€(SDMS)lh holds in .st"(V,n)}. 

Since si/(V ,D) is compact, there exist a neighborhood W of jt'(V,D) 
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• 
(W with compact closure) and neighborhood U of (V,D) in (SIM5) 

such that for all (V,TI)€U one has J/(V,U)cW and the transver­

sality holds in W. Then UcG and G is open. This finishes the 

proof of Theorem 1.5. I 

4 - PROOF OF THEOREM 1 • 6 

We recall n~w Lemma 4 .1 which we quote from [ 6] (see also 

(2)). Let Crit (V,D) be the set of critical points of (V,D)€(SIM5). 

By the implicit function _ theorem, given (V,D)€(SIMS) there exist 

neighborhoods W of (V,D) and U. each 
l 

Qi €Cri t (V, D) such that 

for any (V,D)€W, there exists in Ui one only Qi6Crit (V,D) near 

Qi • 

. LEMMA 4.1 - Le.t (V,D)EG, PtCrit (V,D) and dim w1(P) =m. Fix. a. m-~c. Bm 
u 

c.entvr.e.d at P cim:tai.ne.d ,(IL W'!1 (P) • G.lven t>O, .thvr.e. e.x-ui:t nei.ghbolthcocu. oc 

U 06 P and W 06 (V,D) ,(IL (SIMS) 1.u.c.h that .l6 (V,D)EW, Q€Crit (V,D) and 

Q*€Crit (V,TI) .l4 the. c.oMUpond.utg .Cll.lt,i.c.al po.(ll;t neM. Q, and moltUlvvr., 

.l6 ?fl(Q*)nU,. ~.then w1(Q*)nU .l4 6..i.bfl.JU!.d by m-~c.1, t-C 1 clo.ie :tc Bm. 
. u 

A partial order in the set Crit (V~D) of a strongly dis­

sipative mechanical system (V ,D) is the following (see (6], 

(12]): 

The phase diagram of (V ,D) is (Crit (V ,D) ,s). If P s Q there 

exists a chain (P1 •Q,P2 , •.• ,P1 • P) such that 
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d.c: (in~ Jcplh- (Q II'} =- k. meaning that k is the 111axi111um of the 

lengiits t of all chains connecting Q to P; depth (QjP) • 0 means 

that Wu(Q)nW5 (P)•~. Remark that if Depth (QIP)•l and G5 (P) 

is a fundamental domain (Gs(P) is the boundary of a cell R
5

(P) 

centered at P and contained in W~oc (.P) l then Wu(Q)nG5 (P) is 

compact. For any Q6Crit {V,D) there exists at least one maxi-

mal chain of lenght n l!: 1 , (P 
1 

• Q , •• , , P n} , that 

and depth (Pj IPj+ll • 1, j • 1 ,2, .•. ,n: l. 

is, 

The next lemma is lemma 7. 3 of [ 71, pg •• 8 7: 

Pn is a sink 

LEMMA 4.2 - Le.t P be. t.t CM,tlcal. po-uit 06 (V,D)€(SIK5}. The.M. e.x4t 4 . 
ne.i.ghbgJr.hcod U 06 P and 11 ccntbtu.oU.6 map -ii: U ---:-+ Bs wheu 

B • B (P) "' Un~1 (P) s s oc 

4u.cJt that: 

· · 1) ;-l (P) • Bu• fin~oc (P) 1.4 11 di.Ac ccnta.i.n.ing P; 

. 2) 6011. each x€Bs, ir1 
(,x) 1.4 11 er -4ubmani.6otd 06 1M -tJuuuveMal t:o 

~l ·• (P) a.t .the. po.in-t x; "'"-- ._ ~ 11,,., ' oc 

3), i 1.4 06 cta.6A er except pou.ibllj a.t .the. poin.:t4 06 i\.i; 
4) .the. 6,lb.lla.tlon ~6.bte.d by w 1.4 .btvaltiant 6oJt. .the. 61.otA. Xt 06 · & 

ve.cto.11. 6i.e.l.d 'de6.bte.d by (V ,D) , t:ha.t. 1.4, .i.6 t l!: 0 then . 

In proving lemmas 4.1 and 4.2 we really have an Unstable 

Foliation of Q at P6Crit 1Y.i.B.l, (V,D)6G, that is, a continuous 

foliation 

Moreover, this unstable foliation · can be easily glohalized 
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through saturation by Xt. This way we obtain a ,&lobal unstable 

foliation . .f (P ,U) where 

u = u Xt(U), 
t€R 

and a project ion ,,. : U --+- W11 (P) given by rr•Xt (p) ., \ •; (p) , p€U, 

and such that: 

a) the leaves are C1 manifolds with tangent spaces vary­

ing continuously in the Grassmanian and 

b) the leaf §"x(P,U) containing x€U is equal to 

-1 
Tr (rr(x)); 

c) ff (P, U) is invariant for the flow Xt of (V, D) ; that 

is, Xt ( 5x(P ,U)) = Yxt (x) (P ,U), t€R, x€U, or rr•Xt • 

.. Xt•rr in U. 

The same holds for (V,TI) near (V,D) in G. 

For any maximal chain (P1 ,P2 , ..• ,Pn) on the phase diagram 

of (V,D) we obtain, by induction, a compatible system of glo­

bal unstable foliations, 

and the associated projections 

. s 
,r.: U. --+-W (P.), rr.(Xt/U.) • Xt•rr

1
., i•l,2, ... ,n. 1 l 1 l 1 

The compatibility means that if a leaf F of Y(Pk,l\) intersects 
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~ leaf _F of .9"(P1 ,u1), k<l~n. then F~F; moreover, the restric­

tion of Y"(P 1 ,U.2) to! leaf of §(Pk.Uk) is a C1 foliation. 

Consider again (V,D)6G and fix a>O, sufficiently large, 

such that the bounded set §la of Lemma 3.3 contains (TM) 0 and 

the set ~rf (V ,D). We know that for any small £>0 there exists 

a neighborhood W of (V,D) in G such that sltV,U) is contained 
~ 

in the £-neighborhood of ~t{'(V,D) in {jja• for all (V,D)EW. We 

may also assume that the vector field corresponding to (V,U)SW 

points inward at every point of a~ a. '§I~ is a disc bundle . in 

TM with sphere bundle a~a and 

!!J a • U Ws(P. )n .§l • 
P.6Crit (VD) 1 a 

1 

From now on, in this section, we call Ws (~) n !:l1a the stable 

manifold of P which we denote simply by Ws (P). Let us denote 

by Ws (P) the closure of Ws(P) in ·g . The topological boundary 
. a • -

of ws (PJ in .:JI a is aws (P) • ws (P)-Ws (P). Then xsaws (P) if and 
1,,,;; • 

only if there exist a sequence of point~ yi 

domain Gs(P) and t.+-~ as i- such that 
l 

in a fundamental 

x • lim xt (y. ) 
i- i l 

• I 

where Xt denotes the flow corresponding to (V,D). Remark also 

that aws(P) is positively invariant. If P,Q are two distinct 

points of Crit (V,D) such that W5 (P)nWs(Q),. ~. then QEW5 (P) and 

there exists xSWs (P) nw1 (Q) , x ,. Q; furthermore, by transversali­

ty condition dim Ws (P) > dim W5 (Q). 

The following sequence Li is similar to the considered by 
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.Shashahani [11]: 

1
0

"' ~; L
1 

is the union of all stable manifolds whose topolo­

gical boundary is empty; for i 2: 1 one defines Li+l to be the 

union of L. with the union of all stable manifolds whose to-1 

pological boundary is contained in L .• It is clear that for 
1 

all i 2: 0 Li is closed, Li+l-Li is a disjoint union of stable ma-

nifolds and ~ = L0cL1 cL2c •• ,cLP"' §Ja-· 

Denote by P* the critical point of (V, D') corresponding 

to PECrit (V,D), for (Y,TI) near '(V,D)€G. 

We start now the construction of a homeomorphism h which 

will give the structural stability of (V,D). 

Take any Ws (P
1) 6L

1 and the corresponding Ws (Pi) • Since 

lls(P
1) and Ws(Pi) are ECr-close on compact sets (see (7 J, pg. 

75), for (V,D') near (V,D) there is a diffeomorphism 

hl: Gs(Pl) - Gs(Pi) 

and let us extend it to the fu-11 Ws (P
1

) using the flow·s Xt and 

X~ of (V,D) and (V,lY). That is, if x6Ws(P
1
). _x.,P

1 , tSlR is the 

unique time t such that Xt (x) €Gs (i1 ) , then we define h
1 

(P1) • 

• Pi and h 1 (~) • x:t ~ fi1 • Xt (x) €Ws (Pp • The map 

hl: Ws(Pl) - Ws(Pi) 

is a homeomorphism (a diffeomorphism on Ws(P
1 ) - {P1}). 

Do the same for all stable manifolds of L1 • 

The second step i~ to define a homeomorphism h 2 from 

Ws(Pz)€Lz-L1 

onto the corresponding Ws (P*) in a such way that h 2 will be 2. 
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compatible wlth the <.lcfine,J above h1 , for the ~asc in which 

Ws(P 2)nWs(P1) ~ ci,. The manifolds Wu(P1) and Wu(Pi) are tc1'-close 

on compact sets and we have depth (P1 IPz) .. l. Then the set 

v
12 

= Gs(P 2)nWu(P
1

) is a compact manifold and also W5 (P2) and 

W5 (P2) are £Cr-close on compact sets. By the transversality 

conditions of the invariant manifolds of• (V,D) and of (V,If) 

near (V ,D), there exists a diffeomorphism h2 from v12 onto 

Viz = Gs (Pi) nWu (Pi). 

s . s 
Let 1r1 : U1 - W (P1) and ,ri: Ui - W (Pi) be the pro-

jections associated. to the global instable foliations .f"(P1 ~ u1 ) 

and Y(Pi ,Ui). The transversality conditions imply that.we may 

consi_der 1112 • 1r1nv12 and niz • ni/TViz for suitable tubular 

neighborhoods 

and 

h h ~ •d • * • ha. th chosen in a such way that t e open maps 1 n 12 an ~12 ve e 

same image 
~. . t· . 

. . • '- . 
C111zxaz): TV12 -- Ws(P1)xV1z 

... 
(1rizxai): TViz - Ws(Pi)xViz 

Sf ... " ... . 
. ~, . .... 

and the homeomorphislll° 
..,_ . . 



able us to define, uniquely, h2: TV12 --- TVi 2 , such that the 

diagram below is commutative: 

h2 
TV12 ----- ---- TVi2 

(ff 12·• ,> j j <•t 2 ·•!> 
(hlXh:P 

Ws(Pl)xV12 Ws(Pi)xVi2 

Remark that h2/(Tv12-v12) is a diffeomorphism. 

We have to repeat the same construction of h2 for all Q1 
such that W5 (Q1 )eL1 a~d Ws(P 2)nWs(Q1 )-,.cjl. Using properly the 

Isotopy Extension Theorem (IET) for diffeomorphisms (see [2], 

pg. 133 for a statement) we extend all the h2: TV12 .....:._. TViz 

to Gs (P 2) and obtafo a homeomorphism ii2: Gs(P2) - G5(Pi) which is a 

diffeomorphism except for the points of the compact manifolds 

v12 above considered. Finally h2 : Ws(P 2) - Ws(Pi) is cons­

tructed by h 2 (:z;) • X~t •h2 •Xt (z) for :z; " Pz, where t€R is the 

unique time such that Xt(z)€Gs(P 2), and h 2 (P 2) •Pi· The second 

step is finished if we do the same fo.r all Ws (Q 2) of 1 2 - L
1 • 

Consider the union h1 uh2 defined on the union of all stable 

manifolds of 1 2 • 

Thus it remains to prove the continui"ty of h1 uh2 • The 

only points to check continuity are those x€aWs(P 2) such that. 

say, x€Ws(P1). We may (and will) assume that xis sufficiently 

close to P
1 • Recall that h 2 takes le_aves of ff(P1 ,u1) near 

Wu(P
1

) to leaves of ff(Pi,Ui)· Takes a sequence xn€Ws(P 2), . 

xn --: x. The leaf through h 2 (xn) converges to the leaf through 
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(h1 uh2) (x) = h1 (x). It remains to prove that h 2 (xn) converges 

to Ws (Pi). But this happens since the sequence of times tn 

such that Xtn(h 2(xn))€Gs(Pi) tends to infinity. 

The next (third) step is the consideration of P
3 

such that 

Ws (P3) €13-12 and we will construct a homeomorphism h3 from 

ws (P
3

) on.to the corresponding Ws (P3) in ·a such way that h3 will 

- s be compatibly with h1 and h 2 • The fact that W (P3) €13 - L2 im-

plies that there exist at least one point P€Cri t (V ,D) . such 

that depth (PIP3) s: 2. For each critical print Q1 such that 

depth (Q
1 

!P
3

) = 1, Ws(Q
1

)€L
1 

_and h1 is defined on Ws(Qi); we 

proceed as in the second step and construct germs of diffeo­

morphisms h3, defined (locally) on G5 (P3), exactly as we did 

before when we did construct h2. For points P1 such that depth 

(P1 iP3) .. zone considers a sequence (Pl'P2 ,P3) such that depth 

(P
1

1P 2)•depth (P 2 1P3),. L That implies that the manifolds 

Wu(P
2

) (resp. l'ls(P
3
)) and Wu(Pz) (resp. W5 (P3)) ! re e:Cr-clo~e ... 

on compact sets. By the transversality conditions _v23 • G5(P3)n 

l'f(Pz) is a compact manifolds and there is a di! feomorphism h3 
from v23 onto Vi3 = Gs(P3)nWu(Pz). __ Let n'z: Uz - Ws(Pz) and 

11 2: Uz - Ws(Pz} ·be the p~ojections associated to .1""(P 2 ,u2) 

and Y(Pz,Uz). The transversality conditions :imply that we may 

consider 

. .... t ~. • ... 

11 23 .. _ 11 2/rv23 and 11 23 • 112/TVi 3 
• 

for suitable tubular neighborhoods 



and 

. such that the open maps h20U23 and Uz3 have the same image in 

W5 (Pi). As we did before we construct "h3 such that the follow- . 

ing diagram is commutative: 

h3 
TV23 --------+ TV23 

<•,,·•,>] 
Ws(P2)xV23 

The construction shows us that h3 takes leaves of 5(P2 , u2) nTV 23· 

to leaves of 5(P2, Ui) nTV23 • But moreover ,since h2 takes leaves 

of Y(P1 ,u1) near Wu(P1 ) to leaves of Y(Pi,Ui) andbythecom­

patibily of the system of foliations we see that h3 takes 

leaves of ff(P1 ,u1 )nTv 23 , to leaves of SltPi,Ui)nTv23 . 

We have to repeat , the same construction of the last h3 
for all sequences (P1 ,P2,P3) sach that 

with P1 fixed. We assume also that we did the same for all P
1 

such that depth (P1 jP3) • 2. Using properly the (IET) for dif­

feomorphisms we extend to Gs(P 3) all the h3 constructed in the 

second step and obtain a homeom?rphism h3 : G5 (P3)--+ Gs(P3). 
- s Finally we . extend h3 to W (P3 ) using _the flows Xt and Xt and 

s s -obtain h3 :- W (P3) --+-W (P3) by h3 (u) •x:,•h3 •X/u) for uotP 3 , 

where· ,€R is the unique such that x, (u)€Gs (P3), and 1½(P3) • P3. 



The third step is finished if we do the same for all W5 (Q3) 

of 13 - L2 • Consider the union h1 uh2uh3 defined on- the ur~on of 

all stable manifolds in 13 . The continuity of h1uh2uh3 is pro­

ved in the same way as we did in the second step. The induc-

tion procedure is now evident. I 
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