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ABSTRACT. We consider the one-dimensional logarithmic
Schrodinger equation with a delta potential. Global well-
posedness is verified for the Cauchy problem in H!(R) and in
an appropriate Orlicz space. In the attractive case, we prove
orbital stability of the ground states via variational approach.

1. INTRODUCTION

The present paper is devoted to the analysis of existence and stability of the ground
states for the following nonlinear Schrédinger equation with a delta potential:

(1.1) idru + (32 + yS(x))u + ulog|ul® =0,

where y € R and u = u(x,t) is a complex-valued function of (x,t) € R x R.
Here, 6(x) is the delta measure at the origin. The parameter y is real; when
positive, the potential is called astractive, otherwise, repulsive.

In the absence of the delta potential, the equation (1.1) has been proposed
in order to obtain a nonlinear equation which helps to quantify departures from
the strictly linear regime, preserving some aspects of quantum mechanics, such
as separability and additivity of total energy for non-interacting subsystems, the
validity of the lower energy bound, and PlancKk’s relation for all stationary states
(see [9,10]). This equation admits applications in quantum mechanics, quan-
tum optics, nuclear physics, fluid dynamics, plasma physics, and Bose-Einstein
condensation (see [23, 30] and references therein).

The formal expression —0% — y&(x) which appears in (1.1) admits a precise
interpretation as a self-adjoint operator Hy on L2(R). Indeed, for u, v € H'(R)
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we have formally
(=02 —yS(x))u,v) = ty(u,v),

where t, is the bilinear form defined on H!(R) by
(1.2) ty(u,v) = RCJ OxU Ox D dx — y Re[u(0)v (0) ].
R

It is clear that this form is bounded from below and closed on H!(R). Then, it is
possible to show that the self-adjoint operator on L?(R) associated with t, is given
by (see [28, Theorem 10.7 and Example 10.7])

2

d
Hyv(x) = —@v(x) for x = 0,

(1.3) v € dom(Hy) = {v € H'(R) n HX(R\ {0}) :
v/ (0+) = v'(0-) = —yv (0)}.

Notice that Hy can also be defined via the theory of self-adjoint extensions of
symmetric operator (see [4—6]). Now, from Albeverio ez. al. (see [4, Chapter 1.3]
for details) we have the following spectral properties of Hy, which will be used
in our local well-posedness theory for model (1.1): for 0es(H,) and Ogisc(Hy)
denoting the essential and discrete spectrum of Hy, respectively, it is well known
that 0es(Hy) = [0,00), for y # 0; 0disc(Hy) = @ for y < 0; 0disc(Hy) =
{—y?%/4} fory > 0.

Before presenting our results, let us first introduce some preliminaries. We
consider the reflexive Banach space (see the Appendix)

(1.4) W(R) = {u € H'(R) : [ul*log|ul®> € L'(R)}.
By Lemma 5.3 in the Appendix, we have that the operator

W(R) — W'(R),
u — o2u + yd(x)u + uloglul?,

is continuous and bounded. Here, W’ (R) is the dual space of W(R). Therefore,
ifu € C(R,W(R)) nC'(R,W’(R)), then equation (1.1) makes sense in W'(R).
We define the energy functional

1 Y 1
(15 B = gloul - L - 3 | juPlogluldx.

At least formally, we have that E is conserved by the flow of (1.1) (see Proposi-
tion 2.1). Moreover, by Proposition 5.4 in the Appendix, we also have that E is
well defined and of class C! on W (R).
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We note that the use of the space W (R) is mainly due to the fact that the func-
tional E, in general, fails to be finite and of class C! on all H!(R) (see Cazenave
[13]).

The next proposition gives a result on the existence of weak solutions to (1.1)
in the energy space W(R). We recall that a global (weak) solution to (1.1) is a
function u € C(R,W(R)) n CH(R, W' (R)) solving (1.1) in W’ (R) for all t € R.

Proposition 1.1. For any uyg € W(R), there is a unique maximal solution
u e C(R,W(R)) nCHR,W'(R)) of (1.1) such that

u(0) =uo and supllu(t)llwm) < co.
teR

Furthermore, the conservation of energy and charge hold; that is,
E(u(t) = E(up) and [[u(®|f = |luol/%, forallt € R.

The proof of Proposition 1.1 will be given in Section 2. In this paper, we are
mainly interested in the study of the orbital stability of standing wave solutions
u(x,t) = el®te(x) for (1.1), where w € R, y > 0, and @ € W(R) N dom(Hy)
is a real-valued function which has to solve the following stationary problem:

(1.6) — 2@ -yS(xX)p +wp —@logl@l*>=0 in W (R).

As we will see later in Section 3, there exists a unique positive symmetric solution
P,y (the soliton peak-Gausson profile) of (1.6) which is explicitly given for every
w € R by

(1.7) Peoy(x) = e(+1)/2,5=(1/2)(Ix|+y/2)*

This solution is constructed from the known solution of (1.1) in the case
where y = 0 (i.e., Qw,) on each side of the defect pasted together at x = 0
to satisfy continuity and the jump condition @g, ,, (0+) = @g, , (0—) = ~y Py (0)
atx = 0.

The dependence of @,y on y can be seen in Figure 1.1 below. Notice that
the sign of y determines the profile of @, near x = 0. Indeed, it has a “v”
shape when y < 0, and a “A” shape when y > 0.

For y = 0, consider the equation (1.1) in higher dimensions:
(1.8) idru + Au + uloglul? = 0.

This equation has been studied previously by several authors (see [8-10,13,16,22]
and the references therein). In particular, note the Gaussian shape standing-wave
for (1.8) (introduced by Bialynicki-Birula and Mycielski in the *70 [9, 10])

Pon(X) = e(w+N)/Ze*(1/2)|X\2;
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(@ y=1 by y=-1

FIGURE 1.1. @,y as a function of x for w =1

in dimension N, it was shown by Cazenave in [10] that these Gaussian profiles
are orbitally stable in W(RN) = {u € HY(RVN) : |u|?log|ul?> € L'(RN)} under
radial perturbations for N = 2. In the case N = 1, we can use the Cazenave-
Lions approach in [16] for showing stability on all W(RN). For N 2 3, d’Avenia,
Montefusco, and Squassina in [8] showed the existence of infinitely many weak
solutions for

AP+ WP = Yo 10g|Ww|2,

and that the Gaussian profile @, n is nondegenerated, that is,
ker(£) = span{ox,@wnN:i=1,2,...,N},

where Lu = —Au + (|x|? + w — 2)u is the linearized operator for —Au + wu =
u log(u?).

Concerning model (1.1), recently Angulo and Goloshchapova [6] proved that
P,y given by (1.7) is orbitally stable for y > 0 in the “weighted space”

W = HY(R) n L2(x%dx),

orbitally unstable in W for y < 0, and orbitally stable in W,aq for any y = 0.
The stability analysis in [6] relies on the abstract theory by Grillakis, Shatah, and
Strauss [21], and the analytic perturbation theory and extension theory of sym-
metric operators (see also [7] for applications of the extension theory in the case of
star graphs). We mention that, since the key energetic functional E : W(R) — R
is not twice continuously differentiable at @y, the approach elaborated in [21]
cannot be done on W (R), but can be done on the weighted space W which is con-
tinuously embedding in W (R). This is the main reason why in [6] it was necessary
to use the space W in the stability approach.

The purpose of this paper is to extend the results in [6] about the stability of
P,y in (1.7) to the space W(R) for the case y > 0. Our approach will be based
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on a variational characterization of @, . This characterization can not be used to
treat the case y < 0, and it is left open (see Remark 4.5 below).

The basic symmetry associated with equation (1.1) is the phase-invariance
(while the translation invariance does not hold due to the defect). Thus, the defi-
nition of stability takes into account only this type of symmetry, and is formulated
as follows.

Definition 1.2. We say that a standing wave solution u(x,t) = ¢! (x)
of (1.1) is orbitally stable in W(R) if, for any € > 0, there exists n > 0 such
that if uy € W(R) and |[ug — @llwr) < n, then the solution u(t) of (1.1) with
u(0) = ug exists for all t € R and satisfies

sup inf lu(t) — e @llwm) < &
teR 0eR

Otherwise, the standing wave et p(x) is said to be unstable in W (R).

Next, we state our main result in this paper.

Theorem 1.3. Let w € R. Ify > 0, then the standing wave e @,y (x),
where Q .y is given in (1.7), is orbitally stable in W (R).

The proof of Theorem 1.3 is based on the variational characterization of the
stationary solutions @ for (1.6) as minimizers of the action

Sw,y(u) = E(u) + ((w + 1)/2)”“”%2
on the Nehari manifold
tu e W(R)\ {0} : Iy,y(u) =0}

with I,y (1) = 2E(u) + w IIMII%Z (see Theorem 4.4), and the uniqueness of posi-
tive solutions (modulo rotations) for (1.6) given by the peak-Gausson profile (1.7)
(see Proposition 3.1). We note that an analogous variational analysis has been used
for NLS equations with point interactions on all lines by Fukuizumi and Jeanjean
[18], Fukuizumi, Otha, and Ozawa [19], Adami and Noja [1], Adami, Noja, and
Visciglia [2], and on star graphs by Adami, Cacciapuoti, Finco, and Noja [3].

We also note that recently equation (1.8) has been considered with an external
potential V' satisfying specific conditions (see Ji and Szulkin [25] and Squassina
and Szulkin [29]),

idru +Au—V(x)u +uloglul* = 0.
From the results of Ji and Szulkin in [25], it follows that there exist infinitely

many profiles of the standing wave u(x,t) = e!®! f, (see also [29]) for when V
is coercive. Specifically, the elliptic equation

~Afw+ (V(x) + w) fo :fw10g|fw|2
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has infinitely many solutions for V € C(RN, R) such that lim|x|c V(x) = +00.
Moreover, Ji and Szulkin also showed the existence of a ground state solution (a
nontrivial positive solution with least possible energy) for bounded potential such
that w + 1 + Vi > 0, in which

Vo := lim V(x) = sup V(x)

Ix|—o0 x€RN

and 0 (-A+V(x) + w + 1) C (0, +00) (here, 0(A) represents the spectrum of
the linear operator A). Thus, we see that in the case of a delta-potential V(x) =
—yd(x), the later restriction on the “frequency” w is ineffective (see the proof of
Theorem 4.4 below).

The rest of the paper is organized as follows. In Section 2, we give an idea of
the proof of Proposition 1.1. In Section 3, we prove that the stationary problem
(1.6) has a unique nonnegative nontrivial solution. Section 4 is devoted to giving
a variational characterization of the stationary solutions of (1.6). In Section 5,
we establish the proof of Theorem 1.3. In the Appendix, we include information
about the space W(R) and the smooth property of the energy functional E in
(1.5).

Notation 1.4. The space L*(R, C) will be denoted by L?(R) and its norm by
|l - llz2. This space will be endowed with the real scalar product

(u,v) :ReJ uvdx, foru,v el?(R).
R

The space H' (R, C) will be denoted by H!'(R) and its norm by | - |1 (r). The
dual space of H'(R) will be denoted by H™!(R). We denote by C5°(R \ {0}) the
set of C* functions from R \ {0} to C with compact support. Throughout this
paper, the letter C will denote positive constants.

2. THE CAUCHY PROBLEM

In this section, we prove the well-posedness of the Cauchy Problem for (1.1) in
the energy space W(R). The idea of the proof is an adaptation of the proof of
(14, Theorem 9.3.4]. Thus, we will approximate the logarithmic nonlinearity by
a smooth nonlinearity, and as a consequence we construct a sequence of global
solutions of the regularized Cauchy problem in C(R,H!(R)), pass to the limit
using standard compactness results, and extract a subsequence which converges to
the solution of the limiting equation (1.1).

First, let us establish the following well-posedness result in H!(R) associated
with the NLS equation with a delta potential

. 5 )
2.1) {lat”+axu+y5(>€)u+g(u) 0,

u(0) = up € HY(R),
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where g : L2(R) — L?(R) is globally Lipschitz continuous on L?(R) and where
Im(g(u),iu) = 0, and such that there exists G € C(H!(R),R) with G’ = g.

Proposition 2.1. For any uy € H'(R), there is a unique maximal solution
u € C(R,HY(R)) n CH(R,H ' (R)) of (2.1) such that uw(0) = wo. Furthermore,
the conservation of charge and energy hold; that is, for all t € R, ||u(t) II%Z = |lug II%Z
and

E(u(t)) = E(ug), where E(u) = %||axu||§2 - %IM(O)I2 - G(u).

Proof- The idea will be to check the assumptions of Theorem 3.3.1 and The-
orem 3.7.1 in [14] in order to obtain the local result. Indeed, first we note that
H, defined in (1.3) satisfies Hy, > —m, where m = y?/4if y > 0,and m = 0
if y < 0. Thus, we have that A = —H, — m is a self-adjoint operator, A = 0 on
X = L*(R) with domain dom(A) = dom(H,). Moreover, in our case the norm
on HY(R)

Ml = ll3ull + (m + Dlfulls - y1ue(0)

is equivalent to the usual H!(R)-norm. Next, it is easy see that the conditions
(3.7.1), (3.7.3)—(3.7.6) in [14, Section 3.7] hold, choosing ¥ = p = 2, because
we are in the one-dimensional case. Also, the condition (3.7.2) follows easily
from the self-adjoint property of A. Finally, we need to show there is uniqueness
for the problem (2.1). Therefore, let I be an interval containing 0, and let u;,
uy € LI, H' (R)) n WL (I, H(R)) be two solutions of (2.1). It follows that
(see [14, Remark 3.7.2])

t
U (t) —uy (t) = iJO e A=) (g(us(s)) —gui(s)))ds forallt el.

Since g is globally Lipschitz continuous on L2(R), there exists a constant C such
that

t
ez (8) — w1 ()] < CL lla(s) = w1 (5)][% ds,

and therefore the uniqueness follows by Gronwall’s lemma. Therefore, we ob-
tain that the initial value problem (2.1) is locally well posed in (H'(R), || - Ilx,)-
Moreover, we have the conservation of charge and energy.

Finally, from Theorem 3.3.1 and Theorem 3.7.1 in [14] we see easily that the
solution of (2.1) is global in H!(R). This finishes the proof. O

Remark 2.2. For the completeness of the exposition we recall that, for y <0,
the unitary group Gy (t) = e~ tHy ags0ciated with equation (2.1) is given explicitly
by the formula (see [24])
it 02

Gy(@(x) = e %P (x) + e % (@ * py) (Ix]),
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where

py(x) = —%e(m”‘xﬁ-

Here, xg denotes the characteristic function of [0, + ), and et % represents the
free group of Schrédinger (y = 0). For the case y > 0, we refer to [17]. Thus, an
explicit formula for the group €4 can be obtained.

Proof of Proposition 1.1. The proof is an adaptation of the proof of Theorem
9.3.4 in [14]. We only discuss the modifications that are not sufhiciently clear in
our case. We first regularize the logarithmic nonlinearity near the origin. Indeed,
for z € C, we define the functions @, and by, by

a(z), if|z] =

mza <i> , iflz| <
m

b(z2), if |z| < m;
bm(2) =92y izl = m,
m

am(z) = ’

>

3|3 |-

where the functions a and b are defined in the Appendix (5.10). Moreover, set
fm) = by (u) — am(u) for u € H'(R). We note that the function fi, is
globally Lipschitz L2(R) — L2(R). For a given initial data uy € H'(R), we
consider the regularized Cauchy problem

1 m 2 m my _—
(2.2) {lat” + (0% + yo(x)u™ + frn(u™) =0,
u™(0) = Ugp.

Applying Proposition 2.1, we see that for every m € N, there exists a unique global
(weak) solution u™ € C(R,H!(R)) n C}(R,H1(R)) of (2.2) which satisfies

Em (U™ (£)) = Em (o) and [[0™ (8|2 = |[uo||2, forall t € R,
where

1 2y 2, 1 1
En () = llacul}, - Lu, 0] +2JR<1>m<|u|>dx 2JRWm<|u|>dx,

and the functions ®,, and ¥y, are defined by
1 (2! 1 (?
&, (2) = —J am(s)ds and ¥, (2) = —J by (s)ds.
2 Jo 2 Jo

Arguing in the same way as in the proof of [14, Theorem 9.3.4], Step 2, we
deduce that the sequence of approximating solutions u™ is bounded in the space
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L*(R,H'(R)). It also follows from the NLS equation (2.2) that the sequence
{u™|q, }men is bounded in the space W (R, H™1(Qx)), where Qx = (0,k).
Therefore, we have that {u"}y,en satisfies the assumptions of Lemma 9.3.6 in
[14]. Let u be the limit of u™.

We show that the limiting function u € L* (R, H!(R)) is a weak solution of
(1.1). We first write a weak formulation of the NLS equation (2.2). Indeed, for
any test functions ¢ € Cg°(Rx) and @ € C5° (R;), we have

(2.3) - JR[<ium,w><p’<t) Lt )] de

+J J Sy (x)@(t)dxdt = 0.
R JR

We pass to the limit as n — co in the integral formulation (2.3), and obtain
the following integral equation (see proof of [14, Theorem 9.3.4], Step 3):

(2.4) - jR[uu,wxp’(t) Ly, @) (D] dt

+J J ulog|ul?y(x)@(t)dxdt = 0.
R JR

Moreover, it is easy to see that u € L*(R,LA(R)) and u(0) = uq. Therefore,
by integral equation (2.4), u € L*(R,W(R)) is a weak solution of the equa-
tion (1.1). In particular, from Lemma 5.3 in the Appendix, we deduce that
ue wWhe(R,w (R)).

Now, we show uniqueness of the solution in the class

L2 (R, W(R)) n WL (R, W' (R)).

Indeed, let u and v be two solutions of (1.1) in that class. Taking the difference of
the two equations and taking the W(R) — W'(R) duality product with i(u — u),
we see that

(U — v, U — V)ww)w ®) = —Im J[R(uloglul2 —vloglv|®)(u - 7) dx.

Thus, from [14, Lemma 9.3.5] we obtain

t
lu() —v(t) e < SJO [(s) = v ()][f2 ds.

Therefore, the uniqueness of the solution follows by Gronwall’s lemma.
We claim that the weak solution u of (1.1) satisfies both conservation of
charge and energy. Indeed, by weak lower semicontinuity of the H!(R)-norm,
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by Fatou’s lemma, and by arguing in the same way as in Step 3 of the proof of

Theorem 9.3.4 in [14], we deduce that
2.5 E(t) < E(up) and |[u(®)|’ g = lluol>. forall t € R.

Now, fix to € R. Let @9 = u(ty), and let w be the solution of (1.1) with
w(0) = @o. By uniqueness, we see that w(- — ty) = u(-) on R. From (2.5), we
deduce in particular that

E(uo) < E(@o) = E(u(ty)).

Therefore, we have that both ||u(t)|| %z and E(u(t)) are constant on R. Finally,
the inclusion u € C(R,W(R)) n C} (R, W’ (R)) follows from conservation laws.
This completes the proof. O

3. STATIONARY PROBLEM

This section is devoted to showing that the set

Awy = {@ €W(R)\ {0} :

@ is a solution of the stationary problem (1.6) in W'([R)}

is given (modulo rotations) by @,y in (1.7). More exactly, we have the following
result.

Proposition 3.1. Ler y € R\ {0} and w € R. Then, (1.6) has a unique
nonnegative nontrivial solution. Thus, Q .,y is this solution, and therefore we have
Aw,y =1e%pe,y : 0 € R}

For y = 0, the set of solutions of the stationary problem (1.6) is well known.
In particular, modulo translation and phase, there exists a unique positive solution,
which is explicitly known. Indeed (see, e.g., [10, Appendix D]),

Awo = 1Puo(- —y): 0 €R, y € R}.

Before giving the proof of Proposition 3.1, we have the following basic prop-
erties of the solutions of (1.6).

Lemma 3.2. Lety € R\ {0}, w € R, and v € Aw,y. Then, v verifies the
Jollowing:

(3.1) veC/(R\{0})NC(R), j=1,2,
(3.2) -v" +wv -vlog|v[*=0, onR\ {0},
3.3) v’ (0+) —v'(0-) = —yv(0),

(3.4) v'(x),v(x) =0, as|x|— oo.
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Proof. The proof of item (3.1) follows by a standard bootstrap argument by
using test functions & € C5° (R \ {0}) (see, e.g., [14, Chapter 8]). Indeed, from
(1.6) applied with & v, we deduce that

—(Ev)" + wEv = —&"v - 28V’ + Evlog(|v|?),

in the sense of distributions on R\ {0}. The righthand side is in L%(R), and so
Ev € H?(R). This implies that v is in C?(R \ {0}) and is a classical solution of
this equation on R \ {0}, from which (3.1) and (3.2) follow. To prove (3.3), we
consider & € W(R) such that § € C5°(R) and for € > 0 we have supp & C [—¢, €]
and §(0) = 1. Therefore, by considering v and & real-valued functions without
loss of generality, we have for 0 < 6 < ¢ that

0=(-v" —ys(x)v+wv -vloglv|?§)
-0 3

= lim v (x)E (x)dx + limj v (x)E (x)dx — yv(0)E(0)
50 5-0Js

—&

+wf v(x)g(x)dx—f v(x) log v (x)?E(x) dx

0— &
=v'(0-) —v'(0+) - J v'Edx - Jo+ v"Edx — yv(0)

+ wr v(x)E(x)dx — r viog|v[?Edx — v'(0-) — v’ (0+) — yv(0),

as € — 0. This proves the jump condition. Finally, since v € H L(R), it follows
that v(x) — 0 as |[x| — oo. Thus, by (3.2), v"(x) — 0 as [x| — o, and so
v’ (x) — 0as x| — co. This completes the proof of Lemma 3.2. O

Remark 3.3. As an example of test function & € W(R) used in the proof
of Lemma 3.2, with the properties that for € > 0 we have supp& C [—¢,¢] and
&(0) = 1, is the following:

£(x) = e’ /=& if x| < ¢
0, if |x| = &.

We now give the proof of Proposition 3.1. Our proof is inspired by the tech-
niques of [18, Lemma 26].

Proof of Proposition 3.1. By construction, we have that @,y € Aw,y, and so

Now, let @ € A,y. Arguing as in [26, Lemma 3], we can show that there exist
0o € R and a positive function v such that @ (x) = e!%v(x) for all x € R.
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We will prove that v(x) = @,y (x). Indeed, it is clear, by Lemma 3.2, that
the properties (3.1)—(3.4) also hold for v(x). Let f(s) = —ws + slog(s?) and
S

F(s) = J S (t) dt. Multiplying the equation (3.2) by v (x) and integrating from
0
x = 0and R > 0 yields

S R+ 3000 ~ Fu(R) + F(w(0+)) = 0.
Now, letting R — oo, we have
(3.5) %{v’(0+)}2 +F(w(0+)) =0.
Arguing in the same way on (-0, 0], we conclude that
%{1}'(0—)}2 +F(wv(0-)) =0.

Since v € W(R), v is continuous at 0, and so we must have |v'(0=)| = |[v/(0+)].
Now, if we suppose that v'(0—) = v'(0+), then v(0) = 0 by (3.3). Then, for
the case v'(0—) = v'(0+) = 0, we obtain immediately v = 0 on R. On the other
hand, for v'(0—) = v'(0+) # 0, we have that v becomes negative close to 0.
Therefore, since v is a positive solution, this is a contradiction. Hence, we need
to have v'(0—) = —v'(0+), from which we infer immediately that

(3.6) v (04) = —%v(O).

For ¢ > 0, we set

P(c) = c? + c*log(c).

y2 —4w -4
8

It is clear that this function has a unique zero ¢y > 0, ¢ = e(@+D)/25=¥*/8 Djrect

computations show that, by (3.5) and (3.6), the function v in x = 0 satisfies

P(v(0)) = 0. Therefore,

(3.7) 1(0) = ¢p = e @D/26-¥"/8,

We note that the initial value problem on (0, o) for the equation (3.2) with (3.7)
and (3.6) as initial conditions has a unique solution. Indeed, the solution is unique
for x > 0 close to 0 since f € C([0, %)) NC'((0, o)). A similar argument can be
applied on (—o0,0), and so the solution of (3.2) is unique in (—o0,0). Moreover,
we remark that v(0) = @,y (0). By the uniqueness, we see that v (x) = @,y (x)
on R. This proves

Awy € {ePpuy: 0 € R} m
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4. EXISTENCE OF A GROUND STATE

The idea of this section is to give a variational characterization of the stationary
solutions for (1.6). This characterization will be used in the stability theory in
W (R) of the orbit generated by @ ,y, Aw,y. To establish our main result (Theo-
rem 1.3), we need to establish some preliminaries.

Definition 4.1. For y € R and w € R, we define the following functionals
of class C! on W(R):

w+1

1 1
Sw.y(u) = 5||axu||§z + w7, - §|u(o>|2 -3 LR lu|?log |u|? dx,

Loy () = |[oxullf> + w||ullz: — ylu(0)|? - Juza lul? log |ul? dx.

We note that for u € W(R) the derivative of S,y in u is given by
Seoy(W) = 03U — y6(x)u + wu — ulogul?,
in the sense that for h € W(R),
S,y (W) (h) = (Sg, , (w), h)
= Re [J u'h’ dx - J uhlog|ul|*dx + wJ uhdx]
R R R
— ¥ Re(u(0)h(0)).

Therefore, from Lemma 3.2 we have immediately that @ € A,y if and only if
@ € W(R)\{0} and S, ,, () = 0. Indeed, since for @ € A,y we have for every
h e W(R)

0—

- +OO -
@ hdx —J @ hdx,
0 0+

Re J{R @' dx = Re[ (' (0-) — @' (04)T(0)] —

we obtain immediately from (3.2)—(3.3) that S;, ,,(¢) (h) = 0. The other impli-
cation is trivial.
Next, we consider the minimization problem

(4.1) dy () = inf {Se,y(U) 1 U € W(R) \ {0}, Inpy(u) = 0}

= %inf{||u||iz cu € W(R)\ {0}, I,y (u) =0},

and define the set of ground states by

Nwy =1@ € W(R) : S,y (@) = dy(w), Iwy(p) = 0}.
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Remark 4.2. The set {u € W(R) \ {0} : I (u) = 0} is called the Nehari
manifold. By definition, we have I, (1) = (S('U’y(u), u). Thus, the above set is
a one-codimension manifold that contains all stationary points of S,y

Remark 4.3. We have the relation Ny, S Aw,y. Indeed, let u € N .
Then, there is a Lagrange multiplier A € R such that S(,u,y(u) = AI&),y(u), so we
have (S, ,(w), u) = A(l, ,(u),u). The fact that (S;, , (u), u) = Iy,y(u) = 0
and (I, , (), u) = =2[lull}2g < 0 implies A = 0; that is, S, ,, (1) = 0, and so
ue€ Ay,y.

For y > 0, the existence of minimizers for (4.1) is obtained through varia-
tional techniques (see [2], [18], [19]). More precisely, we will show the following
theorem.

Theorem 4.4. Lety > 0. There exists a minimizer of dy(w) for any w € R.
In addition, the infimum is achieved at solutions to (1.6). More precisely, the set of
minimizers for the problem (4.1) is given by Ny = {19y : 0 € R}.

Remark 4.5. We note that dy (w) has no minimizer when y < 0; we can see
this by contradiction. Suppose U,y is a minimizer of dy (w). From Remark 4.3,
it is clear there exists @y € R such that Uy (x) = €@, (x). In particular,
we have that lim|y|— e [Uw,y (X)| = 0 and U,y (x)] > 0 on all x € R. Now, let
TyUew,y(X) = U,y (X — ¥) forany y € R. By direct computations, we see that

Iw,y(Tyuw,y) - Iw,y(uw,y) = Y[|(pw,y(0)|2 - |(pw,y(y)|2],

and therefore we have that I (TyUw,y) < O for || sufhciently large. Thus,
there is A € (0, 1) such that Iy,y (ATyUw,y) = 0. Then, by (4.1) we have

1 1 1
dy(w) < EH/\Tyuw,y”il < EHTy“w,y”il = E”uw,ynil =dy(w),

which is a contradiction.

To prove Theorem 4.4 we need several preliminary lemmas. In the first
lemma, we recall the logarithmic Sobolev inequality. For a proof we refer to
[27, Theorem 8.14].

Lemma 4.6. Let f be any function in H (R)\{0} and & be any positive number.
Then,

[ 1rcortog e ax < SYPIE + (gl 1R — (1 + log )L

Lemma 4.7. Lety > 0 and w € R. Then, the quantity d,(w) is positive and
satisfies

(4.2) dy(w) > \/gewﬂe*YZ/Z.
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Proof. Let u € W(R) \ {0} be such that I,y (1) = 0. By Hélder’s inequality,
we have

(4.3) 2y lw(0)? < y?||ullf: +||oxullf..

Moreover, using (4.3), the logarithmic Sobolev inequality with & = /7r/2, and
Iw,y(u) = 0, we obtain

(=% + 1+ tog (/) ) Il = Clog )l

which implies that
ullfz = /g eWtle Y2,

Finally, by the definition of dy (w) given in (4.1), we get (4.2). O
Lemma 4.8. Lety > 0. The following inequality holds for any w € R:

(4.4) dy(w) < do(w).

Proof- We first note that by [16, Remark I1.3], the profile standing-wave @0

is a minimizer of
do(w) = inf{Swo(u) : u € W(R)\ {0}, Ipo(u) =0},

that is, Sw,0(@w,0) = do(w) and Iw0(Pwoe) = 0. On the other hand, easy
computations permit us to obtain

Iw,y((pw,o) =1w,0(®Pw,0) — )’|(pw,0(0)|2 = _ye(w+1) <0.

Thus, there exists 0 < A < 1 such that I,y (A@e,) = 0. Therefore, by the
definition of dy (w), we see that

dy((l)) = Sw,y(A(pw,O) = Asz,O((pw,O) < Sw,O((pw,O) = do(w),

and the proof of the lemma is finished. O

Remark 4.9. When y < 0 we have dy(w) = do(w) for any w € R. In-
deed, let u € W(R) \ {0} be such that Iy (1) = 0. By direct computations,
Tp,y(u) = —y|u(0)|?2 > 0. Then, there is s > 1 such that Iw,y(su) = 0. Then,
since S,y (SU) = $2Sw0(U) Z Swo(u) = do(w), we obtain from the defini-
tion of dy (w) given in (4.1), that do(w) =< dy(w). On the other hand, we
define wy, (x) = @uo(x —n) for n € N. It is clear that do(w) = S o(wn)
and I,y (Wn) = —ylQuwo(m)|?> > 0. Thus, there exists A, > 1 such that



486 JAIME ANGULO PAVA ¢ ALEX HERNANDEZ ARDILA

Iw,y(Aqwy) = 0 forany n € N and limy—~ Ay = 1. Then, by the definition
of dy(w) and from I (wy) = 0, we obtain

dy(w) = Sw,y(Anwn) = A%@Sw,o(wn) = A%do(w),

which implies that d (w) < do(w) and thus d (w) = do(w).
The following lemma is a variant of the Brézis-Lieb lemma from [11].

Lemma 4.10. Ler {uy} be a bounded sequence in W(R) such that un — u
almost everywhere in R. Then, u € W(R) and

7lLim J {lunl?loglun > = lun — ul*loglu, — ul?}dx = J lul? log |ul? dx.
—o g R

Proof. First, by (5.9) in the Appendix, recall |z|?log|z|> = A(|z|) — B(|z])
for every z € C. By the weak-lower semicontinuity of the L?(R)-norm, and by the
Fatou lemma, we have u € W(R). It is clear that the sequence {u,} is bounded
in LA(R). Since A in (5.9) is a convex and increasing function with A(0) = 0, it
follows from the Brézis-Lieb lemma [11, Theorem 2 and Examples (b)] that

(4.5) lim | 14D = Alln = ) = AuD] dx =0.

On the other hand, by the continuous embedding W(R) — H!(R), we have that
{un} is also bounded in H!(R). An easy calculation shows that the function B
defined in (5.9) is convex, increasing, and nonnegative with B(0) = 0. Further-
more, by the Holder and Sobolev inequalities, for any u, v € H!'(R) we have the
following key inequality:

(4.6) J{R IB(Jlu(x)) —B(lv(x)])|dx < C(l+HuH%{l(R)+]|v||12ql(R))||u—v||Lz.

Then, the function B satisfies the hypotheses of Theorem 2 and Examples (b) in
[11], and therefore,

(4.7) Aif?ojug IB(lunl) — B(lun —ul) — B(lul)|dx = 0.

Thus, the result follows from (4.5) and (4.7). O

Proof of Theorem 4.4. We use the argument in [19, Proposition 3] (see [1]).
Let {un} = W(R) be a minimizing sequence for dy (w); then, the sequence {u,}
is bounded in W(R). Indeed, it is clear that the sequence ||un||%2 is bounded.
Moreover, using (4.3) and the logarithmic Sobolev inequality, and recalling that
Iw,y(Un) = 0, we obtain

1 o2 , eyz/ze—(w+1)
(5= %) el = tog (£ ) anl + Clog unl ) -
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Taking & > 0 sufficiently small, we see that ||u;1||12_2 is bounded, so the sequence
{un} is bounded in H!(R). Using I,y (un) = 0 again along with (4.6), we obtain

il + [ Adun D ax < ¢,

which implies, by (5.11) in the Appendix, that the sequence {u,} is bounded in
W (R). Furthermore, since W (R) is a reflexive Banach space, there is @ € W(R)
such that, up to a subsequence, U, — @ weakly in W(R) and u, (x) — @(x) for
almost every x € R.

Next, we show @ is nontrivial. Suppose, by contradiction, that ¢ = 0. Since
the embedding H!(-1,1) — C[-1,1] is compact, we see U, (0) — @(0) = 0.
Thus, since I,y (Un) = 0, we obtain

(4.8) 7111_15)10 Io(uy) = yyll% |un(0)|2 =0.

Define the sequence vy, (x) = Apun(x) with

N (Iw,omn))
n=exp| o |,
2[unl|r
where exp(x) represents the exponential function. Then, it follows from (4.8)

that limy—« Ay, = 1. Moreover, an easy calculation shows that I 0(vy) = 0 for
any n € N. Thus, by the definition of d, (w), it follows that

1 .. 1 ..
do(@) = 5 lim [[al[f> = 5 lim (A3 ||unlli2} = dy ().

But this is contrary to (4.4), and therefore we conclude that @ is nontrivial.

Now, we prove that I,y (@) = 0. First, assume that I,y (@) < 0, by con-
tradiction. By elementary computations, we can see there is 0 < A < 1 such
that I,y (A@) = 0. Then, from the definition of d,(w) and the weak lower
semicontinuity of the L?(R)-norm, we have

1 2 1 2 1. . 2
dy(w) = EHAQQHLZ < EH(pHLZ = Elly?lglfnunHLZ = dy(w),
which is impossible. On the other hand, assume that I,y (@) > 0. Since the
embedding W (R) — H'(R) is continuous, we see that u,, — @ weakly in H!(R).

Thus, we have

(4.9) [enllz: = lln = @Iz = llollz: = 0,
(4.10) [z = llun = @'z = llo"llz: = 0,
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as n — co. Combining (4.9), (4.10), and Lemma 4.10 leads to
rlligjlolw,y(un -@) = }LllTolo Iw,y(un) - Iw,y((p) = _Iw,y((p);

which combined with I,y (@) > 0 gives us that I,y (Un — @) < 0 for sufficiently
large n. Thus, by (4.9), and applying the same argument as above, we see that

1. 1
dy(w) < Erlllg}oﬂun |l =d,(w) - §||<P||i2’

which is a contradiction because || @ II%Z > 0. Then, we deduce that I, (@) = 0.
Finally, by the weak lower semicontinuity of the L?(R)-norm, we have

1 1. .
(4.11) dy(w) < §||(p||%z < Ehrrlrlgfﬂunﬂiz = dy(w),

which implies, by the definition of dy (w), that @ € Ny,,. Moreover, by Re-
mark 4.3 and Proposition 3.1, there exists 0 € R such that @ (x) = e@@q, , (x).
This concludes the proof of Theorem 4.4. O

5. STABILITY OF THE GROUND STATES

This section is devoted to the proof of Theorem 1.3. We first prove compactness
of the minimizing sequences.

Lemma 5.1. Ler {un} < W(R) be a minimizing sequence for dy(w). Then,
up to a subsequence, there is 0 € R such that w, — eiecpw,y in W(R).

Proof- By Theorem 4.4, we see there is @ € N,y such that, up to a subse-
quence, Un — @ weakly in W(R) and u,(x) — @(x) for almost every x € R.
Furthermore, by (4.1) and (4.11) we have u, — @ in L?(R). Then, since the
sequence {un} is bounded in H'(R), from (4.6) we obtain

lim | BlunDax = | B dx.

Thus, since I,y (Un) = Iw,y (@) = 0 for any n € N, we obtain

G0 fim Il + | AGuaGonax] =l + | Adewnax.

Moreover, by (5.1), the weak lower semicontinuity of the L?(R)-norm, and the
Fatou lemma, we deduce (see, e.g., [22, Lemma 12 in chapter V])

(5.2) Jim [lunllz = "Iz,
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(5.3) lim | Al dx = | Ad@o dx.

Since Uy — @ weakly in H'(R), it follows from (5.2) that u,, — @ in H'(R).
Finally, by Proposition 5.2 (ii) (Appendix) and (5.3) we have u,, — @ in LA(R).
Thus, by definition of the W (R)-norm, we infer that u, — @ in W(R). Thus, by

Remark 4.3 and Proposition 3.1, there exists @ € R such that g (x) = ew(pw,y(x).
This finishes the proof. O

Proof of Theorem 1.3. We argue by contradiction. Suppose that @,y is not
stable in W(R). Then, there exist € > 0 and two sequences {Un,o} C W(R),
{tn} C (0, 00) such that

(5.4) ltn,o0 — (pw,y”W([R) - 0, asNn — oo,

(5.5) eilelg lun (tn) — e @wyllwr) = & foranyn € R,

where Uy, is the solution of (1.1) with initial data Uy, (see Proposition 1.1). Set
Un(X) = Uun(tn, x). By (5.4) and conservation laws, we obtain

(5.6) [[onllz: = llun @l = llunollz: = l|@wyllzz,
(5.7) E(vn) = Eun(tn)) = E(ttno) = E(@aw,y),

as n — oo. In particular, it follows from (5.6) and (5.7) that, as n — o,
(5.8) Sw,y(Vn) = Swy(@u,y) = dy(w).

Next, combining (5.6) and (5.8) leads us to I,y (V) — 0 as n — oo. Define the
sequence fr(X) = ppUn(x) with

Pn = exp (Iw,y(vn))
n = R

2|[vnlli
It is clear that limy—.co pn = 1 and I,y (fn) = O for any n € R. Furthermore,
since the sequence {vy} is bounded in W(R), we get that [[vy — fullww) — 0
as m — oo. Then, by (5.8), we have that {fy} is a minimizing sequence for

dy(w). Thus, by Lemma 5.1, up to a subsequence, there is 6y € R such that
fn — et @,y in W(R). Therefore, by using the triangular inequality, we have

ln (En) — eieo(pw,yHW([R) < lvn — fn”W([R{) + ||fn - eieo(pw,y”W([R{) -0,

as n — oo, which is in contradiction to (5.5). This finishes the proof. O
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APPENDIX

The functional of energy in (1.5), in general, fails to be finite and of class C!
on H'(R). Because of this loss of smoothness, to study existence of solutions to
(1.1) and (1.6), it is convenient to work in a suitable Banach space endowed with a
Luxemburg-type norm in order to make functional E well defined and C! smooth.

Thus, define
F(z) = |z|?log|z|* forevery z € C,

and as in [13], define the functions A, B on [0, ) by

—s2log(s?), if0<s<e;
Als) = {352 +4e3s—e 0 ifs>e
B(s) = F(s) + A(s).

(5.9)

Furthermore, let functions a, b be defined by

a(z) = éfmzn,
(5.10)

z
b(z) = WBUZD,

for z € C, z # 0. Notice we have b(z) — a(z) = zlog |z|2. It follows that A is a
nonnegative convex and increasing function, and

A€ CH([0,+)) N C*((0, +)).
The Orlicz space LA(R) corresponding to A is defined by
LAR) = {u e L] (R): A(Jlul) € L'(R)},

equipped with the Luxemburg norm
lullpaw) = inf{k >0: J Ak Hu(x)])dx < 1}.
R

Here, as usual L} _(R) is the space of all locally Lebesgue integrable functions. It
is proved in [13, Lemma 2.1] that A is a Young function which is A,-regular, and

(LA(R), || - llza) is a separable reflexive Banach space.
Next, consider the reflexive Banach space W(R) = H!(R) n LA(R) equipped
with the usual norm [[ullw®) = llullgw) + llullpaw). We can see here that

W(R) = {u € H(R) : Iulzlog lul2 € LY(R)} (see (1.4)). This follows from
the definition of the spaces LA(R) and W(R) (see [13, Proposition 2.2] for more
details). Furthermore, one has the following chain of continuous embedding:

W(R) = L*(R) = W' (R),
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where W/ (R) = H™1(R) + (LA(R))’ is the dual space of W (R) equipped with the
usual norm.

Next, we list some properties of the Orlicz space L4 (R) that we have used
through our manuscript. (For a proof of such statements, see Lemma 2.1 of [13].)

Proposition 5.2. Let {um} be a sequence in LA(R). The following facts hold:
(1) Ifum — u in LAR), then A(luml) — A(lul) in LY(R) as m — co.
(i) Letu € LA(R). Ifum(x) — u(x) for almost every x € R and if

lim J{RA(Ium(X)I)dx _ jRA<|u(x)|>dx.

Then, Wy — U in LA(R) asm — .
(iii) For any u € LA(R), we have

G.11) min {1l [l 2R} < [ AdueoD ax
< max {|[ullpa), ||u||iA(R)}'

The following lemma is the foundation for showing the C!-property of the
energy functional E in (1.5) on W(R).

Lemma 5.3. The operator L : u — 02u + y&(x)u + ulog|ul|? is continuous
from W (R) to W (R). The image under L of a bounded subset of W (R) is a bounded
subset of W' (R).

Proof- Note that, as usual, the operator (=02 — yS(x))u is naturally extended
to HY(R) — H(R) via the relation (see (1.2))
(=02 — yS(x)u,v) = ty(u,v), foru,ve H (R).

Now, using W (R) — H!(R), we get that the linear operator u — —02u —y5(x)u

is continuous from W (R) to W'(R). Thus, since u — ulog|u|? is continuous

and bounded from W(R) to W’(R) (see [13, Lemma 2.6]), it follows that the

operator L : W(R) — W’'(R) is continuous and bounded. Lemma 5.3 is thus

proved. O
From Lemma 5.3, we have the following consequence.

Proposition 5.4. The operator E : W (R) — R is of class C1, and foru € W(R),
the Fréchet derivative of E in W exists and is given by

E'(u) = -02u—yS(x)u —uloglul* —u € W (R).

Proof. We first show that E is continuous. Notice that

1 1 1
(5.12) E(u) = Ety(u)+EJRA(IuI)dx—EJRB(IuI)dx.
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The first term in the righthand side of (5.12) is continuous from H!(R) to R,
and it follows from Proposition 5.2 (i) that the second term is continuous from
LA(R) to R. Moreover, by (4.6) we get that the third term in the righthand side
of (5.12) is continuous from H!(R) to R. Therefore, E € C(W(R),R). Now,
direct calculations show that, for u, v € W(R), t € (-1, 1) (see Proposition 2.7
in [13]),

. E(u+tv)—-E(u)
lim

lim, . = (=02u — ys(x)u —ulog|lul®> — u, v)wwy-w ®)-

Thus, E is Giteaux differentiable. Then, by Lemma 5.3 we see that E is Fréchet
differentiable and E' (1) = —02u — y§(x)u — uloglu|? — u. O
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