





Bayes Estimation of Dirichlet Process Parameter

Abstract

Dirichlet process serves as a prior for the unknown distribution function
in nonparametric Bayes estimation of various parameters. The present arti-
cle addresses the problem of finding Bayes estimator of Dirichlet process pa-
rameter itself, with respect to the discrete prior distribution concentrating
on finite number of fixed points. This problem is related to the estimation
of the parameter of independent and non-identically distributed Benoulli
model. We show that in the limiting case as the sample size increases to in-
finity, the Bayes estimator converges to the prior supported point “closest”
to the “true” parameter value, which may not be a prior-supported point.
This result examplifies a typical Bayesian phenomenon that the posterior
distribution is dominated by the prior distribution.

KEY WORDS: Jensen inequality; Prior sample size; Maximum likelihood
estimator.

1. INTRODUCTION

Ferguson (1973) introduced Dirichlet process as a prior distribution on a set of
probability measures in Bayesian nonparametric framework. Since then many au-
thors have considered applications of Dirichlet process and studied its properties.
An excellent source of references is a recent survey article by Ferguson, Phadia
and Tiwari (1992).

Let P be a Dirichlet process on (R, B(R)) with parameter 8 @(-), where R is
the real line and B(R) is its Borel o-field, @ is the prior guess at P, and 8 > 0 is
a measure of confidence in the prior when viewed as “prior sample size” (see, for
example, Ferguson 1973; and Korwar and Hollander, 1976). This interpretation
is, however, not always the case as shown by Sethuraman and Tiwari (1982) in a



probabilistic setup. They have established that the smaller values of 6 correspond
to more definitive information in the process. Concisely, these authors have proved
that as 8 tends to zero, the Dirichlet process converges weakly to a degenerate
random probability measure and the point of degeneracy has distribution @.

In non Bayesian setup, estimation of 8 has been discussed in the literature.
Korwar and Hollander (1973) derived maximum likelihood estimator, whereas in
an empirical Bayes setup, Korwar and Hollander (1976) and Zehnwrith (1981) pro-
posed a consistent estimator of § in terms of F-statistic. In this paper we consider
Bayes estimation of 8. In Section 2, under the assumption that the prior distribu-
tion concentrates on k + 1 fixed points g < ... < 0, we show that the parameter
space can be broken up into k+1 intervals (0, &), (€0, 1), {Ek-2,Ek-1), (x-1,00),
where 0 < 8y < £p < 0, < £ < ... < &y < 0 < 00, and that the posterior mean
of & (that is, the Bayes estimator under squared error loss) converges almost surely
to 8; as long as the “true” parameter value is within the £-interval containing 6;.
One should not misconstrue this result as inconsistency of Bayes estimator as
discussed in Diaconis and Freedman(1986 a, b). Some discussion of this point is
contained in Section 3.

2. BAYES ESTIMATOR OF § AND ITS ALMOST SURE
CONVERGENCE

Let Xi....,Xn be a sample of size n from P, where P is a Dirichlet process on
(R,B(R)) with parameter 6. One can view the observation Xj, ..., X as being
obtained sequentially as follows (Korwar and Hollander, 1973): Let X, be a sample
of size 1 from P; having obtained X, let X; be a sample of size 1 from the
conditional distribution of P given Xj; and so on until Xj,..., X, are obtained.
Set D, =1, and for i = 2,...,n set D; = 0if X; = X; for some j =1,...,i—1and

1 otherwise and let D = i D; denote the number of distinct observations among

i=1
X1, ..., Xn. Here the dependence of D on n is ignored for notational ease. The
induced distribution Q of (Xj, ..., X») on the sample space (R", B(R")) is given
by (Blackwell, 1973) the marginal of X;:

Q(X1 S I]) = a((—OO, :!:1]) (21)
and the predictive (i.e., the conditional) distribution of X; given X; = z,,..., Xi-1 =

Ti-y
QX € )Xy =2y, ..., Xioy = Tim1)
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where F;_, is the empirical distribution of (X, .., X;_,) . Notice from (2.2) that if
8 is close to zero, then the predictive distribution of X; given X\, ..., X;_| is close to
the empirical distribution F;_; and, on the other hand, if § is large the predictive
distribution of X; given Xj,..., X,_, is close to the prior guess @ Thus a large
value of 6 corresponds to the higher degree of belief in the process leading to the
interpretation of 6 as the “prior sample size”. We shall assume throughout that
the prior guess @ at P is absolutely continuous with respect to Lebesque measure
B on R with density d&/du = fy(z). Proceeding as in Korwar and Hollander
(1973) and Antoniak (1974), the joint distribution Q of (Xj, ..., X») in (2.1) and
(2.2) can be expressed as the sum of measures which are mutually singular:

Q(zh ---:In) =2 z: Q(nl,...,np) . (23)

D (ny,..np)

F.--l(z.-) N i= 2,...,11, (22)

where the first summation is over the possible number of distinct values D among
the sample observations (Xj, ..., X,) and the second summation is over (m1,...,np),
n; being the number of replicates of ith distinct observation. Here each n; > 0,
B :

Y n; = n and Q(r1,..np) is 8 probability measure that is absolutely contin-

=1
uous with respect to Lebesque measure H(n,,..np) ON the set C(n,,...,np) =

{(z1,...,Tn) : there are D distinct values with replications (ny,...,np), ny > 0,
D
)—:1 n, =n}.

Then, Q is absolutely continuous with respect to

’\=z Z B(ny....np) (2.4)

D (nl,...,ﬂp)
and for (zy,...,z,) € C(ny,...,np),

dQ (I], ...,.’Bn)

LIX; = z1,.., Xn=1,) = i (2.5)
go D
= o= f -1 fofai)
(n) $=1 i=l
oD
s
O(n)



where 8(,) =8(0 +1)...(0 + n - 1) and 73, ..., Tp denote the D distinct values
with multiplicities ny, ..., np respectively. From (2.5) it follows that the likelihood
function of 8 given the sample (Xj, ..., Xn) depends on & only through D, the
number of distinct observations in the sample. Also the conditional distribution of

the sample (Xj, ..., Xn) given D is proportional to 'ﬁx fo(z}) and does not involve

the parameter 8. Thus D is a sufficient statistic ‘for 0 and has all the relevant
information about this parameter contained in the sample. Differentiating the
logarithm of the likelihood function in (2.5) with respect to § and setting this
derivative equal to zero yields the maximum likelihood estimator(mle) Gy defined
by the equation

D=3 Gu/u +i-1) (2.6)
i=1

Define, f(6) = ():l 8/(6+i - 1)) — D. Then for 6 € [0,00), f'(8) > 0 and

£"(6) <0, and f(§) - —Das8 —0and f(6) = n—Dasf — co. For @ € [0,0),
the function is monotonically increasing. If n — D > 0 (i.e. n — D > 1), then the
function f(6) crosses the = 0 line uniquely from below, and the mle of @ exists
and is the unique solution of f(8) = 0. If n— D = 0 i.e. when all the observations
in the sample are distinct, then the line & = 0 is an asymptote of the. function,
and the mle of @ does not exist. The graphs of the function f(f) for n = 15 and
D = 3,9,15 are plotted in Figure 1, and the graphs reveal the above features of
the function f(6). Note that 8y is a function of sufficient statistic D. Korwar and
Hollander (1973) obtained 8y in (2.6) by showing that under the assumption that
@ is non-atomic, Dy, Dy, ..., D, are independent Bernoulli random variable with
Q(D;=1)=0/8+i-1,i=1,..,n. One may, therefore, regard the problem of
estimation of the Dirichlet process parameter 8 to be identical to the estimation
of @ arising in the context of independent but not identically distributed Bernoulli
random variables D;.

A result of Korwar and Hollander (1973) about the sequence D;'s that will be
of use in this paper is as follows. They showed that although the probability of
getting new observation decreases with n, nonetheless we are assured of an infinite
number of distinct observations and proved that D/log n converges to & almost
surely as n increases to infinity.

Let #(f) be the prior density (discrete or continuous) of §. Then from Bayes’
theorem the posterior density of & is given by

n(01Din) = [6°/6w]7(6) / / [6° /6] w(6)a8
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= C(D;n)(8° /) (6), (27)

where [C(D;n)]™" = [(6° /6,,))7(6)d6.

The Bayes estimator of § with respect to squared error loss is given by

8(D;n) = E;(0)D; n)
= C(D;n)/C(D + 1;n) (2.8)

The effect of D and n on the Bayes estimator is given in the following result.

Theorem 2.1. For n > 1, 8(D + 1;n) > 8(D;n) > 0(D;n+1) as.

Proof The first inequality follows by an application of Jensen’s inequality (cf.
Chung, 1974, p.47):

8(D + 1;n) E«(6°|D; n)/E(6|D; n)
{E+(81D;n)}? /Ex(0] D;n) ass.

4(D;n) a.s.

vl

Define ~(8) = (6 +n)~!. Then, since h(6) is a decreasing function, it follows from
Lehmann (1966) that

E«(h(8) | D;n) E,(8 | D;n) > E«(8h(9) | D;n) as. (2.9)
Clearly,
E;(h(8) | Din) =C(D;n) / C(D;n +1) (2.10)
and
EL(6h(6) | D;n) =C(D;n) /C(D+1;n+1), (2.11)

where in (2.10) we have interpreted C(D;n +1) = C(D, Dp,, = 0;n + 1) and in
(2.11) we have interpreted C(D + 1;n + 1) =C(D+1,Dpn4; = 0;n +1). Now the
second inequality follows from substituting (2.8), (2.10), (2.11) in (2.9). O

k
If 7(6) is discrete with (6 = 6;) =x,,j =0,...,k and E-:O 7 =1, then
F~

zk g’P'H/(gJ_) n)) %
5(D;n)=j=ok( . ())7r
2% GRS

; (2.12)



where (0,)n) = 0,(0; +1)...(6; +n -1), j = 0,...,k. Also the posterior variance
of 8 is given by

x
Vary (8| D;n) = =
1)

(62+2/(8,)m) ;

(07/(85)m) i

- [pwim)". (2.13)

e

For binomial prior #(@ = j +1) = m; = l; P(1-p)*4, j=01.,k and

p =0.1,0.5,0.9, the prior and posterior distribution functions of 6 are plotted in
Figures 2, 3, and 4 for k = 10, n =15 and D =3, 9, 15. For these values of k, n,
D and for discrete uniform prior m(f = j+1) = m; =1/(k+1), =0,1,....k, the
prior and posterior distribution functions of 6 are plotted in Figure 5. The mle of
8, and the prior and posterior means and variances of @ are given in Tables 1, 2,
and 3 for each choice of (k,n, D), where k = 10,20, n = 15,25, and D = 3,9,15.
The computations in Table 3 show that the posterior mean of  demonstrates the
effects of D and n as shown in Theorem 2.1; however, this result does not hold

for the posterior variance.
The following result is useful in proving our main result given in Theorem 2.3.
Lemmae 2.2. If 6 < ... < Ok(k 2 2), then

ivy — 0
g, critl L,
7 log(8;+1/65)

Proof. For every z # 1. we have

<0J'+1 ,j =0,...,k—'1

z-1>log z

and hence A 0
J+1 j+1
941 _ 1 5 1og (_)
0; 0,
and 0 0
Ji_1>lg
;41 o ;41
giving
0. < M < g.+1_1:]
77 log (6541/8;)



Set§; = ;:(';11‘—:1'/1"—,) , J=0,..,k~1. Then Lemma 2.2 ir;xplies that the parame-
ter space (0, 00) can be broken up into k+1 £-intervals (0, &), (o, 1)y (Ex-2.66-1),
(Ek_l,OO) such that 0 < 8 < <0, < .. < 9,'_1 < fj-] < 0,' < .. <
Ox-1 < &-1 < B < oo. Imposing the restriction on the prior distribution 7(@)
that it concentrates on k + 1 fixed points 8, < ... < Ox, where 6;'s are contained
in {— intervals defined above, we have the following main result of the paper.

Theorem 2.3. Under the assumptions that n(-) is discrete with support 0 <
bh<..< Hk(lc > 2), R

(1) if 0 < 8 < &, then 8(D;n) — 8 as. as n — oo

(id) if for j(j =1,...;k = 1), &_; < 8 < &, then §(D;n) — 6, a.s. as n — oo,

(i) if 6 > &, then §(D;n) — O as. as n — 00,

The proof of this theorem is given in the Appendix.

3. DISCUSSION

Under a finitely supported assumption on the prior, strong law of large numbers for
Bayesian statistics together with D/ logn converges a.s. to the “true” parameter
(Korwar and Hollander, 1973) imply that the posterior mean converges a.s. to 0,
as long as the “true” parameter is 0;, for each j = 0, ..., k. The main contribution
of this paper (Theorem 2.3) is that the posterior mean still converges a.s. to §;
as long as the “true” parameter is within the £-interval containing 8;. This result
should not be construed as an example of Bayesian inconsistency of the type
discussed by Diaconis and Freedman (1986 a, b). Rather, it rediscovers a typical
phenomenon that the posterior distribution is dominated by the prior distribution,
so that if the prior distribution has a finite support, the posterior distribution is
also finitely supported and the posterior mean tends to the prior supported point
“closest” to the “true” parameter (which may not be a prior supported point).

The -intervals define “closeness” property for the Bernoulli model naturally
arising in this paper: 0; is close to the “true” parameter if and only if they are
within the same £-interval. It remains to be seen what happens when the true
parameter falls on the boundary of the £-interval. Also further investigation calls
for relaxing the restriction that the prior distribution is finitely supported.



4. APPENDIX: Proof of Theorem 2.3

i) From (2.12),

8(D;n) = b 2

hence it suffices to show that, for j =1,...,k,

8;\” (6o)iw)
(a(;) m —0as asn— 00 (A.l)

But, for j =1, ...k,

aF-

6) (B ¢

.

('B_i)o (6i-1)m)

1\ Bic1 (CAS

(_Qa_) P nbi-1-% (0"‘)(").,10‘-91-1.
01 (9.-)(,.)

and since for any two positive numbers a and b (cf. Feller 1968, Vol. I, p. 66,
eq. (12.22)),

|
o (O

-
I

G(n) p-a _ L(b)
—in*? —» ——~ as n — 00, (A2
b(n) F(a) )

we have that, fori =1,...,5( = 1,..., k),

(ei—l)(n)no‘-o‘_. i, I‘(B;)
@)m) T(6iy)

Hence to show (A.1) it suffices to show that, fori =1,..., 3,

n — 0.

6 \°
(—') n%-1-% _, 0 as asn— o0
8i-

or equivalently

D 6;
[log = log (9.'-1) +(6i-1 — 0;)] log n — —o0 a.s. asn — 00 (A.3)
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Now, from Lemma 2.2 and the hypothesis that 8 < &, it follows that
9103(9-'/9:‘-1) + (0,’_1 - 9.) < 0,1 = 1, ...,k,
and hence from the result that D/logn — 8 > 0 a.s. as n — oo, we have

D b; 6;
l_og_nbg(m)-‘-(ai- )—»Nog(o )+(0.1 ;) <0, a.s. asn — oo.

This establishes (A.3).
ii) After some algebra, we can write

O(Dim) =6y 8 8.\2 (0;)m)
48 2L n
3t (0,) (9 )(n T+ T in (a ) ) T
Thus, it suffices to show that, for i = 0,...,k,i # J, ( ) EZ ))(") a.s. as
(n)
n — 20.

But, fori =0,...,5 -1,

(ﬁ)"(o,-)(..) _ H (g.._,)" AT

;) (8:)m a1t \ 0 ) (85-1)m)
_ ! 85-1 ° Bo-8,_) (0,)(,.) 0,-1-8,
= 1 ( ) " oty

and, fori=j+1,...,k,

(6"t - ()

w=j+1
In view of (A.2), we have, for 1 <i+1<s<j,

() u-s-0, _, Do)

(0 -l)(n) F(B,) as n — 00,



and, for j+1<w<i<k,

(0 -l)(n)ng._ i, F(ow)
(0.,,)(,.) I‘(ew-l)

Thus, it suffices to show that, for 1< (i +1 <)s < j,

asn — OQ.

9 D
(:_—l) nf»%-1 0 as. as n — oco.
4,

or equivalently,

D 8,
- [logn |Og (a:) + (9,_1 - 0") lOgn — —00 a.8. as n — o0

and, for j +1 < w(L i) <k,

g D
(—L) n’-'* —+0as asn— o0
ow-l

or equivalently,

[ Z log(—o"—‘)+(0 - ,,)]logn-—»—oo a.s. as n — 00.

log n 9,,,_ 1

The hypothesis that, for j(j =1,....k = 1),

§-1<0 <,
and Lemma 2.2,
0 < i'._o‘_“‘ i=j+1,..k
log(8:/6;-1)’ e
and ey
8> _Q!_, 1= 1,.,,. '.
log(6:/8:-1) i
imply that

gi >0' i=1....,j
01°g (O‘T;) +(o|'—l _e|){ < 0' i=j+ 1,.-.,k
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Now, (A.6) and the result that D/logn — 8 > 0 a.s. as n — o0 imply (A.4)

and (A.3).
iii) Writing
D
= (3—1) (gi) (zk;(") Tyuthe T
8(D:n) = 6, £/ \%) (B

k-1 ] (n)
7 (Bk) (61)(71) ! .

it suffices to show that, for j =0, ...,k ~ 1,

9;')0 (01)(n)
=] ———= — (0 as. as n— o0.
(0" (01')(11)
But, for j =0,...,.k -1,
(&)D (Be)m _ ﬁ (9‘»_-1)0 R (0 R
ok (aj)(n) gw (Bw-l)(n)

w=j+1

and (cf. eq (A.2)), for 1< j+1 < w <k,

._(ol)("_)nt-_.-o- _, T(0u-1)
. (Bw-1)m T'(6)

Hence, it suffices to show that, for 1 <j+1<w<k,

as 1n — o0Q.

(aw—l)n Oy —0u—1
o nv "-1 5 0as asn— o0

ur equivalently,

- [ 2 log (9—"’) + (B — .,,)J logn — —00 a.s. as n — oo.

lo?" ow— 1

The hypothesis,
6> &1,
and Lemma 2.2, for j =1, ..., k,
N 6; —0;_, ,
log(6,/8;-1)

11

[/ for j=1,...,k,

(A7)



imply that, for j = 1, ..., k,

flog (éﬁl) + (8,21 —6,) > 0.
™

Hence, (A.7) and the result that D/logn — 8 > 0 as. asn — o© imply
(A.6).0
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Table 1. Mazimum Likelihood Estimator of 8

D\n 15 25

3 .8241 6551

9 8.5784 4.5962

15 does not exist 14.9148

25 not applicable does not exist

able 2. Prior Means and Varian

Prior Mean Variance

v{1,..11} 6 10

U{1,..,21} 11 20.95

Bin(10,.1) 2 .90

Bin(10,.5) 6 2.50

Bin(10,.9) 10 .90

Bin(20,.1) 3 1.80

Bin(20,.3) 11 3

Bin(20,.9) 19 180

Note: Under a Bin(k, p) prior E(8) = kp+1,Var(0) = kp(1 — p), and under a

discrete uniform prior, U{1, ..., k+1}, E(8) = (k+2)/2. and Var(8) = k(k+2)/12.
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Table 3. Posterior Means and Variances. The entries for Variances are given
in parentheses below the Means.

Prior \ (n, D)
v{,..11}

U1,..22)

Bin (10,.1)

Bin (10, .5)

Bin(10,.9)

Bin(20,.1)

Bin (20, .3)

Bin (20,.9)

(15,3)
1.7699
(1.2801)

1.7733

(1.3201) (21.3792)

1.4877
(.4354)

3.9359
(1.1510)

9.1839
(1.5704)

1.9266
(.8169)

7.4382
(5.2356)

18.0058
(2.6645)

(15,9)
7.7657
(5.1064)

11.2368

3.3025
(.8984)

6.4629
(1.9482)

9.9722
(.8958)

4.2989
(1.5169)

10.7604
(4.4614)

18.7760
(1.9707)

(1515) (253) (259)
10.0049 1.3920 5.7081
(1.4467) (0.5145) (4.9525)

18.0590 1.3920 6.1315

(25,15)
9.3095
(2.5322)

14.7109

(7.6080) (0.5150) (8.1887) (15.2410)

48215 13153  2.9366
(1.1022) (.2029) (.7467)

7.9845 3.0977  5.7059
(1.5849) (1.6788) (1.8606)

10.4036 8.5323 9.6145
(.5354) (2.0489) (1.1594)

6.2843 16077 3.7168
(1.9087) (.5343) (1.2151)

12.9208 5.5683  9.2555
(3.8940) (4.3204) (4.2829)

19.3307 17.1821 18.1863
(1.4893) (3.3611) (2.4477)

4.3861
(.9726)

7.3790
(1.6479)

-10.1921

(0.7017)

5.5853
(1.6277)

11.6804
(3.9413)

18.8934
(1.8425)

15
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