
lndecomposable baric algebras, II* 

Henrique Guzzo J unior 
Instituto de Maternatica t! Esta.t[stica 

Universidade de Saa Paulo 
Caixa Postal 20570 -- 01452-990, Sa.a Paulo , Brazil 

E-mail: guzzo@irne.usp.br 

1 Introduction 

Baric algebras pla,y a central role in the theory of gern-:tic algcbras. They were introduced 
by I.M.H. Et.herington [3j, airni11g for an a.lgebraic trea.tment ol· Popula.tion Genetics. But 
the whole class of baric algebnts is too la.r·ge, so me conditious (usua.lly with a. background in 
Genetics) must be irnposed in order to obtain a. workable mathema.tical object. With this in 
mind, several classes of baric a.lgebra.s have been defined: traiu, Hernstein , special triangular, 
etc. But there are rclevaut exarnples in Genetics which clo not give rise to basic algebras, see 
[6]. As a sample of the receut work in the field of Genetic a.lgebra., see [2], [7], [9], [10] a.nd [11]. 

2 Join of baric algebras 

Let .F' be a fielcl of charaoteristic not 2, A an algebra over F, not necessarily associative, 
commutative or finite dimensioual. If w: A --. F is a nonzero hornomorphism, then the 
ordered pair (A, w) will be called a baric algebra over F and w its weight function. For x E A, 
w(x) is called the weight of x. The set N= {x E A I w(:r) = O} is a twc -sided ideal of A of 
codimension 1. 

A baric homomorphism from (A,w) to (A',w') is a, hornomorphisrn of F-aJgebras sp: A - 
A' such that w' o ip = w. [n particular, ip(kerw) ~ kerw'. If t.p a.nd t.p1 are baric hornornorphisms, 
the same holds for t.p o cp' a.ud for ip-1, when t.p is bijective. 

Every baric a.lgebra (A,w) can be clecon1posed as A = Fc H3 N, where c is any element 
of A with w(c) = l: for x E A, :1: = w(:r:)c + (x - w(1:)c) and .r - w(:c)c E kerw. From th.is, 
every left ideal of N, sa.y J, such that cJ ~ J is also a left ideal of A. Sirnilarly for right 
ideals, with the conclition Jc ~ J. The converse is a.lso true. Mauy (but not a.11) baric algebras 
relevant in Genetics, have a11 idernpotcnt e such that w(e) =J. lu this ca.se, the subspace Fe 
is a commutative subalgcbra. of A. • • In this pa.per, wc will alwa.ys assurnc Llie exist<~11ce ol an iclcrnpotent of weight 1. There 
IS a natural rnethod of obL-1.ini11g s11ch a.lgebras. If N is any F-algebra., A: N ----+ N and 

*This is an announce1nc1tt of the 1·cs11lts of the paper ·'t11deco111posablc haric algelHas" and "Inclecomposable 
baric algebras, 11", by 111yself and ll. ( '.osL1. Tii<: first 011e appea.red in Li1war Algel>ra and its Applications, 
183: 223-236 (1993). The st:co11d will appcar soo11 in Li11ea.r Algebra a11d its Application8. 
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p: N - N are F-linea.r mappings, define on the vector space F EB N a. multiplication and a 

weight function by 

(a, a)(fJ, b)= (afJ, ab + a>.(b) + fJp(a)); w( a, a.) = a (1) 

where o:, /3 E F', a, b E N. Clearly w is a. non-zero homomorphisrn, e = (1, 0) is an idempotent 
of weight 1, (1,0)(0,n) = (O,>.(n)), (0,n)(l,0) = (O,p(n)), for all n E N. We denote this 
algebra by [N, A, p). Every baric algebra (A,w) with idempotent e of weight 1 is obtained 
by this method, taking N = kerw, A = L; and p = Re, where L and R are left and right 
rnultiplication operators. For easy reference, we denote this class by n. 

Suppose (A1, wi) and (A2, w2) belong to n , with idernpotents e1 and e2 resp, so A1 = 
F'e

1 
EB N

1 
and A2 = Fe2 EB N2. Consider N = N1 EB N2, endowed with the componentwise 

multiplication. Let >-, p: N ---+ N be the linear operators 

>.(n1, n2) = (e1n1, e2n2), p(n1, n2) = (n1e1, n2e2) 

So in [N,>., p], according to ( 1 ), we have the multiplication: 

This algebra is callee! the join of (A,,wi) and (A2,w2) and is clenotecl (A1 V A2,w1 V w2) or 
simply A1 V A2. The idempotent (], 0, 0) is the join of e1 and e2, denoted e1 V e2. It is not 
clifficult to prove that this construction is independent of the idempotents e1 and e2. 

Proposition 1 Lei F be a. field, (A,,w;) F-al.9ebras ui n, i= l, 2, 3. We have the following 
baric isomorphistns: 

(i) (F V A1, idF V wi) ~ (A1,w1) 

(ii) (A1 V A2,W1 V w2) ~ (A2 V A1,w2 V w1) 

(iii) ((A1 V A2) V A3, (w1 V w2) V w3) ~ (A1 V (A2 V A3),w1 V (w2 V w3)) 

Condition (iii) allows us to define recursively the join (A1 V ... V A.,, w1 v v ) f , ·.. Wn O n 
members of n. 

3 The Krull-Schmidt Theorem 
Suppose (A, w) is a baric a.lgebra with idernpotent e of weight 1, so A = Fe ffi N where 
N= kerw. The additive group (N,+) can be endowed with a struct.ure of abelian i\ll-group, 
see [8, Chap V, Def.J ]. The set M is forrned by a.ll right and left multipLica.tions Ro. a.nd 
La, where a belongs to A U F and 1/J(a,7') = T(o.), u E kcrw, T E M. In this ca.se, the 
M-subgroups of (N,+) are the Lwo-sided idea.ls of the a,lgclira. /\, contained iu N. These are 
exactly the two-sided ick·a.l:, of N which are inva.ria,nt. under /,~ ;wd /{" (in short, invr1.ri<1.nt.). 

According to [8, Gh,:1.p. V, 9 12] r1n abelian M-gro11p N is rlccon1posdblc if there are two 
non trivia.l M-subgrouµs Ni and N2 of N such tha.t N= Ni EB N2. I,, our co11text., this concept 
is transla.ted to the following definition: 

2 



Definition 1 A baric alqebra ( A, w) ioitl: an idempoient of iaeioh! 1 Is decomposable if there 
are non trivial tioo-sidcd ideals N1 and N2 of A, botli conlained in N = kerw, such tliat 
N = N1 EB N2. Otherunse, it ~s indecomposa.ble. 

Clearly all two dirnensional algebras are indecomposa.ble. 

Theorem 1 For any member ( A, w) of n the following cotiditions are equivalent: 
a) ( A, w) is a decomposable bari c alqebra; 

b) There are (A1,wi) and (A2,w2) in n such iliai dimA, ~ 2 and (A,w) ~ (A1 V A2,w1 Vw2); 

c) The aditive group N= kerw is a decomposable M-group. 

Definition 2 A baric alqebra (A,w)i with N = kerw, salisfies d.c.c, [resp, a.c.c.) if the 
M-groitp (N,+) saiisjies d.c .c. (resp, a.c.c.), as stated in {12, p.158}. 

Proposition 2 If (A, w) is a bane alqebra in D satisfying d. c. c, there exist m indecomposab/e 
baric subalqebras (A;,w;) of (A,w) sucli iliai (A,w) ~ (A1 V ... V Am,w1 V ... V wm)- 

Theorem 2 (Krull-Schrnidt) S11.ppose (A,w) E n satisfies botli d.c.c. and a.c.c, and let 
(A1,w1), ... ,(A.n.,wn),(B1,-Y-,) ... ,(Bm,rm) be itidecomposable meinbers ofD sucli that 

(A, W) ~ ( A J V . . . V An, W1 V 

(A,w) ~ (81 V ... V Bm,/l V 

V Wn) 

V 1m) 

The n n = m and for some permuialion i 1----, i' of indices, we have (A;, w;) ~ (Bi,, 1;,) for ail 
i=l, ... ,n. 

It is a consequence of this theorern that the classificat.ion of baric algebras, belonging 
to a subclass of D closed under the join operation, is reduced to the determination of the 
indecomposa.ble algebras, provicled a.c.c. and d.c.c. hold. The main classes studied in genetic 
algebra fall in this case. Of course, a.c.c. and d.c.c. hold for finite dimensiona.l aJgebras but 
they are independeut of ea.cb other in the infinite din1ensiona.l ca.se. 

4 Some closed classes 

The proof of the KrulJ-Schmidt. theorem a.pplies equally well to every subclass 0' of D having 
the following closure prnperty: ( A I V A2, w1 V w2) E n' if a.nd on ly if botl1 ( A1, w1) and ( A2, w2) 

belong to D'. We call such subclasses ''closed". We will show in the sequel tha.t the most 
important classes of geuetic a.lgebras are closed. 

Theorem 3 Given a tra·in polynomin,I p(x) =x"+ 11w(.1:),cn-l + ... + rn-iw(x)"-1x, where 
11, . . . , rn-1 E F satisfy l + 11 + ... + in-1 = 0, the cla8_-; of all right train algebro,s satisfying 
p(x) == 0 and having a nonzero idempotent, ·is closed. 
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Corollary If A1 [resp . A2) satisfies the train pohmomiol P1 (resp, P2) the n A1 V A2 satisfies 
the train polynomial p, the least com.mon muliiple of Pt and ])2. 

A baric algebra (A, w) is Bernstein of order n if it is cornrnuta.tive and satisfies the identity 
xln+2] = w(x)2'":i;ln+l] for all :r. Here :1Jn] denotes plenary powers, defined by xl1l = :r and 
xlk+l] = xlklx[k] for k: ~ l. See, for inst ance , [71 for recent developments in this subject. In an 
entirely similar wa.y, we ca.n prove the following theorem. 

Theorem 4 For every n ~ 1, the class of all Bernstein algebras of order n over a field F is 
closed. 

Suppose f = f(x1, ... , :rn) is a nona.ssociative polynornia.1 over the field F and consider 
the variety defined by f, tha.t is, the cla.ss of all .F-algebras A satisfying f(ai, ... , an) = 0, a.11 
a; E A. See [51 for a. deta.iled study of varieties. 

Theorem 5 The subclass of the varieii) dejined by .f, consistin.q of tliose alqebras which are 
baric and have an idempoteni of weight 1, is closed. 

It is obvious th at the intersect.ion of dosed classes is a.lso closed and this implies, in the 
light of Theorern 5, that , for every variety of F-a.lgebras, the su bclass consisting of those 
algebras which are baric and have an idempotent of weigl1t J, is closed 

A finite dimensional cornmutative baric a.lgehra (A,w) is genetic over F', in Gonshor's 

sense, if there exists a. (c;-1.nonic;-1.l) basis {ao,ai, ... ,an} of A such 1.11<1.t, if o;aj = LiijkOk for 
k 

i,j = 0, 1, ... , n, then 1000 = I, ~/Oik = 0 for k < j a.nd ri.1A = 0 for O < -1,j and k: ~ max{i,j}. 
See [12] for more information. Recall tbat nonzero idempotents rnust have weight 1. It is also 
well known that we can take a0 to be ;u1 idempotent of A, when they exist. 

Theorem 6 The class of all genetic algebms ove.,. F, ·in Gonshor's sense, which have a nonzero 
idempotent {necessarily of we1ght J) is closed. 

We rema.rk that this theorern can be sta.ted and proved for left or right Gonshor algebras, 
see [12, Chapter -5]. 

For a given a.lgehra A over F, let R11: A--+ A be right. tnultiplica.tion hy a., tha,t is, Ra(x) = 
xa, x E A. A finite dirnensional comrnutati ve bari c algehra (A, w) is ca.lled genetic, in Schafer's 
sense, if the characteristic polynornia.l or a polynomial tra.nsformation f (R:r:

1
, ••• , Rx.) remains 

unchanged when the J:; are replaced by Yi, with w(xi) = w(y;), z = ] , ... , s. Again from (12, 
Theorem 3.13], we see t.hat if we extend a Schafer genetic algebra A to A,,·, where J( is a 
suitable extension of F, then Ag will have a canonical basis over X. Moreover, the ident.1ty 
(A1 V A2)K ~ (A'l)K V (A2)K holds a.s the reader can easily verify. From these considera.tions, 
we obtain the following Theorern 6. 

Theorem 7 The class of genetic algebras in Schafer 's sense, having idem.potenls of weight 1, 
is closed. 

Theorem 8 The class of all special train algebras which have a nonzem idempolent is closed. 
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5 On the duplication 

We give now a sufficient condition to ensure that the duplicate of a indecomposable baric 
algebrais still indecomposable. Let (A, w) be a cornmutative baric algebra, e E A an idempotent 
of weight 1, w' the restriction of w to A2, D(A) its cornmutative duplicate, 7/J: D(A) --+ A2 
the homomorphism given by 7/J(x * y) = xy. Then D(A) is baric with the weight function 
Wd = W1 

0 '1/J. 

Theorem 9 For any commutative indecornposable bari c alqelnv: ( A, w) sucli that A 2 = A, the 
commuiatioe duplicate (D(A), wd) is indecomposable. 
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