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We have analyzed a large set of α + α elastic scattering data for bombarding energies ranging from 0.6 to
29.5 MeV. Because of the complete lack of open reaction channels, the optical interaction at these energies must
have a vanishing imaginary part. Thus, this system is particularly important because the corresponding elastic
scattering cross sections are very sensitive to the real part of the interaction. The data were analyzed in the
context of the velocity-dependent São Paulo potential, which is a successful theoretical model for the description
of heavy-ion reactions from sub-barrier to intermediate energies. We have verified that, even in this low-energy
region, the velocity dependence of the model is quite important for describing the data of the α + α system.
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I. INTRODUCTION

Heavy-ion reactions represent a quite important subject,
which was extensively studied in the last decades. Because of
the many degrees of freedom involved in the collision of two
nuclei with complicated structure, many different channels,
such as elastic and inelastic scattering, transfer reactions, and
fusion processes, are coupled in the final state. Obviously,
a certain degree of simplification is necessary to obtain a
solution for such a complex problem. Thus, heavy-ion elastic
scattering data analyses have usually been performed within
the context of the optical model, where a phenomenological
imaginary part of the potential simulates the absorption of flux
from the elastic to the reaction channels. Another approach
frequently used in data analyses is characterized by coupled-
channel (CC) calculations, in which a few superficial reaction
channels, mostly related to inelastic and transfer processes, are
explicitly considered in the solution of the coupled equations.
Even so, because of the great difficulty of describing in
detail the fusion channels, CC calculations always involve
an imaginary part of the interaction to simulate the fusion
process. Furthermore, some degree of approximation is also
present in the representation of the nuclear states adopted to
calculate the coupling potentials. Therefore, data analyses
for heavy-ion systems always involve approximations and
assumptions in the corresponding theoretical calculations. The
strong absorption at small distances of interaction, related to
the large superposition of the nuclear densities, makes the
theoretical elastic scattering cross-section calculations rather
insensitive to the real part of the optical potential at these
inner distances. Thus, the corresponding data analyses mostly
probe the superficial region where the competition between the
attractive nuclear and the repulsive Coulomb potentials results
in a barrier.

Heavy-ion elastic scattering data have been obtained and
analyzed for many systems and in a very wide energy
range. For each system, the corresponding strengths of the
real part of the phenomenological optical potentials, in the
surface region, present significant energy dependence (for a
review, see Ref. [1]). The São Paulo potential (SPP) [2] is a
theoretical model for the real part of the nuclear interaction

that accounts for this energy dependence. The model was
widely and successfully applied in data analyses of many
heavy-ion systems from sub-barrier to intermediate energies.
The SPP was assumed in studies of different reaction channels
such as elastic scattering for systems involving tightly bound
(see e.g., [3,4]), weakly bound (e.g., [5,6]), and halo (e.g.,
[7,8]) nuclei; heavy-ion fusion of tightly bound (e.g. [9,10]),
weakly bound, and exotic (e.g., [11,12]) nuclei; and inelastic
scattering and transfer processes (e.g., [13,14]). Furthermore,
because the model is based on a folding procedure, the SPP
includes a systematics of nuclear densities and, therefore,
possesses no adjustable parameters in the real part of the
interaction. This characteristic makes the SPP an important
tool for making predictions rather than simple data fits.

Elastic α-nucleus scattering processes have also been
extensively studied from the theoretical and experimental
perspective (e.g., [15,16]). The α-nucleus potential, generally
employed to analyze elastic scattering data, is also an important
ingredient in the description of many other nuclear reactions.
For example, the knowledge of these potentials is crucial
in calculations of α-capture and α-transfer reactions, as
well as α decay of heavy nuclei, with particular application
in reactions of astrophysical interest. In the last decades,
there have been many attempts to obtain global α-nucleus
potentials, using the double-folding formalism or Woods-
Saxon parametrizations (e.g., [17–19]). Within this context, the
SPP was also successfully used to describe α-nucleus elastic
scattering data and fusion cross sections in a wide range of
energies (e.g., [3,11,20]).

There are many available elastic scattering data for the
α + α system, for which reaction channels are negligible at
low bombarding energies. In fact, the first 4He excited state
has a high excitation energy of 20.1 MeV. For bombarding
energies below 34.6 MeV, the compound nucleus, 8Be, must
decay into two alphas, because the threshold for the first
particle channel, 7Li + p, lies at Q = 17.3 MeV. Thus,
the only open reaction channel at low bombarding energies
corresponds to the 4He(4He,γ )8Be process, which is related to
the 0+ (ground state), 2+ (excitation energy of about 3 MeV),
and 4+ (excitation energy of about 11.4 MeV) 8Be states.
Even so, theoretical (see e.g., [21–23]) and experimental [24]
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works indicate very low cross sections (about 150 nb or
less) for these processes. Therefore, owing to the lack of
open reaction channels, the optical model analyses of the
α + α elastic data must be realized without an imaginary part
in the optical potential. This important characteristic allows
one to probe the real part of the potential at quite small
interaction distances. Another interesting point of the α + α

system is the rather small number of partial waves involved
in the scattering at low energies, further reduced to only even
values because of the identical character of the particles. This
allows the determination of the corresponding (real) phase
shifts almost without ambiguities from the data. For a long
time, it was believed that the experimental phase shifts could
be described only if the nuclear potential depended strongly
on the angular momentum (for review, see [25,26]). In 1977,
Buck, Friedrich and Wheatley obtained a potential (hereafter
labeled as BFWP) [27] which has a Gaussian shape and
is independent of both energy and angular momentum. By
adjusting two parameters of the Gaussian, they obtained a
quite good description of the α + α phase shifts and also a
good description of the position and width of the resonance
corresponding to the 8Be ground state. Beyond the simple
two-body approach, there are other classes of studies that
treat the α-α interaction as a system containing eight nucleons
and ruled by the basic two-nucleon force. Examples of these
models are the generator coordinate method (GCM) and the
resonating group formalism (RGF) (e.g., [26]). Indeed, a study
of the breakup of the 8Be into two alphas in the context of
the GCM shown that the corresponding α-α interaction is
compatible with the SPP (see Fig. 4 of Ref. [28]).

Taking all these characteristics into account, the main
purpose of the present paper is to investigate the accuracy
and possible limitations with which the SPP, a model that was
so successful in the description of α-nucleus and heavy-ion
systems, can also describe the α + α elastic data. This goal
represents a challenge and a further test of the SPP because,
as we have already discussed, heavy-ion data mostly probe the
surface region of the interaction while the α + α elastic data
is sensitive also to the inner region. We show that the velocity
dependence of the SPP, which was established by comparing
heavy-ion data analyses at low and high energies [29], is also
important in the description of the low energy α + α data. The
present work should open a door to extending the SPP model
to the study of systems involving light nuclei.

II. THE SÃO PAULO POTENTIAL

In the context of the SPP, the interaction is more appro-
priately described in terms of a velocity dependence, which
arises from the Pauli nonlocality [2,29], rather than an energy
dependence. The SPP can be expressed in two equivalent
versions [2]:

VN (R) = V0

∫
ρ1m( �r1)ρ2m( �r2)δ( �R − �r1 + �r2) e−4v2/c2

d �r1 d �r2,

(1)

VN (R) =
∫

ρ1( �r1)ρ2( �r2)vnn( �R − �r1 + �r2) e−4v2/c2
d �r1 d �r2,

(2)

where V0 = −456 MeV fm3. Equation (1) represents the zero-
range approach, characterized by the Dirac delta associated
with the matter distributions of the nuclei, while Eq. (2)
involves a finite range effective nucleon-nucleon interaction
associated with the nucleon densities of the nuclei. The
matter distribution differs from the nucleon density because
of the finite size of the nucleon [2]. In Eqs. (1) and (2),
c is the speed of light and v represents the local relative
velocity between the two nuclei, which is related to the kinetic
energy by

K = µc2√
1 − v2/c2

− µc2 = Ec.m. − VN (R) − VC(R), (3)

where µ is the reduced mass of the system, Ec.m. is the
bombarding energy in the center-of-mass frame, and VC(R) is
the Coulomb potential. In the present case, we also calculate
VC(R) using a folding procedure with the 4He charge distribu-
tion obtained from electron scattering experiments [30]. The
model was applied to data analyses for energies ranging from
sub-barrier up to 200 MeV/nucleon (v ≈ 0.57 c).

The behavior of the volume integrals (JR) of the real part
of the interaction, extracted from the data analyses of many
systems, including those involving light nuclei, indicates that
the SPP model should be appropriate at even higher velocities
(v ≈ 0.7 c) [32]. In particular, α-nucleus volume integrals that
have been obtained through different models are compatible
with the corresponding SPP predictions. For instance, data
analyses for α + 90Zr at ELab = 15 MeV have resulted in
JR = 300 [17], 337 [18], and 443 [15] MeV fm3 which should
be compared with the SPP result of 360 MeV fm3. Also for
α + 208Pb at ELab = 27 MeV, the values JR = 336 [18] and
342 [31] MeV fm3 have been reported and the SPP provides
354 MeV fm3.

To obtain a parameter-free interaction, Ref. [2] also includes
a systematics of matter distributions and nucleon densities.
Within this systematics, the SPP does not contain any
adjustable parameter and, therefore, the model can be used
to obtain cross-section predictions instead of simple data fits.
However, the systematics for heavy ion is not appropriate for
describing 4He scattering. We thus assumed that the α matter
and charge distributions have the same shape and, therefore,
ρm(r) in Eq. (1) is simply equal to twice the charge distribution.
This approach seems quite reasonable because both the charge
and matter distributions already take into account the finite
size of the nucleon [2].

Considering the Pauli exclusion principle, for heavy-ion
systems the assumption of frozen densities for the interaction
can be criticized when dealing with very small separations,
because of the large superposition of the target and projectile
nuclear densities. On the other hand, because the α particle is
very tightly bound with high excitation energies, the assump-
tion of a rigid configuration should be a good approximation
in the present case even at small interaction distances.

The BFWP, VN (R) = −U0 e−αR2
with U0 = 122.6225

MeV and α = 0.22 fm−2 [27], is represented by the solid
line in Fig. 1 (top). The sum of this potential with the corre-
sponding Coulomb interaction, VC(R) = 4e2erf(0.75R)/R, is
illustrated in Fig. 1 (bottom). In the energy region studied in
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FIG. 1. (Color online) (Top) SPP (dashed line) and BFWP (solid
line) for the α + α system. To illustrate the effect of the velocity
dependence of the SPP, the dotted lines in the figure correspond to
Eq. (1) with v = 0. (Bottom) Nuclear plus corresponding Coulomb
potentials as a function of the distance of interaction. The region of
the s-wave barrier radius is enhanced in the inset.

the present work, the SPP does not vary significantly. Thus,
we represent the SPP in Fig. 1 (dashed lines) considering an
average energy of ELab ≈ 15 MeV. The SPP is quite similar to
the BFWP for R � 3 fm but is significantly smaller than the
BFWP for larger interaction radii. Even so, both interactions
provide similar barrier radii with barrier heights that differ by
only about 50 keV (see inset in Fig. 1). Thus, it is expected
that the SPP could, with a possible small renormalization,
provide a good description of the elastic scattering data. With
the aim of illustrating the effect of the velocity dependence
of the SPP, we also show the potential obtained by assuming
v = 0 in Eq. (1) (see dotted lines in Fig. 1). This potential
differs significantly from the BFWP for all values of R and
thus cannot provide a good description of the experimental
phase shifts (as we shall demonstrate in Sec. IV). Therefore,
the velocity dependence of the SPP is clearly very important in
accounting for the experimental data of the α + α system even
at low energies. This behavior can be understood from Eqs. (1)
and (3). At low energies and in the surface region, because of
the vanishing nuclear interaction, the relative velocity is small
(v ≈ 0.085 c for ELab ≈ 15 MeV) and therefore no significant
effect of the velocity is observed in the interaction at the surface
(compare dotted and dashed lines in Fig. 1). On the other hand,
because of the strong nuclear potential, at smaller distances the
relative velocity is large (v ≈ 0.34 c), resulting in a reduction
of the nuclear interaction in this region (Fig. 1). The shape of
the velocity-dependent SPP is thus quite different from that
considering v = 0.

III. THE 8BE GROUND STATE

When dealing with deep potentials like the BFWP, there
are solutions of the Schrödinger equation with negative energy
that would correspond to 8Be bound states (see e.g., [27,33]).
These spurious bound states are microscopically understood
within the framework of the RGF as states forbidden by the
Pauli principle [33]. Thus, the ground state of 8Be is, in
fact, unbound with an experimental Q value (relative to the
two-alpha channel) of about 92 keV and a width of about
6 eV.

The BFWP gives a good description of the resonance
observed in the α + α system related to the 8Be ground
state. Figure 2(a) shows the behavior of sin2(δ0) (δ0 is the
s-wave theoretical phase shift) as a function of the energy of
the α + α system. Our calculations with the BFWP present a
resonance at ER ≈ 177 keV with a width of � = 870 eV. These
values are very different from those reported in the original
reference [27]. This discrepancy is not significant because
ER and � are quite sensitive to the numerical calculations
realized to solve the Schrödinger equation, so that very small
differences in values adopted for constants such as e2, h̄c,
the α mass, etc., can produce quite distinct values for ER

and �. For the same reason, very small variations in the
parameters U0 and α of the BFWP also produce large variations
in ER and �, as illustrated in Figs. 2(b) and 2(c). There are
several other models that study and reproduce the properties
of the 8Be (e.g., [22,23,34]). The standard SPP does not
reproduce this resonance correctly. Thus, we have introduced
a renormalization factor in V0 of Eq. (1) through V0 = −N

456 MeV fm3 (obviously, N = 1 corresponds to the standard
SPP). We obtained a good description of the resonance with
N = 1.0812 [see Fig. 2(d)] that corresponds to V0 ≈ 493 MeV
fm3. We discuss the possible effect of this renormalization on
the results of heavy-ion systems in Sec. V.
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FIG. 2. Theoretical description of the resonance in the α + α

s-wave phase shift (δ0) because of the ground state of 8Be, considering
the following: (a) the present calculations with the BFWP, (b) and (c)
small variations of the U0 and α parameters of the BFWP, respectively,
and (d) the SPP renormalized with N ≈ 1.08. The corresponding
widths are indicated in the figure.
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IV. ELASTIC SCATTERING DATA ANALYSES

We analysed 42 elastic scattering angular distributions
in the energy range of 0.6 � ELab � 29.5 MeV. The data
and corresponding experimental phase shifts were obtained
from Refs. [35] (2.96 � ELab � 4.98 MeV), [36] (0.6 �
ELab � 3 MeV), [37,38] (12.3 � ELab � 22.81 MeV), [39]
(3.84 � ELab � 11.88 MeV), and [40] (18 � ELab � 29.5
MeV). In Fig. 3(a), we illustrate the good agreement between
experimental and theoretical results for phase shifts obtained
with the BFWP. We point out that the phase shifts are not as
sensitive to tiny variations in the potential as the parameters of
the 8Be resonance. We show the results for phase shifts of the
SPP with N = 1 (dashed lines) and N = 1.081 (solid lines) in
Fig. 3(b). In Figs. 4 and 5 the corresponding elastic scattering
cross sections are presented for several angular distributions.
Because of the identical character of target and projectile,
the angular distributions are symmetric relative to 90◦. The
theoretical elastic cross sections are very sensitive to the small
(about 8%) renormalization of the potential. The renormalized
SPP provides a good description of the data at several energies
but it clearly fails at others. Indeed, from the phase shifts shown
in Fig. 3(b) it can be understood whether the corresponding
experimental angular distributions can be well described or not
by the theoretical calculations. For instance, at ELab � 3 MeV
the experimental s-wave phase shifts are in good agreement
with those from the N = 1.081 theoretical calculation and
larger than those obtained with N = 1. At ELab = 5.26 MeV,
the experimental d-wave phase shift is not described by the
N = 1 calculation while N = 1.081 provides a theoretical
value that approaches the experimental one. For ELab > 20
MeV, the experimental L = 4 phase shifts are larger than the
theoretical values for both: N = 1 and N = 1.081.

The curves of Fig. 3(b) indicate that the phase shifts for
higher angular momenta could be described by considering
slightly higher values of N . Thus, we performed a fit of all
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FIG. 3. (Color online) Comparison between experimental phase
shifts (from Refs. [35,36,38–40]), for L = 0, 2, and 4, with theoretical
results for (a) the BFWP, (b) the SPP with N = 1.081 (solid lines)
and with N = 1 (dashed lines), (c) the L-dependent SPP, and (d) the
phase shifts obtained with Eq. (1) assuming v = 0. The N values
adopted in the calculations are indicated in the figure.

0.4

0.8

1.2

σ E
l./σ

M
ot

t
M

ot
t

E
Lab.

= 0.85 MeV
1.5 MeV

0      30    60     90    120   150
10-2

10-1

100

3 MeV

σ E
l./σ

θ θc.m. (degree)

N = 1.08
N = 1

30    60     90    120   150  180

5.26 MeV

c.m.
(degree)

FIG. 4. (Color online) Elastic scattering data from Refs. [36,39]
for ELab = 0.85, 1.5, 3, and 5.26 MeV. The dashed and solid lines
represent the theoretical results obtained with the SPP with N = 1
and N = 1.081, respectively.

angular distributions taking N to be a free parameter for
different L values. In this energy region, the data fits are rather
insensitive to the N value assumed for L � 6 and, therefore,
we fixed N = 1.081 for these angular momenta. The best fit
was obtained with N = 1.081 for L = 0, N = 1.098 for L
= 2, and N = 1.133 for L = 4 (hereafter we refer to this
potential model as the L-dependent SPP). Figure 3(c) shows
the corresponding phase shifts. The dashed lines in Figs. 6
and 7 illustrate the respective angular distributions. With the
aim of comparison, the solid lines in Figs. 6 and 7 correspond
to the results obtained with the BFWP. At low energies the
results of the L-dependent SPP are almost indistinguishable
from those of the BFWP (Fig. 6), but at higher energies,
despite the quite reasonable agreement obtained with the SPP,
the BFWP provides slightly better fits to the data (Fig. 7). We
emphasize that the L dependence obtained with the SPP from
the data fits is very weak. In fact, the N values vary less than
5% from L = 0 (N = 1.081) to L = 4 (N = 1.133).
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FIG. 5. (Color online) The same as Fig. 4, for ELab = 8.87, 15.2,
21.12, and 29.5 MeV (data from Refs. [37,39,40]).
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We return, now, to the importance of the velocity depen-
dence of the SPP in describing the α + α elastic scattering
data. To illustrate this point, we have performed calculations
with Eq. (1) assuming v = 0, but adjusting the V0 value.
In this context, it is possible to describe the 8Be resonant
ground state assuming N ≈ 0.808 for L = 0. Nevertheless,
the corresponding predictions for the s-wave phase shifts
are in disagreement with the experimental values at high
energies, as illustrated in Fig. 3(d). We also tried to fit the
experimental phase shifts for L = 2 (with N ≈ 0.83) and
L = 4 (N ≈ 0.90) at low energies but again the extrapolation
of the theoretical values to higher energies fails to account for
the data [Fig. 3(b)]. This behavior clearly indicates that the
shape of the SPP without considering the velocity dependence
is not appropriate to fit the data, as already discussed in
Sec. II.

As an alternative approach to fitting the data in the context of
the SPP, but now without any L dependence in the interaction,
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FIG. 7. (Color online) The same as Fig. 6, for ELab = 8.87, 15.2,
21.12, and 29.5 MeV (data from Refs. [37,39,40]).

we have searched for a matter distribution with a shape
different from that of the charge distribution. We assumed
a two-parameter Fermi function to describe the α-matter
distribution:

ρ(r) = ρ0

1 + e(r−R0)/a
. (4)

In these conditions, different sets of a and R0 parameters
provide good elastic data fits, quite similar to those obtained
with the BFWP, and also describe the 8Be resonance. For
all these sets the corresponding (L independent) N values
are about 1.11. The best fit parameters correspond to R0 =
1.162 fm, a = 0.42 fm, and N = 1.1144. In Fig. 8 we show
that the shape of the best-fit matter distribution is rather
different from that of the α charge (multiplied by two). It is
worth mentioning the importance of having, within the context
of the SPP, an L-independent α-α potential which provides a
satisfactory description of the experimental phase shifts and
properties of 8Be. Prior to the work of Buck et al. [27], all
phenomenological α-α potentials featured a dependence on
the angular momentum to describe the data (see [25] and
references therein).

There are thus two different approaches in which the SPP
can account for the α + α elastic scattering data. In one of
these, in which the SPP is totally equivalent to the BFWP, it
is necessary to assume that the matter and charge distributions
have different shapes. In the other, an additional weak L
dependence is applied to the interaction. L dependence is
generally related to a deformed potential but the α particle
is considered a spherical nucleus. What could be the possible
origin of such a deformation? We believe that the deformation
might arise from effects of relativistic contraction of space.
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FIG. 8. Comparison between the best-fit matter (dashed lines)
and charge (solid lines) distributions. Because of the different
normalizations, in the figure the charge distribution is multiplied
by two. The data are shown in linear (top) and logarithmic (bottom)
scales.
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This sort of effect is usually neglected at low energies because
of the corresponding low velocity. This is, in fact, the case
when considering heavy-ion systems where the scattering is
sensitive only to the surface region of the interaction. As
already commented, in the present case the relative velocity
can reach significant values at smaller separations. Note that
v ≈ 0.34 c represents a factor of contraction of

√
1 − v2/c2 ≈

0.94. If this contraction is applied to the α density, because
of the folding procedure the corresponding potential would
also be slightly deformed and, therefore, a weak L dependence
should be expected. Nevertheless, it is not simple to introduce
this effect within the context of the Schrödinger equation.
Thus, in this work we have not investigated quantitatively the
possible effects of the contraction on the cross sections.

Finally, for the purpose of comparison, we have also
calculated volume integrals and corresponding root-mean-
square radii (Rrms) for the different α-α interactions. We
obtained JR = 414 MeV fm3 and Rrms = 2.61 fm for
the BFWP, JR = 405 MeV fm3 and Rrms = 2.48 fm for the
SPP in the context of the same shape for matter and charge
distributions and with N = 1.08, and JR = 427 MeV fm3 and
Rrms = 2.66 fm for the SPP with the Fermi distribution and
N = 1.1144. As expected, because of the similarities among
these potentials, the three different models provide values for
JR and Rrms that agree within about 5%.

V. EFFECT OF THE RENORMALIZATION OF THE SPP
ON THE RESULTS FOR HEAVY-ION SYSTEMS

The description of the α + α elastic scattering in the context
of the SPP requires a renormalization of the V0 value by
about 10%. On the other hand, the standard SPP (N = 1) was
quite successful in data analyses of heavy-ion systems. This
discrepancy is unsatisfactory if we wish to obtain a general
model for light and heavy ions. In this section, we study the
effect of the V0 renormalization on the results for heavy-ion
systems. We show that this effect is not very significant if
we introduce a small modification in the standard diffuseness
value assumed in the systematics of the matter distributions of
heavy ions.

The standard V0 and density parameters of the SPP
were established in Ref. [2]. The method employed was
the adjustment of the phenomenological strength of the real
part of the optical potential obtained from data analyses for
many systems and in a large energy range. In that work, the
Fermi distribution [Eq. (4) in the present work] was assumed
to describe the nuclear densities. The R0 and a parameters
were obtained from theoretical calculations and also from
experimental charge distributions. Within this systematics, it
was found that the average behavior of the nuclear radii can
be well described by R0 = 1.31 A1/3 − 0.84 fm. An average
diffuseness for the matter distributions of a = 0.54 fm resulted
from the theoretical calculations. However, because of a small
difference found between the theoretical and experimental
charge diffuseness values, in Ref. [2] it was assumed that a
slightly larger value should also be adopted for the matter
distributions: a = 0.56 fm. In the present work, we have
performed new calculations that show that a good description

of the phenomenological strengths is also obtained with V0

increased by about 10% and a decreased by about 3%. Figure 9
(bottom) shows the experimental and theoretical (solid line)
reduced strengths as a function of the distance between the
surfaces of the nuclei as obtained in Ref. [2], that is, with
V0 = −456 MeV fm3 and a = 0.56 fm (see Ref. [2] for
the definition of the reduced potential strength). Figure 9
(top) shows the present results with V0 = −500 MeV fm3

and a = 0.545 fm. No significant difference is obtained with
the present parameters in comparison with those reported in
Ref. [2]. This is a clear indication that the results for systems
involving heavy ions can be described with similar accuracy
by the two sets of parameters.

VI. CONCLUSION

Because of the complicated structure of heavy nuclei,
heavy-ion data analyses always involve a certain degree of
modeling and simplification in theoretical calculations. On the
other hand, because of the complete lack of open reaction
channels, α scattering at low energies can be treated on much
more fundamental grounds. For this system, owing to the van-
ishing imaginary part of the optical potential, the cross-section
data analysis is quite sensitive to the real part of the interaction,
even at quite internal distances. Thus, the present α + α data
analyses represent an important test of the SPP, which was
very successful in describing heavy-ion reactions. We verified
that to reproduce the α + α data in the context of the SPP, it
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FIG. 9. Experimental and theoretical reduced potentials as a
function of the distance between the surface of the nuclei. (Bottom)
Calculations performed considering the original V0 and a parameter
values of Ref. [2]. (Top) Present calculations with V0 = −500 MeV
fm3 and a = 0.545 fm. See Ref. [2] to obtain the definition of the
reduced potential strength.
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was necessary to introduce a renormalization of about 10% in
the V0 value. As we demonstrated, to make this new V0 value
compatible with the previous results of heavy-ion systems, a
small reduction of the average diffuseness value assumed for
the heavy-ion matter distributions to a ≈ 0.545 fm is required.

The α + α elastic scattering data are well described
within two different approaches. In one of them, there is
no L dependence in the interaction but it was necessary to
assume that the α matter and charge distributions have different
shapes. In the other, the matter distribution is simply twice
that of the charge distribution, but a weak L dependence in
the interaction is necessary to describe the data. This angular
momentum dependence could be related to the effects of
the relativistic contraction of space because, even at low

bombarding energies, the relative velocity between the α

particles can reach significant values at smaller separations.
Although this hypothesis seems reasonable from a qualitative
point of view, it should be tested quantitatively in future
works. The present work represents a step in the direction
of extending the SPP model to systems involving light
nuclei.
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