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This paper is aboui two buic notions of model theory namely, the notion of 
relation definable in a given language and the notion of relation inwriant by 
automorphisms of a structure. 

It was recognized loug ago that these two notiODB are strongly related. M. 
Krasner {31, rightly collllidered a forerunner of the introduction of infinitary lan­
guages in model theory (Karp (2), Introduction), showed, in 1938, how to gen­
erat.e all iIMlrla.nt relations of a first order structure by means of set-theoretical 
operations applied to the primitive elements of the structure. 

Although Krasner, in his paper [3], makes no reference to infinitary lan­
guages, his set-theoretical operatioos are the interpretations of the syntactic 
rules of definition of formulas of a suitable infinitary language, !18 himself :recog­
nized much latter (see [4]). However, his operations are neither easily described 
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nor very manageable. This explain, perhaps, why his paper has not had wider 
cireulation. 

A significant feature of this work is the introduction of two natural opera­
tors (opera.toes e- and (e")-1 , section 2) on relations of a first order structure. 
These operators behave nicely with reipect to composition and commute with 
the extensions to relations of bijections of the domain of the structure. Relying 
on these nice algebraic properties we substantially simplified and intproved con­
ceptually Krasner's Mguments. At the same time, the consideration of relations 
whose arity are infinite ordinals allowed to give a smaller bound than Krasner's 
to the erity µ of the universe U" (section 2) where one bas to operate in order 
to coDStruct all invariaJlt relations. H d is the power of the domain D of the 
structure, for Krasner /J is the first cardinal greater than d whereas for us it is 
the ordina.l d + 2 (theorem 3.3). 

In sections 4 to 7, we treat the qued;ion of defining invariant relationa of 
a first order structure E by means of formulas of an appropriated relational 
language £.,:fl IISSOciated to the structure. 

In section 5, we give a simple and manageable definition of the relation 
llrpll defined by a formula rp of the infinitary language £.~, by means of the 
operators t•, (e-)-1 and the complement operator e..,. Of OOUl"8e, our definition 
agrees with the usual notion of relation defined by a formula. In other words, it 
is e.asy to prove that if x,, i < 1, are the free variable of rp where 'Y is, in general, 
an infinite ordinal, then llrpll is the set of sequences v(xo), v(x1), ... , v(x,), i < 1, 
where ti is a valuation of variables true of 'P in the structure E. Moreover, for a 
given choice of cardinals a and .[:J, the operatoni e-, {e")- 1 and e.., allow a simple 
set-theoretical description of the set EafJ of relations definable by formulas of 
the language£.,:,, (theorem 6.2). · 

In a classical paper whicli is one of the comerstonell of model theory A. 
Tarski (8) sliowoo. how to characteme set-theoretically the sets of the real line 
definable in a finitary language of higher order. A relation of the Uilml1'Se of a 
structure E definable in a given language is invariant under automorphism of E, 
but the converse is not true in general. This poees the question of determining 
which languages are sufficiently strong to define all invariant relations of a given 
structure. In 1965, H. Rogers Jr. [6] showed how to define an invariant relation 
of finite erity by means of an explicit formula of a suitable infinitary language; 
he also propooed to call invariant relations absolutely definable sinoe they are 
intrinsic to the structure. A straightforward oonsequenre of theorems 3.3 and 
6.2 is that any invariant relation of finite or infinite arit.y is definable in an 
infinitary language whose parameters a and /3 are determined by the power of 
the domain D (theorems 7;2 and 7.4). 

A c:elebrated theorem ofD. Scott [7] stata:i that when the domain Dis denu­
merable, all inverisnt relations are definable in the language £.!.,- The present 
paper ends with a counter example to prove that when D is not denumerable, 
the language £.!, is not strong enough to define all invariant relations, no mat­
ier how great a is. In fact, we construct a structure E = (D,w,:Ji) such that 
for any infinite regular cardinal a, no orbit of the automorphism group of E in 
'I.L.., is .C!~ le. The proof is based on theorems 3.3 and 6.2. 
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2 The closure of first order structures 

Given a nonempty set D and an ordinal;, a ;-tuple of clcment.s of Dis a map 

from ; into D. The set of all ;-tuples of elements of D will be denoted hy D'l. 
A ;-ary relation of elements of D is a subset of D...,. Let µ be an infinite ordinal 

and let U,.(D) be the set of all ;-ary relations of D for all;<µ. 

A finit order structure of arity µ is a triple E = (D,µ,:Jl) where :Jl is a 

subset of U,.(D) which oontains the diagonal .6. of D 2
• The elements of '.R ace 

the primitive relations of the structure and t1.,.(D) is the universe of E. We 

shall refer to elements of D'Y as points of arity ; of E. 

Let A, B and D be sets and let { : A -+ B be any map. { indure11 in a natural 

way a map e• : D8 -+ rJA. By definition, if f E DB, then e• (/) = f o f Let 

p(DA) and p(DB) be the set of parts of DA and D 8 , respectively. The inverse 

map of e• from p(DA) into p(DB) is denoted by ({•)-1 and the extension of e• 
to these sets of parts is denoted with the same notation f' : p(_oA) -+ p(D8 ). 

If 'f/ maps B into C, then (71 o e)• = e• o rt and if { is a bijection, then e• is 

also a bijection ruid (e")-1 = (e-1 )*. In most cases, A and B will be ordiual 

numbers 6 and I and {* will map points of D'Y into points of D0 . 

For each ordinal 'Y <µ,,let e,., : p(D-Y) -+ p(D...,) be the map which maps 

RE p(D'Y) into its complement with respect to D-Y, i.e., D"'f - R. 

Corresponding to all possible choices of h, 'Y < µ, let X be the set of all maps 

e·' (e•)-1 and e...,, where e is any ma_p from f, into ,. 

Definition 2.1 We say that a .set of relation.& S ~ U,.(D) is E-closed if: 

1} '.R ,;;;;_ 8; 
2} For all RES and f EX such that f(R) is defined, f(R) ES; 

3) If 8' is a subset of S, then n S' E S. 
Th,e i,et of aul,,.et.:, of Uµ(D) which are E-cl°"cd ia not e,npty bec,iuae U,.(D) 

is E-closed. Hence, we may define the closure of E, denoted by E, to be the 

intersection of all E-closed subsets of U,.(D). 

If S is E-closed and S' ~ S is a subset of relations of same arity 1, then 

e..., E X and condition 3 above implie that US' E S. 
Let 1 < µ. be an ordinal and let '.J> = ('.P1J.1:e1 be a partition of 1 , that is, 

U1:eI '.P1i: = 1 and '.P.1: n '.P1:, = 0, if k # k'. We denote by '.D('.J>) the set of points 

p E D-Y such that p(i) = p(j) for all i,j E '.P1: and for all k E /. We say that 

'.D('.J>) is the diagonal of IF defined by the partition :P. Similarly, we define '.D(:P) 

to be the set of points p E IF such that p(i) -I p(j) for all i E '.P1: and j E '.P1:, 

and all k, k' EI, k fa k'. 

Proposition 2.2 '.D('J>), '.D('J>) EE. 

Proof. Let .6. be the diagonal of D2 and let a = e2(.6.). For i,j E ,, i < j 

let ~ii : 2 = {O, I} --+, be the map fo(O) = i, fo(l) = j. Then, '.D('J>) is the 

intersection of the eets (a";)-1(.0.) for all i,j E '.P1: aud for all k EI. Similacly, 

'.D('.P) is the intersection of all sctll (et;)-1(a) for all i E '.P1: and j E '.P1,:, and all 

k, k' E I, k f k'. Since, by definition of E, ti. E :R, it follows from the definition 

of E that '.D('.J>), '.D('.J>) EE. □ 
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3 Invariant relations and the closure of E 
Any map g: D-+ D extends naturally to a map g'Y: D1 -+ D'r, p ,_. g1 (p) = 
go p. This lam map extends itself to a map from p{D1) into p{D1). We shall 
use the same notation to denote the extended map. If h : D -+ D is another 
map then, (go h)-r = g-r oh.., and, if g is a bijection, (g-1 )1 = (g'T}-1 . 

An automorphism of E is a bijection g : D -+ D such that for any primitive 
relation RE :Jl of arity "Y, g"l(R) = R. Let G be the group of automorphisms 
of E. An invariant relation of E is a relation Re u,.(D) which is kept fixed 
by G, that is, g-Y(R) = R for all g e G, "f being the arity of R. By definition, 
the primitive relations are invariant. We denote by :J(E) the set of invariant 
relations of E. 

Proposition 3.1 For any maps e: 6-+ 'Y and g: D-+ D, we hatie that 

Pn>of. The proposition is an immediate consequence of definitions. D 

Proposition 3.2 E ~ :J(E). 

Proof. It suffices to show that :J(E) is E-cloeed. By definition, :Jl ~ :J(E), and 
it is trivial to verify that :J(E) is closed under action of all maps e.,, 'Y < µ,, 
and also that it is claied under the intersection of subsets of :J(E). That :J(E) 
iB cloeed under the a,ctiODII of c· and (e-)-1 follaw!t from proposition 3.1. D 

Our next theorem shows that, for sufficiently large µ, all invariant relations 
belong to the closure E. 

Theorem 3.3 Let 6 be the cardinal of D and assume µ, ~ f, + 2. Then, E = 
:J(E). 

The proof of theorem 3.3 is made clearer introducing previoU8ly 3 lemmas. 

Lemma 3.4 ASB11me µ, ~ 6 + 2 and let Ni, N2, N be the sets of points p E D6 
such that the map p : 6 -+ D is rupectively injective, aurjective and buective. 
Then, N1,N2,N EE and N 'F 0. 

Proof. Let :J> = (:J>,)ie& be a pactition of 6 such that :J>, = {i} for all i < 6. 
Then, N1 = i:>(:J>). Hence, by proposition 2.2, N1 EE. 
Consider now the partition :J>' = (~);<2 of 6 + 1 where ~ = 5, :J>i = {6} and 
let { be the map { : i E 5 .... i E 6 + 1. We shall prove that: 

N2 = e,~(i>{'.P')). 

In fact, p E '.D(:J>') if and only if p(i) "f' p(o + 1) for all i e 6. Hence, {•(1>(:J>')) 
is the set of p E D' for which there exists a e D and i E 6 with p(i) I a. 
Therefore, eo{•(i:>(:J>')) is the set ofp e D6 for which, for all a ED, there exists 
i E f, such that p(i) = a. This proves our assertion. It follows that N2 E E. 
Finally, N = N1 n N2 EE. Since 6 is the cardinal. of D, there exists a bijection 
from 6 onto D. Hence, N -1- 0. □ 
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Lemma 3.5 Let q E N be a point and let R EE be a relation of arity "Y· There 
e:rim a relation MR EE of arity 6 81J,Ch, that for every bijection g: D --+ D, 
/(q) E Mii ~ g7 (R) ~ R. 

Proof. For every point p ER there exists a map {: "Y-+ 6 such that C(q) ER. 
In fact, it is enough to take { = q-1 op. Let eR be the set of all maps e: "Y--+ 6 
such that {*(q) ER and define: 

MR= n (e°)-1(R). 
tE8a 

By definition, MR EE and, by propreition 3.1, 

g6(q) E MR ~ \-/{ E 0R(g6(q) E (e")-1(R)) 
# 'v{ E 0R(e*(.if (q)) E R) 
~ 'v{ E 0R(g7 (e"(q)) ER) 
# g7 (R) ~ R. 

This completes the proof. □ 

Lemma 3.6 For werg point q E N, the orbit ('.)9 of q in D7 belongs to E. 

Proof. If R is a relation of arity "Y, let us denote by I( its complement in D-Y 
and consider the relation: 

M= n MRn n MR'nN. 
RE:JI RE!R 

By lemmas 3.4 and 3.5, M E E. We shall show that M = ('.)g, Let g : D --+ D 
be a. bijection. Since if(q) clearly belongs to N, by lemma. 3.5, g"(q) E M 
if and only if for all R E '.Jl of arity "Y, g7 (R) c;:::: R and g7 (R') c;:::: If. Since 
g7 : rTI --+ D7 is a bijection, the last assertion is equivalent to g-Y(R) = R for 
all RE~- Hence, if(q) EM if and only if g E G. Moreover, for every p EM, 
the bijection g = p o q-1 

: D -+ D is such that g E G and g6 ( q) = p. Therefore, 
Mis the orbit of q in D7 . 0 

Proof of theorem. 3.3. Since every invariant relation R is the union of orbits of 
G, it is enough to prove the theorem when R is an orbit of G. Let R be an orbit 
of arity "f and let q EN. Then, for { E SR and for g E G, {*(y&(q)) = g7 ({*(q)). 
Hence, {*(0q) = R. Theorem 3.3 follows now from lemma 3.6 and the definition 
~k □ 

4 The language C!13 
From now on we assume that µ is an infinite cardinal. For any set A, the 
cardinal number of A will be denoted by !Al. 

We shall define a first order language .C!p associated to a given first order 
structure E = (D, µ, ::ll). It is assumed that a is a regular infinite cardinal and 
t.ha.t {3 '.$ n is an infinite cardinal greater than the arity of any primitive relation 
RE'.11.. 

The symbols of .t:.,!/J are: 1) symbols of variablei; 2) logic symbols -,, 3 and 
/\; 3) a symbol of predicate R to represent each primitive relation R E '.R; the 
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symbol = representing the diagonal. l!l of D 2 ; 4) parenthesis. The arity of a 
predicate symbol R is the arity of R. We denote the set of variables by V and 
assume that its cardinal is aUPUIDI- Moreover, we 8SSUIIle that we have choeen 
an enumeration x : i E IVI 1-+ x, E V of the eet of variables which will remain 
fixed throughout the paper. Vis endowed with the order x, ~ :z; if and only if 
i $. j. 

The set :r:/J of formulas of L!/J is the intersection of all sets of sequences of 
symbols of length less than a satisfying conditions 1) to 4) below. We shall use 
freely the notion of concatenation of sequences without explicit mention. For a 
detailed treatment of this notion see Ka,p (2}. Since the structure E will remain 
fixed, we shall often write L 0 p and !fatJ instead of .C,~ and !f~. 

1. II R. is a predicate symbol of arity 'Y and ,,- : "f -+ V is a sequence of 
va.riooles, then Rr is a formula. 

2. If ,p is a formula, then -.,pis a formula. 

3. If 1 < {3, 1/ : -y -+ V is a sequence of variables and 'P is a formula, then 
3r,ip is a formula. 

4. If 1 < a, (ip,);<-, is a sequence of formulas and the sequence of vruiahles of 
{cp;),<-, has length less thanµ, then A(,p,),<-, is a formula. In case 1 = n 
is finite, we may use the notation f/>0/\v>t I\ ..• Aipn-1, instead of /\(ip,),<n• 

The set V ( <(') of free -.rlables o£ a fonnula <(' ie defined u uinu,l. The arity 
of a formula <Pis the ordinal of V(r.p), the order of V(<p) being the order induced 
by the order of V. If 6 is the arity of'{), we denote by <J,p : 6 -+ V(,p) the 
order preserving bijection. We remark that the restriction on the length of the 
sequence of variables of (ip,),<-,, in the definition of /\(tp,)i<-,, is imposed in 
order to eliminate the undesirable poesibility of existence of formulas of arity 
"?:_µ. 

Let .A: V-+ V be a permutation of V. We extend .A to a permutation .A• of 
the set :F!tJ in the following way: 

1. A•(R-r) = R(>. or); 

2 . .A•(-.tp) = -.).-(cp); 

3 . .A•(37Jv,) = 3(.A O 71).A•(cp); 

4. A·(A(cp;);<-,) = A(>.•(cp;)),<-,-

It is easy to prove that V().•(tp)) = >.(V(ip)), (.A1 o >.2)• = .A! o .>.; and (.A-1 )• = 
(>.•)-1. 

5 The semantic of C!13 

We shall define for each formula cp E !F:tJ of arity I a relation Ocpll ~ W called 
the relation defined bit cp. We shall also say that a -y-tuple p E D., satisfiu cp 
if and only if p E ll'PII- In the same way, we say that a relation SE Uµ(D) is 
L!p-definable if and only if there exist.s a fonnula '{J E ~ such that S = ll'PII• 
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Definition 5.1 The definmqn of ll'PII u bl/ induction on nJu 1) to j) of defi­
nition of formula!J of L0 ~-

1} If ip ia the formula Rr with r: 1 .... V, then ll'PII = ((u;1 o r)*)-1(R). 
t) J f ip is ->1/J and 1/; if of arity 'Y, then ll'PII = e-Y lltJill-
S) If I{) is 3r)tJ,, then ll'PII = (u;1 o u'l't 11,t,!I. 
-4J 11 'f' is A<'P,),q, then ll'f'II = n ((0-;1 0 o-'l'J•>-1 tt'Pill-

iE-y 

We denote by )l:r:pjl the set of all relations of arity ,, 1 < µ, that, are defined 

by /onnulaa in :T!/J• 

Let cp be a formula of a.city 'Y and let ). : V .... V be a bijection. Put 
qi = >.•(cp) and consider the order p=vmg bijections o-11' : 'Y --+ V(cp) a.nd 
o-<P' : i--+ V(r,d) where -r' is the arity of rp'. Let e:,--+ i be a bijection. 

Proposition 5.2 If ).oq'I' =o-'f" oe, then 11>.•(cp)II = (e•)-1 ll'PII-

Proor. The proof is by induction on rules 1) to 4) of definition of formulas. 
1) If cp = Rr, then rp' = fl(>. or). 

We have: 

(C)-1 ll'PII = ((o-;.10 >. 0 o-11')•)-l(tt<pll) 
= ((o-,;;-.1 0 AO U,p)•)- 1(((u; 1 0 r)*)-1 (R}) 

((o-;,1 o (>.o r))•) - 1(R) 
= 11>-•(cp)II -

Assume now that the prop<lllition holds f« a formula t/J of a.rity 1 , that is, if 
t/1 = >.•(,p) and >.o u,; = """ o e"1, then 11>.•(tt,)II = (e;J-1 11~11- Let qi= >.•(cp) 
and le1. e,p be 8 bijection such that AO U,p = q<P' 0 ey,• We shall prove that ihe 
proposition holds for cp = -,t/1 and cp = 3rp/J. 
2) If cp = ~. then u,p = u.,, and u<P' = tr.y. Hence, {,p = {,f,- Therefore, 
we have that (G,)-1 ll'PII = ({;)-1 11"'"'1/tll = (G,)-1(e..,, 111/>II) = e..,,ce;)-l ll1PH = 
e.y,(e;J-1 llitiU = e..,, 11>.•(,t,)II = H-,>.•(v,)11 = 11>-•(..,1")11 = 11.x•(cp)n. We remark 
that, since~ is a bijection, the commutativity ({;)-1e..,, = e..,,(G,)-1 holds. 
3) Let cp = 3f/t/J. Then, 11>.•(cp)II = 113(>. 0 17).\.(¢)11 = (0-"j,,1 

0 <l'f" t tt>.•(¢)11 = 
(u;,1 

OfT,p' )*(({;)-1 UfJi)ID = (€;1 oq;) O<T,p• )* lliJ,)11 = (u;1 0 .x-l 0(7~,r llt/J)II = 
(u;1 ou,p' oe,,- 1

)• \lti>)II = (G,)- 1((u;1 ou'P')* lliJ,)11) = (G,)-1 llt/>)II). 
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4) To c.omplete the proof of proposition 5.2, let rp = /\.(ip,);<-r, ~ = >.•(rp,), 
.p' = >.•(y,) and let ~ and {,p be bijectiows such that >. o u,p, = u~ o {; and 
,\ o uv, = uv>' o e,p. Assume that the proposition holds for each <p,, that le, 
11>.•(rp;)II = (~)-1 llcp,11, for i < 'Y· Then, we have that: · 

11>.•('f')II = IIA(>.•(ipi))•<-rll n (((u;;,1 ou..:)•)-1 ft't1iB> 
i<-y n (((u;,1 oav,;)")-l((e;)-l llrp,11)) 
i<-, 

= n (({u;,1 o u~ o e.r)-1 llv,ill) 
i<'Y 

= n (((u;,1 ° >. 0 uv,,r)-1 ll<1'•11) 
i<1' 

= n ((({,p O u;l O O'v,,)•)-1 llrp;]I) 
i<-r 
(e;)-1( n (u;1 OO',p,t) ll'P;II) 

i<-, 
= (e;)-1 IIA{cp,h<.,11 
= ce;>-1 ll<PII -

Hence, the proposition holds for rp. D 
The following notation will be wied throughout the rest of the paper. Let o and --, be two ordinals and let e : o -+ -r be a map. C,onsider the following 

equivalence relation defined in o: j E o is equivalent to k E 6 if and only if 
e(.;) = e(A:)_ Let 1 be the &et of first elements of the equivalence ~ - Then, 
{II : / -+ -r is injective and {(I) = {(6). Let 6 and 'Y be the ordinals of I and 
{(/) respectively and denote by 6 : 5-+ I and {2 : 1-+ I the order preserving 
bijections. We denote by! ; 6 -+ 'Y the bijection { = (21 o (elJ) o {i. The 
ordinals of "'f - I and "'f -{(I) will be denoted by 6( and 'Ye respectively. Where 
there is no danger of confusion. we shall wrUe simply 6' and 'Y' instead of 6( and 
'"fe • Finally, for each i E J, let !1'1 be the equivalenre claas of i in the equivalence 
relation defined above. We denote by :J' = (!P,)'EI the resulting enumeration of 
the equi.valenoe classes. 

Proposition 5.S Let rp E 9'!p be a Jorm:uJa of anty -r and ld { : 6 -+ --,, 
o,-r < µ, be an order pre.aen,ing injection. A~ -y' < {:J and let JJ = X o{~ ­
Then, e• nrpll = 113wn. 

Proof. If tp = ~. then '1/J E :1:fJ and n~u = (u;1 
0 u.,)· ll<J'II . But, we have 

that u.,, = D",p O { . Hence, 11:lw>II = (u;1 
0 O',p O {)· a'PO = e· Ml- D 

Proposition 5.4 Let tp E !F:fl be a /O'f'fflula of arlty 6 and let {: 6-+ -r, -r < µ 
be on order preseroing injection. If "'f < a, there u;ist, a formula t/J E ~~ such 
that (e-)-1 ll<J'II = 11"111-

Proof. Let A = X o e o u;1 and extend A to a permutation of V, also denoted 
by>., defining >.(x,) =:,;.; for i E "'(-((6). Since .>.ou., is an increasing bijection 
from 6 onto .>.(V(rp)), it follows that the arity of vi= ).-(rp) is 6 and a'P' = ,\ou,p• 
Hence, u;} o.\.ouv, is the identity map of o. Therefore, ll.\.•(cp)U = flcpll. 
Let 'Pl be the formula /\(x, = Xi)'E1'-({6)· Since 'Y' ::<; "'f < a, '1'1 E g:-!fJ• On the 
other hand, a,p, = x o u, where u is the inaeasing bijection from the cardinal 
of 'Y - {(6) onto ,y- {(o). It follows that ll'P1II = rrr'. 
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Let¢ be the formula ,\•(ip) A <Pl· Then, t/J E T!fJ and we have that 17,; = xh, 
u;

1 
0 """ = € and u;

1 
0 u,,,_ = (1. Hence, 11¢11 = RIP' A 1P1R = w>-1 11,111 n 

(u•)-1(D:') = (€*)-1 ll'P'O n D7 = ({*J-1 IIIPU- D 

Proposition 5.5 Let R E 11:f ofJII he a relation of arity ..., and let e : 0 ..... ..., be a 
map such -that 6 < µ, 6 < a and 6' < fJ. Then, {"(R} E ff'.Ta11II-
Proof. Let :D(:P) be the diagonal of D" cormiponding to the pa.ration :P = 
('.J\),e1 of o. Then, for p E D6, we have: 

p E {*(R) <=> (pf/) E ({II)"(R) and p E 'D(:P) 
<=> (pjI} E (€2 o{ o{11)'"(R) and p E '.D(:P) 
# (pjI) E ({1

1)*((0"(mR))) and PE '.D(:P) 
<=> (pll) o 6 E (()'"(G(R)) and p E '.D(:P). 

But, (p!I) 0{1 = po{1, Hence, {"(R) = (€11)"((()"(WR)))n'.D('.P). 
By propositions 5.2, 5.3 a.nd 5.4, we have ({11)'"{(()'"(G(R))) E l!Ta,9ff. 
Let o, be the ordinal of '.I\ ~ o, i E o', a.nd let "• : o; -+ '.P, be the increasing 
bijetiOll. Then, we have that o' $ o < a a.nd 0~ $ o < a. Consequently, for 
i E o', ill; = A<xe,(i) = Xu,(j));e&, and 1J1 = /\(ill;,).e6' are both in '.TafJ· It is 
i=y to show that lltiff = '.D('.P). Hence, {"(R) E ll'.Tapll- D 

Prop08ition 5.6 Le.t RE 11:T,.pll be a relation of arity 5 and lete: 5---+ "'f be a 
map =h that-,<µ, o <a,,< a and o' < (3. Then, ({0

)-
1 (R) E ll9'afJII-

Proof. We have to show that: 

(e*)-1(R) = (€;)-1(((-1)*({;(R n D('.P)))). 

Since o < a, 'D('.J') E ll9'a.8II- Proposition 5.6 will follow then from propositions 
5.2, 5.3 a.nd 5.4. 
For a.ny relation R ~ D6, let RII denote the set of restrictioDS pl/ for all p E R. 
Then, 

w)-l(R) = ({*)-l(Rn'D('.J')) 
((e!I)0

)-
1((Rn '.D(:P))lI) 

(({:1 o{ o 6)*)-1((Rn 'D('.P))II) 
= ({;)-1(((-1)*({i((R n '.D('.P))II))) 

cm-1«e-1)*(Ei(Rn 1>(:P)))). 
This completes the proof. D 

6 The closure E0 p and the language .C!13 

Let E = (D,µ,!R) be a. first order structure. We want to cbMacterize the set 

11:r:pll of relations definable in the language .t!p 88 a set of relations obtained 
Prom the primitive relations !R by means of suitable set theoretical. operations. 
With this purpoee in mind and corresponding to a choice of cardinals a a.nd {3, 
we introduce a subset XafJ of the set X of maps defined in section 2. 

We 888tllile that a a.nd f3 satisfy the same restrictions imposed to define the 
laDguage I.,!fJ• That is, a a.nd fJ are infinite canlinals, a is regulac, fJ :$ a a.nd 
/J is greater than the arity of any primitive rel.&tion R E ~ By definition, XafJ 
is the set of all maps t!.y, {", (E•)- 1 satisfying the following ccmd.itions: 
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l. ~ E Xa/h for all 7 < µ; 

2. If { : o --+ 7, with 5, 7 < µ, then e• E XafJ; 

3. H { : tS ----> -,, then (e")-1 E XafJ if and only if 5, 7 < a and 5' < /J. 
Definition 6.1 A ut of relations g ~ 'U,.(D) is (a, tJ) -cloeed if: 

1} :R <;;; S; 
!} For all RE S and f E Xap BUch that f(R) is define.d, f(R) ES; 
S) If S' i., a aubaet of S of canlinalit11 leu than a, then n S' ES. 
By definition, the (a,,8)-closure of :R ia the intersection Eap of all (a,,8)­

cloud aubseta of u,.(D). 

Theorem 6.2 Eap = ff3',.pn. 

Proo£ We shall prove that ll!r afJII is ( a, ,8}-closed. It follows that EafJ ~ IIS: a,B )I. 
1) If R E :Jl is a primitive relation of arity 'Y and ip = fir where r = Xl'Y, 
then u;1 o -r is the identity map of 7. Hence, by definition of ll'PII, ll'PII = R. 
Consequently, :R <;;; ll!TafJII• 
2) Let now S = lllf'U E l!:TatJII be a relation o[ arity 7. Then, e,s = ll-i<l'II­
Hence, e,s E ll!fa.8II• If e: 6-+ 'Y is such that~. respectively ce-)-1

, belong 
to Xap, then, by propasitiollB 5.2, 5.5 and 5.6, ({*)Sand (e*)-1S also belong 
to ll!T..,,11. 
3) To prove that if S;, E ll!Ta,sll for all i < 'Y < o , then Ii.<-, S. E ll!fa111l, we 
begin remarking that if 'I' E '5 <>.8 is a formula of erity 6, then there exists a 
formula tp1 E :f0 p such that ll'PII = ll'P'II and u.,- = xl5. In fact, it is enough 
to oonsider the map A : V --+ V such that ~JV(<p) = X o u;1 and A(x) = x 
for all x 'I. V(ip). Then, if rp' = ~•('I'), <T,p< = xl6 and, by proposition 5.2, 
ll'PII = ll'P'II- Since for S £ D6, S' £ IJd' and 5 "F fl, sns' = 0 and for any 
cp E :fatJ, 0 = ll'P /1. -<PH E l1!fa,t1l1, it is suffice to assume that all S, have the 
same arity 6. Moreover, we may also assume that S, = ll'P,11 and u.,,, = xlcS. 
Then, /\('P,)i<-, E 11:fapll and, by definition of U/\('P,)i<-,11, we have that: 

11/\<'Pi)i<-,II = n n<p,11 = n s •. 
t<7 i.<7 

This complet.es the proof that Elin <;;; 11:f a.B 11 • 
Let :f be the set of formulas <p E '50 n such that IJ'PU E EoJJ , We shall show 
that !J' satisfies the conditiOllB 1) to 4) of the definition of !f ti,8• This proves that 
:f = 9'0 /J and 119',.JJII ~ E,.n, completing the proof that E,.p = ll!J',.JJll-
1) If tp = R-r, r: 6 -- V, is a.n atomic formula of arity 6, then ll<i?II = ({*)-1R 
where e = u;1 

0 T : 5 -+ 'Y is a surjective map. Then, 7 ~ J < (3 ~ a and 
the ordinal -,' of 'Y - {(cS) is 1- than or equal to 7. Hence, { E Xa/J and 
lllf'II = w>- 1 R E Eo,.fJ• Therefore, !J' contains the atomic formulas. 
2) H <p E !f is a formula of a.rity 'Y < µ, then 11-,'PU = e., llr,,11 E Ea,8• Henoo, 
"PE :f. 
3) If ,j, E :f is a formula. of arity 7, 'Yo < /3, fl : 'Yo -- V and tp = 3,/1/J has 
a.rity o, then ll'Pll = (e*) 11¢11 where e = u;1 

0 u., : 6-+,., is an order preserving 
injection. <1,p maps bijectively and increasingly 7 - {(5) onto the complement 
V(ip) n 71(-,0 ) of V(<p) in V(ef/). Therefore, the ordinal-,' of 7 - {(6) is less than 
fJ. Hence, by proposition fi.2, ll'PII E E,,./J and <p E '5. 
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4) To complete the proof, let (ip,);q.,, 'Yo < a, be a sequence of formulas of !.f of 
arity 6;, i < 'Yo, lllld let <p = f\(cpi)i<-,.· Assume that cp E :f,.p. The arity 'Y of cp is 
the ordinal ofV(cp) = U«..,. V(cp,). Since oi < a for all i < 'Yo and a is a regular 
cardinal, it follows that 'Y < a. Let {, = u;;;1 o uv,, : o; -+ 'Y· Then, the ordinal 
-,' of -y-e.(0;) is less than a and, since!, is an increasing injection, also c5, < a. 
Therefore, cen-1 E x<>IJ, (q)-1 ll<f',U E Ea(J and ll'f'II = ('\<'lb IIIJ',U € Ea(J · 
This shows that <p E :f, completing the proof of theorem 6.2. D 

Butz and Moenlijk (1) has proved a theorem of de.finability by means of 
Boolean valued models similar to theorem 6.2. 

7 Definability and invariance 
Proposition 7 .1 Let L!p be the first order language associated to a first onler 

structure E. Then, jj:r!aJI ~ '(E). 

Proof. The proof is by induction on rules 1) to 4) of definition of formulas of 
.C!p, taking into consideration that, if { : o-+ -y, with c5,'Y <µ,is any map and 
g : D -+ D is a bijection, then yA o e• = ~• o g"'I, g7 o ({•)-1 = ({0

)-
1 o ,/ and 

~o~=~o~. 0 

Proposition 7.1 follows also from proposition 3.2 and theorem 6.2 with the 
rem8l'k that Eap ~ E. 

In this section, we WBJ1t to determine conditions on a and fJ in order that 
the equality ll!f!pll = '.J(E) holds. Keeping the notation as in sections 2 and 6 
and 8118uming that µ is an infinite cardinal, we sta.ri remarking that if a and 
/3 are both greater or equal to µ, then the set.8 of operatonJ X and X<>ll oC the 
structure E = (D,µ,'.R.} coincide. Clearly, !:J(E)I S !U''(D)I andµ S IW'(D)I. 
It follows that if a ~ IU,.(D)I and (3 ~ µ, then E = E0 p . 

.As-rume now that D is infinite. Let d = IDI and let tt+- be the first cardinal 
greater than d. We know (theorem 3.1) that. ifµ ?: d+2, then E = '.J(E). Assume 
µ, = d+. If -y is an ordinal less than µ,, then hi $ d. Hence, lll'I $ ,fl = 2" and 

IUµ(D)I = J u p(D'Y)I $ 2(2") X µ = 2<2·). 

"'(<1' 

If D is finite and µ = w, the first infinite ca.rdinal, then E = E<JC.J = :J(E). 
Taking into caosideration theorem 6.2, we have 

Theorem 7,2 If D ia an infinite aet of cardinal d, µ = tt+-, a = (2(:14))+, 
/3 = d4

, then lj:r!till = '.J(E). If D i., finite, 11'.f!, II = '.J(E). 

Imposing mild restrictiODII on the set of primitive relations !Jl one can lower 
the cardinal o in the statement of theorem 7 .2. Assume that the arity of every 
primitive relation R E '.R is less than d = IDI an assume also that !!RI $ d. 
The notation being as in theorem 3.3, we have the following limitations an 
the cardinality of intersections used in the proves of lemmas 3.4, 3.5, 3.6 and 
theorem 3.3: 

1. N is the intersection of a subset of U,.(D) of power d. 
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2. If R is a relation of arity 'Y, then MR is the intersection of a subset of 
Uµ(D) of power less than or equal to l0RI = t/1. Hence, if 'T < ct, R is the 
intersection of a set of power $ d. 

3. ~, is the intersection of a subeet of Uµ(D) of power l'.Jl!. 
4. H R is an invariant rebu;ion of arity 'Y and -, < d, then R Is the union of a 

set of power l0RI = tJ1 = d. 
We have proved the following special case of theorem 3.3. 

Theorem 7.3 Let E = (D, µ, :R} be a Jim order structure. AB8Vme that D is 
infinite, l:RI ::; IDI and µ ~ IDI + 2. Then, E contains all invariant relations of 
arity lm than !DI. 

The next theorem follows from theorem 6.2 and 7.3. 

Theorem 1.4 Let E = (D, µ, :R) be a first order structure and let d be the 
ronlinal of D. A.!sume that D is infinite, !'.Jll ~ d and µ = d+. Then, all 
invariant relationa of arit11 less than d are in !l:Tf+tt+-11· 

Theorem 7.4 is a generalization to relations whose arity are infinite ordinals 
of a theorem of Rogers (6). 

8 A counter example 
By a. well known theorem of D. Scott (see {7] and (5]), given a. structure E = 
(D,w,:Ji), assuming that :R is finite and the domain Dis denumerable, every 
inwriant relation S E tL,.(D) Is .C.!

1
.,-definahle. We shall show by a. counter 

example that, when D is not denumerable, for eyery regular cardinal a, there 
may exist invariant relations SE U.,which are not .C!,-defi.nable. 

Let "2 / d3 be infinit.e cardinals and let D;, i < 4, be disjoint sets sa.tisfaying 
the following conditions: Do and D1 are unitary sets, D0 = {ao}, D1 = {a1}, 
0o f= a1, ID2I = "3 and !Dal = d3. Define D = u.<,D,, Ro = Do X D2, 
R1 =D1 xD3, R = RoUR1 andconsiderthefirstorderstructure E = {D,w,!Jl) 
such that '.Jl = { R, a} and d is the diagonal of D2• 

Let G be the automorphism group of E. For any g E G, we must have 
g(ao) = ao or g(ao) = 01, but g(ao) = 01 is impossible for then, we should 
have g(D2) = D3 against the hypothesis on the caroinal numben; of D2 and 
D3. It follows that a bijetion g : D -+ D is a.n automorphism of E if and only 
if g(D,) = D,, for i < 4. 

For n < w, define an equiva.l.enoe relation ~,. in D" in the following way: 
two points p,q ED" are equiwlent if and only if, for i,j < n, we have 

Pi =p; ~qi= 'h· 

The equivalence classes of D" are clearly invariant under G. 
Let T"' be the set of maps fromn = {O,1, ... ,n-1} into 4 = {0,1,2,3} and, 

for -r ET", denote the product D.,-(o) x D.,-(l) >< ••• x D.,.(n-l) by Il.,.D. D" is 
the disjoint union of a.II sets Il.,.D when -r varies in T" and each set II.,.D is also 
i.nvaria.nt under the action of G. 
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D" is also the disjoint union of the invariant sets Il.-D n A when T varies 
in 7"' and A varies in the set of equivalence classes of ~,.. Hence, gi111lll an 
orbit O of G in D", there exiBt.s an unique T E T" and an · unique A such that 
0 ~ II.-D n A An easy argument shows that O = 11.-D n A. Therefore, the 
orbits of G in D" are the non empty int.ereection 11.-D n A when T and A vary 
as above. 

Let u bet.he involutive permutation of 4 = {0,1,2,3} defined by: o(O) = 
1, u(l) = 0, u(2) = 3, u(3} = 2. We want to prove that Il,.D n A = 0 if and only 
if Il..o.-D n A = 0. Sinre u is involutive, it is suffices to show that II.-D n A = 0 
implies Il_,.D n A = 0. Assume Il.-D n A = 8 and let q be a point of A. Define 
an equivalence relation ~ in fl = {O, l, ... , fl - l} by the condition: j E n is 
equivalent to k E n if and only if q; = q,.. 

Let J ~ n be the set of leMt elements of the equivalence classes and let C; 
be the equivalence class of j E J. If fL,,,..D n A =I= 0, there exists p E n_..n 
such that p ~,. q. Then, for all j E J and k < n, P; = Pie if and only if k EC;. 
Since the sets D,, t < 4, are disjoints, P; = Pk implies o(r(j)) = o-(T(k)) and, 
cousequently, r(;) = T(k). For ea.ch j E J choose a point fJ; E D.-(j) · Put 
P1o = fJ; for all k E C; and let p E D" be the point defined in this way. Then, 
p E Il.-D and fi; = P1c # lJ; = q1c,j E J,k E C;, Hence, p ~ q. Therefore, 
Il.,..D n A f 0 which is absurd, proving that Iluo.-D n A = 0. 

Since for any { : m -+ n, m, n < w, e• commutes with the action of G in 
11..,, the image {*(O) of an orbit O of G is also an orbit of G. Moreover, if 
0 = II.-DnA, then {*(O) = Il.-oeDne•(A). In fact, C(CJ) ~ {*(ll.-D) ne*(A), 
{*(11.-D) = Il.-aeD and {*(A) is contained in some equivalence class A' of ~m• 

Since {*(0} and Iluo.-D n A' are orbits, we must have {*(O) = Iluo.-D n A' = 
IITO(D n {*(A}. 

For each orbit CJ = Il.,..D n A, denote by o-*( 0) the orbit IL.o.-D n A. Then, 

{*u*(O) {'"(11.,o.-D n A) 
= Il.,.0 c.-ae>D n {*(A) 

o"(llTo(D n e·(A)} 
o-T(O) 

Assume that a is an infinite regular cardinal and let E be the set of all 
relations S E Eaw for which the following property holds. 

Property P: HS contains an orbit O of G, then S contains also 
u•(O). 

We shall prove that E = Eow. For this purpose, it is enough to show that 
E is closed under the rules of definition of Eow. 

1) !It~ E. This follows from u*(Ro) = R1 and the fact that Ro and R1 a.re 
the only orl>its in D2. 

2) Assume that S E E is a relation of arity n < "' and O ~ e,.s is an orbit of 
G. If u•(O) ~ S, then, since S has the property P, u*(o*(O)) = 0,;;;: S. This is 
absurd fur() is not empty and O ~ e,.s. Hence, u*(CJ)ne,.S # 0. Since e,.S is 
invariant under G, and u*(O) is an orbi,, u*(l'.J) ,;;;: e,.s, proving that e,.s EE. 

3) Assume that S = {*(S') where S' E E and let e : m--+ n be a map, 
m, n < w. Let O ~ S be an orbit of G. Since S' is invarillllt under G, S' = 
Uer O;. Consequently, there exists io E I such that {*(Oio} = 0. Hence, 
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u•(O) = e•(a•(Oio)). Since, by hypothesis on S, a•(Oic,) ~ S', it follows that 
a•(O) ~ S, proving that SEE. 

4) Assume S = W>-1S', S' E E and O ~ Sis an orbit. Then, O' = e•o 
is also sn orbit. Hence, a*{O') = u*{*(O) = {*a*(O) ~ S'. This shows that. 
u•(o) ES, proving that SEE. 

5) E is clearly closed under intersections of subsets of E of any cardinality. 
We have proved that E = E,_. Therefore, if ('.I E EO<J i8 an orbit, u*(C)) s;; 0 

which is absurd for u• ( 0) ,f= 0 and u• ( 0) n O = 0. Henoe, E<i<,} does not contain 
any orbit of G. Therefore, by theorem 6.2, for any inftnit;e regular cardinal o, 
no orbit of Gin ti.., is .C.!,-<lefinable. 
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