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Abstract 

This paper deals with the way in which some restrictions on the structure of 
Bernstein algebras and on the multiplication algebra of a Bernstein algebra in­
terrelate, the first class of restrictions being expressed 88 the vanishing of some 
products between Peirce subspaces, and the second by bounds on the dimen­
sion of the multiplication algebra (or some of its key subspaces). The colll'!le 
of this enquiry leads to the introduction in Section 4 of some new numerical 
invariants of Bernstein algebras, namely, the dimensions of the subspaces U2" 

and Ll/'(V). 

• AMS Subject Classificat.ion: l 7D92 
tsp<>D110red by CNPq, Reseacch Fellowship Proc. 300645/9~7 
!Sponsored by FAPESP, Proc. 95/2251-0 
1Sponsored by FAPESP, Proc. 95/0158-3 

1 



1 Preliminaries 

This paper is a natural continuation of [3], where the authors established basic 
properties of the multiplication algebra M(A) of a Bernstein algebra A. All the 
notation and terminology used here can be found in that article, as well as the 
proofs of the results about M(A) that we assume here. In this article we introduce 
some new invariants for Bernstein algebras and establish some connections with 
other known invariants. 

We recall that a baric algebra over a field F is a pair (A, w), where A is a not 
necessarily associative algebra over F and w : A --t Fis a nonzero homomorphism; 
in this case w is called the weight function of (A,w). Moreover, N = kerw is a 
two-sided idea.I of A of codimension 1. A baric algebra (A,w) is Bernstein if A is 
commutative and (z2 ) 2 = w(x)x2, for all z EA. From now on we consider only finite 
dimensional Bernstein algebras over fields of characteristic not 2. Given a Bernstein 
algebra (A,w), the elements z2 with w(x) = 1 are all the nonzero idempotents in 
A, and given a nonzero idempotent e, we have the Peirce decomposition relative to 
this idempotent: 

A = Fe ffi Ue ffi Ve (1) 

where Ue = {z EN : 2xe = z} and Ve= {z EN: ze = 0}. Unless necessary, we 
omit the subscript e in Ue and Ve, The relations 

u2 s;; v, uv s;; u, v2 s;; u, uv2 = o 
as well as the identities for u E U and v E V 

(2) 

u3 = O; u(uv) = 0; uv2 = O; u2 (uv) = O; u 2v2 = O; (uv) 2 = 0 (3) 

hold in A. The dimensions of U and V in (1) are invariant under change of idempo­
tents, and the pair (1 + dim U,dim V), which therefore is well defined, is ca.lied the 
type of A. The subspace L = { u E U : uU = O} is an ideal of A that is independent 
of the chosen idempotent. Moreover, A/L is a Bernstein Jordan algebra, that is, 
its elements satisfy the identity x2 (yx) = (x2y)x. Nevertheless, the smallest idea.I 
I of A such that A/I is Jordan is that generated by all the elements z 3 - w(x)z2, 

z E A. See, for instance, [4, th. 3.4.19] or [1, Section 3]. When U2 = O in (2), 
A is called exceptional and when UV = V2 = O, A is normal. These conditions 
are independent of the chosen idempotent in A. Other characterizations of these 
algebras can be found in [4] or [6], as well as the basic theory of Bernstein algebras. 

Given an arbitrary algebra A over the field F, its multiplication algebra M(A) 
(over F) is the subalgebra of End(A) generated by the operators L:c and Rx, defined 
by L.,(a) = xa, R.,(a) = ax, a,x E A. In [3], the authors proved the following 
results about M(A) when A is Bernstein: 

2 



(a) M(A) is ba.ric with weight function w, where w(L~) = w(x) on the generators 
L:,: of M(A) and the operator 2L! - Le is an idempotent of weight 1. This 
operator is the projection of A onto Fe in (1). We have the decomposition 
M(A) = F(2L~ - Le) E;B (N : A}, where (N : A) = {o E M(A) : a(A) ~ 
N} = {er E M(A) ; woo = O} and N = kerw. Moreover, 4Le - 4L~ is 
another idempotent of M(A), orthogonal to 2L:-L,. The operator 4Le-4L: 
is the projection of A onto U in (1), so that 4L, - 4L~ =f:. 0 if and only 
if U :/= O. Any element er E M(A) can be decomposed in the form u = 
a(2L~ - Le)+ /3(4Le - 4L~) + 0, where (JEN, a,/3 E F and N is the ideal of 
M(A) generated by the set {L:1: : x E N}. In general, M(A) has not a unity, 
so the projection of A onto V in (1) does not belong to M(A). 

(b) For a fixed idempotent e E A, the algebra M(A) can be decomposed as 
M(A) = F(2L~ - L,) E;B iJ $ V where U = { er E (N : A) : u(2L~ - L,) = u} = 
{er E (N: A): u(N) = O} = {,J,.,: x E U E;B U2}, with 1t,.,(e) = x and ,p.,(N) = 
0 and V = {u E (N : A) : u{_2L~ - L,) = O} = {u E (N: A) : u(e) = O}. The 
application t/; : U EB U2 -+ U given by x t---t 1Pz is an isomorphism of vector 
spaces. In particular, dim U = dim U + dim U2 and it is an invariant of A. 

(c) The subspaces U and V of M(A) verify the following relations 

~2 -~ - - - -2 ~ U = 0, UV= 0, VU~ U, V ~ V (4) 

so iJ is an ideal of zero square and V is a subalgebra of M(A). Consider 
u E M(~ decomposed in the form u = a(2L~ - Le)+ v., + 9, where t/J E U 
and (J EV. Ifwe denote (J by [u], we have, from (4), that the mapping o t---+ [o] 
is a homomorphism (of algebras) from M(A) onto V. 

(d) The idempotent 4Le - 4L: E V gives rise to the usual Peirce decomposition 
of V: V = Vu$ V1o $ V01 $ V00• We can characterize the elements of¼; 
using the Peirce decomposition of A in the following way: 

o E Vi, 1 ,¢:} (4L, - 4L~)u = u(4Le - 4L~) = u ,¢:} o(U) ~ U and u(V) = 0 (5) 
o E V-10 -¢:} (4L., - 4L!)u = u and u(4L., - 4L!)=0-¢:}u(U) = 0 and u(V) ~ U (6) 
u E V01 # (4L., - 4L~)u = 0 and u(4L, - 4L~) =u-¢:}u(U) s;; V and u(V) = 0 (7) 
u E V00 ,¢:} (4Le - 4L~)u = u(4L., - 4L~) = 0 ¢:> o(U) = 0 and o(V) ~ V (8) 

Observe that 4L., - 4L~ E V11 and V;;V1,1 ~ 6;1, V;,. The decomposition of M(A) 
given by 

2 - - - - ~ M(A) = F(2Le - Le) EB U EB Va EB Vio $ Vo1 $ Voo (9) 
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is called the complete Peirce decomposition of M(A) relative to the idempotent 
e E A. The V;; component of u E M(A) ~II be denoted by [u]ij• It was proved 
in [3] that the dimensions of the subspaces V;j in (9) are invariant under change of 
idempotents in A hence we have some new invariants for A. 

2 On the subspace V 

While the subspace fl in (9) has a very simple structure, since it is isomorphic 
to U EB U2 under the mapping X E U EB U2 M 'P:c E lj, the subspace V reflects 
the complexity of the Bernstein algebras. The subspaces V;; in the decomposition 
of M(A) given in (9) provide some information about the algebra A. The com­
ing propositions show us how. Let x = ae + u + v E A, according to (1). The 
decomposition of L:c relative to the direct sum given in (9) is 

L:c = a(2L; - Le) + ½'Pu+ [L:c] 

where [L:c] = [L:c]u + [L:cho + (Lz]o1 + [L,..]oo with 

[L,..]11 = ½a(4Le - 4L~) + 2L.,Le 
[L:cho = (2LeLu - ½'Pu)+ (L., - 2L.,Le) 

[L:c]o1 = Lu - 2LeLu 
[L:c)oo = 0 

(11) 
(12) 
(13) 

(14) 

The proof of these igualities can be easily obtained using the characterizations of 
the elements of V;; given above and relations (3). To exemplify, Lu - 2LeLu E Vo1 
because (Lu-2LeLu)(e) = 0, (Lu'--2LeLu)(U) ~ U2 ~ V and tLu-2LeLu)(V) = 0. 

The set {Lu - 2LeLu : u E U} is a vector subspace of Vo1 and the mapping 
u E U i--+ Lu - 2LeLu E Vo1 is linear. By (7), we have Lu - 2LeLu = 0 if and only 
if (Lu - 2LeLu)(U) = 0, that is, if and only if u E L, where L = a.nnuU = { u E U : 
uU = 0}. So, we have the following result: 

Proposition 1 The vector subspace of V01 consisting of all operators of the form 
Lu - 2LeLu, u E U, has the same dimension as U /L and so, the dimension of this 
subspace of Vo1 is an invariant of A. In particular, dim V01 2: dim U - dim L. ■ 

For all Bernstein algebras of type (1 + r, s) with r 2: 1 we have V11 =/; 0 because 
4Le - 4L; E Vu. But the other 3 direct summands of V in (9) may be zero, 
according to the following propositions. 

Proposition 2 With the previous notations, we have the equivalence between 
(i) A is normal 
(ii) V10 = o. 
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Proof: (i) => (ii): We have (L.,J = [L.,]n + [Lzho + [L.,]01, for all x E A. As 
UV = v:.i = 0, we have (Lo:ho = O, and so, [Lz] E Vu EB Vo1, which is a subalgebra 
of M(A). Then, for x1, .•. ,XA: EA, [L:i-1 ... L.,1 ] = (L.,1 ] •• • [L.,,] E Vi1 $ Vo1, that 
is, V10 = Yoo = 0. 

(ii) => (i): If i\o = 0 then, by (12), for all u E U and v E V we have 2LeLu = ½tPu 
and L., = 2L.,Le, If we evaluate on v' E V, we obtain uv' = 2LeLu ( v') = ½t/lu ( v') = 
0 and vv' = L.,(v') = 2L.,Le(v') = 0, and so UV= V2 = 0. ■ 

Proposition 3 The following conditions about the Bernstein algebra A are equiv­
alent: 

(i) A is exceptional 
(ii} Vo1 = o 

Proof: 1i) => Jii): As in the proof of the Proposition 2, it's sufficient to prove that 
[L.,] E Vu$ Vio, As [L.,]01(U) ~ U2 = 0, by (7), we have [L.,]01 = 0. 

(ii) => (i): For all u E. U, we have L., = 2L0 L.,, that is, uU = L.,(U) = 2L8 L.,(U) = 
0 and so U'J = O. ■ 

Proposition 4 With the same hypothesis, the following condition& are equivalent: 
(i) U(UV) = 0 
(ii) Voo = o 

Proof: (i) => (ii): We prove by induction on k that [Lx, ... L.,.]oo = 0 and that 
there exists uo E U such that [L.,1 ••• L.,.]01 = Luo - 2LeLuo. The case k = 1 is 
verified using the decomposition of L., in (10). Suppose that [o-]01 = Luo - 2L 0 Luo 
and [o-]oo = 0, for u = L:i-1 ••• L.,1 • If x = ae + u + v then 

[uL.,]01 = [u]o1[L.,]11 + [u)oo[L.,)01 = (Luo - 2LeLuo)(½a(4Le - 4L~) + 2L.,Le} = 
= ½a(Luo - 2LeLuo) + (Luo - 2LeLuo)(2L.,Le) 

As U(UV} = O, it follows that (Luo - 2LeLuo)(2L.,L.) = 0. So [o-L.:]01 = L½auo -
2LeLJ.auo• Moreover, [uL.,]oo = (u]o1(L.,]io = (L"<> - 2LeLuo)((2L.L,. - ½¢u) + 
(L 11 -

2 

2L.,Le)) = O, because (Luo - 2LeLuo)(L., - 2L.,L0 )(V) ~ UV 2 = 0 and 
(Luo - 2L0 Luo)(2L.L., - ½¢10 ) ~ U(UV) = 0. 

(ii) => (i}: If Yoo = 0 then (L.,1 L.,2]00 = 0, for all z1, z2 E A. For x1 = ui, z2 = 
u2 EU, we get O = [Lu,Lu2]oo = [L.,iJ01[L112]to = (L.,1 - 2L.L.,,}(2LeL112 - ½t/J112), 
that is, u1 (u2v) = 0, for all 11 EV and so U(UV) = O. ■ 

Corollary 1 If A = Fe$ U EB V is a Bernstein algebra with U(UV) = 0 then 
dim V01 = dim U - dim L. 
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Proof: In the proof of the previous proposition, we established that all the elements 
of ¥01 have the form Lu - 2LeLu, with 1.1 E U. Use now Proposition 1. ■ 

Corollary 2 If ¥01 = 0 or ¥10 = 0 then Yoo = 0. ■ 

Remark: We may guess, from Proposition 4, that the dimension of U (UV) does 
not depend on the choice of the idempotent. Moreover, Bernstein algebras for which 
U(UV) f 0 appear only in dimension greater than 6. These facts will be proved in 

Section 4. 

3 On the dimension of M (A) 

If A is a Bernstein algebra. of type (1 + r, s) then evidently dim M(A) :$; (1 + 
r + s) 2 • We prove in this section some results a.bout the problem of estimating the 
dimension of M(A). Firstly, we recall that in (3] it was proved that if A has type 
(1,s) then dimM(A) = 1. Also in [3] the authors have calculated M(A) when A 
has type (1 + r,0). In this section we are interested in the cases r f 0 ands =f 0. 
Bernstein algebras of a fixed type and having multiplication algebra with minimum 
dimension are described in this way: 

Proposition 5 If A = Fe$ U $ V is a Bernstein algebra of type (l + r, 8), where 
r =f 0, then 

(a) dimM(A)?:r+2 

(b) dim M(A) = r + 2 if and only if N 2 = 0 

Proof: 

(a) As M(A) = F(2L~ - Le) EB if EB V, dim ff= dim(U EB U2) ?:: r and 4Le - 4L~ 
is a nonzero element in V (because U # 0), we have dim M(A) ~ 2 + r. 

(b) If N 2 = 0 then A is normal and exceptional and by Propositions 2, 3 and 4, 
V10 = Vo1 = Voo = (J and V11 = F(4Le ~ 4L:), so dim M(A) = r + 2. If 
N 2 f 0 t~en A is not normal or not exceptional, so V10 ::/- 0 or V01 ::/- 0 and 
then dim V ~ 2. ■ 

In the case of nuclear algebras, ~e can improve the bound of Proposition 5. 
We recall that A is nuclear if A2 = A or equivalently U2 = V in (2). The Peirce 
decomposition of A is A= Fe EB U © U2• 

Proposition 6 If A= FeEBUEBU2 is a nuclear Bernstein algebm of type (l+r,s), 
withs::/- 0, then dim M(A)?: 3 + r + s = 2 + dim A. 
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Proof: It's enough to prove that dim V ~ 2. The condition s f; 0 implies that 
A is not exceptional and so Vo1 #- 0 by Proposition 3. As dim V11 ~ 1, we have 
dim V 2:'. 2. ■ 

Here is an a example where the equality dim M(A) = 2 + dim A of Proposition 
6 holds. 

Example: Let A be a (nuclear) Bernstein algebra of type (1 + r, 1) with basis 
{e,ui, .. ,,ur,v}, weight function w defined by w(e) = 1, w(ui) = 0 (i = 1, ... ,r) 
and w(v) = 0 and multiplication table 

e'J = e; eui = ½ui (i = 1, ... , r); uf = v; other products are zero (15) 

This algebra is normal and the ideal L = annuU has dimension r-1. So, dim M(A) = 
2 + 2r + 1 - (r - 1) = 3 + r = 2 + dim A. 

Nuclear algebras with dim M(A) = 2 + dim A are characterized as follows. 

Proposition 7 Let A== Fe(fJU(fJU2 be a nuclear Bernstein algebra of type (l+r,s) 
withs ~ 1 such that dim M(A) = 2 + dim A. Thens = 1 and A is isomorphic to 
the algebra (15). 

Proof: Firstly, we prove thats= 1. If u E U is such that u2 #- 0 then L.,-2LeLu f; 0. 
In fact, (L., - 2LeLu)(u) = u 2 -=I- O. As dim M(A) = 2 + dim A (recalling that 
dim U = dim U + dim U2 and dim V11 2:: 1), we have dim V01 = 1, that is, V01 

is generated by Lu - 2LeLu, So, given x,y E U, there are >-1,>-2 E F such that 
L., - 2LeL., = >-1(Lu - 2LeLu) and L11 - 2LeL11 = >-2(L., - 2LeL.,). Then 

xy (L., - 2LeL.,)(y) = >.(L., - 2LeLu)(Y) = >.1uy = 
= >-1(L11 - 2LeL11){u) = >.1>.2(L., - 2LeL,.){u) = >.1>.2u2. 

This equality shows that u2 generates U2 and so A has type (1 + r, 1). So, there is 
a basis { e, u1 , •.• , Ur, v} of A with u1 = u and v = u2, and its multiplication table 
is given by 

e2 = e; eu; = ½u; ul = >.iv ( i = 1, ... , r); other products a.re zero 

where >.1 f; 0. H there is some i > 1 with A; '# 0 then Lu1 - 2LeLu1 and Lu; - 2LeLu; 
would be linearly independent and so, the dimension of V01 would be greater than 
1. Then >.:;i = ... = Ar = 0 and the algebra is isomorphic to the algebra given in 
(15). ■ 
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Corollary 3 For every n 2: 3 there is a unique (up to isomorphisms) nuclear 

Bernstein algebra A of dimension n such that dim M (A) = 2 + dim A. This algebra 

is of type (n - 1, 1). ■ 

The concepts of direct product and indecomposable baric algebras were intro­
duced in [1] and [2]. The direct product of the baric algebras (A1,w1) and (A2,w2) 
is the subalgebra A1 V A2 of A1 x A2, formed by the pairs (a1, a2) such that w1 (a1) = 
w2(a2). The weight function of A1 V A2 is defined by w(a1, a2) = Wt (a1) = w2(a2)- A 
baric algebra that can be written as Ai V A2 where A1 and A2 both have dimensions 
greater than or equal to 2, is called decomposable. Otherwise, it is indecomposable. 

Corollary 4 The unique indecomposable nuclear Bernstein algebra A such that 

dim M(A) = 2 + dim A has type (2, 1) and is given by the table: 

e2 = e; eu = ½u; u2 = v; other products are zero 

where { e, u, v} is a convenient basis, w(e) = 1, w(u) = w(v) = 0. 

(16) 

Proof: We have seen in Corollary 3 that A must be given by (15). If r is strictly 
greater than 1 then A will be the direct product (in baric sense) of the 3-dimensional 
algebra given in (16) by an algebra of type (r, 0). ■ 

The class of normal Bernstein algebras can be characterized in several ways, 
see for instance [4, Th. 3.4.15, Th. 3.4.17]. Now, we can introduce one more 
characterization. 

Theorem 1 The following conditions on the Bernstein algebra A = Fe EB U EB V 
are equivalent: · 

(i} A is normal; 
(ii) dim M ( A) = 2 + 2 dim U + dim U2 - dim L. ■ 

Proof: (i) => (ii): W~ have, in general, M(1) = F(2L~-Le)EBUEBV11EBV10EBV01 EBVoo. 
By Proposition 2, Vio = 0 and so also V00 = O. Let :,; =:: ae + u + v E A. As 

L.,Le(U) ~ UV = O, we have, for normal Bernstein algebras, a particular case of 
(10): 

If x; = o:;e + u; + v; (i = 1, .. . ,k) then 

[L_,,1 • • .L.,:.] = (½la1 ... aA:(4Le - 4L~) + (½)k-la2 .. . ak(L,.1 - 2LeL,.i) 
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So, V = F(4Le - 4L~) $ {Lu - 2LeLu : u E U}, and V11 = F(4Le - 4L2) has 
- - - - e dimension 1. Therefore dim V = dim (V11 © V01 ) = 1 + dim V01 = 1 + dim U - dim L 

by Corollary 1 to Proposition 4, and dim M (A) = 2 + 2 dim U + dim U2 - dim L by 
(9). 

{ii) ⇒ (i): Let A be a Bernstein algebra such that dimM(A) = 2 + 2dimU + 
dim U2 

- dim L. We have dim V = l + dim U - dim L. As dim V11 ~ 1 (because 
4Le - 4L~ E Vu) and dim Yo1 ~ dim U - dim L we get dim V1o = 0, that is, A is 
normal, by Proposition 2. ■ 

4 On the subspaces U2k and L'f}(V) 

Let A = Fe$ U EB V be a Bernstein algebra. It's known that the dimensions 
of the subspaces U, V, U2, UV+ V2 are invariant under change of idempotents in 
A. On the other hand, the dimension of some subspaces like UV, V2 depends on 
the idempotent. In this section we prove two results concerning the invariance of 
the dimension of certain subspaces of a Bernstein algebra, obtained from the Peirce 
decomposition. Using the relations given in (4), it can be proved, by induction, that 

u 2 u3 2 ... 2 u2t-1 ~ u2t+i 2 .. . 

v 2 u2 2 ... 2 u21 ~ u2t+2 2 .. . 
where Ui+l = u;u and U1 = u. 

(17) 

(18) 

Suppose now that A is Bernstein Jordan. It's known that A satisfies the equation 
x3 -w(x)x2 = O, see for instance [1, Prop.3.lJ. In this case, the elements of N = kerw 
satisfy the identity x3 = 0, and its linearization, the Jacobi identity a1(a2a3) + 
a2(a3a1) + a3(a1a2) = 0. Using it, we have: 

Proposition 8 If X is a vector subspace of N then x•xi ~ Xi+i, for all i,j ~ l. 

Proof: By induction on i. If i = 1, it is the definition (XXi = Xi+l). Suppose 
that i >land xrxj ~ xr+i holds, for T < i and j ~ l. As x•xi = (Xxi-l)Xi, 
it's sufficient to show that (xy)z Ex;+; if x E X, y E xi-I and z E Xi. Using 
the Jacobi identity and the induction hypothesis, it results that (xy)z = -x(yz) -
y(xz) E X(Xi- 1Xi) + xi- 1(XXi) ~ X;+; and so, X;X; ~ x•+i, for all i,j 2:: 1. 

• 
Lemma 1 If A = Fe $ U $ V is a Bernstein Jordan algebra and N1 = U $ U2 

then Nf = U" $ U"+l, for all k ~ l. 
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Proof: By induction on k. For k = l, it's clear. If Nf = u• EB Uk+1 then 
Nf+l = Nf N1 = (U" EB uk+1)(U EB U2) = uk+l + u1c+2 + uku2 + uk+iu2. Using 
the relations given in (17) and (18) and Proposition 8, we have that UkU2 ~ Uk+2 

and ui.:+i U2 ~ Uk+3 ~ u1c+1 . So, Nf+1 = u1c+1 EB u1c+2 • ■ 

The following result can be found also in [5, Prop.2). 

Corollary 5 In a finite dimensional Bernstein Jordan algebra A= Fe EB U EB V, 
the dimension of the subspace Uk (k = 1, 2, .. . ) is independent of the choice of the 

idempotent in A. 

Proof: It is sufficient to observe that if eo is another idempotent and A = Feo EB 
Uo EB Vo is the Peirce decomposition of A relative to eo then A 2 = Fe EB U EB U2 = 
Fe0 EB U0 EB UJ and the restriction of w to A 2 has kernel N1 = U $ U2 

( = Uo EB UJ). 
By the previous lemma, Nf = u1c EB Uk+1 (= U~ EB u;+i), so dim u1c = dim Ut, by 

~~- ■ 

For arbitrary subespaces X,Y ~ N, we denote by Lx(Y) the subespace XY, 
and recursively, L~/1 (Y) = XL~(Y), fork~ 1. Then we have: 

Corollary 6 If A = Fe EB U EB V is a finite dimensional Bernstein Jordan alge­
bra then the dimension of the subspace Lt(V) is independent of the choice of the 
idempotent in A, for all k ~ l. 

Proof: Let N = U EB V and N1 = U (J) U2 • The subspaces Lj.,-
1 
(N2) are independent 

of the choice of the idempotent, so their dimension is invariant. We prove, by 
induction on k, that Lt, (N2) = Uk+2 (J) Lt+1 (V). For k = 1, N1N 2 = (U EB 
U2 )(UV $ U2

) = U(UV) + U3 + U2 (UV) = Lb(V) EB U3 because U2 (UV) ~ U3
• 

If LtJN2
) = Uk+2 EB Lt+l(V) then Lt;1(N2) = (U EB U2)(Uk+2 EB Lt+1 (V)) = 

Uk+3 + Lk+2(U) + U2Uk+2 + U2 Lt+l(V) = Uk+3 + Lt+2(U), because U2Uk+2 ~ 
Uk+4 ~ Lt+2(V) and U2 Lt+1(V) ~ U2Uk+l ~ Uk+3 , by (2) a.nd Proposition 8. So, 
by the previous corollary, we have that the dimension of Lt(V) is invariant under 
change of idempotents. · · ■ 

Corollary 7 If A = Fe EB U EB V is an arbitrary Bernstein algebra, the dimen­
sions of the subspaces Lbk(V) and U2k, fork ~ l, are invariant under change of 
idempotents. 

Proof: We consider the Bernstein algebra A= A/L, where L = annu(U). This 
algebra is Jordan and has the Peirce decomposition A = Fe EB Tl EB V relative to 
e = e + L. By the previous corollaries, U2

,. = u21c +Land LY(V) = LV'(V) + L 
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have invariant dimensions. As U2k n L = 0 by {18), L1}(V) n L =Oby (2) and L 
has invariant dimension, we have the desired result. ■ 

Proposition 9 // dim A~ 6 then U(UV) = 0 hence V00 = 0 in (9). 

Proof: Suppose U(UV) I 0. So, there are elements u1 , u2 EU and v EV such that 
u1(u2v) # 0. Then we have {u1,u2,u1v,u2v} linearly independent in U. In fact, if 
o:1u1 + 02t.12 + f31u1v + f32u2v = 0, multiplying by u2v, we obtain a 1u1(u2v) = 0, 
hence o 1 = 0, using the linearisations of identities {3). In the same way, multiplying 
by u1v, we get 02 = 0. Multiplying f31u1v + {32u2v = 0 by u1 we get {32 = 0 and 
so, also f31 = 0. Moreover, we have, again by linearisations of identities (3), that 
u1(u2(u1(u2v))) = -u1(u2(u2(u1v))) = ½u1(u~(u1v)) = -½(u1v)(u1u~) = 0. Then, 
{u1 (u2v),v} is also linearly independent: if u1(u2v) = >.v with ,\ i O then v = 
>.-1ui(u2v) = >.-2(u1{u2(u1(u2v)))) = 0. Consequently, dim U ~ 4 and dim V ~ 2 
so that dim A~ 7 if U(UV) ::fa 0. ■ 

Example: For the following Bernstein algebra of dimension 7, we have U(UV) ::fa 
0: A is the vector space with basis { e, u1, u2 , u 3, u4, v1, v2} and multiplication table 

References 

[1] Cortes, T. and Montaner, F.: On the structure of Bernstein algebras, J. London 
Math. Soc. (2) 51: 41-52 (1995). 

[2] Costa., R. and Guzzo Jr, H.: Indecomposable baric algebras, Linear Alg. Appl. 
183: 223-236 (1993). 

[3] Costa, R. and Suazo, A.: The multiplication algebra of a Bernstein algebra: 
basic results, Comm. Alg. 24 (5): 1809-1821 (1996). 

[4] Lyubich, Yu. I.: Mathematical Structures in Population Genetics, Biomathe­
matics 22, Springer, Berlin-Heidelberg-New York (1992). 

[5] Martinez, C.: On nuclear Jordan-Bernstein algebras, Journal of Algebra 174: 
453-472 (1995). 

[6] Worz, A.: Algebras in Genetics, Lecture Notes in Bioma.thematics 36, Springer, 
Berlin-Heidelberg-New York (1980). 

11 



TRABALHOS DO DEPARTAMENTO DE MATEMA.TICA 

TITULOS PUBLICADOS 

97-01 ABDOUNUR, O.J, and BOITURA, C.B. From Mathematics to Music: A 
Numerical Journey through Sounds. 20p. 

97-02 ALMEIDA, R The 3-dimensional Poincare conjecture. l 7p. 
97-03 BAEZA-VEGA, R, CORREA, I., COSTA, Rand PERESI, L.A. Shapes 

identities in Bernstein Algebras. 21p. 
97-04 GIANNONI, F., MASIELLO, A. and PICCIONE, P. A variational theory 

for light rays in stably causal Lorentzian manifolds: 
regularity and multiplicity results. 47p. 

97-05 DOKUCHAEV, M.A. and SINGER, M.L.S. Units in group rings of free 
products of prime cyclic groups. 15p. 

97-06 BENA VIDES, R, MALLOL, C. and COST A, R. Weak isotopy in train 
algebras. Sp. 

97-07 LOCATELI, A.C. Hochschild Cohomology of Truncated Quiver 
Algebras. 22p. 

97-08 ARAGONA, I. Generalized Functions on the Closure of an Open Set. 
25p. 

97-09 GIANNONI, F., PICCIONE, P. And VERDERESI, J.A. An Approach to 
the Relativistic Brachistochrone Problem by sub­
Riemannian Geometry. 2Sp. 

97-10 COELHO, F. U. On the Number of Indecomposable Modules of Infinite 
Projective Dimension. 9p. 

97-11 COELHO, F.U., PLATZECK, M.I. On Artin Rings whose Idempotent 
Ideals have Finite Projective Dimension. 12p. 

97-12 ANGELERI-HOGEL, L. and COELHO, F.U. A note on a certain class of 
tilted algebras. 9p. 

97-13 GUZZO JR, H. and VICENTE, P. On Bernstein and train algebras of rank 
3. 12p. 

97-14 CARRARA, V.L. The connected components of the space of special 
generic maps. 17p. 

97-1S FERNANDEZ, J.C.G. Structure of Stationary Populations. 43p. 
97-16 PERLICK, V. and PICCIONE, P. The brachistochrone problem in 

arbitrary spacetimes. 7p. 
97-17 HENTZEL, I.Rand PERESI, L.A. Degree Three, Four and Five Identities 

of Quadratic Algebras. 16p. 
97-18 MILIES, C.P. The Torsion Product Property in Alternative Algebras Il. 

7p. 



98-01 ASSEM. I. and COELHO, F.U. On postprojective partitions for torsion 
pairs induced by tilting modules. 16p. 

98-02 HOGEL, L.A. and COELHO, F.U. On the Auslander-Reiten-quiver of a 
Pi-hereditaiy artin algebra. 27p. 

98-03 BENA VIDES. R and COST A, R Some remarks on genetic algebras. 1 lp. 
98-04 COSTA, R, IKEMOTO, L.S. and SUAZO, A. On the multiplication 

algebra of a Bernstein algebra, l lp. 

Nata: Os titulos publicados nos Rclatorios Tr.cnicos dos anos de 1980 a 1996 cstio a disposi~ 
no Departamcnto de Matematica do IME-USP. 
Cidade Universitaria "Armando de Salles Oliveira" 
Rua do Matao, 1010 - Cidade Univcrsitaria 
Caixa Postal 66281 - CEP 05315-970 




