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Abstract 

Valdivia(8) showed that, if a B~nach space Eis infinite~imen­

sional and has a weak-star separable dual,then every Banach space is a final 

loc. convex limit of spaces isomorphic to E. Bellenot(1) removed the restr1£ 

t1on that E has a weak-star separable dual. Utilizing the same basic ideas 

of Bellenot, we study in ~ 2 the class of loc. convex spaces E such that 

every Ba~ach space is a final limit of spaces iso~orphic to E, giving a com­

plete characterization of such spaces E when they are bomological. In gt, 
we prove that for any set I with cardinal smaller than the sm~llest strongly 

inacces~ible cardinal, c1 is a final limit of spaces i~omorphic to cc, where 

c is the cardinal of the real line, In both if, some consequences to the 

general theory of the closed~ph theore11 are given, It is also shown that 

not all quotients of dual nuclear spaces are dual nuclear, thus solving 

negatively a problem left by Pietsch(5), 

Introduction 

Ve denote by IC eit~er the field of real or of complex numbers. 

If I 1e 1. set, III denotes its cardinal nU111ber, 'f'/0 • IHI and · ca h<I • By 

!£! we mean a loc~lly convex Hausdorff vector space, 1£ stands for locally 

convex, while!£ for absolutely convex. If Eis a lcs and I is a set, E1 de­

notes the product of I copies of E, while E(I) denotes the le SUIII of I copies 

of E, and E* the (continuous) dual of E. i{e denote IC"°- by w • Given a f~ 

ily of lcs Ei, i E I, lU\Other lcs F and a. rA_1:, of linear Mps ui I Ei ➔ r 
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• aa.y that F ls the final limit (or more prec1s~ly, the final le ltmtt) fil. 

1be sp;,.ces E1, detemined by ui• if th~ topol~~ of Fis the finest le one 

llbich aakes ~11 the u1 continuous, If A ts a subset of a vector s~ce E,[A] 

lllll denote the vector subepa.~e -of E ,i;enerattrl by A, and rA the ac huil of 

~ If V 1s &.'I ac neighborhood of O in a lee ·E, we put ker V • n ~V • If E 
1M 

• a lcs and B an ac bounde1 subset of E, EB will denote the vector space 

(BJ endowed with the nom which ls the ga~e of B. A lcs E is dual nuclear 

If its strong dual 1~ nuclear, 

If j ls a class of lee, then el (J) denotes the class of 

all l~~ E such that every linear map u with closed graph fro~ E to any F 

lelonging to 'J 1s continuous. If 6 is a class of lcs, then en. (t,) 
11111 denote the class of the lcs F such that for each E ~ £,, every linear 

~p v1th closed ~raph from E to F ls continuous, We recall that, if 0 (resp 

1L) denotes the class of all Banach (resp ultrabornolo~1cal) spaces, then 

e'c 6 )-C4
( U) and the elements of this class It.re called infra-( u) spaces. 

1. tc1 are final limits of Kc 
(if III is smaller than the smallest stro~ly inaccessible cardinal) 

The essential idea used 1.n ( 1), as well as 1n both ff of this 

mrk, is the following simple lemma, whose proof is left to the reader, 

Leffllll& 1,1, Let E and F be two lcs. a) Then, Fis the final le 

:tt.lt of some family of lea all of them isomorphic to E, if and only if the 

l1nal le topology deter111ned on F by the set L(E,F) of all linear cont~nuous 

•JII fl'OII E to F co1nc1dea with the or1gl~l topology of F. b) Let us sup­

pe further that Fla a Mackey apace, Then, Fis the final le' limit of soae 

. faally of lcs all of them isomorphic . .to J,. t.f and only if, f->.r each d1acon­

t1nuoua linear functional y' on F, there is some u~L(E,F) such that the 

llnear functional y'• u on &: 1a discontinuous. 

Theorem 1,2. Let J be a set w1 th I JI ~ c, and I an arbitrary set 

with III smaller than the smallest strongly inaccessible cardinal. Then, tc1 
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1a the final le limit of a family of snaces isomorphic to k'7 (~ence, ,l is 
(L) 

iao!llorphic to a quotient of ( I<) , where L is the index set of the f'l-.,Uy ). 

Proof, Since t' is a Mackey ap&ce, it 1a eno~h, by Lem111& 1.!b, 

I 
to proYe that, if y'1 IC ➔IK is linear but not continuous, then there is 

u1 If➔ ICI Hnear continuous, such that y'• u is not continuous. 
I 

Let then y' be a linear discontinuous functional on ac. By the 

hypothesis on lrl, the sp&ce I(" is bornological. Therefore, since y' is 

discon.tinuous, there is a bounded sequence B-{xnJ in I(" such that y' 1s not 

boi.mded on B. Let us call E the closed subspace of a(' generated by B. Then, 
L 

Eis a minimal lcs, hence isomorphic to IC, for some set L, and Eis sepa-

rable, hence ltl,c,IJI, so that Eis isomorphic to a quotient M of I(. 

Let q1 ICJ-. M be the quotient 11a.p, v1 M➔E the isomorphism and 11 E➔ uc1 

the canonical inclusion. Since the restriction y'•1 of y• to Eis not conti­

nuous, y'•i•v is not continuous, hence y••u is not continuous,if we call 

u •1• V• q, althoW!;h u I It~ nc
1 

111 continuous, I 

Remark 1,3, Even in tbe case {xn} is a sequence convergent to 

zero { even in the Mackey sense), it may happen that the space E in the 

proof of Theorem 1,2 is isomorphic to If and not tow. In fact, since 

,~,- c, 1f qn 1s an enu.~eration of the ntional numbers, let us consider 

for each sequence J 1, ••• ,Jk of disjoint closed intervals with rationale~ 

points,.and for each sequence n1, ••• ,nk in N~, the point y • 

y(Jt•••••Jk10t• • •••nk) 

y"' •q1 ifll/1~1 Ji ' The set D of such points 1a countable, ·and it 1s well 

ft 
known that it is dense 1n IC (see (9),pg ·109-110), Let Yn be an enumer~ 

ation of D, Since each Yn has it.a coominates assuming only a finite nU111ber 

ft 
of values, there is >.n>o such that AnynEI , where r-[-1,1]. Let rn> o, 

with Um L • O, and define ~ • tinYn . Then., the sequence x._ con-
n ➔,. rn n 

verges to O (even in the Mackey sense), Rnd the closed subspace gen~rated by 

{xn} coincides with the one generated by fynJ, that 1s, with i!-, This shows 
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th&t there are d1ff1cult1es in genenliz1ng Theorem 1.2 to the case jJj ~ r,J., 

1f such general1zat1on is true • 
• 

We recall t.he following hct '(see (J)), 

(•) 1f J 1s a. class of lea, if Eiee1c:t) for ever-J HI, and 1f 1he'c1~ 
than TT Ei 6 e,l(1 ). In other words, 1f l{I EC-

1 (1) then {:;
2
(1) ir. 

1EI 

stable by product~ of II I ·or 1ts elements. 

We h&ve then 1nunediately the following corolla.ry1 

Corollary 1. ), Let 'J be a. class of lea, If ICc €. e,R(J), then 

C'(J) is stable by arbitrary products with cardinal set smaller than the 

smallest strongly 1na.cceaa1ble cardinal n11111ber (1 e, 1f E1 , 1~ I is a. fa.~ 
1 

ily of elements of C ( J) and I I I is s111&ller than the siaa.llest strongly 

inaccessible cud1r.al, then 
1
Vr li:1 £ e'(J)), 

Proof. It 1B well known that e'('J) la stable by final le limits, 

hence Corollary 1,3 follows fro111 (•) and fr011 Th•!'nir•t-;2. ■ 

Ve leave unanswered the following questions, 

Q( 1,4) Is If the f1nal l.c l11111t of a family of spaces 1somorph1c to W? 

Q(1,5) If 'J, 1s a class of lcs and w~e'(J), does 1t follow that ICcct~,1)? 

Q( 1,6) If 'J 1s a class. of lea and l<cE ~1(J), does 1t follow that e,1('J) 

111 stable by arbitrary products? 

Of course, a positive answer to · to Q(1.1♦) would give a pos1t1ve 

answer to Q(t,5), 

Remark 1,4, In (5) (pg 8~) the follow1ng problem was left unan-

11wered1 

(P) Ia every Haus<i°orff quotient of a. dua.i nuclear space also dual nuclear? 

Ve 11&y point here a relationship between this proble11 and Q(1,4), 

The •i-cea wCI) are dual nuclear for every set 11 on the other hand, ~ 

111 not dual nuclear, If If wer~ the final le 11m1t of spaces 1so~orphic to 

W, then lcC wculd be 1nomorph1c to a quotient of W(I) for so~e I. Hence• 

1) a positive 'lnswer to (P) would give a negative answer to Q(l.4), 
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11) a positive answer to Q(1,4) would give a negative answer to (P), 

Ve will show 1n Corollary 2.·6 that (P} has 1n fact a ne,Jat1ve 

answer, Hence, there ls still ao111e poss1b111ty of a positive answer to Q(1,4), 

2, Spaces whose final 11■1ts contain all Banach spaces 

Ve need the follow1n« fact ( which 1s an adaptation of the atate­

■ent called Fact 2 1n (1)). 

!!EU• Let C be a nol'llled space, y' a linear diacont1nuous fim.£ 

tional on C, and ~> 0 an arbitrary sequence of positive red nu111bers. 

Then, there la a bounded sequence Yn in C su':h that fi ll1nll<R and 

liM l&nY'(yn)I • ,o . 
n-t. 

~- Since ll1·11 •00. there exiats fnE G with llrn 11, 1 and 

jy'(fn>I ~ 4n/&r, • The Fact follows, taking Yn • fn/2" • • 

Next theorem is one of the basic results of this / , and a gene_! 

al1zat1on of (1). It utilizes the following condition on a lea Ea 

(2.1) there la a bounded sequence Xii in E and an equicontinuoua aeque~ce fn 

in r, such that fn(x.) • 0 for n ,/ 111 and fn(~) • an> 0 for every n. 

Theore111 2,1. Let 8 be a lea satisfying (2.1) and Gan arbitrary 

Banach apace, Then, G ia the final le 1bit of a fully of spac:,s iao•orphic 

to I: (hence, there 11 a ~et I 5uch that G 1a iso110rphic to a quotient of 1:<11. 
~. Let y' be a linear discontinuous functional on c. Let Xii• 

f 11 and ~ be as given by (2.1). By Fact 1, there 1s a bounda:l sequence y
11 

1n 

C such that LIIYn ll<co and j-;i1'(yn) l➔,o • Let D- {.~EiC' ~,~1}, Since 

(fnl-is an . equ1cont°lnuou~ sequence ln r, there is a ne'-'Jhborhood Y of O -in 

. I auch that · r~(V)CD !or every n. 'l'or xEV . we have then !lr11(x)ynll~IIYnll , 

and since LIIYnll <oo, the aeries L ' fn(x)yn 1s absolutely convergent, 

hence also convert;ent 1n G (because G is co111plete). The sue of course ~.ap­

l)ena for every x in I:, thua we ay define the linear 111ap u1E➔C. by the -
fomula u(x) • h fn(x)yn , For x" we have llu(x)II, L ll1nlf<-, ,hence 
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u la continuous. Now, (y_'• u)(Xn)•y' (anyn)•~y• (yn), which -1s not bounded, 

hence y'• u is d1scont,1nuous, The ·result follows from Lemma 1. 1. ■ 

For a better understanding . of condit!on (2.1), and to see how far 

it may be from being necessary to ~et the thesis of Theorem 2.1, we give 

another theorem. Three more facts are needed; Fact 2 below has a great rese.!!! 

blance to Fact 1 of (t). 

Fact 2, If L is an infinite dimensional normed space and B is an 

ac bounded absorbent subset of L, then there a.re yn€B and gnEL*, with 

llgnll •t, gn(Ym)•O for n./m and gn(Yn)>o for every n. 

Proof, Start by taking any Ytl;B with YftO, and some g1eL* with 

llg1ll •t and g1(y1)> 0, Suppose Y1'••••Yk-t 1n B arrl g1', • .,gk-t in L* were 

already chosen, with I lg j 11 •t, j11, ... ,k-1 1 g j(Y j))O, js 1, ••• ,k-1 and 

gir1)•0 for 1,'j, 1,jat, ... ,k-1. Then, y1, ... ,yk-t a.re linearly independent. 

Set N ~ ~i ke1· gj • Since dim L • liO and d1m (L/N) • k-1, we have N,/ { o} , 

hence there 1s zkE?l, with zk,/0, and since B 1s absorbent, there is Ak) 0 

such that yk-~kzkEB. Of course, y1, ... ,yk are linearly independent. Define 

the linear functional hk on [11, ••• ,yk] by hk(yj)•O for jsl,.,.,k-1 and 

llk(Yk)•1, Since hk 1s continuous, it has a linear continuous extension hk to 

I. It is then enough to chc:3e gk• hk~lfikll, By induction, the whole sequen­

ces Yn and gn are obtained ."·■ 

Fact 3. If a .lcs F is the final le limit of a family E1' 14" I 

IIC. lcs deten1ned by i1near maps ui 1E1 ➔F, and a11E/(ker ui) ➔ F are the 

91otient 118.ps of ui• then F 111 also the final limit of the family E1/(ker ui) 

._termined by a1 (the same hapi;ens 1f we take N1Cker ui and ~11E/Ni ➔ Ii'). 
~. It is enough to remark that a le topology on r makes all 

tlle maps ui continuous 1f 'lnd only 1f it makes all the 111aps IIi continuous (if 

aid onl.y lf it u.kes all ;1 continuous). ■ 

~. (1n (2) 1t 1s said t~.at this fact 1a stated 1n (6), and 

tm.t it 1a due to S. Dierolf). For ·each Hausdorff topological vector space · 
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(E,t), there is a complete Hausdorff topological vector apace (Y,a) such 

that, 1) (E,t) is iaomorphic to a quotient of (Y,ft), 11) every botmded sub­

set of (Y,a) is finite dimensional, 111) the dual of (Y,s) aepantes points 

of Y. In the case (E,t) is a lcs, (Y,s) 111a.y be chosen to be a lcs. 

Theorem 2.2, Let Ebe a lcs and consider the following conditions 

on Es 

(2,1) (already stated), 

(2.2) there 1s a bounded ac subset B of E and an ac neighborhood V of O in 

B such that, calling l'l•ker V, the vector space Ei3/CEi3n H) 1s of 11! 

finite d1mens1on1 

(2.)) there 1s a closed subspace H of E such that E/H has a cont1nUOUl5 po.mi 

and the bomolog1cal space associated to E/H does not have the fl~est 

le topology (remark that the last sentence 1'I equivalent to, E/H has 

a bounded subset B such that [B] 1s infinite dimensional, remark also 

that it implies that E/H ls infinite dlmenslonal)1 

(2,4) every Bana.ch space G ls the final le limit of a family of spaces each 

of them isomorphic to E1 

(2,5) every ultrabomolog1cal space 1s the final le limit of a family of 

spaces isomorphic to E1 

(2,6) ·there ls some Banach space G0 of infinite dimension whicn ls the· flnal 

le limit of a family of spaces isomorphic to E, 

Then,a) (2,1) ~ (2,2) ~ (2,)) ~ (2,4) <=> (2.5) <=> (2.6). 

b) If E ls a bomological space that does-.ftot satisfy (2.2), 1f V 1s an ac 

r:elghborhood· of O in E and K-ker V, then li:/M has the finest le topology. 

c) If Ii: 1s a lcs such that, for every ac nelghborhoodVof O and M•ker V, E/M 

has the finest le topology (which ls the case, by b), 1f Els bomologleal) 

and if G is a lea which has a continuoUl5 non and which is the final limit 

of a family of spaces isomorphic to E, then G must have the finest le topo­

logy, In particular, if E ia bomological, all the conditions (2.1) to (2.6) 
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are aquivalent, 

d) In the general caae, the i■pl1cat!on (2,J) ~ (2.2) (and a fort1or1 also 

(2,4)~ (2,2)) 1s false. 

~• a) (2.1) ==> (2.2) Let B br the ac hull of fxJ and V 

the polar of {rJ I then B is bounded and V la an ac neighborhood of o. Since 

fn(Y)cD, it follows tr.at fn(M)-{o}, for every n. Let fn be the restriction 

of'"fn to iii• ~the quotient map of fn• defined on EBJ'{EBn M), &rd .Yn•4{l<yJ), 

where q1Ei!--,) EB/(EBn M) is the canonical map. Then, ~b·.)•gn{q{xm})­

-rn(x ) for every n and •• so that gn(Y )•& ,/O but .r (y )•O for n,/m. There-• n n "11 m 

fore, tt.e sequence Yn 1s linearly independent, hence the dimension of 

E»f(EBO M) 1s infinite, 

(2.2)=>(2.1} and (2.2)~ (2.:,) Let p be the gauge of V. 

Then p is a continuous aeminorni .with ker p • M and Ey • (E,p)/M is a no.r 

■ed space (and we call p the norni on Ey associated to p). The canonical .map 

qyali:➔Ey 1s continuous, hence B-qy(B) is a bounded subset of Ey, The sub=­

apace L of Ey generated by Bis [BJ•qy(Ei3)•qy(~+M)-(Ea+K)/M. Since 

(Es+!)/K is algebraically isomorphic to Ei!/(Ei3n M), it follows that L has 

.infinite d1mena1on. Hence, 1f we endow L with the topology induced by Ey, L 

1a an infinite dimensional nor.ned space and ! 1s a bounded absorbent ac au_!! 

aet of L. 

By Fact 2, there are YnE! and gnEL* with llgrJl-1, gn(y
11

)•0 for 

n./a ~ ~(yn)> 0 for every n. By Hahn-Banach, there la an extension ~ of 

~ to Ey, -with llt!Jl•t, for every n. Let us define fn•~•4y• Since lli\Jl•l, it 
follows that fn(V)CD for every n, hence {fn} 1s equicontinuous. Aa Yn~ ! • 

• qy(B), we aay take Xn~B such that qy(xn)•Yn• Hence, f Xn} 1s bounded and 

fn(x_)-~(qy(~))•hn(y2 )•gn(y•) for every n and•• so that fn(x.)•O for n./11 

am fn(xn)>O for every n. That shows that (2.2) implies (2.1), 

On the . other hand, if we choose H•K, a.a qys Ii: ➔ Ey is continuous, 

eo ■ust be cont1nuous the identity map i,E/M-+ _Ey, Now Ey is a nomed apace 
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with nom p, hence, is a continuous nOI'III on E,/M. Since q1E-+E/M is contin 

uous, the set Ba-q(B) is bounded also in . E/M. As we already saw that [ii]=L 

and Lis infinite dimensional, we finished the proof that (2.2) implies (2.J). 

(2.3) ~ (2.4) First we remark that, 1f (2.J) holds ·ror E, then 

E/H satisfies (2,2), In fact, since E/H has a continuous norm, the unit ~11 

for that norm is an ac neighb, V of Osuch that M•ker V reduces to {o}, hence 

(2.2) for E/H reduces to the existence of an infinite dimensional ac bounded 

subeet B of E/H and that follows from (2.J) for E, 

Since E/H satisfies (2.2), which is equivalent to (2.1), and 1t 

was already proved in Theore11 2.1 that (2.1) ir1pl1e:((2 •. 4), 1t follows tha~ 

E/H satisfies (2,4), tha.t ls, every Banach space. is .the final 11m1t of a . . 

f&111lly of spaces isomorphic to E/H. Since E/H is a final limit of E, it fol 

lows by the transitivity of final le limits that C is also a t'lnal limit of 

spaces isomorphic to E. 

(2,4) ==> (?.. 5) Since the ultrabornological 'spaces are the fi;o, 

nal li2lts of Banach spaces, the result follows by the .transitivity of final 

l111its. 

(2,5) ~ (2,4) and (2.s) ==} (2,6) Trivial. 

(2~6) =:} (2.4) If c. 1s a Banach space of infinite t:!aenslon~ 

c. clearly satisfies (2.J), As (2,J) 11!1pl1es (2,4), it fol1owa tha.t every 

Banach apace G ls the final limit of a family of spaces isomorphic to c •• 
Since by hypothesis c. 1s the final limit of a famUy of spaces isomorphic 

to E, the sa.ae happens by tr&nsitivity· t~ every Banach space C, 

b) Since E does not aatisfy (2.a), the spaces ~/(Ea_OK) are 

flni te d1Dlensional for every ac bounded subset B of E. ~lnce I is bornolog! 

cal, I ia the final l111lt of the spaces Eil• determined by the inclusion aa.ps 

ii•Eis➔E, hence E/M is the final limit of the spaces Eii• d~teriuned by the 

aape q•is•EiJ-> E/M, where q1E➔ E/M is the quotient map, Reraarklng that 

ker (q•is) • EBn M, it follows fro:a Fact J, that E,/M is the final 111'1it of 
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the •paces Eal(~OM). deteralned by the aa.ps q•i~•:E:s/(~n M) ➔ E/M, 

quotient of q•iB. Since all the spaces E_af(EaO M) are finite dimensional, 

it follows that E/M has the finest le topology. 

c) Let I be a set, . 11-E for every i E I and C the final limit of 

the fuil:, Ei, 1 EI, determined by ~ faa1ly of linear 111aps ~ aEi➔ C. Let Bo 

be the 1.mlt b&ll of some continuous n0r111 on c. Since Bo 1s an ac ne1ghb, of 

0 1n C, the ac sets Vi•~1(B0 ) are neighb. of O in Ei' with Mi•ker_ Vi equal 

to Jeer. ui. If \ii •~/Mi-+ C 1s the quotient aa.p of ~, then by Fact J • C is 

the final llmit of the spaces Ei,/M1, Since by hypothesis all the ~/Mi have 

the finest le topology, C also aust have the finest le topology, 

Ve ahow now that 1f 111!1 bomological, then (2.6) ~ (2.2). In 

fact, 1f Ii: where bomological without property (2.2) and a noI'llled space Co 

were the final 11llit of a fully of spaces isomorphic to E, then by the 

first p&rt of c), 00 should have the finest le topology, which is impossible 

for an infinite dimensional Banach apace. 

d) Let F be an infinite dbensional Banach space. :Sy Fact 4, 

there 11!1 a lea Ii: and a closed subspace H of E such that E/H 1a isomorphic to 

F (hence Ii: ha.a property (2.3)), and euch that every bounded aubeet of E is 

finite dimensional, hence~ (and a fortiori EBf(Ean M)) ia finite dimensi,2 

·nal for every ac bounded subeet B of E, so that E does not' have property 

(2.2). Therefore, E shove that (2,)) ~ (2.2), I 

Corollary 2.3. If E 11!1 a lcs that has some con.t1nuoua no?'III and 

aoae bounded aubeet of infinite dimension, then I has all ·the properties of 

Theore■ 2,2. b) If Eis a lea with the finest le topology and Fis a lcs 

with a weak topology, then E,F and ExF do not have any of \he properties of 

Theorea 2.2. c)If I is a Frechet apace of 1.nfinite diaension, then E ha.a the 

properties of Theorea 2.2 1f and only 1f i ia not iao■orphlc to W ~ d) The 

properties (2.4) to (2.6) are equivalent to the follovlng1 

(2,7) there ia ao■e Frechet space c. of lnf1n1te d1■enslon, not isomorphic 
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to W, such that c. is the final limit of a family of spaces isomorphic to E. 

Proof. a) Let V be the u.~it ball of some continuous norm on E. 

Then the set M•ker V reduces to {o} • If B0 is a bounded subset _with [B~J of 

infinite dimension, and B•rB, , then E:ii/(~(PI) •~•[BJ has infinite 

dimension. Hence property (2.2) (and a fortiori all the others) 1s satisfied. 

b) It 1s not enough to show that they do not have property (2.24 

since (2.4) does not imply (2.2). Let V be an ac neighb. of O in ExF. Then, 

there are ac neighb. v1 and v2 of O in E and F, respect,, such tha.t V1xv2cv. 

Hence, M • ker V::, ker(V1xv2) •(ker v1)x(ker v2) • M1xM
2

• Thus, (ExF)/M is 

a quotient of (ExF)/(M1xM2), which is isomorphic to (E/M1)x(F/M2) • H. Since 

F has a weak topology, F/M2 is finite dimensional, and as E has the finest · 

le topology, the space H (a"nd a fortiort (ExF)/M) also has the finest le 

~opology. By Theorem 2.2.c, ExF dO!lnot have property (2.4), and the same 

happens to E and F, 

c) Let E be a Frechet space of 1nf1n1 te dimension. ·If 1 ts topo­

logy 1s the weak on_e, then E is isomorphic to W , and by part b of this co­

rollary, E does not have property (2,4). If its topology ls not the weak one, 

then E is not isomorphic to W , and there is some ac nelghb. V of O 1n E, -s 

such t~t M•ker V has infinite codimenslon, tHat 1s, E/M ~s inf,nite di­

mension_. Then, E/M ls ·rrechet ( hence bormologlcal) wl th a cont, •.;&Owb nc-.rm 

and with infinite dimension, hence its topology ls not the finest le one. 

This ~hows that E satisfies (2,3) (hence also all the others, by Th. 2.2.c). 

· d) Follows illmediately from part c, by the transitivity of the 

final le limits. I 

Remark 2.1•. a) Corollary 2.3.a shows that the class of lcs sa-

tisfylng (2.2) ls very large indeed. while Corollary 2.).b shows that for a 

lea to have property (2.2) or even (2,4), topologies that are too fine or 

too weak in some sense, as well as combln.itions of both, 111ust be avoided. 

b) In (2) it 1s st_ated tha.t the following fact ls proved in (?), 
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(") If G 1a a bornological l::s, then C is & quotient oC so•e complete and 

aelli-llontel space, 

4a a consequence of Corollary 2,3, ve get the following corollary 

wbich 11&7 be considered in some sort as the result analogous ·to (-) for the 

ultrabomolcgical case. 

Corollary 2, 5,. If C is an ultrabomological lcs, then G is a 

qnotient of a lcs F which 1s complete, ultrabornological and dual nuclear 

(hence al.so llontel). 

~. Take as J: any nuclear Frechet (hence &lso dual nuclear) 

apace of infinite d1.lllens1on, not isomorphic to ~(for instance, E may be 
,j 

chosen aa the sp&ce'Vof rapidly decreasing sequences), By Corollary 2,3,c, C 

ia the. final llait of & fa1111ly of apaces isomorphic to 1, hence G is isomoi: 

_phlc to a quotient of i(I), for ·so111e set I, It 1a enough to take. F•E(I). I 

Corollary 2,6, There exists a dual nuclear lee (which 11a.y be al, 

so chosen as being complete and ultrabomological) vhicb baa a quotient (by 

a closed aulzpace) which is not dual nuclea.r. (Thia solves negatively the 

problem 1n (5), pg 86). 

~- In fact, r: ill an ultrabomologica.l ■pace, but 1s not 

dbal nuclear, By Corollary 2,5, i<= is a quothnt af' ~ dual nucl• .. .r space 

( which l!l&Y. be chosen aa A( I) , for aonu, I) , ■ 

We show next the implications of Theorea 2,2 to the closed 

graph.theoren, 
, . J. 

Corollary 2,7, a) Let '] be a. claas of lea, If e, ('J) contains 

soae infinite d1■ena1onal Frechet apace n?t isomorphic to W (or ■ore gene.,. 

ra.lly, 1f C('J,) contains aoae lea with property (2,2) or (2,3)), then 

e1c-;) contains the class 1.{ of all ultrabornological spaces. Hence, con­

venely, if e~:f) does not contain soae ultrabornJlopcii.i apace, then 
L . . 

t (1) does not contain any lea with property (2.2) or (2,3) {a.nd 1s1 

therefore, a very a11all claaa of lcs). b) Let t be a class of lea, If t, 
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contains some space with property (2.2) or (2,J), then eL(l,) is contained 

in the class of all infra-(u) spaces, Hence, conversely, if e'tt;) is not 

con-ta1ned in the -class of 1nfra-(.u) -spaces, then 6 does not conta1n any lcs 

with prcperty {2,2) or (?..J). c) If J. contains some lea which is not 1nfra­

(u), then e~J) is contained in the class of lcs which do not isat1af)I (2.J). 
I, 

~• a) The result follows frona the fact tha.t e ('J) 1s stable 

by final limits a~d from Corollary 2.J.c (or Theorea 2.2). 

b) Since Gce1ce-cg». it follows from part a that e{e-,e)) 
contains lt., hence e"c e1, e,,.,5 .. ).n, which is equal to e"'c.G) I must be CO.!!. 

tained in the class of a.11 infra-(u) spaces. 

ell, J 
c) Since ( e (])) ::>1, it follows fro!II the hypothesla tha.t 

n4 J . 
C, ( e (])) is not contained in the class of infra-( u) spaces, _hence by part 

b, it follows tha.t e,1('!-) is contained in the class of spaces which 

satisfy (not 2.J). I 

Re111&rk 2.8. The negation of property (2,J) is the followings 

(not 2.J) every quotient E/H of E such tha.t E/H has a continuous non, is 

such tha.t the bomological space associated tb it (to E/H) has 

the finest le topology. 

In the case I is bornologic~l, (not 2.J) reduc~~·to, 

(--) every quotient of E vith a continuous norm· has the fines~ le . topology. 
. '.~ .,-,. 

It ahould be ~oted tha.t it follows frona Theorem 2.2.c that 

(-) iaplies (not 2.4) even without the ass1.U11ption that Eis bomological. 

Rema.rk 2.9. Property(-) also appears in (4) (where it is called 

Quot1entenbedingung). If 7l 1a the class of all noned spaces, the elements . 

l of e (Jl,) are called GN-spaces in (4), where i _t 1a proved that a lcs is GN 

it and only 1f it 1s barrelled and has property (-). 

Ve leave unanswered the following questions 

Q(2.9) Ia the iaplic~tion (2.4)~ (2,J) (hence the equivalence (2.4)~(2.J)) 

always true? If answer is no,characterize the lcs that have (2,4). 
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