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Abstract

Valdivia(8) showed that, if a Banach space E is infinite-dimen-
sional and has a weak-star separable dual,then every Banach space is a final
loc. convex 1imit of spaces isomorphic to E. Bellenot(1) removed the restric
tion that E has a weak-star separable dual, Utilizing the same basic ideas
of Bellenot, we study in § 2 the class of loc. convex spaces E such that
every Banach space is a final 1limit of spaces isomorphic to E, giving a com-
plete characterlzation of such spaces E when they are bornological. In § i,
we prove that for any set I with cardinal smaller than the smallest strongly
inaccessible cardinal, ¢! 1s a final limit of spaces isomorphic to C®, where
¢ is the cardinal of the real line. In both ﬂ » SOme consequences toA the
general theory of the closed-graph theorem are given, It is also shown that
not all quotients of dual nuclear spaces are dual nuclear, thus solving

negatively a problem left by Pietsch(5).

Introduction
We denote by K either the field of real or of complex numﬁers.
If I is a set, |I| denotes its cardinal nimber, W, = ,Nl and - ca II(I . By
les we mean a locally convex Hausdorff vector space., lc stands for locally
convex, while ac for absolutely convex. If E is a 1lcs and I is a set, EL de-
notes the product of I copies of E, while E(I) denotes the lc sum of I coples
of E, and E* the (continuous) dual of E. We denote K by w « Given a fan

ily of lcs Eg, 1€1I, another lcs F and a f81y of linear maps u 1B, —F
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we say that F is the final 1imit (or more precisely, the final lc limit) of

the spaces E,, determined by uy, if the topolory of F is the finest lc one

which nikes all the uy continucus. If A is a subset of a vector space E,[4]
will denote the vector slibspa.:ce'of E generated by A, and ['A the ac hull of
B If Visanac nelghhorhood. of 0 in a lcs E, we put ker V -)Q Av , If E
%8 a lcs and B an ac bounded subset of E, Ep will denote the vector space
tB] endowed with the norm which is the gauge of B. A lcs E 1s dual nuclear
¥f its strong dual is nuclear,

If ? is a class of lcs, then 61(}) denotes the class of
all lcs E such that every linear map u with closed graph from E to any 7
delonging to F 1is continuous. If & is a class of lcs, then er (€)
will denote the class of the les F such that for each E eE. every linear
mp with closed graph from E to F is continucus. We recall that, if @ (resp
u) denotes the class of all Banach (resp ultrabornolosical) spaces, then

C‘(B)-C“(U) and the elements of this class are called infra-(u) spaces.

1. 'y are final limits of K°
(af ‘II is smaller than the smallest strongly inaccessible cardinal)

The essential idea used in (1), as well as in both “ of this
work, is the following simple lemma, whose proof is left to the reader.

Lemna 1.1. Let E and F be two les. a) Then, F is the final lc
Hnit of some family of lcs all of them isomorphic to E, if and only 1f the
final lc topology determined on F by the set L(E'.F) of all linear continuous
mpe from E to F colncides with the origingt topology of F. b) Let us sup-
wse further that F is a Mackey space, Then, F is the final lc’limit of some
.famlly of lcs all of them isomorphic to E, . if and only if, far each discon-
tinuous linear functional y' on F, there is some ué€ L(E,F) such that the
Hnear functional y'su on E is discontinuous.

Theorem 1,2. Let J be a set with |J|2¢c, and I an arbitrary set

with 'Il smaller than the smallest strongly inaccessible cardinal. Then, I(I



- 391 -

is the final lc 1limit of a family of snaces isomorphic to K‘, (hencc. KI is
isomorphic to a quotient of ( IKJ) v , where L 1s the index set of the family).
’ Proof. Since I(I 1s a Mackey space, it is enough, by Lemma 1.1D,
to prowve that, if y'i I(x—ﬂ( is linear but not continuous, then there is

ut I(J—) H(I 1inear continuous, such that y'su is not contlnuous.

Let then y' be a linear discontinuous functional on IKI. By the
hypothesis on III. the space KI is bornological, Therefore, since y' is
discontinuous, there is a bounded sequence B-{x"} in KI such that y' is not
bounded on B, Let us call E the closed subspace of IKI generated by B. Then,
E is a minimal les, hence isomorphic to l(L. for some set L, and E is sepa-
rable, hence |L|$c$]J| , so that E is isomorphic to a quotient M of I(J.

Let qs KJ—b M be the guotient map, vi M—>E the isomorghism and is E—)U(I
the canonical inclusion., Since the restriction y'si of y’ to E is not conti-
nuous, y'sisv is not continuous, hence y*su is not continuous, if we call

u =ievsq, although ui KJ—-) IKI is continuous, N

Remark 1.3. Even in the case {x"} is a sequence convergent to
zero ( even in the Mackey sense), it may happen that the space E in the
proof of Theorem 1.2 is isomorphic to K° and not tow. In fact, since

IR‘- ¢y 1f g, 1is an enumeration of the rational numbers, let us consider
for each sequenée Jyresssd of disjoint closed intervals with rational end
points, and for each sequence ng,....n 1in N*, the point y=
Y(Ji"""]k'“i"“'“k) of & defined byt ¥u -‘qni If «K€J4, 1=140..,k3
Yo =9y 1fd¢il§1' J, . The set D of such points is countable, and it is e
known that it is dense in ICR (see (9),pg 109-110). Let y, be an enumer-
ation of D. Siﬁce each Yn has its coordinates assuming only a finite number
of values, there is A, >0 such that A y € IR, where I=[-1,1]. Let Mo 0
with n g, = 0, and define x, = FoPn¥n « Then, the sequence x  con-
verges to 0 (even in the Mackey sense), and the closed subspa.cé generated by

{)%} coincides with the one generated by [ynJ » that is, with ‘(n. This shows



- 392 -

that there are difficulties in generalizing Theorem 1.2 to the case fJ’ - phn

if such'generalization is true.

We recall the following fact (see {3)):

(%) if } is a class of 1lcs, if 51561(3:) for every 1€ I, and if ﬁgfel(?)
then ;I;FI g, €CY(F). In other words, if KIECI(?) then CH(F) 1
stable by products of [Il'of its elements.

We have then immediately the following corollary:
Corollary 1.3, Let ¥ be a class of les. If KCECP(S;). then

Ci(}) is stable by arbitrary products with cardinal set smaller than the

smallest sirongly inaccessible cardinal number (1 e, if Ei' 1€I 1is a fam

ily of elements of Cl('}) and |I| is smaller than the smallest strongly
inaccessible cardiral, then ;D; Ey €Cl(?)).
Proof, It is well imown that £3£(3F) is stable by final lc limits

hence Corollary 1,3 follows from (*) and from Theorea 132, B

We leave unanswered the following questions:

Q(1.4) Is K° the final lc limit of a family of spaces isomorphic to W) ?

Q1.5) If F is a class of les and uéc’l(E ), does 1t follow that !Kceef‘%})?

Q(1.6) If ¥ is a class of lcs and K°e C2(3: ), does it follow that 6‘?(3‘)

is stable by arbitrary products?
” of ;ourse, a positive answer to'to Q(1.%) would give a positive

answer to Q(1.5).

Remark 1.4, In (5) (pg 8%) the following problem was left unan-
swered s ' .
(P) Is every Hausdorff quotient of a dual nuclear space also dual nuclear?
We may point here a relationship between this problem and Q(1.4).
The apaces w(I) are dual nuclear for every set I; on the other hand, K
is not dual nuclear, If K were the final lc 1imit of spaces iscmorphic to.
W, then K® weuld be isomorphic to a quotient of w(I) for smlne I. Hencet

1) a positive answer to (P) would glve a negative answer to Q(1.4),
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11) a positive answer to Q(1.4) would give a negative answer to (p).
We will show in Corollary 2.6 that (P) has in fact a negative

answer. Hence, there is still some possibility of a positive answer to Q(1.4).

2, Spaces whose final limits contain all Banach spaces

We need the following fact (vhich is an adaptation of the state-
ment called Fact 2 n (1)).

Fact 1. Let G be a normed space, y' a linear discontinuous func
tional on G, and a;> 0 an arbitrary sequence of positive real numbers.
Then, there is a bounded sequence y, in G suth that g "Ynlkn and
nl_l’: |a,,y'(yn)| LR

Proof. Since ||y’|| =, there extats §,€G with 9.1l ama
|y*(5.)] > 4"/ay . The Fact follows, taking y, = ¥,/2" . W

Next theorem is one of the basic results of this §, and a gener
alization of (1). It utilizes the following condition on a lcs Es
(2.1) there is a bounded sequence x, in E and an equicontinuous sequerce £,

in E*, such that f,(x,) = 0 for n ¢ m and £o(x,) = a > 0 for every n.

Theorem 2.1. Let E be a lcs satisfying (2.1) and G an arbitrary
Banach space, Then, G is the final lc limit of a family of spaces isomorphic
to E (hence, thers is a :et I such that G is isomorphic to a quotient of E(I)].

Proof. Let y' be a linear discontinuous functional on G. Let x,
f, and a_ be as given by (2.1). By Fact 1, there is a bounded sequence y, in
G such that z”yn “(no and Ia.ny‘(yn)l—)n . Let D= {Aél(l IXI$1}, Since
[!‘n}"ls an equicontinubus sequence in E*, there is a neighborhood V of 0 in
E such that I (V)CD for every n. For x€V we have then "fn(x)ynusllyn" .
and since Z“yn " o, the series Z‘fn(xn)yn is absolutely convergent,
hence also convergent in G (because G is complete). The same of course hap-

pens for every x in E, thus we may define the linear map WE—=G Dby the
-

fornula u(x) = z; £,(x)y, + For x€V we have “u(x)“\< Z “yn"<p Jstice
n:
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u 1s continuous, Now, (y'ou)(x,)=y'(anyn)=any'(y,), which is not bounded,
hence y'u 1is discontinuous. The result follows from Lemma 1.1. B

For a better understanding of condition (2.1), and to see how far
it ma.y‘ be from being necessary to zet the thesis of Theorem 2.1, we give
another theorem, Three more facts are needed. Faf:t 2 below has a great resem
blance to Fact 1 of (1).

Fact 2. If L is an infinite dimensional normed space and B is an
ac bounded absorbent subset of L, then there are Y € B and gné L*, with
"gn” =1, gn(yn)=0 for ngm and g,(y,)>0 for every n.

Proof. Start by taking any y1€B with yl-/o. and some g€ L* with
“MH =1 and gy(y{)” 0. Suppose yys.eeo¥jq in B ard gyseeesBy g in L¥ were
already chosen, with ”gj“-t. Jil,e0a k=1 g gj(yj))O. Jileeeesk-1 and
sj(yi)-o for 1§, L.Js1serask=1. Then, yysueey,_, 2re linearly independent.
Set N= ?ﬁ ker 8y Since dim L = @ and dim (L/N) = k-1, we have N,({O} '
hence there is zkEN. with qufo. and since B is absorbent, there is )‘k> 0
such that yk-AkzkE B. Of course, Yyresesyy are linearly independent. Define
the linear functional hy on [yl.....yk] by hy(¥5)=0 for Jrt,eeu ket and
hk(yk)-l. Since hy is continuous, it has a linear continuous extension Hk to
E. It is then enough to chccae gy= 'ﬁk/]]'ﬁk” « By induction, the whole sequen-
ces y, and g are obtained, N ‘

Fact 3. If a lcs F is the final lc 1imit of a family E;, 1€1I
of lcs determined by iinea.r maps uiiEi—)F, and uisEi/(kEr ui) — F are the
quotient maps of uy, then F is also the final 1limit of the family Elf(ker ui)
determined by @y (the same happens if we take NyCker uy and :1:5:1/111—; F).

m. It is enough to remark that a lc topology on F makes all
the maps uy continuocus if and only if it makes all the m;j.ps ; continuous (if
and only if it makes all :1 continuous), M _

Fact 4. (in (2) 1t is said that this fact is stated in (6), and

that 1t 4s due to S. Dierolf), For -each Hausdorff topological vector space



- 395 -

(E,t), there is a complete Hausdorff topological vector space (¥,s) such

thats 1) (E,t) 1s isomorphic to a quotient of (¥,s), 11) every bounded sub-

set of (Y,s) is finite dimensional, 111) the dual of (Y,s) separates points
of Y. In the case (E,t) 1s a les, (Y,s) may be chosen to be a lcs.

Theorem 2,2, Let E be a lcs and consider the following conditions
on Ei

(2.1) (already stated);

(2.2) there is a bounded ac subset B of E and an ac neighborhood V of 0 in
E such that, calling M=ker V, the vector space Ep/(Eg{]M) 1is of in
finite dimensiong

(2.3) there is a closed subspace H of E such that E/H has a continucus porm
and the bornologlcal space associated to E/H does not have the fir;est
lc topology (remark that the last sentence is equivalent tos E/H has
a bounded subset B such that [B] is infinite dimensional; remark also
that it implies that E/H is infinite dimensional);

(2,4) every Banach space G is the finmal lc 1limit of a family of spaces each
of them isomorphic to E;

(2.5) every ultrabornological space is the final lc limit of a family of
spaces isomorphic to E;

(2.6) there is some Banach space G, of infinite dimension whicn is the final
lc 1imit of a family of spaces isomorphic to E, 7

Then,a) (2.1) €= (2.2) = (2.3) =2 (2.4) & (2.5) &= (2.6),

b) If E is a bornological space that does—not satisfy (2.2), 1f V is an ac

reighborhood of 0 in E and M=ker V, then E/M has the finest lc topology.

¢) If E is a lcs such that, for every ac neighborhoodVof 0 and M=ker V, E/M

has the finest lc topology (which is the case, by b), if E is bornological)

and if G is a les which has a continuous norm and which is the final limit
of a famlly of spaces isomorphic to E, then G must have the finest lc topo-

logy. In particular, if E 1s bornologlical, all the conditions (2.1) to (2.6)



- 39 -

are equivalent,
d) In the general case, the implication (2.3) = (2.2) (and a fortiori also
(2.8) = (2,2)) 1s false.

Proof, a) (2.1) = (2.2) Let B be the ac hull of {x;} and V
the polar of {fn}' then B is bounded and V is an ac neighborhood of 0. Since
fn(V)CD. it follows that fn(H)-{O}. for every n. Let fn be the restriction
of'f, to Ep, gpthe quotien:h map of f,, defined on Ep/(EgN M), and y,=q(x,),
where qiEp—> Ep/(EgN X) is the canonical map. Then, &,(y,)=&,(alx ))=
-fn(x.) for every n and m, so0 that gn(yn)-a n,lo But gn(ym)-d for nym. There-
réu. the sequence y, is linearly independent, hence the dimension of
Ep/(EgN K) 1is infinite,

(2.2) =2 (2.1) and (2.2)== (2.3) Let p be the gauge of V,

Then p is a continuous seminorm with ker p= M and Ey = (E,p)/M 1is a nor
med space (and we call § the norm on Ey associated to p). The canonical map
qpEEy 1s continuoﬁa. hence .B'-q_v(B) is a bounded subset of Ey, The sub=
space L of Ey generated by B 1s | B J=qy(Eg)=qy(Eg+M)=(Eg*H)/M. Since
(Eg*M)/M 1s algedbraically isomorphic to Eg/(Epfl M), 1t follows that L has
infinite dimeﬁaion. Hence, Lf we endow L with the topology induced by Ey, L
is an infinite dimensional normed space and % 1s a bounded absorbent ac sub
set of L. )

By Fact 2, there are y €3 and gnEL' with "gn“-l. gn(ym)-o for
m‘n a.n:!. gn(yn)>0 for every n. By Hahn-Banach, there is an extension h'n of
€, to By, vith [ln)l=1, for every n. Let us define fy=h eqy. Since |fn[|=1, 1t
foliows that £,(V)CD for every n, hence {fn} is equicontinuous. As y & -
= qy(B), we may take x,€B such that qv(xn)-yn. Hence, {’51} is bounded and
fﬂ(xl)-hn(qV(xm)).hn(yn)-gn(yn) for every n and m, so that fn(xm)-o for n¢m
and fn(xn))O for every n. That shows that (2.2) implies (2.1).

On the other hand, if we choose HeM, as qy1E—Ey 1s continuous,

80 must be continuous the identity map 3:E/¥ — Ey. Now Ey 1s a normed space
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with norm p, hence § 1s a continuous norm on E/M. Since qsE— E/M is contin
uous, the set B=q(B) is bounded also in EM, As we already saw that [ﬁ]:L
and L is infinite dimensional, we finished the proof that {2.2) implies (2.3).
 (2.3) = (2.1) First we remark that, if (2.3) holds for E, then
E/H satisfies (2.2). In fact, since E/H has a continuous norm, the unit ball
for-tha.t norm is an ac neighb, ¥V of 0 such that M=ker V reduces to {o}, hence
(2.2) for E/H reduces to the existence of an infinite dimensional ac bounded
subset B of B/H and that follows from (2,3) for E.

Since E/H satisfies (2.2), which is equivalent to (2.1), and it
was already proved in Theorem 2.1 that (2.1) implies (2.4), it follows that
E/H satisfles (2.%4), that i_s. every Banach space, is.the final limit of a
famlly. of spaces isomorphic to E/H. Since E/H is a final 1imit of E, 1t fol
lous by the transitivity of flna;l Ic 1imits that G is als‘o' a final limit of
spaces isomorphic to E.

(2.4) = (2.5) Since the ultrabornological ‘spaces are the fi=
nal 1imits of Banach spaces, the result follows by the transitivity of final

limits,

(2.59) = (2.4) and (2.5) = (2.6) Trivial,
: (2;6! => fz.h) If G, is a Banach s.pace of infinite aimension,
G, clea‘.rlglv satisfles t2.3). As (2.3) implies (2.5), 1t follows that every
Banach space G is the final limit of a family of spaces isorﬂorphlc to G, .. '
Since by hypothesls G, is the final limit of a family of spaces isomorphic
to E, the same happens by transitivity to every Banach space G.

b) Since E does ;lot satisfy (2.2), the spaces. EB/(Eln M) are
finite dimensional for every ac bounded subsei B of E. Since E is bornologi
cal, E is the final 1limit of the spaces Eg, determined by the inclusion maps
151Eg—E, hence E/M is the final limit of the spaces Eg, deternined by the
maps qeigsEp—> EM, where (iE—>E/M 1is the quotient map, Remarking that

ker (qeig) = EgN M, it follows from Fact 3, that E/M is the final 1limit of
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the spaces Ej/(Eg{1K), deternined by the maps “Fi-;‘EB/(EBn x) — EM,
quotient of qelp. Since all the spaces Ep/(EgiM) are finite dimensional,
1t fon;ws that E/M has the finest lc topology.

c) Let I be a set, Ey=E for every 1€ I and G the final limit of
the family E,, 1€ I, determined by a family of linear maps ;xi:Ei—)G. Let B,
bg the wnit ball of some continucus norm on G. Since B, is an ac neighb, of
0 in G, the ac sets Vy=uil(B,) are neighb, of O in Ey, with My=ker V, equal
to ker wy. If Uj1E;/M;—> G is the quotient map of uy, then by Fact 3, G 1s
the final limit of the spaces E;/M;. Since by hypothesis all the Ey/M, have
the finest lc topology, G also must have the finest 1lec topology.

We show now that if E is bornological, then (2.6) = (2.2). In
fact, if E where bornological without property (2.2) and a.normed space G,
were the final 1limit of a family of spaces isomorphic to E, then by the
first part of c), G, should have the finest lc topology, which is impossible
for an infinite dimensional Banach space,

d) Let F be an infinite dimensional Banach space. By Fact &4,
there is a lcs E and a closed subspace H of E such that E/E is isomorphic to
P (hence E has property (2.3)), and such that every bounded subset of E is
finite dimensional, hence Ej (and a fortiori Ep/(EpN) M}) is finite dimensig
‘nal for every ac bounded subset B of E, so that E does not have property
(2.2). Therefore, E shows that (2.3) =& (2.2). ®

Corollary 2.3, If E is a les that has some con,;inuous norm and
some bounded subset of infinite fiimension. then E has all -the propertie.s of
Theorem 2.2. b) If E 1s a lcs with the finest lc topology and F 1s a lcs
with a weak topology, then E,F and ExF do not have any of the properties of
Theorem 2.2. ¢)If E is a Frechet space of infinite dimension, then E has the
properties of Theorem 2.2 if and only if E is not isomorphic to W, d) The
properties (2.4} to (2.6) are equivalent to the following:

(2.7) there is some Frechet space G, of infinite dimension, not isomorphic
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to W, such that G, is the final 1limit of a family of spaces isomorphic to E.

Proof. a) Let V be the unit ball of some continuous norm on E.
Then the set Meker V reduces to {0} + If B, is a bounded subset with [B,] of
infinite dinension, and B=T"B, , then Eg/(EgNM) = Ep = [B] has infinite
dimension. Hence property {2.2) (and a fortiori all the others) is satisfied.

b) It is not enough to show that they do not have property (2.2),
since (2,4) does not imply (2.2). Let V be an ac neighb, of 0 in ExF. Then,
there are ac neighb. V1 and V2 of 0 in E and F, respect., such that VyxV,&V.
Hence, # = ker V 2 ker(VixVZ) =(ker Vl)x(ker Vz) = M, xM,. Thus, (EXF)M 1s
a quotient of (ExF)/(HlxMZ), which is isomorphic to (E/‘Mi)x(F/'Mz) = H, Since
F has a weak topology, F/M2 is finite dimensional, and as E has the finest .
1c topology, the space H (and a fortiort (ExF)/M ) also has the finest lc
topology. By Theorem 2.2,c¢, EXF dosnot have property (2.4), and ‘the sanme
happens to E and F,

¢) Let E be a Frechet space of infinite dimension. If its topo-
logy 1s the weak one, then E is isomorphic to &), and by part b of this co-
rollary, E does not have property (2.4)., If its topology is not the weak one,
then E is not isomorphic to &), and there is some ac neighb., V of 0 in E, =
such th._-:;t M=ker V has infinite coedimension, that is, E/M hé.s infinite di-
mension, Then, E/M is Frechet (hence bornologica.l_) with a conti=uous norm
and with infinite dimension, hence its topolog‘y is not the finest 1lc one,
This shows that E satisfies (2.3) (hence also all the others, by Th. 2.2.c).

d) Follows immediately from part c, by the transitivity of the
final lc limits, W '

Remark 2.4, a) Corollary 2.3.a shows that the class of les sa-
tisfying (2.2) is very large indeed, while Corollary 2.3.b shows that for a
les to have property (2.2) or even (2.4), topologies that are too fine or
too weak in some sense, as well as combinations of both, must be avoided.

b) In (2) 1t is stated that the following fact is proved in (?):
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(**) If G is a bornological lcs, then G is a quotient of some complete and
seni-Nontel space,

As a consequence of Corollary 2,3, we get the following corollary
which may be considersd in some sort as the result analogous -to (**) for the
ultrabornological case,

Corollary 2.5. If G is an ultrabornological lcs, then G is a
quotient of a les F which is complete, ultrabornological and dual nuclear
(hence also Montel),

Proof, Take as E any nuclear Frechet (hence also dual nuclear)
space of infinite dimension, not isomorphic to W (for imstance, E may be
chosen as the spa.ce\'%f rapidly decreasing sequences). By Corollary 2,3.c, G'
is the final 1imit of a fa.m'lly of spaces jisomorphic to E, hence G is isomor
phic to a quotient of E(I). for some set I, It is enough to take F-E(I). [ |

Corollary 2.6. There exists a dual nuclear les (which may be al
80 chosen as being complete and ultrabornologicdl) which has a quotient (‘by
» closed subspace) which is not dual nuclear. (This solves negatively the
problen in (5), pg 86). _

Proof, In fact, K° is an ultrabornological ipa.ca. but is not
dtal nuclear, By Corollary 2.5, K° ia a quotient of a dual AELESE space
(which may be chosen as £I), for some I), B

' We show next the implications of Theorem 2.2 to the closed
graph. theoren. .

" Corollary 2.7. a) Let F be a class of lea, If 81(3) contains
some infinite dimensional Frechet space not isomorphic to [/ (or more gene=
rally, if C"(;) contains some lcs with property (2.2) or (2.3)), then
e’(}’) contains the class u of all ultrabornological spaces, Hence, con-
versely, if 61(3) does not contaln some ultraborislagical space, then
c!(}') does not céntain any lcs with property (2.2) or (2.3) (and is,
therefore, a very small class of les). b) Let ¢, be a class of lcs. If £
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contains some space with property (2.2) or (2.3), then C‘(é) is contained
in the class of all infra-{u) spaces. Hence, conversely, if c’tg) is not
contained in the class of infra-(u) spaces, then 5 does not contain any lcs
with preperty (2.2) or (2.3). c¢) If 3 contains s-ome lcs which is not infra-
(u). then CQ?) 1s contained in the class of les which do not patisfy (2.3).
Proof, a) The result follows from the fact that c ?) is stable
by final 1limits and from Corolla.ry 2.3.c (or Theorem 2.2).
b) Since é’cc 6"‘(@)). 1t follows from part a that (0 (6(5))
contains W, hence 6”(6 (6 (5))), which is equal to 6.'(@). must be con
tained in the class of all infra-(u) spaces.
¢) Since c“(' 6&?))3? it follows from the hypothesis that
ew( e 3)) i1s not contained in the class of infra-(u) spaces, hence by part
b, 1t follows that C 3) is containad in the class of spaces which
satisfy (not 2.3). |
Remark 2.8. The negation of property (2.3) is the followings
(not 2,3) every quotient E/H of E such that E/H has a continuous norm, is
such that the bornological space associated to 1t {to E/H) has
the finest lc topology.
. In the case E is bornological, (not 2.3) reduces -tos

(***) every quotient of E with a continuous norm has the finest lc topology.

It should be noted that it follows fjom Theo;rnt 2,2.,¢ that
(***) 1mplies (not 2.4) even without the assumption that E is bornological.

Remark 2.9. Property (***) also appears in (4) (where it is called
Quotientanbedingung). If n is the class of all normed spaces, the elements .
of e’(n) are called CN-spaces in (4), where it 1s proved that a lcs 1s GN
if and only if 1t is barrelled and has property (***).

We leave unanswered the following question:

Q(2.9) Is the implication (2.4) =) (2.3) (hence the equivalence (2.4)6>(2.3))

always true? If answer 1s no,characterize the lcs that have (2.4),



- 402 -
BIBLIOGRAPHY

(1) BELLENOT,S.F,: Inductive Limits of banach spaces
Canad. Math. Bull. Vol. 19 (4), 495-496,1976.

(2) BONET,J, and PEREZ CARRERAS,P.!

North-Hollard, 1987

{3) DE WILDE,M.! Vector topolngiu and Linear maps on products of topologi-

cal vecton spaces. Math. Arm. 196, 117-128, 1972,
(4) EBERMARDT,V, ! liber cinen Graphensatz fiin Abbildungen mit noamienten
Lielraum, Manuscripta Math. 12, 47-65, 1974.

(5) PIETSCH,A,} Nuclear locally convex spaces
Springer-Verlag, 1972

(6) ROELCKE,W, | Topologische Vektorraume I und IT
* Mmnchen, 1976.

¥)] VN_mv1A,MI.':' Some. new nesults on boanological barretled spaces
Proc,. Symp. Funct. Anal. Silivri (Turkey), 1973.

(8) VND]VIA,M.: A class of precompact sets in Banach spaces
J. Reine Angew. Math. 276, 130-136, 1975.

(9) WILLARD,S,} General Topology
addison-Wesley, 1970



