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Abstract
In this paper, we consider the effect of a topological Maxwell term W(Φ)F𝜇𝜈F̃

𝜇𝜈 on holographic transport and thermodynam-
ics in 2 + 1 dimensions, in the case with a dyonic black hole in the gravity dual. We find that for a constant W the modifica-
tions to the thermodynamics are easily quantified, and transport is affected only for �xy . If one considers also the attractor 
mechanism, and writing the horizon transport in terms of charges, the transport coefficients are affected explicitly. We also 
introduce the case of radially dependent W(z), in which case, however, analytical calculations become very involved. We 
also consider the implications of the two models for the S-duality of holographic transport coefficients.

1 � Introduction

The AdS/CFT correspondence [1] (see [2, 3] for a review) 
describes strongly coupled phenomena in field theories 
using perturbative string theory or, more commonly, its 
classical (super)gravity limit. Applications to condensed 
matter via AdS/CMT (see [4] for a review) are (usually) 
phenomenological in nature: one defines a gravity theory 
which, via the holographic map that is still presumed to 
work, has expected properties for the dual strongly coupled 
field theory. One of the most standard applications is for 
electric and thermal transport in various materials at nonzero 
temperature, dual to properties in the background of a black 
hole (see [4, 5] for a review).

One set of methods was considered, more recently, in 
[6–12], where one considers an Einstein-Maxwell-dilaton 
( g�� ,A�,� ) system in the gravity dual, also coupled to 
axions ( �1,�2 ), that allows for a more general analysis of 
transport, from the horizon of a black hole, based on the 
application of the membrane paradigm to AdS/CFT in the 
form started in [13], relating the horizon to the boundary, 

where standard AdS/CFT quantities are obtained, via a radial 
evolution equation. In [14–16], an extension of the analysis 
was considered, by adding a topological W(𝜙)F𝜇𝜈F̃

𝜇𝜈 term 
and considering the resulting S-duality properties. One can 
also use the attractor mechanism and Sen’s entropy function 
[17] to calculate conductivities from black hole horizons 
[12], and this method was also used in [15].

But the original analysis of transport (for shear viscosity � 
of a strongly coupled field theory fluid), defined in [18–20], 
was used earlier for calculating the thermoelectric transport 
from a dyonic black hole in the gravity dual in [21, 22], with 
a more general analysis in [23] (see also, for instance, more 
recently [24]).

In this paper, we are interested in considering the effect 
of a W(�) topological term on the calculation of thermody-
namics and transport in [21, 22], as well as the calculations 
via the attractor mechanism. The presence of the W(�) term 
is necessary in order to obtain complete S-duality transfor-
mations in the gravity dual, and they correspond to Sl(2,ℤ) 
transformations on observables in the gauge theory, includ-
ing particle-vortex duality [14–16], both of which are of 
great theoretical importance in condensed matter systems. 
We will first consider the case of a constant W(�) and then, 
in order to obtain more nontrivial results, we try to consider 
varying W(�) . However, it turns out that the simplest pos-
sible model is to consider directly a fixed W(�(z)) = W(z) , 
with z the radial direction, since otherwise solving the equa-
tions is very difficult.

The paper is organized as follows. In Section 2, we con-
sider the topological term with constant coefficient W, cal-
culating the thermodynamics, the holographic transport 
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coefficients �ab and �ab from the Kubo formulas at the 
boundary, and then the attractor mechanism using Sen’s 
entropy function, to write these in terms of charges and 
parameters at the horizon. The action of S-duality on the 
holographic model and the transport coefficients is also 
explained. In Section 3, we consider a “toy model” for a field 
dependent W(�) , where both W and Z (the coefficient of the 
Maxwell term) are instead explicit functions of the radial 
coordinate z. We find the solutions for fluctuations, though 
the holographic transport coefficients are too complicated 
to write, as are the results of the entropy function formalism. 
The effect of S-duality is explained, as is the introducing of 
anisotropy in the model. In Section 4, we conclude, and the 
Appendices contain some long formulas.

2 � Thermoelectric Conductivities from Kubo 
Formulas, with Topological Term

We want to extend the analysis of thermodynamics and 
transport from fluctuations found in [21, 22] to the presence 
of the topological term. As there, we will consider a full 
solution for a dyonic black hole, but otherwise, like [15, 16], 
where only the horizon was considered (still with nonzero 
magnetic field), we will add the topological term.

Consider the action for gravity and a Maxwell field given by

where F�� is the field strength of A� , F�� = ��A� − ��A� , 
and F̃𝜇𝜈 is its dual,

The normalization of the Newton’s constant �4 relative to 
the radius L for the (negative) cosmological constant is given 
in terms of the rank N of the dual field theory by

Note that with respect to the more general formulas in 
[15, 16] we have set

in order to match with the analysis of the dyonic black hole in 
[21, 22], and to simplify the analysis of the thermodynamics.

(2.1)

I = −
4
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4
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The equations of motion for gravity and the Maxwell field are

However, since

the Maxwell equation becomes

On the other hand, by its topological nature, the W term 
does not affect the Einstein equation. Therefore, we can use 
the same solution as in [21, 22],

where f(z) is written in terms of (properly normalized) mag-
netic charges h and electric charges q as

Here the horizon of the black hole is at z = 1 , and the 
boundary of the asymtotic AdS space in which it is embed-
ded is at z → 0 . Note that 

√
−g = L4�3∕z4.

Since W is constant, the solution for the gauge field A� 
is also the same,

where the gauge choice was such that At → 0 at the horizon 
z → 1 , as is usual for AdS/CFT. Then, we also have

or, explicitly in components (t, x, y, z),
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(2.10)f (z) = 1 + (h2 + q2)z4 − (1 + h2 + q2)z3.

(2.11)A = h�2xdy + q�(z − 1)dt ,

(2.12)F = h�2dx ∧ dy + q� dz ∧ dt ,
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2.1 � Thermodynamics

The temperature of the black hole is, as usual,

To compute the thermodynamics, we note that we are in 
the grand canonical ensemble, since we have fixed charges, 
so the thermodynamic potential is Ω = TIren . However, 
the action needs to be renormalized by the addition of 
counterterms,

and we can use the standard counterterm action from the 
boundary of AdS,

The unit normal to the boundary, satisfying n�n� = 1 , is

The boundary metric �MN is the one induced by g�� in the 
three boundary directions, but since it blows up as z → 0 , it 
must be defined a bit away from the boundary, at z = � with 
� → 0 , obtaining

Equivalently, we then have ��� = g�� − n�n�.
The � appearing in the counterterm action is the trace of 

the extrinsic curvature

with

Plugging into the counterterm action (2.16), and doing 
the integral over time t up to the inverse temperature � , we 
get, in a power series in �,
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(2.21)Ict = �V

√
2N3∕2

6�

�3

2

�
−1

�3
+

1 + h2 + q2

2
+O(�)

�
,

where V = ∫ dxdy.
Integrating z in the action I from � (the regularized bound-

ary) to 1 (the horizon), we obtain

so that the renormalized action becomes

Multiplying with the temperature gives the grand canoni-
cal potential,

The magnetic field and the chemical potential are found 
from the z → 0 limit of A in (2.11) and its field strength F 
in (2.12),

In terms of these (its natural) parameters, the grand 
canonical potential is

While this potential depends on W, the entropy S and 
energy E derived from it must not, since they depend only 
on the geometry of the black hole. Indeed, for the entropy, 
we first find from the above Ω and the T in (2.14) that

so that

This indeed matches the entropy calculated from the area 
of the horizon, with our conventions in (2.4).

Then, the energy is

where N = Q (the electric charge) is calculated below:
Indeed, from (2.14), we find that when T, B are fixed, we 

get � = �(�) , as
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and then

so that

Again from (2.14), when T ,� are fixed, we get � = �(B),

and then

so that

So the charge and magnetization do get a W term, while 
the entropy and energy do not. More precisely, the statement 
is that: if we keep B (and T) fixed, the relation between Q 
and � gets an extra, W-dependent term (the leading term 
being independent on W) and, if we keep � (and T) fixed, the 
relation between M and B gets an extra, W-dependent term 
(the leading term being independent on W).

2.2 � Magnetization and Fluctuations

We want to use the Kubo formulas to calculate transport 
coefficients, and for that we need to calculate the holo-
graphic Green’s functions, from fluctuations in the AdS 
dyonic black hole background. Therefore, in this subsection, 
we set up the problem of fluctuations in this background.

We follow the prescription from [21, 22]. But as described 
there, and found in [25], in the case of nonzero magnetic 
field, we must subtract the magnetization currents from the 
standard thermoelectric ones,
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where M and ME are respectively the magnetization and the 
energy magnetization densities.

We must consider fluctuations on top of the background 
that will give the holographic Green’s functions, compatible 
with the boundary condition in terms of a magnetic field B 
and a “energy magnetic field BE ” (sometimes called B1 , that 
sources gty instead of Ay ). Since �A0

�
 couples to a source cur-

rent J� nd �g0
��

 couples to a source energy-momentum tensor 
T�� , we must have the boundary condition

where Gy = gtyz
2∕�.

The ansatz compatible with these boundary conditions 
is [22]

From the equations of motion, it follows also that we need 
(only) �At to compensate the above. We then construct the 
on-shell quadratic action for the fluctuations.

To find it, we introduce a parameter � to keep track of 
fluctuations to linear order (linear response),

and solve the equations of motion in an expansion in � . The 
zeroth order term is just the equation of motion for the back-
ground, so vanishes, while the Einstein equation

at order � , for (��) = (xx) , for example, gives

where prime denotes differentiation with respect to z. Then, 
the linear order for the equations of motion fixes the �At 
fluctuation,

It then turns out that this solves the Einstein equations at 
linear order in � for all (��).

On the other hand, the Maxwell equation in the absence 
of W is expanded in � as
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giving

The solution of (2.43) and (2.45) is

where the integration constants were fixed such that �At → 0 
at the horizon z = 1.

In the presence of the topological term with W, since W 
is a constant, the extra term vanishes since

so for a modification of the action for fluctuations we would 
need to consider the case of a W that depends on z, which 
will be done later.

2.3 � Transport Coefficients from Quadratic Action 
at Boundary

Here we find the thermoelectric coefficients from the quad-
ratic boundary action.

The (retarded) Green’s function is found from the on-shell 
quadratic action [19]. Consider as an example a scalar field � 
with a kinetic function K(z) at the 2 + 1 dimensional boundary,

where we have solved the linearized field equations in terms 
of the boundary value �0 in frequency space �,

such that H�(z) = 1 , and impose incoming wave boundary 
conditions at the horizon.

Then, the retarded Green’s function is

A more precise recipe is to go to momentum space k⃗ in all 
boundary directions, and write the on-shell action as

which identifies F  as GR.
Either way, in our case, we consider frequency-space 

fluctuations
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for i = x, y and �Gi = gtiz
2 , and compute the linearized Max-

well equations, giving

where 𝜔̄ = 𝜔∕𝛼.
The Einstein equations give equations that imply the 

above Maxwell ones, so are consistent with them, but for 
our purposes it is enough to consider these Maxwell ones.

Since near the horizon f (z) ∼ 1 − z , and near the 
horizon we obtain the solutions Ai(z) ∼ (1 − z)� and 
Gi(z) ∼ (1 − z)�+1 , we can write the solutions that are 
incoming at the horizon as

where 𝜈 = i𝜔̄∕(h2 + q2 − 3) and the functions ai(z) and gi(z) 
are required to be regular at the horizon z = 1.

Note that we also have solutions with � → −� at the hori-
zon, as well as the constant solution

For the static  transport coefficients, we are interested 
in the hydrodynamic limit 𝜔̄ → 0 . For this, we expand the 
fluctuations at constant dyonic charges h and q,

and solve (2.53) to first order, obtaining

Here �(z) = f (z)∕z , the functions P5(u) , Q3(u) , and Q4(u) 
are polynomials found in Appendix 1 of [21], and �i are 
constants that depend on the boundary values of the fields,
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x
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x
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For the quadratic action for fluctuations, we derive first the 
gauge field terms (with Ax,Ay ), which come from the Maxwell 
and topological terms in the action,

Integrating by parts and neglecting terms calculated at the 
horizon (z = 1) , and focusing on the lowest order in � in each 
of the two terms (Maxwell and topological) separately, we 
obtain

Indeed, we will see that the Maxwell term contribution 
is only from a term without 𝜔̄ , while the topological term 
contribution is from the term linear in 𝜔̄.

Now considering also the metric perturbations, we obtain

which, except for the new extra term with W, matches the 
result in [21].

Expanding in frequency Fourier modes for the fluctua-
tions, for example

and considering the on-shell linearized fluctuations (2.57), 
we obtain
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�
.

(2.61)

I →
2𝛼L2

𝜅2
4

∫ d3x lim
z→0

[(
f 1∕2 − 1

2z3f 1∕2
(GxGx + GyGy) +

q

2
(AxGx + AyGy)+

−
1

8z2
(GxG

�
x
+ GyG

�
y
) +

f

2
(AxA

�
x
+ AyA

�
y
)

)
+ 2i𝜔̄W𝜖abA�

a
Ab

]
,

(2.62)A0
x
(t) = ∫

∞

−∞

d�

2�
A0
x
(�)e−i�t ,

(2.63)

Iquadratic =
i

2 ∫
d�

2�
dx2�(A0

x
(�)A0

y
(−�) − A0

y
(�)A0

x
(−�))

(q
h
−W

)
+

−3i(1 + h2 + q2)

4h ∫
d�

2�
dx2�(A0

x
(�)G0

y
(−�) − A0

y
(�)G0

x
(−�))+

9iq(1 + h2 + q2)2

32(h2 + q2) ∫
d�

2�
dx2�(G0

x
(�)G0

y
(−�) − G0

y
(�)G0

x
(−�))+

i(−3 + h2 + q2)2

32(h2 + q2) ∫
d�

2�
dx2�(G0

x
(�)G0

x
(−�) − G0

y
(�)G0

y
(−�)) ,

which is now in the form where we can use the recipe for 
calculating holographic retarded Green’s functions. Note 
that the leading terms of order O(𝜔̄0) have cancelled, and 
the only contributions are from the mixing of terms alluded 
before ( Gx containing A0

y
 , etc.) for the Maxwell and gravity 

terms, leading to an extra 𝜔̄ , but from the leading term in 
the topological one, and seeing as we already had a 𝜔̄ , this 
is of the same order.

Green’s functions for the current-current, current-energy-
momentum tensor and two energy-momentum tensors are 
thus

where we have written the results in terms of the magnetic 
field B = h�2 , the charge density � = q�2 , and the energy 
density � = (1 + h2 + q2) of the boundary theory.

Then finally, using the Kubo formulas, we find the static 
electric conductivity as

while for the static thermoelectric and heat conductivities we 
must take into account the magnetization term, as already 
noted, obtaining

We see then that the effect of the W term is only in �ab , 
�ab , and 𝜅̄ab remaining the same.

(2.64)

GR
Ja,Jb

= −i��a,b
q

h
= −i��a,b

(
�

B
−W

)
,

GR
Ja,Ttb

= −i��a,b
3(1 + h2 + q2)

2h
= −i��a,b

�

2B
,

GR
Tta,Ttb

= −i��ab
9q(1 + h2 + q2)2

32(h2 + q2)
+ i��ab

(−3 + h2 + q2)2

32(h2 + q2)
,

(2.65)�ab = − lim
�→0

ImGR
JaJb

�
= �ab

(
�

B
−W

)
,

(2.66)
𝛼ab = − lim

𝜔→0

ImGR
TtaJb

𝜔
+

M

T
𝜖ab =

s

B
𝜖ab,

𝜅̄ab = − lim
𝜔→0

ImGR
TtaTtb

𝜔
+

2(ME − 𝜇M)

T
𝜖ab.
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2.4 � Anisotropy

In order to break isotropy, we consider two parameters 
(kx, ky) multiplying the boundary space coordinates, giving 
a metric

Note that then we obtain 
√
−g =

√
kxkyL

4�3∕z4.
From the equations of motion for gravity, we obtain the 

condition

Nothing new is obtained from this moment on, and the 
analysis proceeds as before, with no new physics. We have 
shown this, however, since in the next section, when we have 
varying W(z), there will be new results.

2.5 � Conductivity from Entropy Function 
via Attractor Mechanism and Membrane 
Paradigm

The conductivity can also be obtained using the attractor 
mechanism, for calculations at the horizon, via Sen’s entropy 
function [17]. The application of Sen’s entropy function 
formalism to holography was considered in [26] (see also 
[27]), while the application to the calculation of conductiv-
ity was done in [12], and was also used in [15] for the case 
of metrics with charge density and magnetic field, defined 
only near the horizon. The fact that we can calculate the 
conductivity at the horizon, as well as at its natural AdS/
CFT location, the boundary, is related to the application of 
the membrane paradigm to the AdS black holes, as argued 
initially by Iqbal and Liu [13].

The power of the attractor mechanism is, therefore, that 
one can both calculate the conductivities only at the horizon 
and nevertheless obtain them as functions of only the charges 
of the black hole (defined at infinity), related to charges in 
the field theory. In a top-down (completely known) solution, 
that is perhaps not too impressive, nevertheless, we show 
that this works as expected, since it confirms its use in cases 
in which the solution is only known near the horizon, yet we 
can still write the conductivities as functions of the charges 
defined at infinity (or in the field theory).

The near-horizon geometry of an extremal 4-dimensional 
planar black hole (such as obtained in the attractor mecha-
nism) is AdS2 ×ℝ

2 , written as

(2.67)
1

L2
ds2 = −

�2

z2
f (z)dt2 +

�2

z2
(kxdx

2 + kydy
2) +

1

z2
dz2

f (z)
.

(2.68)kx = 1∕ky.

(2.69)ds2 = −vr2 dt2 + w(dx2 + dy2) +
v

r2
dr2 ,

where r = 1∕z . Note that this is for a planar black hole, but 
the formalism works as well as for the spherical ( S2 instead 
of ℝ2 ) black hole case [17]. Also, sometimes v and w are 
denoted by v1 and v2 , in order to emphasize their similarities.

The values of the magnetic and electric fields at the horizon 
are FA

xy
= BA (soemetimes denoted pA ) and FA

zt
= eA , and for 

the scalars we have the horizon values �s = us.
Defining the function f as the integral over the horizon of 

the Lagrangian density,

as shown by Sen, the Einstein equations imply that the us, v 
and w are extrema of f, while the charges QA can be defined 
as its variations with respect to the electric fields, so

Then, Sen’s entropy function is

and is value at its extremum, defined by the attractor 
equations

In our case, we do not have a scalar, and we have a single 
electromagnetic field, with electric field e, so we only have 
three attractor equations. The function f in our case is then 
(with 4�GN = 1)

and the entropy function is

where Q̃ = Q∕Vol . The attractor equations are then

(2.70)f (us, v,w,B
A, eA) = ∫ dxdy

√
−gL ,

(2.71)
�f

�us
= 0 ,

�f

�v
= 0 ,

�f

�w
= 0 ,

�f

�eA
= QA.

(2.72)
E(us, v,w, eA,B

A;QA) = 2�(eAQ
A − f (us, v,w, eA,B

A)) ,

(2.73)
�E

�us
= 0 ,

�E

�v
= 0 ,

�E

�w
= 0 ,

�E

�eA
= 0.

(2.74)

−f = ∫ dx dy
√
−g

�
−
1

4
R +

L2

4
F𝜇𝜈F

𝜇𝜈 −
3

2

1

L2
+W

L2

4
F𝜇𝜈F̃

𝜇𝜈

�

=
1

2 ∫ dxdy

�
B2L2v

w
+ w

�
1 −

3v

L2
−

e2L2

v

�
+ 2BeL2W

�
,

(2.75)

E = 2𝜋e(Q̃ − BL2W) + 𝜋
B2L2v

w
+ 𝜋w

(
1 −

3v

L2
−

e2L2

v

)
,

(2.76)

w2

(
3 −

e2L4

v2

)
− B2L4 = 0

L2
(
B2v

w2
+

e2

v

)
+

3v

L2
− 1 = 0

L2(ew − BvW)

v
− Q̃ = 0.
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We use the last equation to solve for e in terms of Q̃ 
(inverting it), and the other two to solve for v and w. Then, 
the parameters v, w, and e of the ansatz are written in terms 
of the charge density Q̃ and the magnetic field B, as well as 
the parameters L and W in the action, as

Since the charge density of the field theory, � , is dual 
(couples) to At , we have

which gives, on the solution, the same result as the charge 
density parameter of the black hole,

For the entropy density, the extremum of the entropy 
function gives the same as the Hawking formula,

and this is identified with the entropy density in the field 
theory.

We can now use these formulas for the entropy density s 
and the charge density � of the field theory in the formulas 
already derived, from Kubo formulas, for the electric and 
thermoelectric conductivities, to find these as functions of 
the charges of the black hole. We find

We note that now, with the holographic transport coeffi-
cients written in terms of Q̃ , B and W via the attractor mecha-
nism, the explicit W dependence becomes more complicated.

(2.77)

v =
L2

6
,

w =

�
B2L4

�
W2 + 1

�
− 2BL2Q̃W + Q̃2

√
3

,

e =
BL2W − Q̃

2
√
3z2

�
B2L4

�
W2 + 1

�
− 2BL2Q̃W + Q̃2

.

(2.78)� =
�S

�At

,

(2.79)𝜌 =
√
−g(Ftz +WF̃tz) =

Q̃

L2
.

(2.80)s =

�
B2L4

�
W2 + 1

�
− 2BL2Q̃W + Q̃2

4
√
3GN

=
w

4GN

,

(2.81)

𝜎ab = 𝜖ab

�
𝜌

B
−W

�
= 𝜖ab

�
Q̃

BL2
−W

�
,

𝛼ab = 𝜖ab

�
B2L4

�
W2 + 1

�
− 2BL2Q̃W + Q̃2

4
√
3BGN

.

2.6 � S‑duality

As observed in [15], and made more precise in [16], the 
general formulas for transport coefficients obtained from 
fluctuations around a solution near the horizon of a black 
hole have an action of S-duality ( Sl(2;ℤ) ) on them, coming 
from the S-duality invariance of the gravitational action. 
For a general Z(�) (term in front of the Maxwell action), 
the invariance is under

This led to the duality relation on the complex conduc-
tivity � ≡ �xy + i�xx,

In our case, this is less obvious, since we have effec-
tively fixed Z to 1, but the duality is there.

In the case of the dyonic black hole of [21, 22], 
which gives a subset of the formulas in [15], the action 
of S-duality was hard to understand, as the only relevant 
limit is the one that takes � → 0 , followed by s → 0 in 
the transport coefficients, and previously there was 
nothing left.

With the introduction of the W term in this dyonic black 
hole calculation, and the associated entropy function result, 
it becomes relevant to take the limit � → 0 , and obtain

S-duality then acts nontrivially, as

The limit � → 0 is understood, from the point of view of 
the dyonic black hole, as the limit when the electric charge 
goes to zero, keeping the magnetic charge finite. Consider-
ing also the entropy function calculation leading to (2.80), 
we obtain that in this limit,

where

(2.82)

F𝜇𝜈 → ZF̃𝜇𝜈 −WF𝜇𝜈

Z → −
Z

Z2 +W2

W →
W

Z2 +W2
.

(2.83)�� = −
1

�
.

(2.84)�xx = 0 , �xy = −W , �xx = 0 , �xy =
s

B
.

(2.85)W →
1

W
⇒ �xy → −

1

�xy
.

(2.86)�xy =
s

B
=

c√
3

√
W2 + 1 ,
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is the central charge of the dual field theory, with the second 
form being due to our fixing Z∕g2

4
.

But, moreover, if we would keep Z free, we would obtain √
W2 + Z2 in (2.86), which is an S-duality invariant, see 

(2.82).

3 � Radially Varying Topological Term W(z)

In this section, we consider a more general model, with a 
field-dependent topological term, so an Einstein-Maxwell-
dilaton model with a nontrivial dilaton, as considered for 
instance in [15, 16],

The reason for introducing W(�) is to have a nontrivial 
contribution to the Einstein equation (and the Maxwell 
equation); otherwise, as we saw in the previous section, 
this is a topological term.

Here the axions �i are introduced to have a breaking of 
translational invariance of the theory, via a linear axion 
ansatz

We will go back to the isotropic case by considering 
k1 = k2 = k.

In order for the ansatz above to be consistent with the 
axion equations of motion,

we will assume that the dilaton is static and only depends on 
the radial direction, so � = �(z).

The equation of motion for the dilaton is

To guarantee that we have a solution, we must impose that

(2.87)c =
L2

4GN

=
�Z

g2
4

(3.1)

I =
2

𝜅2

4
∫ d4x

√
−g

�
−
1

4
R −

1

2

�
(𝜕𝜙)2 + Φ(𝜙)((𝜕𝜒1)

2 + (𝜕𝜒2)
2)
�
− V(𝜙)+

+Z(𝜙)
L2

4
F𝜇𝜈F

𝜇𝜈 +W(𝜙)
L2

4
F𝜇𝜈 F̃

𝜇𝜈

�
.

(3.2)
�1 = k1x

�2 = k2y.

(3.3)Φ(�)���
��(1,2) + Φ�(�)���(1,2)�

�� = 0 ,

(3.4)
𝜕𝜇𝜕

𝜇𝜙 − V �(𝜙) −
1

2
Φ�(𝜙)

[
(𝜕𝜒1)

2 + (𝜕𝜒2)
2
]

+
L2

4
(Z�(𝜙)F𝜇𝜈 +W �(𝜙)F𝜇𝜈F̃

𝜇𝜈) = 0.

(3.5)
V(0) =

−6

L2
,

V �(0) = 0.

3.1 � Set‑Up

However, the ansatz considered so far is still too compli-
cated to solve, so instead of the arbitrary functions of the 
dilaton W(�),Φ(�),V(�) , and Z(�) , on top of the radially 
varying dilaton �(z) , we will simplify further and directly 
consider independent functions of the radial coordinate z, 
so W(z),Φ(z),V(z) , and Z(z). At this time, we could not 
find a way to solve the more interesting case of arbitrary 
(given functions) W(�),Φ(�),V(�), andZ(�) and solving for 
�(z),F�� , and g�� , so we are restricting to this simple case. 
The resulting reduced Einstein-Maxwell-dilaton model is

Now, the gauge field equation of motion becomes

We take the same ansatz for the metric as in the previous 
section,

where f(z) is the same function,

and the ansatz for the field strength is also unchanged,

Then, the Maxwell equation of motion gives

solved by

where Z0 is a constant.
The Einstein equations,

(3.6)

I =
2

𝜅2

4
∫ d4x

√
−g

�
−
1

4
R −

1

2

�
(𝜕𝜙)2 + Φ(z)((𝜕𝜒1)

2 + (𝜕𝜒2)
2)
�
− V(z)+

+Z(z)
L2

4
F𝜇𝜈F

𝜇𝜈 +W(z)
L2

4
F𝜇𝜈 F̃

𝜇𝜈

�
.

(3.7)
1√
−g

𝜕𝜇
√
−g

�
Z(z)F𝜇𝜈 +W(z)F̃𝜇𝜈

�
= 0.

(3.8)
1

L2
ds2 = −

�2

z2
f (z)dt2 +

�2

z2
(dx2 + dy2) +

1

z2
dz2

f (z)
,

(3.9)f (z) = 1 + (h2 + q2)z4 − (1 + h2 + q2)z3 ,

(3.10)

F = h�2dx ∧ dy + q�dz ∧ dt ⇒ F�� =

⎛⎜⎜⎜⎝

0 0 0 − q�

0 0 h�2 0

0 − h�2 0 0

q� 0 0 0

⎞⎟⎟⎟⎠
.

(3.11)hW �(z) − qZ�(z) = 0 ,

(3.12)Z(z) =
hW(z)

q
+ Z0 ,

(3.13)

R�� = K�� +
1

2
g��V(z) + Z(z)

(
2L2F��F

�
�
−

L2

2
g��F��F

��

)
,
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give three independent equations, which can be taken to be 
the xx, zz, and xy components, for instance, and can be used 
to fix Kzz(z) , Kxx(z) = Kyy(z) , and V(z), where

The solution of the equations of motion is then

Note that, strictly speaking, the above solution means that 
� is constant, so Φ , V, Z, and W should have been constant 
as well. Except, of course, in a correct solution, we should 
have varied Φ(�) , V(�) , Z(�) , and W(�) with the chain rule 
to obtain the correct dilaton equation of motion, which was 
not done here.

So the above must be thought of as a simple toy model 
for the correct case. We have fixed Z(z), Φ(z) , and V(z) in 
terms of the independent W(z) from the equations of motion, 
considered as the only variable, set by hand.

3.2 � Fluctuations

To calculate the quadratic action for fluctuations around the 
background solution, and find the holographic Green’s func-
tions and the transport coefficients through Kubo formulas, 
we proceed as in the previous section.

We add fluctuations to the off-diagonal metric and gauge 
field in the spatial boundary directions,

and consider the same ansatz with infalling boundary condi-
tions at the horizon,

(3.14)
Kzz =

1

2
(�z�)

2 , Kxx =
1

2
Φ(z)k2

1
, Kyy =

1

2
Φ(z)k2

2
.

(3.15)

Kzz(z) = 0 ,

Kxx(z) = −
2�2z2

(
h2 + q2

)
(hW(z) + q(Z0 − 1))

q
,

V(z) =
2hz4

(
h2 + q2

)
W(z) + 2q

(
z4(Z0 − 1)

(
h2 + q2

)
− 3

)
L2q

.

(3.16)

gtx =
��Gx(z)e

−it�

z2
,

gty =
��Gy(z)e

−it�

z2
,

�Ax = �Ax(z)e
−it� ,

�Ay = �Ay(z)e
−it� ,

(3.17)
Ax(z) = f (z)�ax(z) ,

Gx(z) = f (z)(1+�)gx(z).

At linear level, we now obtain the equations of motion

We expand again the solutions in orders of 𝜔̄:

We solve the equations of motion order by order in � 
and in 𝜔̄ , as before, focusing on the linearized perturba-
tions (first order in � ). At zeroth order in 𝜔̄ , we obtain

which matches what we got in the previous section for con-
stant W, as expected. So the same solution as before is also 
valid now,

where �x and �x are constants.
At first order in 𝜔̄ , we obtain the equation for ax

where we have defined the functions

(3.18)

i𝜔̄G�
x
(z) = −

4z2(hW(z) + qZ0)

q

[
−iq𝜔̄Ax(z)

+h(z − 1)A�
y
(z)

{
z
(
z
[
z
(
h2 + q2

)
− 1

]
− 1

)
− 1

}
+ hqGy(z)

]
,

q(z − 1)
{
z
(
z
[
z
(
h2 + q2

)
− 1

]
− 1

)
− 1

}
×

×
[
4z3A�

x
(z)(hW(z) + qZ0) − 2G�

x
(z) + zG��

x
(z)

]

= 4ih𝜔̄z3Ay(z)(hW(z) + qZ0) + 4qz3Gx(z)
(
h2 − hqW(z) − q2(Z0 − 1)

)
.

(3.19)
ax(z) = a0

x
(z) + 𝜔̄a1

x
(z) + ...

gx(z) = g0
x
(z) + 𝜔̄g1

x
(z) + ...

(3.20)

a0�
x
(z) = −qg0

x
(z) ,

g0��
x
(z) = −

2g0�
x
(z)

(
3h2z4 − 2h2z3 + 3q2z4 − 2q2z3 − 2z3 − 1

)

(z − 1)z
(
h2z3 + q2z3 − z2 − z − 1

)

= −2
� �(z)

�(z)
g0�
x
(z) ,

(3.21)a0
x
(z) = �x − qz�xg

0
x
(z) = �x ,

(3.22)

a1�
x
(z) =

�(z) + �(z) + �(z)

4h(z − 1)z2
(
z
(
z
(
z
(
h2 + q2

)
− 1

)
− 1

)
− 1

)
(hW(z) + qZ0)

,

(3.23)

�(z) = −4qh(z − 1)z2g1
x
(z)

(
z
(
z
(
z
(
h2 + q2

)
− 1

)
− 1

)
− 1

)
(hW(z) + qZ0) ,

�(z) = q
4iz2(hW(z) + qZ0)

q
(
h2 + q2 − 3

) (
h3z2(4z − 3)(�xqz − �x) + h2q(�yqz − �y)+

+hz2
(
q2(4z − 3) − 3

)
(�xqz − �x) + q

(
q2 − 3

)
(�yqz − �y)

)
,

�(z) = −qi�yz
2
(
4z
(
h2 + q2

)
− 3

(
h2 + q2 + 1

))
.
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There is also a similarly complicated equation for g1
x
 . But 

it turns out that we can write both these equations (for ax 
and g1

x
 ) in the same form as we did in the previous section,

except with different G0
x
 and A0

x
(z) . Solving the equations in 

the same way (see [21]), we obtain

This again blows up at z = 1 , so we must impose regular-
ity by putting c2 = 0 , and

which relates �x to the other integration constants,

and similarly for �y . Therefore, we have the solution

where W(u) is a function depending on the parameters 
of the solution, which we write, together with A0

x
(u) ), in 

Appendix 1.
Next, one would need to calculate the quadratic action as 

we did in (2.61) and (2.63), and extract the transport coef-
ficients, but it is now too involved (one could do numerics 
for it, but we leave that for further work).

Note that, as before, besides the solutions with ansatz 
(3.17), with ±� , we also have a constant solution,

(3.24)
a1�
x
(z) + qg1

x
(z) = A0

x
(z) ,

g1��
x
(z) + 2

� �(z)

�(z)
g1�
x
(z) = G

0
x
(z) ,

(3.25)g1�
x
(z) =

c2

�(z)2
+

1

�(z)2 ∫
z

0

G0
x
(u)�(u)2du.

(3.26)∫
1

0

G
0
x
(u)�(u)2du = 0 ,

(3.27)

�x = −

(
h2 + q2 − 3

)(
�yq

(
2Z0

(
h2 + q2

)
+ h2 + q2 + 3

)
− 4�yZ0

(
h2 + q2

))

3h
(
h2 + q2 + 1

) +

+
i
(
h2 + q2 − 3

)

3
(
h2 + q2 + 1

) ∫
1

0

−
4i
(
h2 + q2

)
W(z)(�yqz − �y)

q
dz ,

(3.28)
a1
x
(z) = �x − q∫

z

0

g1
x
(u)du − i∫

z

0

A0
x
(u)du ,

g1
x
(z) = �x − i∫

z

0

1

�(u)2
�xW(u)du ,

The solutions become near the boundary at z = 0

3.3 � Anisotropy

We can introduce anisotropy as in the previous section, via 
a metric ansatz with kx ≠ ky,

and now it is not trivial anymore. The Einstein equations 
give now different values for Kxx and Kyy , and we find

Repeating the procedure from the previous subsection, 
we obtain the �x and �y given in Appendix 2.

3.4 � Conductivity from Entropy Function

Considering the same AdS2 ×ℝ
2 ansatz for the near-horizon 

metric of the planar extremal black hole in four dimensions,

we compute as before the boundary spatial integral of the 
Lagrangian density,

and finally Sen’s entropy function, which becomes

(3.29)
Ax = 𝛿x , Gx = −

i𝜔̄

h
𝛿x ,

Ay = 𝛿y , Gy =
i𝜔̄

h
𝛿y.

(3.30)

A0
x
= 𝛿x + 𝛼x(𝛾x, 𝛾y) ,

G0
x
= −

i𝜔̄

h
𝛿x + 𝛾x ,

A0
y
= 𝛿y + 𝛼y(𝛾x, 𝛾y) ,

G0
y
=

i𝜔̄

h
𝛿y + 𝛾y.

(3.31)

1

L2
ds2 = −

�2

z2
f (z)dt2 +

�2

z2
(kxdx

2 + kydy
2) +

1

z2
dz2

f (z)
,

(3.32)V(z) =
2
�
hz4W(z)

�
h2 + kxkyq

2
�
+ q

√
kxky

�
h2z4Z0 − kxky

�
z4
�
h2 − q2Z0 + q2

�
+ 3

���

L2q(kxky)
3∕2

,

Kxx(z) = −
2�2kxz

2
�
W(z)

�
h3 + hkxkyq

2
�
+ q

√
kxky

�
h2(Z0 − kxky) + kxkyq

2(Z0 − 1)
��

q(kxky)
3∕2

,

Kyy = −
2�2kyz

2
�
W(z)

�
h3 + hkxkyq

2
�
+ q

√
kxky

�
h2(Z0 − kxky) + kxkyq

2(Z0 − 1)
��

q(kxky)
3∕2

.

(3.33)ds2 = −
v

z2
(dt2 − dz2) + w(dx2 + dy2) ,

(3.34)f = ∫ dxdy∫ d4x
√
−gL ,
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where

and

The attractor equations are, as before

The full solutions for v, w, and e are too big to be shown 
here, though it should be possible to find them numerically.

3.5 � S‑duality

One important reason to consider the more general action 
(3.1) is S-duality. As explained in the previous section, such 
an action is manifestly invariant under S-duality acting on 
Z(�) and W(�).

However, we considered the “toy model” with only z 
dependence for W(z), Z(z), V(z), and Φ(z) , so we need to 
check S-duality on the solutions. Of course, we see that the 
Maxwell Eq. (3.11) is indeed S-duality invariant, but in 
order to have the solutions be as well, we need that Z0 = 0 
in (3.12).

Since W(z) and Z(z) are functions of the radial coordinate z, 
now we have to ask: at what position z is the action of S-duality 
relevant to transport coefficients to be considered? On the one 
hand, by virtue of calculating the holographic Green’s func-
tions and using the Kubo formulas at the boundary, that is 
where it seems we should consider them. But on the other 
hand, the conductivity calculated from Sen’s entropy function 
in the attractor mechanism is obtained at the horizon, so that 
is where it seems to be needed in this case.

The two calculations are related by the application to 
AdS/CFT of the membrane paradigm, as done by Iqbal and 

(3.35)E =
�

�2vwz2
Γ +

�

�2eAvw
2z2

Θ ,

(3.36)

Γ =4�4h2vwz2
(
w2 − L2vZ0

)
− 4e2w2z4

(
v − L2Z0

)
+

+ �2(L2Z0
(
−B2v2 + e2w2z2

(
z2 − 4w

)
+ 4h2v2z4

)
+

+ vw
(
2ez2

(
2ew2 + Z0

)
− 4h2wz4 − 13w

)
)

(3.37)

Θ =�L2vW(z)(e2w2z2
(
−2�B + �2h

(
z2 − 4w

)
+ 4hz2

)
+

− �2hv2
(
B2 − 4h2z2

(
z2 − �2w

))
).

(3.38)
�E

�v
= 0 ,

�E

�w
= 0 ,

�E

�eA
= 0.

Liu, and as shown for instance in [15], but in the case of our 
toy model, that is guaranteed by the fact that Z(z), as well as 
V(z) and Φ(z) , is related to W(z), and Z(z) is related to it via 
a duality-invariant proportionality relation,

which is one reason why the toy model set-up is a sen-
sible one.

4 � Conclusions

In this paper, we have considered the introduction of a topo-
logical term WF𝜇𝜈F̃

𝜇𝜈 in the 3 + 1 dimensional gravitational 
action for the Einstein-Maxwell model used to holographi-
cally calculate transport coefficients in strongly coupled 2 
+ 1 dimensional materials, using a dyonic black hole back-
ground that asymptotes to AdS space.

Considering first a constant W, we have found that the 
results match the general results in [15] from the calculation 
in an a priori unknown metric, at the horizon of the black 
hole. Using also the attractor mechanism and Sen’s entropy 
function, the transport coefficients were written in terms of 
𝜌 = Q̃ , B, and W, and we have found the action of S-duality 
on them.

A toy model for the complicated case of a general solution 
with nontrivial W(�), Z(�) , V(�) , and Φ(�) was the case with 
functions of the radial coordinate z, W(z), Z(z), V(z), and Φ(z) . 
We obtained the solutions for fluctuations, which were very 
complicated, so we did not proceed to find the transport coef-
ficients, though those could be found numerically from our 
results. We have also shown how to introduce anisotropy in 
this case, and found the solutions for fluctuations in this case. 
We have set up the case of the attractor mechanism and Sen’s 
entropy function, again leaving the complete (and very ugly) 
formulas for later. S-duality arguments sharpened the idea of 
the toy model, as well as its relevance.

There are many things left for further work, for instance 
the numerical evaluation of the transport coefficients in 
the toy model with z dependence. This is also viewed as a 
first step towards a case based on a more complete solution, 
involving not only a dyonic black hole, but nontrivial �(z) 
and W(�) , Z(�) , V(�) , and Φ(�).

(3.39)Z(z) =
h

q
W(z) ,
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Solutions for Fluctuations in the Case of W(z)

and similarly for A0
y
(u).

Solution for Fluctuations for the Anisotropic 
Model

and

(A.1)

W(u) = −
i

�x ∫
u

0

−i

(
4
(
h2 + q2

)
W(z)(�yqz − �y)

q

)
dz

− u
�xh

3
(
u2
(
2q2(u − 1)(4u − 3) − 7u + 6

)
+ 4

)

�xh
(
h2 + q2 − 3

)

− u
2h2

(
�yq

3(3 − 2u) +
(
2q2 − 3

)
Z0(�yqu − 2�y) + 3�yq(u − 1)

)

�xh
(
h2 + q2 − 3

)

− u
h4(�yq(2u(Z0 − 1) + 3) − 4�yZ0) + �xh

5(u − 1)u2(4u − 3)

�xh
(
h2 + q2 − 3

)

− u
�xh

(
q2
(
u2
(
q2(u − 1)(4u − 3) − 7u + 6

)
+ 4

)
+ 3u2

)

�xh
(
h2 + q2 − 3

)

− u
q
(
q2 − 3

)(
3�y + �yq

2(2u(Z0 − 1) + 3) − 4�yqZ0
)

�xh
(
h2 + q2 − 3

) .

(A.2)

A
0
x
(u) = i

(h3z2(4z − 3)(�xqz − �x) + h2q(�yqz − �y)

h(z − 1)
(
h2 + q2 − 3

)(
z
(
z
(
z
(
h2 + q2

)
− 1

)
− 1

)
− 1

)

+ i
hz2

(
q2(4z − 3) − 3

)
(�xqz − �x) + q

(
q2 − 3

)
(�yqz − �y))

h(z − 1)
(
h2 + q2 − 3

)(
z
(
z
(
z
(
h2 + q2

)
− 1

)
− 1

)
− 1

)

+
i�yq

(
h2(3 − 4z) + q2(3 − 4z) + 3

)

4h(z − 1)
(
z
(
z
(
z
(
h2 + q2

)
− 1

)
− 1

)
− 1

)
(hW(z) + qZ0)

(B.1)
�y =

(
h2 + q2 − 3

)

3hkx
(
h2 + q2 + 1

)
(
−ihkx ∫

1

0

4ikyW(z)
(
h2 + kxkyq

2
)
(�xqz − �x)

q(kxky)
3∕2

dz

−4�xZ0
(
h2 + kxkyq

2
)

+�xq
(
kxky

(
h2 + 2q2Z0 + q2 + 3

)
+ 2h2Z0

))

(B.2)
�x =

(
h2 + q2 − 3

)

3hky
(
h2 + q2 + 1

)
(
ihky ∫

1

0

4ikxW(z)
(
h2 + kxkyq

2
)
(�yqz − �y)

q(kxky)
3∕2

dz

−4�yZ0
(
h2 + kxkyq

2
)

+�yq
(
kxky

(
h2 + 2q2Z0 + q2 + 3

)
+ 2h2Z0

))
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