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ABSTRACT 

This paper gives a matrix formula for second-order covariances of ma­

ximum likelihood estimators in generalized linear models when the dis­
persion parameter is unknown, thus generalizing the result of Cordeiro 
(2004). We show that the second-order covariances when the dispersion 

is llllknown are the covariances obtained by this author plus some extra 
terms. We also give these covariances for some models. Some simula­
tions show that the second-<>rder covariances can be quite pronounced 
in small to moderate sample sizes. 
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1. INTRODUCTION 

We consider generalized linear models (GLMs} where the random variables Y1 , •.. , Yn are 

independent and each Y; has a density or probability function, in the following family of 

distributions 
11'(1,1; 8;, </>) = exp{ </>[118, - b(8;}] + a(y, </>) }, (1.1) 

where b(·) and a(·,·) are known functions. The mean and the variance of Y; are E(Y;) = 
µ; = db(8,)/d8; and Var(Y;) = 4>- 1v., where V = dµ/d8 is called variance function and 

8 = f v- 1dµ = q(µ) is a known one-to-one function ofµ. The parameters 8 and</>> 0 

in (1.1) are called the canonical and the precision parameters, respectively. The inverse 

of </> is the dispersion p&rameter u2 = ¢,-1 . For two-p&rameter full exponential family 

distributions with canonical parameters </> and <J,8, the term a(y, </>) in (1.1) can be written 

as a(y, <J,) = <J,c(y) + d1 (ef>) + "2(1,1). The choice of the variance function V determines the 

interpretation of </>. For normal, gamma and inverse Gall88ian distributions, the means and 
variances of Y; arc 8i-1,-oi-l and (-28i)-1/ 2 and <1>- 1,4>-1µ1 and rp-1µf, respectively. 
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The GLMs have a systematic component which is parameterized as t(µ) = '1 = Xf), 
where X is a specified n x p model matrix of full rank and fJ = (/Ji, ... , fJ,,) T is a vector of 
unknown parameters to be estimated. We assume that t(·) is a known one-t~ne continu­
ou.'lly twice differentiable monotonic function. The maximum likelihood estimator (MLE) 
/3 of fJ can be obtained by the Newton-Raphson method and will be assumed available in 
the following discussion. For normal and inverse Gaussian models, ¢ = n/ D(y, µ), where 
D(y, µ) = 2 I: { v(yi) - v(µi) + (fJi -yi)q(µi)}, v(µ) = µq(µ) - b{q(µ)} andµ is the MLE of 
µ. For the gamma model, the MLE ¢ is obtained from a nonlinear equation for which an 
approximate solution is given by Cordeiro and McCullagh (1991, p.632). 

Few attempts have been made to develop second-order asymptotic theory for GLMs in 
order to have better likelihood inference procedures. Regarding inference about /3 in GLMs, 
it appears that likelihood-ratio and score statistics with their distributions approximated by 
x2 distributions in the usual way are not satisfactory in small samples. However, Cordeiro 
(1983, 1987) and Cordeiro, Ferrari and Paula (1993) obtained Bartlett and Bartlett-type cor­
rections to improve likelihood ratio and score statistics in GLMs, respectively. Second-order 
bias correction in GLMs was obtained by Cordeiro and McCullagh (1991). They showed 
how the asymptotic bias vector of the MLE /J can be obtained without iterative computa­
tion by means of a supplementary weighted linear regression calculation. An asymptotic 
formula of order n-1/ 2, where n is the sample size, for the skewness of the distribution of fJ 
in GLMs was given by Cordeiro and Cordeiro (2001). The purpose.of the paper is to obtain 
a general matrix formula for the second-order covariance of the MLEs fJ and ¢ when the 
preci'lion parameter ,/) is unknown, thus generalizing the result of Cordeiro (2004) which 
holds only for known precision parameter. 

The paper is organized as follows. In Section 2 we review the results of Peers and Iqbal 
(1985) and Cordeiro (2004). Section 3 gives a general matrix formula for the n-2 asymptotic 
covariance matrix of the MLEs fJ and¢ in GLMs. In Section 4 we apply our main result 
to some special models. Finally, Section 5 concludes the paper with some simulations to 
investigate the covariance of the MLEs in GLMs based on second-order asymptotics and to 
motivate the u.'le of the proposed formula. 

2. n-2 ASYMPTOTIC COVARIANCE MATRJX WHEN</, IS KNOWN 

Denote the total log likelihood function for fJ and q, by t = l(/3, ,p) and the joint cu­
mulants of log likelihood derivatives by K.r, = E(a2t/lJfJ,.8fJ,), K.r,• = E(8t/8fJ,.8t/8fJ,), 
r.4,r = E(a'-l/EJ<J,8/Jr ), K.r,t = E(a3t/8fJ,.fJf),fJf3t), K.r,.t = E(fJl/fJfJ,.a2t/fJf),fJf1t), etc., in 
which we reserve lower-case subscripts r, 11, t, u, ... to denote components of the fJ vector. 
All 11:'s refer to a total over the sample and are, in general, of oder n. 
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For a general model for which the log likelihood t(/J) depends on a p-vector /3 of unknown 
parameters, the cumulant generating function of the MLE /3 of fJ up to order 0( n - 2), where 
fl is the sample size, was obtained by Peers and Iqbal (1985). Using their expression, we 
can find the n-2 asymptotic covariance ai; between any two estimators A and /3; by 

(2.1) 

where 
(!) . .b cd 

U;j = -K
16

K1 K (Kabcd + Ka,bcd + 2Kabc,d + 2Ka,bc,d + 3Kac,bd), (2.2) 

(2) _ ia jr b• ct (3 + 4 + 2 ) aij - K K r. K 2KabcKrat Kab,cKrat Ka,bcKrat + Kab,cKr,at + Kab,c,.rt,a , (2.3) 

and 
(3) _ ia jb rs ct (2 + + + 2 ) aij - K K K. K Ka,bcKr,st Ka,bcKrat KabcKrat KabcKr,at , (2.4) 

where _ ,.cd is the ( c, d) element of the inverse of the information matrix. 
Here the usual summation convention is applied with all indices running from 1 to p. 

Our results will follow by formal expansions without explicit attention to the underlying 
regularity conditions, those being essentially the same required for the expansions needed 
for maximum likelihood theory in regular problems. Our approach consists of obtaining a 
closed-form expression for the second-order covariance matrix of the MLEs in GLMs. This 
approach entails a great deal of algebra but has the nice feature that the final expression is 
usually simple enough that it can be easily used by practitioners. 

Cordeiro (2004) obtained from (2.1)-(2.4) the n-2 covariance matrix E of the MLE /3 
for the ca.c;e where the precision parameter <J, is known. His result can be written as 

where 

E =<J,-2PAPT, 

A= HZ,t + ~pz(2>F+az<2lF-Gz(2)a + (F +G)ZZitF, 
2 

(2.5) 

(2.6) 

where F = diag{V- 1µ'µ"} and G = diag{V- 1 µ1µ 11 
- v-2v(1lµ13} are diagonal matrices 

, ,,, ,2 "v<1> '•v<1>2· 
defined by Cordeiro (1983), H = diag{-~ - " 't,2 + ~},P = (XTWX)- 1XT 
with W = diag{;;;},Z = XP = X(XTWx)- 1XT,z(2) = Z0 Z, and 0 denotes the 
Hadamard product and Zit = diag{zn, ... , Znn}, Note that Z is, apart from the precision 
parameter cp, the asymptotic covariance matrix of f/. 

Expression (2.6) differs from Cordeiro's (2004) equation (5) by a multiplying factor of 
2. Cordeiro's result is therefore corrected here. It is possible to simplify E when the model 
at hand has closed-form expression for Z. See several special models discussed by Cordeiro 
(1983, 1987) and Cordeiro, Ferrari and Paula (1993) for which Z has closed-form. 
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3. n-2 ASYMPTOTIC COVARIANCE MATRIX WHEN¢ IS 
UNKNOWN 

The important feature to be exploited in the derivations in this section is that {J and </> 

arc gloha.Ily orthogonal in the sense of Cox and Reid (1987). 
It is possible to show from (2.2) that, when </> is unknown, we have 

aj]l = -r;,iar;,jbr;,cd(r;,abal + l'i.a,bcd + 21'i.abc,d + 21'i.a,bc,d + 31'i.ac,bd)- l'i.ia~b,r.#(2r;,a,b,p,~ + 3r;,~,'b,p), 

a~)= -r;,iar;,#,r.cd(r;,~ + l'i.a,,pcd + 2tr.a,t,c,d + 2tr.a~d + 3tr.ac,~) 

and 
a~ = -(r;,H)atr.~ _ (r;,H)2tr.cd(2tr.~,,pc,d + 3tr.,pc,~). 

For GLMs, several joint cumulants of {J and 4> can be obtained from Cordeiro {1983, 1987), 
Cordeiro and McCullagh (1991), Cordeiro, Ferrari and Paula {1993) and Cribari-Neto and 
Ferrari (1995). Some of these cumulants are given by 

~ { 3 I ,, 1 (1)3} 
l'i.abe = -</, '7 y'-' µ - y2 V I X1aX1bXlc, 

K.ab,c = -</> ~ { ; 2 y(l) µ13
} 

1 
x,,.x11,x1c, K.a,b,f, = -r;,4""' = ~ { tµ12

} 
1 

X1aX1b, 

r;,# = ™12, r;,~ = nda, "fl4>,~ = 0, r;,fl4># = nd4, 

,1,."' { 3 y(2) 14 6 y(1)2 14 12 y(l) t2 11 3 112 4 1 111} 
K.ab,:,J = 'I' 7" y2 µ - ya µ + y2 µ I-' - yl-' - yl-' I-' I XlaXll,XlcXld, 

,1,."' { 1 (1)2 14 2 y(l) 12 II 1 112} 
l'i.at,,cd ='I'~ ya V I-' - y2 I-' I-' - Vµ I X1aX1t,X1cXld, 

l'i.a,b,cd = q> ~ { ;2 y(l) µ12 µ" - ;3 v<
1
>
2 µ'4 } I x1,.x11,x1cXld, 

"' { 1 (1)2 14 1 (2) "'} 
"a,b,c,d = <I>~ ya Y JJ + V2 V µ 

1 
X1aX11,X1cXld and 

,1,."' { 2 y(1)2 14 1 y(2) 14 3 y(l) 12 II 1 / II/} 
K.tJbc,d = 'I' 7 ya µ - V2 µ - V2 µ µ + yl-' µ l X/mX/t,X/cXld, 

where d,. = <lir)(<J,) for r = 2,3,4 is the rth derivative of the function d1(</>). 
We can obtain simple expressions, in matrix notation, for E~~ = {uf}l}, the p x l 

vector E~J = { u!!)} and the scalar E~ = { a</J} by inserting the above cumulants in the 
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equations for agl, a!!l and a'/) and then summing over the sample after summing over the 
parameters. We adopt the same notation described in Section 2. After some algebra, we 
can find 

E<1l = ]_PHZ pT - - 1- (xTwx)-1 
PP ¢?- d n</J3d2 ' (3.1) 

E~~ = - nd~ef?,P(F + 2G)Zdl (3.2) 

and 
(3.3) 

where 1 is an n x 1 vector of ones. 
Analogously, we can derive from (2.3) and (2.4) the following matrices E~J = {u;1l}, 

EtJ = {a~;)} and E~ = {at} for r = 2 and 3. 

Then, the n-2 asymptotic covariance of /:J and J can be written as 

E- ( Epp Ep,t,) 
- EJI/I E,/></> ' 

(3.4) 

where EfJp = E~1J + E~J + E~] with E~~ given by (3.1), 

E(2l - ~ppz(2>ppT + .2_ppz<2JcpT - .2_pcz(2>cpT + - 1- PwzwpT (3.5) 
fJ{J - 2¢?- ¢?- ¢?- ndit/>3 

and 
(3) 1 ( ) T 'Epp= efl-p F + G ZZdFP . (3.6) 

Further, 

with E~~ given by (3.2) and 

r:(2l = _ i _ (-!ppzC2Jw1 + Pcz<2>w1) 
pq, nd2 ¢?- 2 ' 

(3.7) 

E~~ =0, (3.8) 

and, finally, 
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with E~ given by (3.3), 

(3.9) 

and 

(3.10) 

Note that the n-2 covariance matrix Epfj of /3 can be decomposed into two parts: the 
expressions (2.5)-(2.6) obtained by Cordeiro (2004) for the case of known dispersion plus 
some extra terms due to the fact that <f, is unknown. Equations (3.1)-(3.10) are the main 
result of the paper. 

4. A SIMPLE MODEL 
A random sample ofsize n is taken from (1.1) and we consider a simple model with only 

one unknown para.meter t(µ) = '7 == (31 1 where 1 is an n x 1 vector ofone11 and (3 is a scalar 
parameter. In this case, P = ~lT and we can obtain from (3.1)-(3.10) 

E = y2 (-µ"' - µ"V(l) + 7µ"2) 
/J/J n2<f,2 µ's µ'4V 2µ16 , 

V ( 7 y(l)µ12 ) 
EfJf> = n2d2<f,2µ'3 -2µ'' + - V-

and 
1 ( p 3 pd3 dt 54) 

E.,,.,. = ~ ¢,2 - 2¢,2 - ¢'d2 - d2 + 24 . 
Equations for EfJ/J, EfJ• and E~ depend on the model through the variance function and 
its first derivative and on the first three derivatives of the link function. 

For linear models we have E/J/J = 0 and E/J~ = nf"~~ . E<f></1 has the same form than that 
of the general case. 

For canonical models 

and 
5y(1) 

EfJ,p = - 2n2d2</>2V" 
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I:4>4> has no reduction. 

5. SIMULATION RESULTS 

Let 6 = (/3 T, <f, f be the (p + 1) x 1 parameter vector in model ( 1.1) and {J its corres­

ponding MLE. The first-order asymptotic covariance matrix of {J is simply 

(5.1) 

whemas the covariance of this estimate up to order O(n-2) is given by 

(5.2) 

where :E comes from (3.4). 

In this section we carry out a simulation study to illustrate the practical application of 

equations (5.1)-(5.2) in the following gamma model with log link 

where the covariates x1 and x2 were chosen as the quantiles of a U(O, 1) uniform distribution 

and their values were held fixed throughout the study with equal sample sizes. Without 

loss of generality, true values of the regression parameters were taken as f3o = 3, /31 = 2 

and fk = -1 for the cases n = 30 and 50. The response was generated from a gamma 

distribution assuming that ef, = 4. 
The simulation was performed using the S-Plus programming environment and we car­

ried out size simulations ~ on 10,000 replications. In each of these replications, we 

fitted the gamma model and computed the MLEs ~ and J,, their asymptotic covariance 

matrix (5.1) and their second-order covariance matrix (5.2), both equatiom evaluated at 

these estimates. Let [Cov1(9)]i and [Cov1(8)]1 be the right-hand sides of equations (5.1) 

and (5.2) evaluated at the MLE 9(i) obtained from the i-th simulated fitted. The first two 

entries in Table l give for n = 30 rn;l;oo E!!•fl°[Cov1 (8)]1 and • E!~•fl°[Cov2(8)]1, i.e., 

the sample means of the asymptotic expansioDB (5.1) and (5.2) baaed on 10,000 replications. 

The third entry in Table 1 refer to the sample covariances of o(l), ... , 9(lD,OOO). Table 2 does 

the same for n = 50. 
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Table 1: Cov1(9), Cov2 (9) and sam.ple covariances for n = 30 

1.83 1.35 
/Jo 2.10 1.47 

2.23 1.45 

1.83 
2.17 
2.10 

P-l 

,j, 

-1.21 
-1.46 
-1.49 

-0.77 
-1.03 
-1.15 

0.63 
0.77 
0.81 

1.13 
1.27 
1.21 

1.16 
1.10 
1.08 

-1.17 
-1.28 
-1.31 

1.11 
1.25 
1.31 

The figures in Tables 1 and 2 show that the second-order teIDlll of the covariances of 
the MLEs fl and ~ can be quite pronounced. More importantly, the covariances obtained 
from expansion (5.2) are cl011er (especially for n = 30) than thOl!e obtained from expansion 
(5.1) to the sample covariances of t,(l), ••• , 0<10,000> in almost all C88e8 given in Tables 1 and 
2. This seems to indicate that the expansion (5.2) is a better approximation than (5.1} to 
the true value of Cov(9). Thus, a good deal of the covariance of 9 can be accounted for 
(and hence corrected for) by the second-order covariance correction E. In summary, the 
second-order covariances of MLEs in GLMs should not be ignored in samples of small to 
moderate size since they can be nonnegligible and improve the approximation to the true 
value of Cov(B). However, the magnitude of the n-2 covariances tend to be smaller than 
corresponding values for the n-1 covariances. Clearly, a very large sample size is needed 
for the first-order approximation for Cov(O) to be adequate. 
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Table 2: Cov1(6), Cov2(6) and sample covariances for n = 50 

f3o /31 fh <p 
1.75 1.27 -1.17 1.00 

/:Jo 1.93 1.30 -1.29 1.20 
2.09 1.32 -1.35 1.17 

1.75 -0.70 1.08 
2.06 -0.95 0.97 
2.00 -1.03 0.99 

0.53 -1.13 
0.68 -1.20 
0.70 -1.27 

1.05 
1.13 
1.17 
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