





The GLMs have a systematic component which is parameterized as t(u) = n = X,
where X is a specified n X p model matrix of full rank and g = (fi,... ,ﬁp)T is a vector of
unknown parameters to be estimated. We assume that ¢(-) is a known one-to-one continu-
ously twice differentiable monotonic function. The maximum likelihood estimator (MLE)
{3 of B can be obtained by the Newton-Raphson method and will be assumed available in
the following discussion. For normal and inverse Gaussian models, é = n/D(y, i), where
D(y, p) = 2 {v(w) — vik) + (& — w)a(id:)}, v(p) = pe(p) — b{g(s)} and j is the MLE of
p. For the gamma model, the MLE ¢ is obtained from a nonlinear equation for which an
approximate solution is given by Cordeiro and McCullagh (1991, p.632).

Few attempts have been made to develop second-order asymptotic theory for GLMs in
order to have better likelihood inference procedures. Regarding inference about 3 in GLMs,
it appears that likelihood-ratio and score statistics with their distributions approximated by
x? distributions in the usual way are not satisfactory in small samples. However, Cordeiro
(1983, 1987) and Cordeiro, Ferrari and Paula (1993) obtained Bartlett and Bartlett-type cor-
rections to improve likelihood ratio and score statistics in GLMs, respectively. Second-order
bias correction in GLMs was obtained by Cordeiro and McCullagh (1991). They showed
how the asymptotic bias vector of the MLE 3 can be obtained without iterative computa-
tion by means of a supplementary weighted linear regression calculation. An asymptotic
formula of order n“/ 2, where n is the sample size, for the skewness of the distribution of ﬁ
in GLMs was given by Cordeu'o and Cordeiro (2001). The purpose of the paper is to obtain
a general matrix formula for the second-order covariance of the MLEs 3 and ¢ when the
precision parameter ¢ is unknown, thus generalizing the result of Cordeiro (2004) which
holds only for known precision parameter.

The paper is organized as follows. In Section 2 we review the results of Peers and Igbal
(1985) and Cordeiro (2004). Section 3 gives a general matrix formula for the n~2 asymptotic
covariance matrix of the MLEs 3 and ¢ in GLMs. In Section 4 we apply our main result
to some special models. Finally, Section 5 concludes the paper with some simulations to
investigate the covariance of the MLEs in GLMs based on second-order asymptotics and to
motivate the use of the proposed formula.

n~? ASYMPTOTIC COVARIANCE MATRIX WHEN ¢ IS KNOWN

Denote the total log likelihood function for 8 and ¢ by £ = £(8,¢) and the joint cu-
mulants of log likelihood derivatives by ., = E(8°£/88,86,),%r, = E(8¢/85,0L/00,),
Ker = E(8%£/0408,), kear = E(0°t)05,00,08,),kr 0t = E(0¢/08,0%¢/00,06), etc., in
which we reserve lower-case subscripts r, s,¢,u,... to denote components of the 8 vector.
All x’s refer to a total over the sample and are, in general, of oder n.
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For a general model for which the log likelihood £() depends on a p-vector 8 of unknown
parameters, the cumulant generating function of the MLE J of 8 up to order O(n=2), where
n is the %a.mple size, was obtained by Peers and Iqbal (1985). Using their expression, we
can find the n~% asymptotic covariance o;; between any two estimators f; and ﬂ, by

oij = ‘78) + ag) + ag), i (2.1)
where

o) — nianjbncd(

i Kabed + Kabed + 2Kabe,d + 2Ka,bc,d + 3Kac,bd)s (2:2)

2 ; 3
G§j) = iR P et (inabc"‘-rat + 4Kah clirst + Kabokirst + 2Kab,c'°r,at + "ab,c’crt,a) ,  (2.3)

and
(?) = Kmh‘;'b T8 ct (2'64 belr,st T Kabelirst + KabeKrat + 2"abcnr,.lt) s (2'4)

where —k% is the (c,d) element of the inverse of the information matrix.

Here the usual summation convention is applied with all indices running from 1 to p.
Our results will follow by formal expansions without explicit attention to the underlying
regularity conditions, those being essentially the same required for the expansions needed
for maximum likelihood theory in regular problems. Qur approach consists of obtaining a
closed-form expression for the second-order covariance matrix of the MLEs in GLMs. This
approach entails a great deal of algebra but has the nice feature that the final expression is
usually simple enough that it can be easily used by practitioners.

Cordeiro (2004) obtained from (2.1)-(2.4) the n~2 covariance matrix T of the MLE j
for the case where the precision parameter ¢ is known. His result can be written as

T =¢ 2PAPT, (2.5)

where
A=HZ;+ EFZ(”F +GZOF - GZIG + (F + G)ZZ4F, (2.6)

where F = diag{V~14'u"} a.nd G = diag{V~1p'p" — V-2v(D"} are diagonal matrices
defined by Cordeiro (1983), H = diag{— &4~ — ; SVE L eV P = (XTWX)IXT
with W = diag{#7},Z = XP = X(XTWX) 1xT,z(2> = Z©® Z, and ® denotes the
Hadamard product and Zy = diag{z11,...,2nan}. Note that Z is, apart from the precision
parameter ¢, the asymptotic covariance matrix of ).

Expression (2.6) differs from Cordeiro’s (2004) equation (5) by a multiplying factor of
2. Cordeiro’s result is therefore corrected here. It is possible to simplify £ when the model
at hand has closed-form expression for Z. See several special models discussed by Cordeiro
(1983, 1987) and Cordeiro, Ferrari and Paula (1993) for which Z has closed-form.



n~? ASYMPTOTIC COVARIANCE MATRIX WHEN ¢ IS
UNKNOWN

The important feature to be exploited in the derivations in this section is that 8 and ¢
are globally orthogonal in the sense of Cox and Reid (1987).
It is possible to show from (2.2) that, when ¢ is unknown, we have

ag) = — K95 (ks gped + Kabod + 2Kabe,d + 2Ka ped + 3Kac,bd) — n"“njbnw(%a,w# + 3K4ag,b0)s
ag) = —ni“nwn“‘(nw + Ko,gcd + 2Kaged + 26a,ge.d + 3Kac,gd)

and

m&? = (%) ngp09 — (K*) 5 (204,0c,4 + 3K gc,pa)-

For GLMs, several joint cumulants of 8 and ¢ can be obtained from Cordeiro (1983, 1987),
Cordeiro and McCullagh (1991), Cordeiro, Ferrari and Paula (1993) and Cribari-Neto and
Ferrari (1995). Some of these cumulants are given by

3
Kabe = -—¢Z { 'w' - av(l)a}‘zlazlbflc,

1
Kabe =—4 Y {WV("u"}IZzazmzzc, Kab = —Kabp = 3 {Vﬂ"}lzmzu,,
[ {
Kgp = Ndz, Nm =ndy, ke =0, Kegpp = ndy,

12 3 4
Kabed = ¢Z { V@ - Vv V(ml‘" + ‘V—gvm w2 - 7#’ V#’#’"} TUaTwTicTld,s
1 1
Kabod = ¢2': {WV“)"';‘" 73 SV Oyt — V"’a} LT T 1cT1d,
Kabed = ¢Z{ —SVOu - ——sz ”} TiaTbTicTidy
Kaped = ¢Z { V(mu" + WV(Z)# } T1aTibTicTl4 and
1
- 1)2, 14 2), 4 1),
Kabed = ¢21: {VEV( 2y — WV( Dt — WV( Py + Vuu } T1aTipTicLid
where d, = d(')(da) for r = 2,3,4 is the rth derivative of the function d,(¢).

We can obtain simple expressions, in matrix notation, for 8(1) {a(l) }, the px 1
vector 2(” {a(l)} and the scalar 2(1) = {o (1)} by inserting the above cumulants in the
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equations for cr,(J1 ), S,) and agz and then summing over the sample after summing over the

parameters. We adopt the same notation described in Section 2. After some algebra, we
can find

£ = FPHZdPT ¢3 Z (XTwx), (3.1)
Efs‘} == ¢2P(F +26)2,41 (3.2)
and
w__1 (p_ ﬂ)
Dge = nd} (¢2 ds )’ (3.3)

where 1 is an 1 X 1 vector of ones.
Analogously, we can derive from {2.3) and (2.4) the following matrices E/(s’g = {ag)},

n) = {a(')} and Egg = {cr,(g} for r = 2 and 3.

H¢ = N .
Then, the n=2 asymptotic covariance of 3 and ¢ can be written as
T = ( gﬂﬂ §ﬂ¢ ) (3.4)
B e

where g5 = Z‘f,lg + 2(2) + Egg with E(Ig given by (3.1),

= = —%ZPFZ(Z)FPT + %PFZ@)G’PT - %PGZ@)GPT + nd+¢3PWZWPT (3.5)
and
=) = #P(F +G)ZZ.FPT (3.6)
Further,
S = 5 + 53 + 56),

with 54 given by (3.2) and

@_ 1 3 prz® @
56 = nag ( SPFZ®W1+ PGz®W1), (3.7
=5 =0, (3.8)

and, finall
ny’ 5., =zl 5@, 5@
00 = Lg T Lgp  Sagn



with 2;2 given by (3.3),

@___ 3 Ty 7(2) 3d3
Y = 2"12‘1%"521 WZ\ W1+ i (3.9)
and
(@) _ d3 (d_3 = E)
EM 2B\, 3) (3.10)

Note that the n~2 covariance matrix £gg of 3 can be decomposed into two parts: the
expressions (2.5)-(2.6) obtained by Cordeiro (2004) for the case of known dispersion plus
some extra terms due to the fact that ¢ is unknown. Equations (3.1)-(3.10) are the main
result of the paper.

4. A SIMPLE MODEL
A random sample of size n is taken from (1.1) and we consider a simple model with only
one unknown parameter ¢{s) = n = F1, where 1 is an n x 1 vector of ones and 8 is a scalar
parameter. In this case, P = "—“f,,lT and we can obtain from (3.1)-(3.10)
v? ( [J"’ p"V(l) 7#"2)

“15 #MV + 2 plﬁ

_ |4 7 V(l)”n
Zps = n2d2¢2p'3( Ity

oo L (P _ 3 pdy_di 5B\
HORG\E 2 by 4y 2E)
Equations for Ygg, Y54 and L4y depend on the model through the variance function and
its first derivative and on the first three derivatives of the link function.
For linear models we have Egg = 0 and Zps = ;¥ 27, Ty has the same form than that
of the general case.
For canonical models

- 1 v@ yz pyd2
=g\~ v T vs t o
and
= 5v ()
P = T on2d,g2vV "
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Y44 has no reduction.

5. SIMULATION RESULTS

Let 8 = (87,4)7 be the (p+ 1) x 1 parameter vector in model (1.1) and 6 its corres-
ponding MLE. The first-order asymptotic covariance matrix of 6 is simply

Cov,(0) = diag{¢"'(X"WX)~?, —n~d;}, (5.1)
whereas the covariance of this estimate up to order O(n~2) is given by
Cova(f) = Cov(6) + £, (5.2)

where ¥ comes from (3.4).
In this section we carry out a simulation study to illustrate the practical application of
cquations (5.1)-(5.2) in the following gamma model with log link

logp = 1= fo + frx1 + Baxe,

where the covariates z; and 2 were chosen as the quantiles of a U(0, 1) uniform distribution
and their values were held fixed throughout the study with equal sample sizes. Without
loss of generality, true values of the regression parameters were taken as o = 3,6 = 2
and 33 = —1 for the cases n = 30 and 50. The response was generated from a gamma
distribution assuming that ¢ = 4. .

The simulation was performed using the S-Plus programming environment and we car-
ried out size simulations based on 10,000 replications. In each of these replications, we
fitted the gamma model and computed the MLEs 3 and 43, their asymptotic covariance
matrix (5.1) and their second-order covariance matrix (5.2), both equations evaluated at
these estimates. Let [Covi(f)]; aud [Cova(8)]; be the right-hand sides of equations (5.1)
and (5.2) evaluated at the MLE 6 obtained from the i-th simulated fitted. The first two
entries in Table 1 give for n = 30 1545 10 00[Covy()); and 1000 ¥ I000(Cova(0));, ie.
the sample means of the asymptotic expansions (5.1) and (5.2) based on 10,000 replications.
The third entry in Table 1 refer to the sample covariances of g0 .. §(10.000) Tyble 2 does
the same for n = 50.



Table 1: Cov,(6), Covz(d) and sample covariances for n = 30

o Hh B ¢
1.83 135 -1.21 1.13
Go | 210 147 -1.46 1.27
223 145 -149 121

1.83 -0.77 1.16
B 217 -1.03 1.10
210 -1.15 1.08

0.63 -1.17

B 0.77 -1.28
0.81 -1.31

111

¢ 1.25
1.31

The figures in Tables 1 and 2 show that the second-order terms of the covariances of
the MLEs 3 and ¢ can be quite pronounced. More importantly, the covariances obtained
from expansion (5.2) are closer (especially for n = 30) than those obtained from expansion
(5.1) to the sample covariances of 8(1), ..., §(10:000) jp almost all cases given in Tables 1 and
2. This seems to indicate that the expa.nslon (5.2) is a better appraximation than (5.1) to
the true value of Cov(d). Thus, a good deal of the covariance of § can be accounted for
(and hence corrected for) by the second-order covariance correction . In summary, the
second-order covariances of MLEs in GLMs should not be ignored in samples of small to
moderate size since they can be nonnegligible and improve the approximation to the true
value of Cov(6). However, the magmtude of the n~2 covariances tend to be smaller than
corresponding values for the n~! covariances. Clearly, a very large sample size is needed
for the first-order approximation for Cov(f) to be adequate.



Table 2: Covy(6), Covz(8) and sample covariances for n = 50

B B B ¢
1.75 127 -117 1.00
Ho| 193 130 -129 1.20
209 132 -135 1.17

1.75 070 1.08
& 2.06 -0.95 0.97
2.00 -1.03 0.99

053 -1.13
B 0.68 -1.20
0.70 -1.27
) 1.05
é 113
1.17
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