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ABSTRACT

Viscoelastic fluids, exhibiting both elastic and viscous properties, play a fundamental role in various industrial and biological

applications. Accurate modeling of their rheological behavior requires constitutive equations that capture the complex interplay

between these properties. The present study focuses on the analysis of incompressible, isothermal, two-dimensional, planar, lam-

inar, submerged jet flow of viscoelastic fluids. A computational methodology is adopted to determine the polymer stress-tensor
distribution for different viscoelastic models, including Oldroyd-B, UCM, Giesekus, Phan-Thien-Tanner (PTT), and finitely exten-
sible nonlinear elastic (FENE). These models are chosen to represent a diverse range of viscoelastic behaviors. The Navier-Stokes

equations, coupled with the appropriate constitutive model, are solved numerically. The proposed method allows one to access the

distribution of the polymer stress-tensor components with very low computational cost. Results demonstrate the accuracy of the

computational method for various models and their parameter values. The findings provide valuable insights into the fundamental

behavior of viscoelastic jets and can serve as a foundation for subsequent linear and nonlinear stability investigations.

1 | Introduction

Viscoelastic fluids are being used more frequently in industrial
and biologic settings for many purposes, including some elec-
tronic appliances and DNA technologies [1]. These fluids are
complex and have both elastic and viscous characteristics, mak-
ing it difficult to comprehend how they behave. Several con-
stitutive equations are used to try to describe the rheological
behavior of polymeric fluids. These equations can be divided into
several categories based on their structure, mathematical com-
position, and capacity to predict material functions. Numerous
articles in the literature address constitutive models of viscoelas-
tic fluids, including the Maxwell differentials [2, 3], Oldroyd-B

[3-6], Giesekus [7], Leonov 8], finitely extensible nonlinear elas-
tic (FENE) [9, 10], Phan-Thien-Tanner (PTT) [6, 11]. Addition-
ally, models derived from the Pom theory [12] are also explored.
Integral models, such as Maxwell [13] and K-BKZ [14, 15], are
also frequently discussed. A key component in describing flow
patterns is the flow variables distribution, which is the solution of
the Navier-Stokes equations, used as a benchmark for the exam-
ination of more intricate phenomena, like phase transitions and
hydrodynamic instabilities.

Although the Oldroyd-B model offers a means of deriving
flow solutions between flat plates, the process depends on spe-
cific assumptions. Therefore, obtaining such solutions remains
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challenging across various existing models. Researchers have
extensively investigated solutions to the Navier-Stokes equations
for viscoelastic fluids, such as Couette and Poiseuille flows. Yoo
and Choi [16] and Schleiniger and Weinacht [17] provided solu-
tions for the Giesekus model pipe and channel flows related to
Poiseuille flow. Oliveira [18] found an exact solution for tube
and slit flows of a FENE-P fluid. The Oldroyd-B model exact
solution applied to five different flow problems was found by
Hayat et al. [19] and then Hayat et al. [20] expanded this to
six different unsteady flow problems. Raisi et al. [21] found the
Couette-Poiseuille flow solution using the same model. Based
on Schleiniger and Weinacht [17], Tomé et al. [22] presented a
method to derive an analytical solution for the Giesekus model,
taking into account that the fluid is entirely polymeric, and
involves numerically computing pressure gradients. An analyt-
ical solution for the Giesekus model parameters was studied by
Furlan et al. [23] and, recently, Araujo et al. [24] used the lin-
ear Phan-Thien-Tanner (LPTT) constitutive equation to present
a semi-analytical method for laminar steady-state channel and
pipe flows of viscoelastic fluids, taking solvent viscosity contri-
butions into account.

However, in the case of viscoelastic jet flows, analytical solu-
tions are particularly challenging to obtain due to the imposed
conditions and complex fluid behavior. For instance, for a lami-
nar two-dimensional jet, assuming the ambient fluid to be of the
same fluid as the jet itself, some of this ambient fluid is carried
along with the jet by the viscous drag at the outer edge of the
jet, Schlichting [25] and Kundu et al. [26] present, via a differ-
ential equation for the stream function, the velocity distribution
for jet flow in a Newtonian fluid. Michalke [27] proposes the
discussion of four velocity profiles that are relevant to study the
stability of the flow field in a circular free jet. These velocity dis-
tributions are also used in other works [28-31]. In the case of
flows for non-Newtonian fluids, Parvar et al. [32] presents a local
self-similar solution for the laminar planar jet flow of viscoelastic
fluids, described by the FENE-P constitutive equation, through
an order of magnitude simplification of the governing equations.
According to Guimardes et al. [33], Guimardes carried out the
first direct numerical simulation (DNS) of turbulent viscoelas-
tic jets. Developing a theory to describe turbulent planar jets of
viscoelastic fluids, based on the classical thin shear-layer approx-
imation, they performed a DNS of spatially evolving turbulent
planar jets of viscoelastic fluids described by the FENE-P model
[33-37]. Yamani et al. [38] conducted an experimental study on
elastoinertial turbulence (EIT) in planar viscoelastic jets. Their
results demonstrate that fluid elasticity plays a key role in the
transition to turbulence, inducing instabilities in both the shear
layer and the jet column.

In this context, this article aims to obtain the polymer
stress-tensor components of a viscoelastic jet flow, focusing on
incompressible, isothermal, two-dimensional, planar, laminar,
submerged jets discharging into a medium of the same fluid,
using Oldroyd-B, UCM (Upper-Convected-Maxwell), Giesekus,
PTT, and FENE models for the constitutive equation. The study
presents results for the computation of the polymer stress com-
ponents for different non-Newtonian parameters and constitu-
tive models, given a fixed velocity profile and considering a sta-
tionary and parallel flow to simplify the equations. Imposing a
fixed velocity profile is frequently used in local hydrodynamic

stability analysis, where the stability of the flow is determined
for a given frozen base flow. For non-Newtonian flow problems,
given a local base flow velocity distribution, the stability analysis
also requires the corresponding base flow stress-tensor compo-
nents. The presented method provides a more cost-effective alter-
native for evaluating polymer stress tensors compared to solving
the complete equations. Moreover, this approach is suitable for
flows with slow variation in the streamwise direction, even when
it is not feasible to reduce the equations to a parabolic form using
a boundary-layer-like approximation.

The paper is organized as follows. Section 2 presents the govern-
ing equations and mathematical manipulations; the numerical
method used is presented in Section 3. The results obtained using
the method proposed are presented in Section 4. The main con-
clusions are presented in Section 5.

2 | Mathematical Formulation

The flow under consideration is governed by the mass and
momentum equations, which are expressed as follows, assuming
a incompressible, isothermal, and non-Newtonian (viscoelastic)
behavior:
V-u=0, (1)
Ju ﬁn

—+V- =-Vp+-——-Vu+V-T, 2
az+ (uu) p+Re u+ 2)

where u denotes the velocity field, ¢ is the time, p is the pres-
sure, B, = n,/n, is the dimensionless coefficient of the solvent
viscosity (where n, = 7, +n,, with 5, being the total viscosity,
1, and 7, being the solvent and polymer viscosity, respectively),
Re = (pU,L,)/n, is the Reynolds number, p is the fluid density,
L, is the length scale (for the jet flow it is the jet half-width), U,
is the velocity scale and T is the polymer stress tensor. The ten-
sors are modeled by constitutive equations that allow the study
of viscoelastic fluids. The viscoelastic fluid model employed in
this analysis is characterized by its dimensionless form, which is
expressed as follows:

FUr(T)T + Wi [% +V-@T)—Vu-T—T- VuT]

+EWi(D-T+T-D") +

3

where D is the deformation-rate tensor, Wi = AU, /L, denotes
the Weissenberg number, 4 is the relaxation-time of the fluid,
a is the so-called mobility parameter, if @; = 0 the constitutive
equation corresponds to the Oldroyd-B model. Although the the-
oretical range of the mobility parameter is 0 < a; < 1, physically
realistic solutions are only obtained for 0 < a; < 0.5 [39]. The
term f(¢r(T)) represents the trace function of the tensor T which
determines the form of the PTT model [11, 40]:

« Linear (LPTT): f(tr(T)) =1 +¢ (I:e_lz/gtr(T),

« Quadratic (QPTT):

ReW'i
[(l—ﬂ,,) "(T)]

_ ReWi 1
2 Far(T) =1+ e {28 (T) + 3¢
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. Exponential (EPTT): f(tr(T))—eXp[ ReWi tr(T)]

where tr(T) is the trace of the polymer stress tensor T. The param-
eter £ is positive and is related to differences in normal stress
components. The parameter ¢ is associated with the elongational
behavior of the fluid, preventing the possibility of an infinite elon-
gational viscosity in a simple stretching flow, which would occur
in models such as Maxwell’s (UCM or Oldroyd-B) [41].

The constitutive equation employed for the viscoelastic tensors
in the FENE models will be expressed in terms of the tensor con-
formation A provided by:

9ALy. (uA)—Vu-A-A-Vvu’

=L
5 = WiP(A)’ (C))

where P(A) is a tensor that depends on A as established by the
constitutive model. Furthermore, through the conformation ten-
sor A, it is possible to obtain the polymer stress tensor:

« Oldroyd-B:
PA) =1-A, T=xA-1). (5)
« Giesekus:

PA) =A-A)[I+a;A-D], T=xA-I. (6)

« FENE-P:
fA) = L—z P(A) = f(DI - f(AA,
L% — tr(A)
T =«[f(AA - f(D]I]. ™
« FENE-CR:
fA) = L—z PA) = f(AI-A]
L2 —tr(A)

T =k f(ANA -1I), ®)
where k = 5 ';, L is the maximum extension of the poly-
mer, tr(A) is the trace of the conformation tensor and f(L) =
LzL—i’ the functions f(A) and f(L) depend on the chosen

Peterlin function for FENE-P model Parvar et al. [32]. Note that
the conformation-tensor formulation also allows for obtaining
the Oldroyd-B and Giesekus models. Furthermore, as L — o in
the FENE models, it leads to the Oldroyd-B model and f(A) =
f(L) =1 for Oldroyd-B and Giesekus models.

In this study, both formulations will be used to determine
the components of the polymer stress tensors. However, when
applying the conformation-tensor formulation, the relations in
Equations (5-8) will be employed to compute T from A, as all
comparisons will be made using the polymer stress tensor.

Thus, we can express Equations (1-4) in two-dimensional Carte-
sian coordinates as follows:
du  OJv

—+— =0, 9
dx  dy ©)

9 2
ou N (uu) N ouv) _ ﬂ u ’u
ot 0x ay dx 6x2 d0y?
T, N Ty, v L 0wv) | 0(wo)
0x 0y " ot 0x dy

2,1 0T, OT
=- ﬂ v 0ul Do T (10)
dy ax2 d0y? 0x oy

FUr(I)T,. + Wi a7, + owT,,) N o(T,,)
’ . l ot 0x dy

du Jdu Ov
-2T. — — 2T, T.,| —+—
2o, B sefor, 2, (24 2] )

ReWi -
# SR (2 4 m) =2 SR o an
a-5) x Re ox
oT. owT,) owT.)
tr(THT Wi yy yy yy
Sar(M)T,, + l< o +—ax +—6y
Jov du  ov
—or. %% T, 2+ 22
Wox yy& S ¢ yya 5t <6y+6x>]>
ReW'i -
+ 26 ’(TZ +T2) = LA ov (12)
a-5) » Re oy
oor s i T, 2Ty 00T,
1 1 _—
JUr(M)Ty + l( ot * ox T oy
Jdv ov Ju du ou 1
-T.,.— —-T, -T =T [ =T,
xxax X.Vay X}’a YYa ++§ XYa +3 2 yy

(20 30) 41y (B 00 g 0
dy Ox \ody ox "ydy
(XGR€WI Q-5 ov
—T (T, +T,) = “L27). 13
(1—ﬁ) o(Te+ Ty) Re ay ox (13)

The dimensionless Equations (9-13) model an incompressible,
isothermal, and two-dimensional flow for a viscoelastic fluid
using the polymer stress-tensor formulation in any flow regime.
So, if:

e p,=&=¢€=ag =0, the UCM model is obtained;

« £ =¢ = qg =0, the Oldroyd-B model is obtained;

« £ =¢=0,and a; > 0, the Giesekus model is obtained;

+ ag =0, the PTT model is obtained.

For the conformation tensors:

0A,, OuA o(vA
XX (u xx)+ (UX)—ZA a 2A a 1

ot ox dy * ox oy~ Wi

x[f(D - @A+

ol - 1]
14)

0A.  owA.) OWwA.)
o T T 94, % g 0o L
ot 0x oy Yoy Yox Wi

X (L) = FAA,,] + 7-ag [A 2-A,) - A2, - 1], (15)

International Journal for Numerical Methods in Fluids, 2026

85UB0 1] SUOWILLIOD BRI [0l ke 3} Ad PaULRAS 9.2 SOOI O ‘95N J0 SaINI J0j ATeJd1T8UIIUQ 311 UO (SUONIPUOO-PUE-SLLLSILLCO" ] IW ARG PUIIUO)//ST1IL) SUOIIPUOD) PUE SWL | 8U) 95 *[9202/20/E0] UO AIqIT8UIIUO AB1M ‘[1Z818 - Offed 082S JO AISIBAIIN Ad 85002 PI/Z00T OT/10P/w00" A3 v Akeiqjpujuo//Sdny Wo1} popeo|uMOQ ‘0 ‘6950260T



0A,  OWA,) O(A,,)
YL Yoy y) A, v du
ot 0x oy 0x 7oy
1 1
=~ fBA 4 a2 = A = AA,,. (16)

Note that f(A) =1 for the Oldroyd-B, Giesekus, and FENE-P
models. So, if:

e f,=05;=0 and f(L)=
obtained;

f(A) =1, the UCM model is

» a;=0 and f(L)= f(A)=1, the Oldroyd-B model is

obtained;

s f(L)=f(A)=1, and a; >0 the Giesekus model is
obtained;

s a5 =0, f(L)= f(A), and f(A) defined in Equation (8), the
FENE-CR model is obtained;

2
e a; =0, f(L)= LL , and f(A) defined in Equation (7),

the FENE-P model is obtained.

It would be necessary to rewrite Equation (2) in terms of the con-
formation tensor. However, to maintain this formulation, we will
use the relations between tensors A and T (Equations 5-8) to
obtain the polymer stress tensor T.

2.1 | Polymer Stress-Tensor Calculation

The distribution of flow variables is crucial for predicting and
controlling fluid behavior, and accurate prediction of flow vari-
ables is essential for designing and optimizing various engineer-
ing systems. For example, to determine the stability of the system,
it acts as a reference point for analyzing disturbances and fluc-
tuations in the flow. Additionally, flow variables distribution is
necessary for the creation and verification of numerical and the-
oretical models that enable the prediction of flow behavior under
various circumstances. We study viscoelastic plane jet flow where
x and y represent the streamwise and normal directions. The lam-
inar flow is assumed to be parallel, stationary, two-dimensional,
and incompressible. The streamwise velocity of the jet flow pro-
posed by Michalke [27] is adopted:

UQ) = [1+tanh—(5—1)], a7
y R

where 0 represents the thickness of the momentum boundary
layer and R the jet half-width. Given that the thickness of the
shear layer has a major influence on the flow stability, the choice
of laminar velocity profile based on Equation (17) allows con-
trol over the shear-layer thickness by selecting the appropriate 6.
The parallel-flow approximation has been validated for jet flows
through comparisons with nonparallel OpenFOAM simulations,
as demonstrated in Sterza et al. [36]. This prior validation sup-
ports the applicability of the present methodology. The velocity
profile is shown in Figure 1, where R = 1 and = 0.1 are used in
this paper. It should be emphasized that any other velocity pro-
file can be adopted. With this profile, the technique proposed here
should obtain the polymer stress-tensor components distribution.

09 | .
08 | .
07t .
06 | .

DS 05 - .
04 | .
03 | i
02 | .

0.1 | B

. . . . .
6 -4 -2 0 2 4 6
y

FIGURE1 | U(y) velocity profile with R =1and § = 0.1.

Fixing a velocity profile, given in Equation (17), the following
assumptions are considered: parallel flow, invariance in the x
direction, and v = 0. These assumptions are applied to Equations
(11-16):

xx oUu
o= /D) 427, 5
_ ou agRe s 2
L s (T Txy>, (18)
- f(tr(T))ﬂ —eT agRe (T2 + T2 ) (19)
at *y ay (1_[3") xy w)?
y _ Txy s’: (]- - ﬁn)
2 = [ + [T,y = ST+ ) + ]
oU agRe
X5y o ﬂ")TXy(TxX +T,,), (20)
d0A, 10
a5 = o, Y - s
2
+ maG [Am(z —A0-A2 -1 e
IA
2 £ - f(A)A)
volag[a,e-a)-2 -] @

04,, 3 ou
ot Y oy

1 1
— mf(A)Axy + mac(z o Ayy)Axy.

(23)

These hypotheses are not considered for the Navier-Stokes
equations, as the velocity profile used is fixed. The final
hypothesis to be applied is that the flow is stationary. Under the
Oldroyd-B model, we derive algebraic expressions for the poly-
mer stress tensor T and the conformation tensor A:

d -4 du du
Tyy =0, xy = Re d—y, = ZWlTxyd_ (24)
dU .o dU
Ayy =1, A = Wld—y A, =2WiA, d_y +1. (25)
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Equations (24) and (25) represent the polymer stress-tensor com-
ponents and conformation-tensor components, respectively, for
the Oldroyd-B model, considering the assumptions of parallel
flow, invariance in the x direction, and v = 0. For the UCM
model, just consider g, = 0. For the other models, it is not pos-
sible to obtain an explicit expression due to the emergence of
nonlinear terms between the tensors. Therefore, this article aims
to find a numerical solution for the tensors in their various
non-Newtonian models.

It should be noted that self-similar solutions are typically valid at
sufficiently large distances downstream from the inlet, where the
influence of the inlet conditions diminishes.

3 | Numerical Method

To obtain the polymer stress-tensor components for the given
velocity distribution for different viscoelastic fluid models, we
consider the temporal advancement of Equations (18-23). Our
objective is to ensure that the temporal derivatives are zero, given
that the flow is stationary, and this represents the final hypothesis
we apply to these equations. We employed the fourth-order
Runge-Kutta method to achieve temporal advancement (with
At =0.1). This process continued until reaching the estab-

max |T ey, — Topql

new

lished convergence restriction: < 10715, with

. _ max [Tpe, |
the same restriction applied to the conformation tensor A. As

this is a jet flow, the computational domain in the y direction
was stretched using mesh refinement, concentrating a large num-
ber of points at the center of the profile. 501 points were adopted
in the y direction which varies from —30 to 30. Since no spatial
derivative for the stress-tensor components is needed (as seen in
Equations (18-23)), this number of points was adopted to pro-
vide a detailed representation of the extra-stress-tensor compo-
nents. The code was implemented in OCTAVE, and each sim-
ulation lasted, on average, 3s on a computer equipped with a
12th-generation Intel Core i7 processor and 16 GB of RAM. Gen-
erally, as the Weissenberg number increases, the simulation time
also increases.

4 | Results

In this section, we present the polymer stress-tensor compo-
nents for different viscoelastic models and examine the influence
of their respective dimensionless parameters. All tensor compo-
nents are reported in their dimensionless form, following the
nondimensionalization adopted in the formulation of the govern-
ing equations. However, before delving into that, we will provide
a methodological verification by comparing the results obtained
with the expressions defined in Equation (24) for the Oldroyd-B
and UCM models.

41 | Methodology Verification

To begin, we compare simulations performed using the
parallel-flow approximation for the polymer stress-tensor
components in the Oldroyd-B and UCM models, as given in
Equation (24). We do not use the expressions in Equation (25) for

this comparison because our focus is on the polymer stress tensor
T. Accordingly, when the conformation-tensor formulation is
used in the code, the polymer stress is computed from A via the
relations in Equation (5). Thus, when a figure caption indicates
“Extra-Stress Tensor Code”, it refers to simulations implemented
directly using the extra-stress formulation given by Equations
(18-20). Conversely, when the caption indicates “Conforma-
tion Tensor Code”, the simulations were implemented using
Equations (21-23), with the polymer stress obtained from the
conformation tensor through Equation (5) for the purpose of
comparison.

For notation purposes, we will use T,,, T, and T,, to represent
the tensors defined in Equation (24). The tensors TZ, TX’Z; , and
Ty‘i represent the values obtained from the code using the poly-
mer stress-tensor formulation. Finally, Tx‘; s Tg and Ty’; represent

the values obtained from the code using the conformation-tensor
formulation.

Figure 2 provides a comparison between the tensors T, TE,
and T# in the Oldroyd-B model under two sets of conditions:
Re =100, $, = 0.1, and Wi = 20, as well as Re = 500, §, = 0.5,
and Wi =>5. On the other hand, Figure 3 compares the ten-
sors obtained for the UCM model (f, = 0) using Re = 100 and
Wi =20, and Re = 500 and Wi = 5. A visual analysis of these
comparisons clearly shows that the results are remarkably sim-
ilar. It is noticeable that the tensor Ty"; seems to be distant from
the others. However, upon observing the scale (10718 to 1071°), it
becomes apparent that the results are consistent. Furthermore, it
is observed that T',, = TyEy = 0, meaning that the result obtained
from the polymer stress-tensor formulation is identical for the
tensors defined in Equation (24). Consequently, the results over-
lap in Figures 2e,f and 3e,f.

In addition to the visual analysis, we also calculated the maxi-
mum absolute error between the analytic and numerical results
for each tensor component to ensure a comprehensive evalua-
tion. This approach allows us to verify the accuracy of the results
more rigorously, complementing the comparison based on visual
perception. This analysis is presented in Figure 4, using the
following parameters: Re = 50, 100, 250, 500, and 1000, g, =0
(UCM model), 0.25, 0.5, 0.75, and 0.9, and Wi = 2, 5, 10, 20, and
50. This amounts to a total of 125 cases tested, and the execution
of these tests took 237s.
i max |Ep|
Due to the variation in three parameters, we plot ————— asa
max |T|

function of Wi, where E; = T — TX, X is A or E, displays a wide
range of results. We chose to include all results due to their ease of
comprehension. Additionally, for the T, tensor, we observed that
the result from the polymer stress formulation was exactly equal
to the equations considering parallel-flow approximation, that is,
T,, = TE = 0, which explains the absence of results in Figure 4c
for this formulation. An important observation is that as the Weis-
senberg number decreases, the absolute maximum errors also
decrease.

Since the numerical method produces good results for the
Oldroyd-B and UCM cases, where comparisons can be made
with explicit equations for the polymer stress tensors as a func-
tion of the distribution U (y), it is also justified for cases without
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FIGURE2 | Comparison ofdimensionless polymer stress tensors of the Oldroyd-B model from code simulation and analytical expression (equations

considering parallel-flow approximation): (left) Re = 100, §, = 0.1 and Wi = 20; and (right) Re = 500, §, = 0.5 and Wi = 5.

analytic equations for the stress tensors, namely, the other models
presented in this paper.

Two codes were implemented, as was previously mentioned: one
with the conformation-tensor formulation and the other with the
polymer stress-tensor formulation. It is evident from Figures 2
and 3 that both formulations agree for the Oldroyd-B and UCM
models. However, as the Giesekus model can also be obtained
with both formulations, we will show its consistency in this
section.

A comparison of the tensors T£ and T4 under the following two
sets of parameters is given in Figure 5: Re = 100, 8, = 0.1, Wi =
20, and a; = 0.2; additionally, Re = 500, , = 0.5, Wi =5, and
ag =0.1.

Once again, the visual comparison suggests good agreement
between the results. However, to quantify the discrepancies, we
computed the maximum absolute error between the two ten-
sors, TE and T“. Since no analytical solution is available for
the Giesekus model, the error was normalized using TE as the
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FIGURE3 | Comparison of dimensionless polymer stress tensors of the UCM model (8, = 0) from code simulation and analytical expression

(equations considering parallel-flow approximation): (left) Re = 100 and Wi = 20 and (right) Re = 500 and Wi = 5.

reference, that is, by dividing the absolute difference by the
maximum magnitude of TZ. The previous set of parameters,
Re = 50, 100, 250, 500 and 1000, g, = 0, 0.25, 0.5, 0.75 and 0.9,
and Wi =2, 5, 10, 20 and 50, were used to perform the cal-
culations, plus the mobility parameters of the Giesekus model,
ag =0.01, 0.1, 0.2, 0.3, 0.4 and 0.5. These results are presented
in Figure 6.

The introduction of the @, parameter, which accounts for
shear-thinning behavior in the viscoelastic fluid, has a significant
impact on the computed values of the stress-tensor components,
as can be seen by comparing Figures 3 and 5.

The normalized errors obtained from the comparison of the
two tensor fields are between 10712 and 1072, demonstrating
excellent consistency between the formulations. The code execu-
tion, which took 968 s to process 750 different parameter combi-
nations, indicates that both implementations handle the param-
eter space consistently for this simplified scenario. These results
demonstrate that the two formulations produce reliable and con-
sistent outcomes, confirming the accuracy and robustness of the
numerical implementation.

Furthermore, the parametric study covered a wide range of
Weissenberg numbers (0 < Wi < 5000), Reynolds numbers (0 <
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Comparison of dimensionless polymer stress tensors of the Giesekus model from codes simulation for the two formulations: (left)
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Re < 10, 000), and viscosity ratios (0 < g, < 1). No stability limi-
tations were observed within this interval. However, a noticeable
increase in the number of iterations required for convergence was
observed as Wi approached the upper end of the tested range, a
behavior that will be further illustrated in the comparisons pre-
sented below.
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FIGURE S8 | Decay of the normalized error as a function of the itera-
tion count for five Weissenberg numbers (Wi = 50, 100, 1000, 2000, and
5000), until the prescribed convergence tolerance is reached.
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Figure 7 presents a comparison among the tensors T, T® and T*
for the Oldroyd-B model under two distinct sets of conditions:
Re =500, f, = 0.9,and Wi = 2000; and Re = 1000, g, = 0.5, and
Wi = 5000. A good agreement among the three evaluated tensors
can be observed, consistent with the discussion provided above.

However, as mentioned earlier, increasing the Weissenberg num-
ber leads to a greater number of iterations (and consequently
longer computational times) before convergence is achieved. This
behavior is illustrated in Figure 8, which shows the decay of the
normalized numerical error, r::xlll?ll , as a function of the iteration
count until the prescribed convergence tolerance is satisfied, for
Wi = 50,100, 1000, 2000, and 5000, with Re = 1000 and g, = 0.1.

4.2 | Giesekus Model

After analyzing the accuracy of the methodology for the
Oldroyd-B, UCM, and Giesekus models, the Giesekus model is
now considered for different mobility parameters.

It is observed that a decrease in the maximum amplitude for the
tensor components T, and T, , is a consequence of an increase in
the mobility parameter a; when comparing the results obtained
in Figure 2 with those in Figure 5. On the other hand, nonzero
values start to show up for the tensor component 7, close to the

o ><1O"4

FIGURE9 |
@T,.,DbT,

¥

(©

Comparison of dimensionless polymer stress tensors obtained through simulation for the Giesekus model with different values of a;:
and (c) T, polymer stress components for Re = 100, §, = 0.1, and Wi = 50.
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| Comparison of dimensionless polymer stress tensors obtained through simulation for the PTT models with different values of € and
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jet center line region, which is consistent with the fact that the
anisotropy of the fluid increases as the polymer molecules align
in the flow direction.

The largest differences were found to occur at low Reynolds num-
bers, low values of the constant f,, and higher Weissenberg num-
bers, according to the tests carried out and the data in Figure 4.
For this reason, we examined how the flow behaves for differ-
ent values of a; in the following scenarios: Re =100, f, = 0.1,
and Wi = 50. The results presented in this section were simu-
lated using the polymer stress formulation. Tensor components
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Figure 9.

and T,, are compared for a; = 0.05,0.1,0.3, and 0.5 in

It is possible to observe what was mentioned earlier: as the mobil-
ity factor a; increases, the maximum amplitude for the compo-
nents T, and T, , decreases, but the amplitude of 7, increases.

We computed the residual by substituting the tensor compo-
nents obtained at the final iteration (i.e., after convergence of the
numerical solver) into the right-hand side of Equations (18-20).
Since the problem is solved under steady-state conditions, ideally,

12
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FIGURE 13 | Comparison of dimensionless polymer stress tensors obtained through simulation for the FENE models with different values of L for
Re =100, §, = 0.1, and Wi = 50.
these expressions should be zero. To allow a consistent quantita- 43 | PTT Models

tive comparison across different values of a, the residual was
final
normalized with respect to its initial value, namely %.
2
The resulting normalized residuals are shown in Figure 10, using

increments of 0.001 for «,; in the range 0.001 < a; < 0.5.

It is noticeable that the residuals are close to zero (between 1078
and 10719), indicating that the obtained solution can be consid-
ered stationary under the imposed assumptions.

In this section, we will use the proposed model for the polymer
stress-tensor components calculation and explore how they vary
for different conditions, considering three PTT models: the lin-
ear (LPTT), the quadratic (QPTT), and the exponential (EPTT).
The dimensionless parameters used for the simulation are the
same as those used for the other models: Re = 100, , = 0.1, and
Wi = 50. For the PTT models, additional parameters ¢ and &
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FIGURE 14 | Normalized residuals obtained for the FENE models with varying values of L for Re = 100, g, = 0.1, and Wi = 50.

arise, for which the influence on the results will be evaluated
through variation. The first analysis performed was to compare
the tensors T,, T,,, and T, for the three models using £ = 0.01,
0.1, and 0.2, and € = 0.1, 1, and 2. These results are shown in
Figure 11. It can be observed that there is a significant impact

of PTT models and parameters on the observed flow patterns.

The simulations for the QPTT and EPTT models with Ar =1
as parameter variations did not converge, so to produce these
results, the time step had to be reduced to At = 0.1. Further-
more, as observed in the other models, it was found that the
parameters £ and e have a significant impact on the maxi-
mum and minimum amplitudes of the tensor components, show-
ing how much the differences in normal stress and anisotropy
are affected by the relaxation and hardening properties of
the model.

For the PTT models, the residual analysis was performed by fix-
ing € at 0.1 and 2 and varying ¢ from 0.01 to 0.2 in increments
of 0.1, using Equations (18-20). In addition, £ was varied from
0.1 to 2 in increments of 0.1 while & was held fixed at 0.01 and
0.2. As in the previous section, the residual corresponds to the
evaluation of the converged tensor fields in the right-hand side
of the constitutive equations and is reported in its normalized
form (final value divided by the initial value). For all parame-
ter combinations, the normalized residuals remain below 10712
(Figure 12), confirming the robustness and consistency of the
numerical procedure.

4.4 | FENE Models

The FENE-P and FENE-CR models were both tested. The
results for these models came from the conformation-tensor
formulation simulations. As a result, the residual is determined
using Equations (21-23), and the polymer stress tensors obtained
via relations (7) and (8) are compared. Comparisons the poly-
mer stress tensors for various values of L (L = 30,100,200,
and 300), with Re =100, g, =0.1, and Wi =50, are shown
in Figure 13.

The oscillations observed in Figure 13e,f are attributed to numer-
ical round-off errors. These oscillations exhibit negligible ampli-
tude, with values below 10717, and are effectively considered zero
within the limits of numerical precision.

It is noted that the polymer extension parameter L significantly
influences the polymeric tensor, showing that the normal stress
component in the flow direction is the most affected component.
This result shows that the model predicts correctly the effect of
alignment of the polymer chain in the flow direction. Figure 14
displays the normalized residuals from the models using the same
dimensionless values as previously mentioned, but with L vary-
ing in steps 5 to 300. The residuals obtained are consistent with
the expected behavior for the model. It is observed that as the
maximum polymer extension L increases, so does the residual
for the tensor component A, .. Tests with L > 300 were found to
have residuals that likewise stay at 1075.

5 | Conclusions

This work presents a method for numerically solving the poly-
meric stress-tensor equations for a prescribed velocity field.
The method considers the hypothesis of stationary and par-
allel flow (invariance in the streamwise direction and zero
normal velocity component) to write simplified polymeric
stress-tensor equations. The parallel assumption is applicable for
boundary-layer-type flows, in the present case, for submerged jet
flows.

Results are initially compared to explicit equations available for
the UCM and Oldroyd-B models and then to more complex
non-Newtonian models. This approach is relevant for obtaining
the polymeric stress-tensor components for a given local base
flow with a prescribed velocity distribution in order to perform
local hydrodynamic stability analysis.

Using the proposed methodology, results are presented that
show the effect of the most important non-Newtonian param-
eters of the different models on the resulting polymeric stress
components. Increasing the mobility parameter decreases the
streamwise and shear components T,, and T,,, but increases
the absolute value of the normal tensor component 7). The
effects of the elongation e and anisotropy ¢ parameters, con-
trolling anisotropy, strain-hardening, and transient behavior,
were observed, along with the impact of the maximum extension
parameter L of the FENE models, showing a strong influence on
the stress-tensor components.
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Future studies will use this methodology to investigate the
hydrodynamic stability of submerged non-Newtonian jets, con-
sidering both convective and absolute instability modes.
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