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Abstract 
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The multistage dose response model is frequently used in practical applications. The minimum 
sum of absolute errors MSAE criterion is more resistant to outliers than the popular least 
squares procedure. Efficient algorithms have been proposed to compute the MSAE estimates 
of the parameters of the model. However. the properties of these estimators are not known. 
In this paper, our objective is to study asymptotic properties of these estimators. We also give 
an approximate expression for the variance of these estimators when their asymptotic 
distribution is multinormal. 

Key words: minimum sum of absolute e"ors regression, Monte Carlo, multistage model, 
11011/ineor model. 

I. INTRODUCTION 

For the carcinogenesis risk assessment studies, the multistage model proposed by Annitage 
and Doll (1954) 

t 

P(d) = l-exp(-La1d
1 ). ( I) 

j • I 

is used most frequently, where l is the number of stages and a; ~ 0 are the parameters, 

j = O, I, .. . , l . Peres (1981) derived the model for radiobiological data where the response 
variable was the survival to a dose d of radiation. The probability at dose zero is called 
background response, and the highest dose which will not produce acute toxicity is called the 
maximum tolerated dose, MTD. The maximum likelihood and the least squares methods are 
often used to estimate the parameters of ( I ); however, these may be unduly affected by 
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outliers, Andre, Peres, and Nanda ( 1991 ). They proposed the minimum sum of absolute errors 
MSAE estimators for the parameters of ( I ) because these estimators are more resistant to 
outliers than the least squares estimators. 

Let (d1, y1 ), .. . , (d., y.) represent the values of dose-response in a bioassay with N experimental 
units al each of the II doses. Then ( I ) may be written as: 

t 

y, = I - exp( - La 1d / ) + e,, , .. (2) 

where e, is the unobservable random error for the t observation. In order to minimize the sum 
of absolute errors for ( 2 ), we minimize 

• • t 

Lle,l=l)Y, -1 +exp(-La ,d/)1. (3) 
f= I 1-1 J• • 

Because the function is intrinsically nonlinear, it may be solved by using any algorithm for 
computing the MSAE estimates ofa nonlinear mode~ Gonin and Money (1987). Andre., Peres 
and Narula ( 1991, 1992) proposed two algorithms which exploit the special structure of the 
model to compute the estimates. However, at present, the statistical properties of these 
estimators are not known. 

In this paper, our objl:\:tivc is to investigate the asymptotic properties of these estimators as N 
approaches infinity. The rest of the paper is organized as follows: in Section 2, we describe 
the Monte Carlo study and in Section 3, we present and discuss the results. In Section 4, we 
give an expression for the asymptotic variance of the estimators. We conclude the paper with 
few observations and remarks in Section 5. 

2. THE MONTE CARLO STUDY 

Guess, Crump and Peto (1977) and Land (1980) reported that in practical applications to 
chemical carcinogens and risk analyses for ionizing radiation. the multistage models have at 
most two stages. In this paper, we limit our study to only the following one stage model: 

P(d) = t-exp(-a0 - a 1d). (4) 

Setting MTD equal to one, we obseve that the parameters tl4 and a, have a direct and clear 
interpretation in this model. For example, a O is approximately equal to P( O ) for small values 
of a o and a, is proportional to P( I ), see ( Sa ) and ( 5b ), 

and 
ao :P(O)= J-exp(-ao) 

a 1 = -a o -ln(I - P( I )). 

(Sa) 

( 5b) 

Lety, denote the value of the response corresponding to d,. the,"" dose. i = I, 2, ... , n, where 
11 denotes the number of doses. For the observed values, ( 4 ) may be written as: 

(6) 
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where e, denotes the residual for the l" observation. We want to determine the asymptotic 
distribution of the MSAE estimators of the parameters in ( 6 ). To do so, we conducted a 
Monte Carlo study for fixed values of a I and a 1. We needed to fix these values, or 
equivalently, the values of P( 0) and P( I ), sec Table I, such that the results of the study will 
be widely applicable. 

Table I. (P(O), P(I)) and corresponding values of(ao, a,) 

P(O) P(l) a, a, 

0.005 0.30 0.005 0.3517 
0.005 0.90 0.005 2.2976 
0.)00 0.30 0.105 0.2567 
0.100 0.90 0.105 2.2026 

Based on the historical dose-response observed by the National Cancer lnstitute's bioassay 
program, Portier (1982) concluded that in practical problems the values of P( 0 ) and P( I ) lie 
in the following intervals: 

0.001 :SP( 0) :S 0.30 and 0.15 s; P( I ) :S 0.90. 

The values of P( 0 ) and P( I ) used in the study are displayed in Figure I. We fixed the 
number of doses n equal to five at the following values: d, == 0.00, d1 = 0.25, dJ == 0.50, d4 == 

0.75, and d, == 1.00. At each dose di, the response follows the binomial distribution with 
parameters N and P( d1 ) where N is the number of experimental units observed at each dose. 
To determine the asymptotic properties and distributions of the MSAE estimators, we 
considered various values of N between 50 and IO 000. For each model and N, we generated 
and estimated I 500 dose-response curves using the MSAE criterion. For the Monte Carlo 
distributions of a0 and a,, we computed the mean, the standard deviation, the kurtosis, the 

skewness and tested their normality using the Kolmogrov-Srnimov test statistic and critical 
values of Lilliefors ( 196 7). 

Figure I. Values of P(O) and P(I) used in the simulation study 
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3. RESULTS AND DISCUSSION 

The results for selected values of the parameters and sample sizes are displayed in Table 2. 
Similar results were observed for other values of the parameters and sample sizes. 

Table 2a. Means, standard deviations, kurtosis and skewness of the distributions of a0 and a, 
generated from the true curve : P(d) = 1 - exp(-0.00S0 - 2.2976d), and observed values of the 
Kolmogorov-Smimov statistic. 

N Estimator Mun Std Dev Kurtosis Skewness K-S'"1 

100 ao 0.00S0 0.0070 2.71 1.49 0.3262 
A 

2.3407 0.1949 0.47 0.S0 0.0S11 a, 
200 ao 0.00S2 0.0050 1.21 1.02 0.21S4 

a1 2.3313 0.1330 0.19 0.26 0.0298 
S00 A 

0.00S0 0.0032 0.97 0.1S 0.1623 ao 
A 

2.3114 0.0830 0.07 0.28 0.0242 a, 
1000 ao 0.00S0 0.0023 0.06 0.42 0.10S2 

a, 2.307S 0.060S 0.10 0.36 0.0300 
10000 ao 0.00S0 0.0007 0.11 0.0S 0.0214 

a1 2.2979 0.0194 0.01 0.12 0.0216 
n o . . 

= S ¼ cnt1cal value 0.031 

Table 2b. Means, standard deviations, kurtosis and skewness of the distributions of a0 and a1 
generated from the true curve: P(d) =- 1 - exp(-0.0050 - 0.3517d), and observed values of the 
Kolmogorov-Smimov statistic. 

N Estimator Mean Std Dev Kurtosis Skewness K-sr, 
100 A 

0.0079 0.0123 15.3S 3.15 0.2599 ao 
a1 0.3517 0.0S29 0.90 0.05 0.0253 

200 ao 0.0067 0.0086 9.41 2.58 0.2170 
A 

0.3521 0.0370 0.16 -0.10 0.0202 al 
S00 ao 0.0060 0.0062 13.32 2.98 0.1648 

a, 0.3515 0.0245 0. 15 -0.14 0.0173 
1000 ao 0.0055 0.0042 15.68 2.84 0.1357 

a1 0.3512 0.0170 0.12 -0.15 0.0113 
10000 ao 0.0051 0.0016 6.95 I.OJ 0.1168 

a1 0.3515 0.0024 0.35 -0.14 0.0158 
("I o .. -S 1/o cnt1cal value - 0. 031 
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Table 2c. Means, standard dcviation!I, kurtosis and skewness of the distributions of a0 and a1 

generated from the true curve : P(d) = I - exp(-0.2231 - 2.0794d), and observed values of the 
Kolmogorov-Smimov statistic. 

N Estimator Mean Std Dev Kurto!li!I SkewnC!ls K-s'·' 
100 «o 0.2238 0.0503 -0.02 0.30 0.0595 

A 

2.1540 0.2290 1.46 0.59 0.0480 «1 

200 ao 0.2224 0.0352 0.29 0.30 0.0505 

«1 2.1262 0.1532 0.42 0.33 0.0344 

500 ao 0.2232 0.0230 -0.01 0.15 0.0382 
A 

2.1050 0.1022 0.17 0.25 0 .0252 a, 
1000 

A 

0.2232 0.0165 0.04 0.14 0.0344 ao 
A 

2.0934 0.0707 0.31 0.41 0.0367 «1 

10000 
A 

0.2232 0.0050 -0.12 0.04 0.0190 ao a, 2.0810 0.0221 -0.02 0.11 0.0186 
n o .. -51/o cnt1cal value - 0.031 

Table 2d. Means, standard deviations, kurtosis and skewness of the distributions of a
0 

and a1 

generated from the true curve: P(cl) = I - exp(-0.2231 - 0.1335d), and observed values of the 
Kolmogorov-Smimov statistic. 

N Estimator Mein Std Dev Kurtosis Skewness K -s1·1 

100 ao 0.1966 0.0348 -0.19 0.11 0.0450 

a, 0.1986 0.0581 0.52 0.51 0 .0499 

200 ao 0.2139 0.0280 0.11 -0.02 0.0269 

a, 0.1587 0.0467 -0.09 0.41 0.0573 

500 «o 0.2227 0.0206 O.oJ 0.12 0.0213 

a, 0.1365 0.0361 -0.19 0.10 0.0241 

1000 
A 

0.2237 0.0148 0.20 0.06 0.0189 ao 
a, 0.1335 0.0262 0.35 0.09 0.0211 

10000 
A 

0.2233 0.0045 0.30 0.02 0.0197 ao 
A 0.1338 0.0079 0.11 0.03 0.0179 a, 

.. 
' 

1 5% cnt1cal value= 0.03 I 

It may be observed that the distribution of a I always approaches normal. The distribution of 

a0 approaches normal distribution when a0 is not very close to the boundary 

( a 0 > 0.03 ) for al1 values of a 1• For small values of a 0 ( a 0 < 0.02 ), the distribution of a0 

.approaches the normal distribution only when the response at dose one ( P( I) ) is high. 
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Based on the results of the Monte Carlo study, we may conclude the following: 

I. The MSAE estimators a0 and a1 are asymptotically unbiased. 

2. The MSAE estimator a I is asymptoticaTiy normally distnbuted. 

• 
• 

• 

3. The region, over which the asymptotic distribution of a0 is normal, is displayed in Figure 2. 
Note that for the sake convenience, the region is displayed in the (P( 0 ), P( 1 )) space. 

4. When the asymptotic distribution of a0 is not normal, it is approximately symmetric about 
the mean and its kurtosis is greater than that of normal distribution as displayed in Figure3. 

Figure 2- Region where the distribution of a O is normal 
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Figure 3. Asymptotic distribution of a0 for some values of a 0 and a 1 when it is not normal 
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Andre (1981) has shown that model ( I ) can be approximated by a linear model and the errors 
from ( 6 ) may be written as: 

I e, I = I z;(ltu, + ao + a,d,)I 

where zi = I -yi, i = I, 2, ... , n. Let 

Obseive that e,• 's are the errors ofa linear model. 

-

(7) 

(8) 
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Now, we minimize: 

. . 
~)e;I= }:lw,(lnz, +a, +a1d1)l, (9) 
1=1 hi 

wherew;= ~N(l-y,) 
J;: 

In the region where the MSAE estimators have asymptotic normal distribution, an approximate 
expression for the variance-covariance matrix is: 

• • 
( 10) 

where t2/n is the variance of the median of the sample of siu n from the error distribution, and 

WI W1d1 
W2 w2d2 

X= W3 W3d3 
W4 W4d4 
W5 W5d5 

One may use any consistent estimator of r to estimate the variance covariance of a Let, i 1 , 

ez •.• e. denote the residuals from the MSAE fit of model ( 6 ) and e: ,e; , ... ,e:. denote the 

residuals from ( 9 ), where ,,• is the number of nonzero residuals. Birkes and Dodge (1993) 
and McKean and Schrader (1984) recommend the estimator: 

• ,. ·• •• I r = '1/n (e , -e<,,,>) 4 . 

. ,. 
where m = (11 + 1)/2 - "" . 

5.SUMMARY 

(n--1) 

The results of the Monte Carlo study show that the MSAE estimators of the single stage dose 
response model are asymptotically unbiased, a I follows a normal distribution, and a O follows 
a normal distribution over certain region of the parameter space. We have also given an 
approximate expression for the variance of the estimators when they follow normal 
distribution. Using these results it will be possible to develop some statistical inference 
procedures. 
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