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Abstract. In the past several years, augmented Lagrangian methods have been successfully
applied to several classes of nonconvex optimization problems, inspiring new developments in both
theory and practice. In this paper we bring most of these recent developments from nonlinear pro-
gramming to the context of optimization on Riemannian manifolds, including equality and inequality
constraints. Many research have been conducted on optimization problems on manifolds, however
only recently the treatment of the constrained case has been considered. In this paper we propose to
bridge this gap with respect to the most recent developments in nonlinear programming. In particu-
lar, we formulate several well-known constraint qualifications from the Euclidean context which are
sufficient for guaranteeing global convergence of augmented Lagrangian methods, without requiring
boundedness of the set of Lagrange multipliers. Convergence of the dual sequence can also be as-
sured under a weak constraint qualification. The theory presented is based on so-called sequential
optimality conditions, which is a powerful tool used in this context. The paper can also be read
with the Euclidean context in mind, serving as a review of the most relevant constraint qualifica-
tions and global convergence theory of state-of-the-art augmented Lagrangian methods for nonlinear
programming.
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1. Introduction. The problem of minimizing an objective function defined on
a Riemannian manifold has received a lot of attention over the last twenty-five years.
Several unconstrained algorithms on Euclidean spaces have been successfully adapted
to this more general setting. These adaptations come from the fact that the Rie-
mannian machinery, from a theoretical and practical point of view, allows treating
several constrained optimization problems as unconstrained Riemannian problems. It
is worth noting that the works on this subject involve more than merely a theoret-
ical experiment in generalizing Euclidean space concepts to Riemannian manifolds,
which is challenging in many different aspects. Unlike Euclidean spaces, Riemannian
manifolds are nonlinear objects, making it challenging to develop a solid optimization
theory in this setting. The most important thing to keep in mind is that these studies
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1800 R. ANDREANI, K. COUTO, O. FERREIRA, G. HAESER

are important mainly because many problems are most effectively addressed from a
point of view of Riemannian geometry. In fact, many optimization problems have
an underlying Riemannian geometric structure that can be efficiently exploited with
the goal of designing more effective methods to solve them; some references on this
subject include [1, 24, 30].

Although unconstrained Riemannian optimization is already somewhat well es-
tablished, only a few works have appeared dealing with constrained Riemannian opti-
mization (CRO) problems, that is, Riemannian optimization problems where equality
and inequality constraints restrict the variables to a subset of the manifold itself. For
instance, [60] extended to the Riemannian context the Karush/Kuhn--Tucker (KKT)
conditions and second-order optimality conditions under a strong assumption, while
in [19] a very interesting intrinsic approach was presented for defining suitable KKT
conditions. In [59] the approximate-KKT (AKKT) sequential optimality condition
was proposed to support the global convergence theory of an augmented Lagrangian
method recently introduced in [45]. In [39] an exact penalty method for special prob-
lems on Stiefel manifolds was presented, and some constraint qualifications and the
first- and second-order optimality conditions to support the method are discussed. A
manifold inexact augmented Lagrangian framework to solve a family of nonsmooth
optimization problems on Riemannian submanifolds embedded in Euclidean space is
proposed in [28]. In [51], a Riemannian sequential quadratic optimization algorithm
is proposed, which uses a line-search technique with an \ell 1-penalty function as an ex-
tension of the standard sequential quadratic optimization algorithm for constrained
nonlinear optimization problems in Euclidean spaces. In [42], a Riemannian interior
point algorithm is introduced.

It is worth mentioning that the theoretical tools needed to support constrained
optimization methods on the Riemannian setting are still under development. In fact,
only recently in [19] has a full theory of constraint qualifications and optimality condi-
tions been developed, where a definition of weak constraint qualifications (CQs) such
as Guignard's CQ and Abadie's CQ were given. Despite guaranteeing the existence
of Lagrange multipliers, more robust applications of these conditions are not known
so far, even in the Euclidean setting. This is not the case of stronger conditions such
as the linear independence CQ (LICQ) and Mangasarian--Fromovitz CQ (MFCQ),
which gives, respectively, uniqueness and compactness of the Lagrange multiplier set,
together with boundedness of a typical sequence of approximate Lagrange multipliers
generated by several primal-dual algorithms, guaranteeing global convergence to a
stationary point. These results were discussed in the Riemannian setting in [59].

In this paper our goal is to introduce several intrinsic weaker CQs in the Riemann-
ian context, such as the constant rank CQ (CRCQ) [37], the constant positive linear
dependence (CPLD) [52], and their relaxed variants (RCRCQ [48] and RCPLD [12]).
RCPLD is the weakest of these four conditions introduced; however, all of them have
their own set of applications, which we mention later. With the exception of CRCQ
and RCRCQ, which are independent of MFCQ, all CQs presented are strictly weaker
than MFCQ. Thus, despite the fact that no such condition guarantees boundedness
of the set of Lagrange multipliers at a solution, they are still able to guarantee global
convergence of primal-dual algorithms to a stationary point. In particular, we show
that all limit points of a safeguarded augmented Lagrangian algorithm will satisfy
the KKT conditions under all proposed conditions. Finally, we present two other
conditions, the constant rank of the subspace component CQ (CRSC) [13] and the
quasinormality CQ (QN) [35], which we also show to be enough for proving the global
convergence result we mentioned. Although we do not pursue these results in the Rie-
mannian setting, CRSC is expected to be strictly weaker than RCPLD, while these
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CQs AND AN AL METHOD ON RIEMANNIAN MANIFOLDS 1801

conditions (CRSC and QN) are the weakest ones known in the Euclidean setting such
that an Error Bound condition is satisfied. That is, locally, the distance to the feasible
set can be measured by means of the norm of the constraint violation [13, 49], which
should be an interesting result to be extended to the Riemannian setting. Throughout
the text we review several results known in the Euclidean setting in order to serve as
a guide for future extensions to Riemannian manifolds. We chose to present in the
Riemannian setting an interesting characteristic of QN which is related to the global
convergence of the augmented Lagrangian method; namely, under QN, the sequence
of approximate Lagrange multipliers generated by the algorithm is bounded, guar-
anteeing primal-dual convergence even when the set of Lagrange multipliers is itself
unbounded, a result that first appeared in [26] in the Euclidean setting. In order to
do this, we will need to define a stronger sequential optimality condition known as
positive-AKKT (PAKKT [3]). Finally, the machinery of sequential optimality con-
ditions we introduce is relevant due to the fact that it is easy to extend the global
convergence results we present to other algorithms. We want also to draw attention to
the fact that all of the findings obtained in this study are also valid in Euclidean spa-
ces; thus, this study may also be seen as a review of the recent developments in CQs
and their connections with global convergence of algorithms in the Euclidean setting.
This paper is organized as follows. Section 1.2 presents some definitions and prelimi-
nary results that are important throughout our study. In section 2, we state the CRO
problem and also recall the KKT and AKKT conditions, together with the definitions
of LICQ and MFCQ for CRO problems. Section 3 is devoted to introducing the new
CQs for the CRO problem, namely, (R)CRCQ, (R)CPLD, and CRSC, where we pres-
ent several examples and the proof that these conditions are indeed CQs associated
with the global convergence of the augmented Lagrangian method. In section 4 we
introduce the PAKKT condition and the QN, where we show that the Lagrange mul-
tiplier sequences generated by the augmented Lagrangian method are bounded under
quasinormality. Section 5 presents some interesting examples of problems modeled by
our framework. The last section contains some concluding remarks.

1.1. Summary of contributions. We state below a concise summary of the
main contributions of this paper:

(i) We introduce several intrinsic CQs in the Riemannian context, including
CRCQ and CPLD, along with their relaxed counterparts, RCRCQ and RC-
PLD, the latter being the weakest of these conditions. Two CQs unrelated
with RCPLD are also defined: CRSC and QN.

(ii) We prove that all feasible limit points of the safeguarded augmented La-
grangian algorithm satisfy the KKT conditions under all proposed intrinsic
CQs.

(iii) We survey the most relevant properties known about these conditions in the
Euclidean setting, and we prove that under QN the sequence of approximate
Lagrange multipliers generated by the safeguarded augmented Lagrangian
algorithm is bounded, guaranteeing primal-dual convergence even when the
set of Lagrange multipliers is unbounded.

(iv) We present several examples in the Riemannian setting to illustrate the dif-
ferent CQs introduced, and we also present some examples of interesting
problems naturally modeled as CRO problems.

1.2. Notations, terminology, and basics results. In this section, we recall
some notations and basic concepts of Riemannian manifolds used throughout the
paper. They can be found in many books on Riemannian Geometry; see, for example,
[43, 53, 54].

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

06
/1

3/
24

 to
 1

43
.1

07
.4

5.
1 

. R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

s:
//e

pu
bs

.s
ia

m
.o

rg
/te

rm
s-

pr
iv

ac
y



1802 R. ANDREANI, K. COUTO, O. FERREIRA, G. HAESER

Let \scrM be an n-dimensional smooth Riemannian manifold. Denote the tangent
space at a point p by Tp\scrM , the tangent bundle by T\scrM :=

\bigcup 
p\in M Tp\scrM , and a vector

field by a mapping X :\scrM \rightarrow T\scrM such that X(p)\in Tp\scrM . Assume also that\scrM has a
Riemannian metric denoted by \langle \cdot , \cdot \rangle and the corresponding norm denoted by \| \cdot \| . For
f : U \rightarrow \BbbR , a differentiable function with derivative df(\cdot ), where U is an open subset
of the manifold \scrM , the Riemannian metric induces the mapping f \mapsto \rightarrow gradf which
associates its gradient vector field via the rule \langle gradf(p),X(p)\rangle := df(p)X(p) for all
p\in U . The length of a piecewise smooth curve \gamma : [a, b]\rightarrow \scrM joining p to q in\scrM , i.e.,
\gamma (a) = p and \gamma (b) = q, is denoted by \ell (\gamma ). The Riemannian distance between p and q is
defined as d(p, q) = inf\gamma \in \Gamma p,q

\ell (\gamma ), where \Gamma p,q is the set of all piecewise smooth curves in
\scrM joining points p and q. This distance induces the original topology on\scrM , namely,
(\scrM , d) is a complete metric space, and the bounded and closed subsets are compact.
The open and closed balls of radius r > 0, centered at p, are respectively defined by
Br(p) := \{ q \in \scrM : d(p, q)< r\} and Br[p] := \{ q \in \scrM : d(p, q)\leq r\} . Let \gamma be a curve
joining the points p and q in\scrM , and let \nabla be the Levi-Civita connection associated
to (\scrM , \langle \cdot , \cdot \rangle ). A vector field Y along a smooth curve \gamma in\scrM is said to be parallel when
\nabla \gamma \prime Y = 0. If \gamma \prime itself is parallel, we say that \gamma is a geodesic. If \gamma is a curve joining
points p and q in \scrM , then, for each t \in [a, b], \nabla induces a linear isometry, relative
to \langle , \rangle , P\gamma (a)\gamma (t) : T\gamma (a)\scrM \rightarrow T\gamma (t)\scrM , the so-called parallel transport along \gamma from
\gamma (a) to \gamma (t). A Riemannian manifold is complete if its geodesics \gamma (t) are defined for
any value of t\in \BbbR . From now on,\scrM denotes an n-dimensional smooth and complete
Riemannian manifold. Owing to the completeness of the Riemannian manifold \scrM ,
the exponential map at p, expp : Tp\scrM \rightarrow \scrM , can be given by expp v = \gamma (1), where \gamma 
is the geodesic defined by its position p and velocity v at p and \gamma (t) = expp(tv) for
any value of t. For p\in \scrM , the injectivity radius of\scrM at p is defined by rp := sup\{ r >
0 : expp| Br(0p) is a diffeomorphism\} , where Br(0p) := \{ v \in Tp\scrM : \| v\| < r\} , and 0p
denotes the origin of Tp\scrM . Hence, for 0< \delta < rp and expp(B\delta (0p)) =B\delta (p), the map
exp - 1

p :B\delta (p)\rightarrow B\delta (0p) is a diffeomorphism. Moreover, for all p, q \in B\delta (p), there exists
a unique geodesic segment \gamma joining p to q, which is given by \gamma pq(t) = expp(t exp

 - 1
p q)

for all t \in [0,1]. Furthermore, d(q, p) = \| exp - 1
p q\| and the map B\delta (p) \ni q \mapsto \rightarrow 1

2d(q, p)
2

is C\infty , and its gradient is given by grad 1
2d(q, p)

2 =  - exp - 1
p q; see, for example, [53,

Proposition 4.8, p. 108].
Next we state some elementary facts on (positive-)linear dependence/independence

of gradient vector fields, whose proofs are straightforward. Let h= (h1, . . . , hs) :\scrM \rightarrow 
\BbbR s and g= (g1, . . . , gm) :\scrM \rightarrow \BbbR m be continuously differentiable functions on\scrM . Let
us denote

A(q,\scrI ,\scrJ ) := \{ gradhi(q) : i\in \scrI \} \cup \{ gradgj(q) : j \in \scrJ \} , q \in \scrM ,(1.1)

where \scrI \subset \{ 1, . . . , s\} , \scrJ \subset \{ 1, . . . ,m\} , while \{ gradhi(q) : i \in \scrI \} \cup \{ gradgj(q) : j \in \scrJ \} 
is a multiset; that is, repetition of the same element is allowed.

Definition 1.1. Let V = \{ v1, . . . , vs\} and W = \{ w1, . . . ,wm\} be two finite multi-
sets on Tp\scrM . The pair (V,W ) is said to be positive-linearly dependent if there ex-
ist \alpha = (\alpha 1, . . . , \alpha s) \in \BbbR s and \beta = (\beta 1, . . . , \beta m) \in \BbbR m

+ such that (\alpha ,\beta ) \not = 0 and\sum s
i=1\alpha ivi +

\sum m
j=1 \beta jwj = 0. Otherwise, (V,W ) is said to be positive-linearly inde-

pendent. When clear from the context, we refer to V \cup W instead of (V,W ).

Lemma 1.2. Let p \in \scrM , and assume that A(p,\scrI ,\scrJ ) is (positive-)linearly in-
dependent. Then, there exists \epsilon > 0 such that A(q,\scrI ,\scrJ ) is also (positive-)linearly
independent for all q \in B\epsilon (p).

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

06
/1

3/
24

 to
 1

43
.1

07
.4

5.
1 

. R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

s:
//e

pu
bs

.s
ia

m
.o

rg
/te

rm
s-

pr
iv

ac
y



CQs AND AN AL METHOD ON RIEMANNIAN MANIFOLDS 1803

Lemma 1.3. The following two conditions are equivalent:
(i) There exists \epsilon > 0 such that, for all \scrI \subset \{ 1, . . . , s\} and \scrJ \subset \{ 1, . . . ,m\} ,

whenever the set A(p,\scrI ,\scrJ ) is linearly dependent, A(q,\scrI ,\scrJ ) is also linearly
dependent for all q \in B\epsilon (p).

(ii) There exists \epsilon > 0 such that, for all \scrI \subset \{ 1, . . . , s\} and \scrJ \subset \{ 1, . . . ,m\} , the
rank of A(q,\scrI ,\scrJ ) is constant for any q \in B\epsilon (p).

Lemma 1.4 (Carath\'eodory's Lemma [12]). Let u1, . . . , us, v1, . . . , vm be vectors
in a finite-dimensional vector space V such that \{ u1, . . . , us\} is linearly independent.
Suppose x\in V is such that there are real scalars \alpha 1, . . . , \alpha s, \beta 1, . . . , \beta m, with \beta j \not = 0 for
j = 1, . . . ,m and x=

\sum s
i=1\alpha iui+

\sum m
j=1 \beta jvj . Then, there exist a subset \scrJ \subset \{ 1, . . . ,m\} 

and real scalars \=\alpha i, i= 1, . . . , s and \=\beta j \not = 0, j \in \scrJ such that x=
\sum m

i=1 \=\alpha iui+
\sum 

j\in \scrJ 
\=\beta jvj ,

\=\beta j\beta j > 0 for all j \in \scrJ , and \{ ui : i\in \{ 1, . . . , s\} \} \cup \{ vj : j \in \scrJ \} is linearly independent.

We end this section by stating some standard notations in Euclidean spaces. The
set of all m \times n matrices with real entries is denoted by \BbbR m\times n and \BbbR m \equiv \BbbR m\times 1.
For M \in \BbbR m\times n, the matrix M\top \in \BbbR n\times m is the transpose of M . For all x, y \in \BbbR m,
min\{ x, y\} \in \BbbR m is the component-wise minimum of x and y. We denote by [y]+ the
Euclidean projection of y onto the nonnegative orthant \BbbR m

+ , while \| y\| 2 and \| y\| \infty 
denote its Euclidean and infinity norms, respectively.

2. Preliminaries. In this paper we are interested in the following CRO problem:

Minimize
q\in \scrM 

f(q),

subject to h(q) = 0, g(q)\leq 0,
(2.1)

where\scrM is an n-dimensional smooth and complete Riemannian manifold, the func-
tions f :\scrM \rightarrow \BbbR , h = (h1, . . . , hs) :\scrM \rightarrow \BbbR s, and g = (g1, . . . , gm) :\scrM \rightarrow \BbbR m are
continuously differentiable on\scrM . The feasible set \Omega \subset \scrM of problem (2.1) is defined
by

\Omega := \{ q \in \scrM : h(q) = 0, g(q)\leq 0\} ,(2.2)

which is closed. For a given point p \in \Omega , let \scrA (p) be the set of indexes of active
inequality constraints; that is,

\scrA (q) := \{ j \in \{ 1, . . . ,m\} : gj(q) = 0\} .(2.3)

We say that the KKT conditions are satisfied at p \in \Omega when there exists so-called
Lagrange multipliers (\lambda ,\mu )\in \BbbR s \times \BbbR m

+ such that the following two conditions hold:
(i) gradL(p,\lambda ,\mu ) = 0,
(ii) \mu j = 0 for all j /\in \scrA (p),

where L(\cdot , \lambda ,\mu ) :\scrM \rightarrow \BbbR is the Lagrangian function defined by

L(q,\lambda ,\mu ) := f(q) +

s\sum 
i=1

\lambda ihi(q) +

m\sum 
j=1

\mu jgj(q).

For p\in \Omega , the linearized/linearization cone \scrL (p) is defined as

\scrL (p) :=
\bigl\{ 
v \in Tp\scrM : \langle gradhi(p), v\rangle = 0, i= 1, . . . s; \langle gradgj(p), v\rangle \leq 0, j \in \scrA (p)

\bigr\} 
,

and its polar is given by

\scrL (p)\circ =
\biggl\{ 
v \in Tp\scrM : v=

s\sum 
i=1

\lambda i gradhi(p) +
\sum 

j\in \scrA (p)

\mu j gradgj(p), \mu j \geq 0, \lambda i \in \BbbR 
\biggr\} 
.

(2.4)
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1804 R. ANDREANI, K. COUTO, O. FERREIRA, G. HAESER

A CQ is a condition that refers to the analytic description of the feasible set and that
guarantees that every local minimizer is also a KKT point. In [19] it was shown that
when p is a local minimizer of (2.1) that satisfies Guignard's CQ, that is, \scrL (p)\circ =
\scrT (p)\circ , where \scrT (p) is the Bouligand tangent cone of \Omega at p, then the KKT conditions
are satisfied at p.

In [55] the convex inequality constrained problem is studied, under a Slater CQ, on
a complete Riemannian manifold. In this case, the objective and inequality constraints
are convex along geodesics and the feasible set is described by a finite collection of
inequality constraints. In this context KKT conditions are formulated. In [60] it was
shown that when p is a local solution of (2.1) and LICQ holds at p, that is, the set
\{ gradhi(p) : i = 1, . . . , s\} \cup \{ gradgj(p) : j \in \scrA (p)\} is linearly independent, then the
KKT conditions are satisfied at p.

Without CQs, an approximate verison of the KKT conditions are known to be
satisfied at local minimizers.

Theorem 2.1. Let p \in \Omega be a local minimizer of (2.1). Then p is an AKKT
point; that is, there exist sequences (pk)k\in \BbbN \subset \scrM , (\lambda k)k\in \BbbN \subset \BbbR s and (\mu k)k\in \BbbN \subset \BbbR m

+

such that
(i) limk\rightarrow \infty pk = p,
(ii) limk\rightarrow \infty gradL(pk, \lambda k, \mu k) = 0,
(iii) \mu k

j = 0 for all j /\in \scrA (p) and sufficiently large k.

This result appeared in [59], as an extension of the well-known nonlinear program-
ming version of this theorem [5]. Any sequence (pk)k\in \BbbN \subset \scrM that satisfies (i), (ii), and
(iii) above is called a primal AKKT sequence for p, while the correspondent sequence
(\lambda k, \mu k)k\in \BbbN is its dual sequence. In the Euclidean setting, this notion has shown to
be crucial in developing new CQs and expanding global convergence results of several
algorithms in different contexts; for instance, nonlinear programming [12, 16], Nash
equilibrium problems [26], quasiequilibrium problems [25], multiobjective problems
[32], second-order cone programming [7], semidefinite programming [15, 6, 9], Banach
spaces [23], equilibrium constraints [14], and cardinality constraints [40], among sev-
eral other applications and extensions. In [59] the following safeguarded augmented
Lagrangian algorithm was defined, and it was proved that its iterates are precisely
AKKT sequences. In order to define it, we denote by \scrL \rho (\cdot , \lambda ,\mu ) :\scrM \rightarrow \BbbR the standard
Powell--Hestenes--Rockafellar augmented Lagrangian function, defined by

\scrL \rho (q,\lambda ,\mu ) := f(q) +
\rho 

2

\left(  \bigm\| \bigm\| \bigm\| \bigm\| h(q) + \lambda 

\rho 

\bigm\| \bigm\| \bigm\| \bigm\| 2 +
\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
\biggl[ 
g(q) +

\mu 

\rho 

\biggr] 
+

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
2
\right)  .

In the algorithm, (\lambda k, \mu k)k\in \BbbN is the dual sequence associated with (pk)k\in \BbbN , which
may be unbounded, while the safeguarded dual sequence (\=\lambda k, \=\mu k)k\in \BbbN is bounded and
used for defining the subproblems. A standard choice is considering (\=\lambda k+1, \=\mu k+1) as
the projection of (\lambda k, \mu k) onto the corresponding box. It was shown in [59] that
any limit point of a sequence (pk)k\in \BbbN generated by Algorithm 2.1 is such that it is
stationary for the problem of minimizing an infeasibility measure, namely,

Minimize
q\in \scrM 

1

2
\| h(q)\| 22 +

1

2
\| g(q)+\| 22 .

When the limit point is feasible, they showed that it is an AKKT point. The corre-
spondent AKKT sequence is precisely the sequence (pk)k\in \BbbN of primal iterates, what
can be attested by the dual sequences (\lambda k, \mu k)k\in \BbbN generated by the algorithm.
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CQs AND AN AL METHOD ON RIEMANNIAN MANIFOLDS 1805

Algorithm 2.1 Safeguarded augmented Lagrangian algorithm.

Step 0. Take p0 \in \scrM , \tau \in [0 , 1), \gamma > 1, \lambda min <\lambda max, \mu max > 0, and \rho 1 > 0. Take
also \=\lambda 1 \in [\lambda min, \lambda max]

s
and \=\mu 1 \in [0, \lambda max]

m
initial Lagrange multipliers

estimates, and (\epsilon k)k\in \BbbN \subset \BbbR + a sequence of tolerance parameters such
that limk\rightarrow \infty \epsilon k = 0. Set k\leftarrow 1.

Step 1. (Solve the subproblem) Compute (if possible) pk such that\bigm\| \bigm\| grad\scrL \rho k
(pk, \=\lambda k, \=\mu k)

\bigm\| \bigm\| \leq \epsilon k.(2.5)

If it is not possible, stop the execution of the algorithm, declaring failure.
Step 2. (Estimate new multipliers) Compute

\lambda k = \=\lambda k + \rho kh(p
k), \mu k =

\bigl[ 
\=\mu k + \rho kg(p

k)
\bigr] 
+
.(2.6)

Step 3. (Update the penalty parameter) Define

vk =
\mu k  - \=\mu k

\rho k
.(2.7)

If k= 1 or

max
\bigl\{ \bigm\| \bigm\| h(pk)\bigm\| \bigm\| 

2
,
\bigm\| \bigm\| vk\bigm\| \bigm\| 

2

\bigr\} 
\leq \tau max

\bigl\{ \bigm\| \bigm\| h(pk - 1)
\bigm\| \bigm\| 
2
,
\bigm\| \bigm\| vk - 1

\bigm\| \bigm\| 
2

\bigr\} 
,(2.8)

choose \rho k+1 = \rho k. Otherwise, define \rho k+1 = \gamma \rho k.
Step 4. (Update multipliers estimates) Compute \=\lambda k+1 \in [\lambda min , \lambda max]

m
and

\=\mu k+1 \in [0 , \mu max]
p
.

Step 5. (Begin a new iteration) Set k\leftarrow k+ 1 and go to Step 1.

Thus, in order to establish a standard global convergence result to Algorithm 2.1,
namely, by showing that its feasible limit points satisfy the KKT conditions, it is
sufficient to consider any condition that guarantees that all AKKT points are in fact
KKT points. Due to Theorem 2.1, the said condition will necessarily be a CQ. CQs
with this additional propery are sometimes called strict CQs, and only the following
ones have been stated in the Riemannian context.

Definition 2.2. Let \Omega be given by (2.2), let p\in \Omega , and let \scrA (p) be given by (2.3).
The point p is said to satisfy

(i) the LICQ if

\{ gradhi(p) : i= 1, . . . , s\} \cup \{ gradgj(p) : j \in \scrA (p)\} 

is linearly independent;
(ii) the MFCQ if

\{ gradhi(p) : i= 1, . . . , s\} \cup \{ gradgj(p) : j \in \scrA (p)\} 

is positive-linearly independent.

The definition of LICQ was presented in [60] while MFCQ was introduced in [19],
where it was shown that LICQ implies MFCQ. In the next section we will introduce
several new weaker CQs, and we will prove that they can still be used for proving
global convergence to a KKT point of algorithms that generate AKKT sequences such
as Algorithm 2.1.
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1806 R. ANDREANI, K. COUTO, O. FERREIRA, G. HAESER

3. New strict CQs. We will say that a property \scrP of the constraints defining
the feasible set \Omega of (2.1) at a given point p \in \Omega is a strict CQ for the necessary
optimality condition \scrS if, at a point p\in \Omega that satisfies both \scrP and \scrS , it is necessarily
the case that p satisfies the KKT conditions, according to the definition given in [22].
Thus, after we present and discuss our conditions, we shall prove that they are all strict
CQs with respect to the sequential optimality condition AKKT from Theorem 2.1.
The first conditions we propose are the following.

Definition 3.1. Let \Omega be given by (2.2), let p\in \Omega , and let \scrA (p) be given by (2.3).
The point p is said to satisfy

(i) the CRCQ if there exists \epsilon > 0 such that, for all \scrI \subset \{ 1, . . . , s\} and \scrJ \subset \scrA (p),
the rank of \{ gradhi(q) : i \in \scrI \} \cup \{ gradgj(q) : j \in \scrJ \} is constant for all
q \in B\epsilon (p);

(ii) the CPLD if, for any \scrI \subset \{ 1, . . . , s\} and \scrJ \subset \scrA (p), whenever the set \{ gradhi(p)
: i\in \scrI \} \cup \{ gradgj(p) : j \in \scrJ \} is positive-linearly dependent, there exists \epsilon > 0
such that \{ gradhi(q) : i \in \scrI \} \cup \{ gradgj(q) : j \in \scrJ \} is linearly dependent for
all q \in B\epsilon (p);

(iii) the RCRCQ if there exists \epsilon > 0 such that, for all \scrJ \subset \scrA (p), the rank of

\{ gradhi(q) : i= 1, . . . , s\} \cup \{ gradgj(q) : j \in \scrJ \} 

is constant for all q \in B\epsilon (p);
(iv) the RCPLD if there exists \epsilon > 0 such that the following two conditions hold:

(a) the rank of \{ gradhi(q) : i= 1, . . . , s\} is constant for all q \in B\epsilon (p);
(b) let \scrK \subset \{ 1, . . . , s\} be such that \{ gradhi(p) : i \in \scrK \} is a basis for the

subspace generated by \{ gradhi(p) : i = 1, . . . , s\} . For all \scrJ \subset \scrA (p), if
\{ gradhi(p) : i \in \scrK \} \cup \{ gradgj(p) : j \in \scrJ \} is positive-linearly dependent,
then \{ gradhi(q) : i \in \scrK \} \cup \{ gradgj(q) : j \in \scrJ \} is linearly dependent for
all q \in B\epsilon (p).

These conditions are natural versions in the Riemannian setting of the existing condi-
tions in the Euclidean setting. The following diagram shows the relationship among
the conditions introduced so far, where an arrow represents strict implication, which
shall be proved later in this section.

The reason for introducing these CQs in the Riemannian setting is due to their
several applications known in the Euclidean case, which we expect to be extended
also to the Riemannian setting. Although we shall only prove results concerning the
global convergence of the safeguardaded augmented Lagrangian method, let us briefly
review some properties of these conditions in the Euclidean setting.

LICQ is equivalent to the uniqueness of the Lagrange multiplier for any objective
function that assumes a constrained minimum at the point [56]. However, it is con-
sidered to be too stringent. For instance, it fails when the same constraint is repeated
twice in the problem formulation. On the other hand, MFCQ and its many equivalent
statements is the most prevalent CQ in the nonlinear programming literature, with
several applications. In particular, it considers the correct sign of the Lagrange mul-
tiplier in its formulation, what can be thought as it being a more adequate statement
than LICQ. However, the simple trick of replacing an inequality constraint h(x) = 0
by two inequalities h(x) \leq 0 and  - h(x) \leq 0 is enough for ensuring that MFCQ does
not hold. This is due to the fact that, under this very natural formulation, the set of
Lagrange multipliers (if nonempty) is necessarily unbounded, while MFCQ is equiva-
lent to the boundedness of this set [56]. Notice also that the case of linear constraints
is not automatically covered by any of these two assumptions, which generally requires
a separate analysis when one is assuming MFCQ or LICQ.
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CQs AND AN AL METHOD ON RIEMANNIAN MANIFOLDS 1807

Condition CRCQ, on the other hand, gives more freedom to someone modeling an
optimization problem, given that it is not tricked by repetition of a constraint or by
splitting an equality constraint in two inequalities. It also subsumes the linear case,
disregarding a separate analysis. However, it does not consider the correct sign of
Lagrange multipliers, being thus independent of MFCQ. The CPLD condition, on the
other hand, corrects this issue, introducing the correct sign considering positive linear
dependence instead of standard linear dependence (see the alternative definition of
CRCQ as given by Lemma 1.3), being then strictly weaker than both MFCQ and
CRCQ together. This condition has been used mainly for showing global convergence
of algorithms, firstly for an SQP method, when it was introduced in [52], and it
was popularized for being the basis for the global convergence theory of the popular
ALGENCAN software [22]. However, other applications have emerged such as in
bilevel optimization [58, 47], switching constraints [44], and exact penalty [33], among
several others. On the other hand, CRCQ is more robust in terms of applications,
since it has been introduced in order to compute the derivative of the value function
[37]. It has also found applications in the characterization of tilt stable minimizers
[31]. More interestingly, while MFCQ is still able to provide a second-order necessary
optimality condition, the condition depends on the whole set of Lagrange multipliers,
which limits its practical use. CRCQ, on the other hand, provides a strong second-
order necessary optimality condition depending on a single Lagrange multiplier [12],
a result which was recently extended to the context of conic optimization [10]. This
difference with respect to MFCQ in terms of the second-order results can somehow
be explained by the fact that under CRCQ the value of the quadratic form defined by
the Hessian of the Lagrangian evaluated at a direction in the critical cone is invariant
to the Lagrange multiplier used to define it [31].

The relaxed versions of CRCQ [48] and CPLD [12] can in fact be thought as
the ``correct"" versions of these conditions, as they enjoy the very same properties
previously described. In fact, there is no reason to consider all subsets of equality
constraints, and this was already present in the very first results proved under CRCQ
by Janin in [37].

Let us now prove that the strict implications shown in Figure 1 hold for any
Riemannian manifold \scrM with dimension n \geq 2. We do this by providing several
examples that help illustrate the different conditions we propose; however, we only
describe in details the computations concerning the most relevant examples, the other
ones being analogous. We start by showing in the next two examples that MFCQ and
CRCQ are independent conditions; that is, in Example 1, CRCQ holds and MFCQ
fails, while in Example 2, MFCQ holds while CRCQ fails.

Example 1. Consider problem (2.1) with feasible set \Omega := \{ q \in \scrM : h(q) \leq 0,
 - h(q)\leq 0\} , where h :\scrM \rightarrow \BbbR is continuously differentiable on\scrM with gradh(p) \not = 0
and p\in \Omega . Thus MFCQ fails at p while CRCQ holds.

LICQ CRCQ RCRCQ

MFCQ CPLD RCPLD

Fig. 1. Strict CQs for problem (2.1).
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1808 R. ANDREANI, K. COUTO, O. FERREIRA, G. HAESER

To proceed with the examples, let us define some auxiliary functions. Let\scrM be
an n-dimensional Riemannian manifold and p \in \scrM . Take 0< \=\delta < rp, where rp is the
injectivity radius, such that B\=\delta (p) is a strongly convex neighborhood, which exists by
[29, Proposition 4.2]. Let u, v \in Tp\scrM with \| u\| = \| v\| = 1, \langle v,u\rangle = 0, and define the
geodesics \gamma u(t) := expp(tu) and \gamma v(t) := expp(tv). Take also 0 < \delta < \=\delta , and define
p1 := \gamma u( - \delta ), p2 := \gamma u(\delta ), and p3 = \gamma v(\delta ). Note that p1, p2, p3 \in B\=\delta (p) with p1 \not = p2,
p1 \not = p3, and p2 \not = p3. Define the following auxiliary functions:

\varphi i(q) =
1

2
d(q, pi)

2  - 1

2
d(p, pi)

2, i= 1,2,3.(3.1)

Example 2. Define the functions g1(q) := \varphi 1(q), g2(q) :=  - \varphi 2(q), and consider a
feasible set \Omega := \{ q \in \scrM : g(q) \leq 0\} , where g := (g1, g2). One can see that CRCQ is
not valid at p\in \Omega while MFCQ holds.

In [52], it was proved that CPLD is strictly weaker than both MFCQ and CRCQ
together in the Euclidean setting. The next example shows that the same thing
happens for any smooth Riemannian manifold\scrM with dimension n\geq 2.

Example 3. Let\scrM be an n-dimensional Riemannian manifold with n\geq 2. Take
p \in \scrM and g := (g1, . . . , g4) :\scrM \rightarrow \BbbR 4 continuously differentiable functions satisfying
the following conditions:

(i) g(p) = 0;
(ii) gradg1(p) = gradg2(p) \not = 0 and gradg3(p) = - gradg4(p) \not = 0;
(iii) for all \epsilon > 0, there exists q \in B\epsilon (p) such that \{ gradg1(q),gradg2(q)\} is linearly

independent with q \not = p;
(iv) \{ gradg1(p),gradg3(p)\} is linearly independent.
(v) there exists \epsilon > 0 such that \{ gradg3(q),gradg4(q)\} is linearly dependent for

all q \in B\epsilon (p).
Consider the feasible set \Omega := \{ q \in \scrM : g(q) \leq 0\} . Then, by (i), p \in \Omega . It follows
from the first equality in condition (ii) that the set \{ gradg1(p),gradg2(p)\} is linearly
dependent. Thus, (iii) implies that p does not satisfy CRCQ. Furthermore, the second
equality in condition (ii) guarantees that p does not satisfy MFCQ. We will now show
that p satisfies CPLD. It is easy to see that the set \{ gradgj(p) : j \in \scrJ \subset \scrA (p)\} is
positive-linearly dependent if and only if \{ 3,4\} \subset \scrJ . Therefore, by (v) we concluded
that p satisfies CPLD. In the following we build two concrete examples satisfying
conditions (i), (ii), (iii), (iv), and (v). The first one considers\scrM as the 2-sphere while
the second one considers an arbitrary 2-dimensional manifold\scrM ; however, it is easy
to generalize the examples to an arbitrary dimension n\geq 2.

\bullet Consider the sphere \scrM := \{ (x, y, z) \in \BbbR 3 : x2 + y2 + z2 = 1\} and take p :=
(0,0,1). The functions g1(x, y, z) := x, g2(x, y, z) := x+y2, g3(x, y, z) := x+y,
g4(x, y, z) :=  - x  - y satisfy conditions (i), (ii), (iii), (iv), and (v). Indeed,
for q = (x, y, z) \in B\epsilon (p) we have gradg1(q) = \Pi Tq\scrM (1,0,0), gradg2(q) =
\Pi Tq\scrM (1,2y,0), gradg3(q) =\Pi Tq\scrM (1,1,0), and gradg4(q) =\Pi Tq\scrM ( - 1, - 1,0),
where \Pi Tq\scrM denotes the orthogonal projection onto Tq\scrM . Clearly, (i) holds.
To see that (ii) and (iv) hold it is enough to note that since Tp\scrM = \{ p\} \bot , at
q = p the projections coincide with the vectors being projected. We proceed
to prove that (iii) holds. Let q := (x, y, z) with y \not = 0 and z \not = 0; hence
u := (1,0,0), v := (1,2y,0), and q are linearly independent. Take \alpha ,\beta \in \BbbR 
such that \alpha gradg1(q) + \beta gradg2(q) = 0. Since Tq\scrM = \{ q\} \bot , this implies
that \alpha (u  - ruq) + \beta (v  - rvq) = 0 for some ru, rv \in \BbbR , which in turn gives
\alpha u+\beta v+( - \alpha ru - \beta rv)q= 0, implying \alpha = \beta = 0; hence, (iii). We obtain (v)
by noting that gradg3(q) = - gradg4(q) for all q.
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CQs AND AN AL METHOD ON RIEMANNIAN MANIFOLDS 1809

\bullet Let \scrM be a 2-dimensional complete manifold. Let us show that the func-
tions g1(q) := \varphi 1(q), g2(q) :=  - \varphi 2(q), g3(q) := \varphi 3(q), and g4(q) :=  - \varphi 3(q)
satisfy conditions (i), (ii), (iii), (iv), and (v), where these functions are
defined in (3.1). Indeed, g(p) = 0, which gives (i). Since gradg1(p) =
 - exp - 1

p p1 = \delta u \not = 0, gradg2(p) = exp - 1
p p2 = \delta u, gradg3(p) =  - exp - 1

p p3 =
 - \delta v \not = 0, and gradg4(p) = exp - 1

p p3 = \delta v, then g satisfies (ii). We pro-
ceed to show that g1 and g2 satisfy (iii). For that, take a point q \in B\=\delta (p)
with q \not = p such that d(q, p2) = d(q, p1) < d(p2, p1). Note that gradg1(q) =
 - exp - 1

q p1 and gradg2(q) = exp - 1
q p2. In addition, due to d(q, p2) = d(q, p1),

we have \| gradg1(q)\| = \| gradg2(q)\| = d(q, p1). Assume by contradiction that
\{ gradg1(q),gradg2(q)\} is linearly dependent. Since\scrM is 2-dimensional and
d(q, p1) < d(p2, p1), we conclude that gradg1(q) = gradg2(q). Consider the
geodesic

\gamma (t) = expq( - t exp - 1
q p1) = expq(t exp

 - 1
q p2),

where the second equality holds because we are under the assumption
gradg1(q) = gradg2(q). Hence \gamma (0) = q, \gamma ( - 1) = p1, and \gamma (1) = p2. Consid-
ering that there exists a unique geodesic joining p1 and p2, we conclude that
\gamma u = \gamma . Thus, there exists \=t such that \gamma (\=t) = p and

\gamma \prime (\=t) = Pq\gamma (\=t)( - exp - 1
q p1),

where Pq\gamma (\=t) is the parallel transport along \gamma from \gamma (0) = q to \gamma (\=t). We know
that the parallel transport is an isometry and \gamma \prime (\=t) = \delta \gamma \prime 

u(0) =  - exp - 1
p p1.

Thus, using the last equality we conclude that d(q, p1) = d(p, p1). Hence,
considering that q, p, and p1 belong to the same geodesic, we have q= p, which
is a contradiction. Therefore, \{ gradg1(q),gradg2(q)\} is linearly independent
for q \not = p. Due to gradg1(p) = - \delta u, gradg3(p) = \delta v and \langle v,u\rangle = 0, condition
(iv) is satisfied. Finally, due to g4 =  - g3, we have gradg4(q) =  - gradg3(q),
and (v) is also satisfied. The situation in consideration is depicted in Figure 2.

As proved in [48], RCRCQ is strictly weaker than CRCQ in the Euclidean context.
This fact is also true for any smooth Riemannian manifold\scrM with dimension n\geq 2.
In fact, the following example shows that RCRCQ does not imply CPLD.

Example 4. Define the functions h(q) := - \varphi 3(q), g1(q) := - \varphi 1(q), g2(q) := - \varphi 2(q)
from (3.1), and consider a feasible set \Omega := \{ q \in \scrM : h(q) = 0, g(q) \leq 0\} , where
g := (g1, g2). The point p\in \Omega does not satisfy CPLD, but it satisfies RCRCQ.

Fig. 2. Illustrative figure for Example 3 where CPLD holds while MFCQ and CRCQ fail. The
rank of the gradients indexed by \{ 1,2\} is not constant, but they are positive-linearly independent. In
addition, the gradients in \{ 3,4\} are positive-linearly dependent, which implies that MFCQ fails, but
this remains to be the case in a neighborhood.
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1810 R. ANDREANI, K. COUTO, O. FERREIRA, G. HAESER

Finally, let us show that RCRCQ implies RCPLD. We do this by providing the
following equivalent description of RCRCQ:

Proposition 3.2. Let \scrK \subset \{ 1, . . . , s\} be such that \{ gradhi(p) : i \in \scrK \} is a basis
for the subspace generated by \{ gradhi(p) : i= 1, . . . , s\} . RCRCQ holds at p\in \Omega if and
only if there exists \epsilon > 0 such that the following two conditions hold:

(i) the rank of \{ gradhi(q) : i= 1, . . . , s\} is constant for all q \in B\epsilon (p);
(ii) for all \scrJ \subset \scrA (p), if \{ gradhi(p) : i \in \scrK \} \cup \{ gradgj(p) : j \in \scrJ \} is linearly de-

pendent, then \{ gradhi(q) : i\in \scrK \} \cup \{ gradgj(q) : j \in \scrJ \} is linearly dependent
for all q \in B\epsilon (p).

Proof. Assume first that p \in \Omega satisfies RCRCQ. Taking \scrJ = \emptyset in the definition
of RCRCQ, we obtain (i). In order to obtain (ii), let \scrJ \subset \scrA (p) such that \{ gradhi(p) :
i \in \scrK \} \cup \{ gradgj(p) : j \in \scrJ \} is linearly dependent. Since \{ gradhi(p) : i \in \scrK \} is a
basis for the subspace generated by \{ gradhi(p) : i = 1, . . . , s\} and (i), we have that
there exists \epsilon > 0 such that \{ gradhi(q) : i \in \scrK \} is a basis for the subspace generated
by \{ gradhi(q) : i = 1, . . . , s\} for all q \in B\epsilon (p). Thus, in accordance with RCRCQ,
the rank of \{ gradhi(q) : i \in \scrK \} \cup \{ gradgj(q) : j \in \scrJ \} is constant for all q \in B\epsilon (p).
Consequently, (ii) holds.

To prove the reciprocal assertion, let \scrJ \subset \scrA (p). It is worth noting that, owing
to Lemma 1.2, the rank of the set cannot decrease in a neighborhood. Let us choose
\scrJ 1 \subset \scrJ such that A(p,\scrK ,\scrJ 1) is a basis for A(p,\scrK ,\scrJ )---see the notation introduced in
(1.1). The case \scrJ 1 =\scrJ follows trivially. Consider the situation \scrJ 1 \not =\scrJ , and let j \in \scrJ 
with j /\in \scrJ 1. As a result of (ii), A(q,\scrK ,\scrJ 1)\cup \{ gradgj(q)\} must continue to be linearly
dependent for q in a neighborhood of p. Therefore, rank A(q,\scrK ,\scrJ ) = | \scrK | + | \scrJ 1| for
all q \in B\epsilon (p) and sufficiently small \epsilon > 0. Considering the definition of \scrK and (i), we
must have that A(q,\{ 1, . . . , s\} ,\scrJ ) has constant rank for q \in B\epsilon (p), which completes
the proof.

Clearly, the equivalent definition of RCRCQ given by Proposition 3.2 is indepen-
dent of the choice of the index set \scrK . It is easy to see that the definition of RCPLD
is also independent of this choice. This concludes the analysis of strict implications
depicted in Figure 1, where in particular we have that RCPLD is strictly weaker than
CPLD and RCRCQ.

At this point, condition RCPLD is the weakest one among the ones we have pre-
sented. Thus, we will prove that RCPLD is a strict CQ with respect to the AKKT
condition, which will be true for all other conditions that imply it. Before doing this,
let us present yet another CQ called the constant rank of the subspace component
(CRSC) [13]. Noticing that while RCRCQ improves upon CRCQ by noticing that
there is no reason to consider every subset of equality constraints, CRSC improves
upon RCRCQ by noticing that the same thing is true with respect to the inequality
constraints. Namely, it is not the case that every subset of the active inequality con-
straints must be taken into account; only a particular fixed subset of the constraints
maintaining the constant rank property is enough for guaranteeing the existance of
Lagrange multipliers. The definition is as follows.

Definition 3.3. Let \Omega be given by (2.2), let p\in \Omega , \scrA (p), and let \scrL (p)\circ be given by
(2.2) and (2.4), respectively. Define the index set \scrJ  - (p) = \{ j \in \scrA (p) :  - gradgj(p) \in 
\scrL (p)\circ \} . The point p is said to satisfy CRSC if there exists \epsilon > 0 such that the rank of
\{ gradhi(q) : i= 1, . . . , s\} \cup \{ gradgj(q) : j \in \scrJ  - (p)\} is constant for all q \in B\epsilon (p).

It is clear that CRSC is weaker than RCRCQ and MFCQ, but its relation with
RCPLD is not simple to establish. Somewhat surprisingly, CRSC is strictly weaker
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CQs AND AN AL METHOD ON RIEMANNIAN MANIFOLDS 1811

than RCPLD in the Euclidean setting. The proof is somewhat elaborate [13], so we
did not pursue it in the Riemannian setting, as it was not needed in our developments.
Instead, we simply show that CRSC does not imply RCPLD in any Riemannian man-
ifold\scrM of dimension n\geq 2. Thus, we shall prove the convergence of the augmented
Lagrangian method under either of these conditions, even though we expect CRSC to
be weaker than RCPLD. At this point, results under CRSC are at least independent
of the ones where RCPLD are employed. We proceed with the example where CRSC
holds and RCPLD fails.

Example 5. Let\scrM be an n-dimensional smooth Riemannian manifold with n\geq 2.
Take p \in \scrM and g := (g1, . . . , g4) : \scrM \rightarrow \BbbR 4 continuously differentiable functions
satisfying the following conditions:

(i) g(p) = 0;
(ii) gradg1(p) = - gradg2(p) and gradg3(p) = - gradg4(p);
(iii) for all \epsilon > 0, there exists q \in B\epsilon (p) such that the set \{ gradg1(q),gradg2(q)\} 

is linearly independent with q \not = p;
(iv) the set \{ gradg1(p),gradg3(p)\} is linearly independent;
(v) there exists \epsilon > 0 such that rank\{ gradgj(q) : j = 1, . . . ,4\} = 2 for all q \in B\epsilon (p).

Consider a feasible set \Omega := \{ q \in \scrM : g(q)\leq 0\} and p \in \Omega . It follows from condition
(ii) that the set \{ gradg1(p),gradg2(p)\} is positive-linearly dependent. Hence, using
conditions (i) and (iii), we conclude that RCPLD does not hold at p. In order to
see that CRSC is valid at p, it is enough to note (v) together with the fact that (i)
and (ii) imply that \scrJ  - (p) = \{ 1,2,3,4\} . Next, we will present two examples in which
conditions (i), (ii), (iii), (iv), and (v) are satisfied.

\bullet Consider the sphere \scrM := \{ (x, y, z) \in \BbbR 3 : x2 + y2 + z2 = 1\} , and take
p := (0,0,1), g1(x, y, z) := x  - y2, g2(x, y, z) :=  - x, g3(x, y, z) := y  - x2,
and g4(x, y, z) :=  - y, where clearly (i) holds. Similarly to Example 3, let
q := (x, y, z) with y \not = 0 and z \not = 0, u1 := (1, - 2y,0), u2 := ( - 1,0,0), u3 :=
( - 2x,1,0), and u4 := (0, - 1,0). Since ui \in \{ p\} \bot , i = 1,2,3,4, it is easy to
see (ii) and (iv). In order to prove (iii), notice that \{ q,u1, u2\} is linearly
independent. Hence, since gradgi(q) = \Pi \{ q\} \bot (ui) = ui  - rui

q, rui
\in \BbbR for

i = 1,2,3,4, similarly to Example 3 we have that \{ gradg1(q),gradg2(q)\} is
linearly independent. To see that (v) holds, take \epsilon > 0 such that z \not = 0 for all
q= (x, y, z)\in B\epsilon (p). Hence, \{ u2, u4, q\} is linearly independent, which implies
that \{ gradg2(q),gradg4(q)\} is linearly independent. From the fact that \scrM 
is 2-dimensional, (v) holds.

\bullet Consider a 2-dimensional complete manifold \scrM and define the functions
g1(q) := \varphi 1(q), g2(q) := \varphi 2(q), g3(q) := \varphi 3(q), and g4(q) :=  - \varphi 3(q) from
(3.1). Similarly to the computations in Example 3, one can prove that items
(i), (ii), (iii), and (iv) are satisfied. By (iv) and Lemma 1.2, we have that
the rank of \{ gradgj(q) : j = 1, . . . ,4\} is at least 2 for all q \in B\epsilon (p) and some
\epsilon > 0. Therefore, taking into account that\scrM is 2-dimensional, condition (v)
is also satisfied. Figure 3 illustrates this example.

In our view, CRSC is the most interesting one of all previously defined conditions.
Although we do not pursue its extensions to the Riemannian setting, we mention a few
of its properties known in the Euclidean case. First, it has an elegant mathematical
description. Also, the index set \scrJ  - (p) can be viewed as the index set of active
inequality constraints that are treated as equality constraints in the polar of the
linearized cone \scrL \circ (p) (2.4). Actually, this interpretation holds also for the cone \scrL (p),
since \scrJ  - (p) can be equivalently stated as the set of indexes j \in \scrA (p) such that
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1812 R. ANDREANI, K. COUTO, O. FERREIRA, G. HAESER

Fig. 3. Illustrative figure for Example 5, where RCPLD fails but CRSC is satisfied. Although
the subset of gradients indexed by \{ 1,2\} loses positive linear dependence for q near p, all gradients
remain to span a 2-dimensional vector space (the whole tangent space) for q near p.

\langle gradgj(p), v\rangle = 0 for all v \in \scrL (p) [41]. However, surprisingly, these interpretations
are not by chance, since it was proved [13] that when p \in \Omega satisfies CRSC, the
constraints gj(q)\leq 0, j \in \scrJ  - (p) can only be satisfied as equalities for a feasible point
q in a small enough neighborhood around p. That is, one can safely replace the
inequalities gj(q) \leq 0, j \in \scrJ  - (p) with equalities gj(q) = 0, j \in \scrJ  - (p) without locally
altering the feasible set and in such a way that MFCQ holds. This result is connected
to the one in [46] which shows that whenever CRCQ is satisfied, there exists a local
reformulation of the problem such that MFCQ holds. In fact, this procedure is well
known in linear conic programming as facial reduction; that is, when the constraints
are such that there is no interior point, there is an efficient procedure to replace the
cone with one of its faces in such a way that a relative interior point exists. The
extension of CRSC to the conic context and its connections with the facial reduction
procedure are described in [8], where they also show that CRSC may also provide the
strong second-order necessary optimality condition depending on a single Lagrange
multiplier by considering the constant rank property for all subsets of constraints
that include \scrJ  - (p) and all equalities. Finally, we mention an additional property
that holds in the Euclidean setting for all CQs discussed in this paper; that is, that
they all imply that an error bound can be computed. We state this as the following
conjecture in the Riemannian setting:

Conjecture: Let\scrM be a complete Riemannian manifold with dimension n\geq 2.
Let p \in \Omega be such that CRSC or RCPLD is satisfied. Then, there exists \epsilon > 0 and
\alpha > 0 such that

inf
w\in \Omega 

d(q,w)\leq \alpha max\{ 0, g1(q), . . . , gm(q), | h1(q)| , . . . , | hs(q)| \} 

for all q \in B\epsilon (p).
Finally, let us prove that all conditions proposed so far are CQs. We do this by

showing that they are strict CQs with respect to the necessary optimality condition
AKKT from Theorem 2.1, since this gives us the main result of global convergence of
Algorithm 2.1. We start by showing that CRSC is a strict CQ, and we note that when
the condition was introduced in the Euclidean setting [13], only an indirect proof of
this fact was presented. Thus, a clear direct proof was not available in the literature
even in the Euclidean setting.

Theorem 3.4. Suppose that p \in \Omega satisfies CRSC. If p is an AKKT point, then
p is a KKT point.
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CQs AND AN AL METHOD ON RIEMANNIAN MANIFOLDS 1813

Proof. As in Definition 3.3, let \scrJ  - (p) := \{ j \in \scrA (p) :  - gradgj(p)\in \scrL (p)\circ \} , and
we denote \scrJ +(p) := \scrA (p)\setminus \scrJ  - (p). Since p is an AKKT point of problem (2.1), there
exist sequences (pk)k\in \BbbN \subset \scrM , (\lambda k)k\in \BbbN \subset \BbbR s, and (\mu k)k\in \BbbN \subset \BbbR m

+ with \mu k
j = 0 for all

j /\in \scrA (p) such that limk\rightarrow \infty pk = p and

gradf(pk) +

s\sum 
i=1

\lambda k
i gradhi(p

k) +
\sum 

\ell \in \scrJ  - (p)

\mu k
\ell gradg\ell (p

k) +
\sum 

j\in \scrJ +(p)

\mu k
j gradgj(p

k)

(3.2)

=: \epsilon k \forall k \in \BbbN ,

where limk\rightarrow \infty \epsilon k = 0. Let \scrI \subset \{ 1, . . . , s\} and \scrJ \subset \scrJ  - (p) be such that A(p,\scrI ,\scrJ ) is a
basis for the subspace generated by A(p,\{ 1, . . . , s\} ,\scrJ  - (p)) (here we use the notation
introduced in (1.1)). By CRSC, A(pk,\scrI ,\scrJ ) is also a basis for the subspace generated
by A(pk,\{ 1, . . . , s\} ,\scrJ  - (p)), and thus (3.2) can be rewritten as

gradf(pk)+
\sum 
i\in \scrI 

\~\lambda k
i gradhi(p

k)+
\sum 
\ell \in \scrJ 

\~\mu k
\ell gradg\ell (p

k) +
\sum 

j\in \scrJ +(p)

\mu k
j gradgj(p

k) = \epsilon k \forall k \in \BbbN ,
(3.3)

for suitable \~\lambda k
i \in \BbbR , i \in \scrI and \~\mu k

\ell \in \BbbR , \ell \in \scrJ . If all the sequences (\~\lambda k
i )k\in \BbbN , i \in 

\scrI , (\~\mu k
\ell )k\in \BbbN , \ell \in \scrJ , and (\mu k

j )k\in \BbbN , j \in \scrJ +(p) are bounded, we may take a suitable

convergent subsequence (\~\lambda k
i )k\in K1

\rightarrow \~\lambda i \in \BbbR , i \in \scrI , (\~\mu k
\ell )k\in K1

\rightarrow \~\mu \ell \in \BbbR , \ell \in \scrJ , and
(\mu k

j )k\in K1\rightarrow \mu j \in \BbbR +, j \in \scrJ +(p) such that

gradf(p) +
\sum 
i\in \scrI 

\~\lambda i gradhi(p) +
\sum 
\ell \in \scrJ 

\~\mu \ell gradg\ell (p) +
\sum 

j\in \scrJ +(p)

\mu j gradgj(p) = 0.

Let us see that this implies that p is a KKT point. First, note that \scrJ \subset \scrJ  - (p) with
\scrJ  - (p) \cup \scrJ +(p) = A(p). If some \~\mu \ell 0 < 0, \ell 0 \in \scrJ , by the definition of the set \scrJ  - (p),
we have \~\mu \ell 0 gradg\ell 0 \in \scrL \circ (p). But from (2.4), one can see that \scrL \circ (p) is closed under
addition, which implies that  - gradf(p)\in \scrL \circ (p); that is, p is a KKT point. Otherwise,
if it is not the case that all sequences are bounded, let us take a subsequence K2 \subset \BbbN 
such that limk\in K2

Mk =+\infty , where Mk =max\{ | \~\lambda k
i | , i \in \scrI ; | \~\mu k

\ell | , \ell \in \scrJ ;\mu k
j , j \in \scrJ +(p)\} .

Dividing (3.3) by Mk and taking the limit on a suitable subsequence K3 \subset K2 such

that limk\in K3

\~\lambda k
i

Mk
= \alpha i \in \BbbR , limk\in K3

\~\mu k
\ell 

Mk
= \beta \ell \in \BbbR , and limk\in K3

\mu k
j

Mk
= \gamma j \geq 0 with not

all \alpha i, \beta \ell , \gamma j equal to zero, we arrive at\sum 
i\in \scrI 

\alpha i gradhi(p) +
\sum 
\ell \in \scrJ 

\beta \ell gradg\ell (p) +
\sum 

j\in \scrJ +(p)

\gamma j gradgj(p) = 0.

Let us now show that \gamma j = 0 for all j \in \scrJ +(p). Suppose that \gamma j0 > 0 for some
j0 \in \scrJ +(p) and let us isolate  - \gamma j0 gradgj0(p) in the above equality. The remaining
sum is a sum of vectors in \scrL (p)\circ and hence  - gradgj0(p) \in \scrL (p)\circ , which contradicts
the definition of \scrJ +(p). Notice that this is the case since if \beta \ell < 0, we must have
\beta \ell gradg\ell (p)\in \scrL (p)\circ by the definition of \scrJ  - (p). Therefore A(p,\scrI ,\scrJ ) must be linearly
dependent, which contradicts the definition of the index sets \scrI and \scrJ , concluding the
proof.

Similarly, we show that RCPLD is a strict CQ.

Theorem 3.5. Suppose that p\in \Omega satisfies RCPLD. If p is an AKKT point, then
p is a KKT point.
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1814 R. ANDREANI, K. COUTO, O. FERREIRA, G. HAESER

Proof. The proof is similar to the previous one, but without partitioning A(p).
That is, consider the previous proof with \scrJ  - (p) replaced by \emptyset and \scrJ +(p) replaced by
\scrA (p). We arrive similarly to (3.3) to a sequence

gradf(pk) +
\sum 
i\in \scrI 

\~\lambda k
i gradhi(p

k) +
\sum 

j\in \scrA (p)

\mu k
j gradgj(p

k) = \epsilon k \forall k \in \BbbN ,

with \~\lambda k
i \in \BbbR , i \in \scrI , \mu k

j \geq 0, j \in \scrA (p), limk\in \BbbN p
k = p, limk\in \BbbN \epsilon k = 0, and \{ gradhi(p) : i \in 

\scrI \} linearly independent.
For every k \in \BbbN , we apply Lemma 1.4 to arrive at

gradf(pk) +
\sum 
i\in \scrI 

\=\lambda k
i gradhi(p

k) +
\sum 
j\in \scrJ k

\=\mu k
j gradgj(p

k) = \epsilon k,(3.4)

for some \=\lambda k
i \in \BbbR , i \in \scrI , \=\mu k

j \geq 0, j \in \scrJ k \subset \scrA (p) and all k \in \BbbN , where A(pk,\scrI ,\scrJ k) is
linearly independent. Let us take a subsequence such that \scrJ k is constant, say, \scrJ k \equiv \scrJ 
for all k \in K1 \subset \BbbN . The proof now follows similarly to the previous one considering
Mk := max\{ | \=\lambda k

i | , i \in \scrI ; \=\mu k
j , j \in \scrJ \} . If (Mk)k\in K1

is bounded, one may take the limit
in (3.4) for a suitable subsequence to see that p is a KKT point. Otherwise, dividing
(3.4) by Mk we see that A(p,\scrI ,\scrJ ) is positive-linearly dependent, which contradicts
the definition of RCPLD.

We formalize our results in the following.

Corollary 3.6. Let p be a feasible limit point of a sequence (pk)k\in \BbbN generated
by Algorithm 2.1 such that p satisfies RCPLD or CRSC. Then p satisfies the KKT
conditions.

Notice that differently from the result under MFCQ, where the dual AKKT se-
quence (\lambda k, \mu k)k\in \BbbN is necessarily bounded, and thus dual convergence to a Lagrange
multiplier is obtained, our result does not include convergence of the dual sequence.
In the next section we prove that this can be obtained under a condition weaker than
CPLD and independent of RCPLD known as quasinormality [35]. In order to do this,
we shall extend a stronger sequential optimality condition to the Riemannian setting
known as the PAKKT condition [3].

4. A stronger sequential optimality condition. The QN was introduced
in [35], and it was popularized in the book [20] in connection with convergence of
the external penalty method. Recently, it has been connected with the notion of so-
called enhanced KKT conditions, guaranteeing boundedness of the corresponding set
of enhanced Lagrange multipliers [18]. QN is a fairly weak CQ and has been known
to be strictly weaker than CPLD [17] while still implying the error bound property
[49] in the Euclidean setting. In this section we will extend an important algorithmic
property of QN that goes beyond what we have proved for RCPLD and CRSC. That
is, besides QN being a strict CQ with respect to the AKKT condition, namely, global
convergence of Algorithm 2.1 in the sense that Corollary 3.6 is also valid under QN,
we will show that the dual sequence generated by Algorithm 2.1 under QN is in fact
bounded. In order to do this, we will show that QN is a strict CQ with respect to a
stronger sequential optimality condition known as the PAKKT condition [3].

We start by introducing the PAKKT condition in the Riemannian setting, showing
that it is indeed a genuine necessary optimality condition for problem (2.1). Our
definition considers a modification of the original one as suggested in [11].
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CQs AND AN AL METHOD ON RIEMANNIAN MANIFOLDS 1815

Definition 4.1. The PAKKT condition for problem (2.1) is satisfied at a point
p \in \Omega if there exist sequences (pk)k\in \BbbN \subset \scrM , (\lambda k)k\in \BbbN \subset \BbbR s, and (\mu k)k\in \BbbN \subset \BbbR m

+ such
that

(i) limk\rightarrow \infty pk = p;
(ii) limk\rightarrow \infty 

\bigm\| \bigm\| gradL(pk, \lambda k, \mu k)
\bigm\| \bigm\| = 0;

(iii) \mu k
j = 0 for all j \not \in \scrA (p) and sufficiently large k;

(iv) If \gamma k :=
\bigm\| \bigm\| (1, \lambda k, \mu k)

\bigm\| \bigm\| 
\infty \rightarrow +\infty it holds:

lim
k\rightarrow \infty 

\bigm| \bigm| \lambda k
i

\bigm| \bigm| 
\gamma k

> 0 =\Rightarrow \lambda k
i hi(p

k)> 0\forall k \in \BbbN ;(4.1)

lim
k\rightarrow \infty 

\mu k
j

\gamma k
> 0 =\Rightarrow \mu k

j gj(p
k)> 0\forall k \in \BbbN .(4.2)

A point p satisfying Definition 4.1 is called a PAKKT point; the correspondent se-
quence (pk)k\in \BbbN is its associated primal sequence, while (\lambda k, \mu k)k\in \BbbN is its associated
dual sequence. In order to present our results, we will make use of the following
lemmas extended to the Riemannian setting in [59].

Lemma 4.2. Let p be a local minimizer of problem (2.1) and \alpha > 0. Then, for
each k \in \BbbN and \rho k > 0, the problem

Minimize
q\in \scrM 

f(q) +
1

2
d(q, p)2 +

\rho k
2

\Bigl( 
\| h(q)\| 22 + \| g(q)+\| 

2
2

\Bigr) 
,

subject to d(q, p)\leq \alpha ,

admits a solution pk. Moreover, if limk\rightarrow \infty \rho k =+\infty , then limk\rightarrow \infty pk = p.

Lemma 4.3. Let \phi :\scrM \rightarrow \BbbR be a differentiable function, let \alpha > 0, and let p0 \in \scrM .
Suppose that p\in \scrM is an optimal solution of the following optimization problem:

Minimize
q\in \scrM 

\phi (q),

subject to d(q, p0)\leq \alpha .

If d(p, p0)<\alpha , then grad\phi (p) = 0.

We now show that PAKKT is a genuine necessary optimality condition for problem
(2.1).

Theorem 4.4. Let p \in \Omega be a local minimizer of (2.1). Then, p is a PAKKT
point.

Proof. Let p be a local minimizer of problem (2.1). Thus, there is a sufficiently
small parameter \alpha > 0 such that the problem

Minimize
q\in \scrM 

f(q) +
1

2
d(q, p)2,

subject to h(q) = 0, g(q)\leq 0, d(q, p)\leq \alpha ,

has p as the unique global minimizer. For each k \in \BbbN , take \rho k > 0 such that
limk\rightarrow \infty \rho k =+\infty . Consider the penalized problem

Minimize
q\in \scrM 

f(q) +
1

2
d(q, p)2 +

\rho k
2

\Bigl( 
\| h(q)\| 22 + \| g(q)+\| 

2
2

\Bigr) 
,

subject to d(q, p)\leq \alpha .
(4.3)
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1816 R. ANDREANI, K. COUTO, O. FERREIRA, G. HAESER

It follows from Lemma 4.2 that there exists a sequence (pk)k\in \BbbN such that pk is a
solution of (4.3) and limk\rightarrow \infty pk = p. Thus, item (i) of Definition 4.1 is satisfied.
Moreover, there exists an infinite index set K1 such that d(pk, p) < \alpha for all k \in K1.
Consequently, using Lemma 4.3, we conclude that

gradf(pk) - exp - 1
pk p+

s\sum 
i=1

\rho khi(p
k) gradhi(p

k) +

m\sum 
j=1

\rho kmax\{ 0, gj(pk)\} gradgj(pk) = 0

for all k \in K1. Therefore, we have

lim
k\in K1

gradL(pk, \lambda k, \mu k) = lim
k\in K1

\Biggl( 
gradf(pk) +

s\sum 
i=1

\lambda k
i gradhi(p

k) +

m\sum 
j=1

\mu k
j gradgj(p

k)

\Biggr) 
= lim

k\in K1

 - exp - 1
pk p= 0,

where, for each k \in K1, we denote \lambda k := \rho kh(p
k) and \mu k := \rho k[g(p

k)]+ \geq 0. Therefore,
(ii) and (iii) of Definition 4.1 are satisfied. We will now analyze the validity of (4.1)
and (4.2). Let \gamma k :=

\bigm\| \bigm\| (1, \lambda k, \mu k)
\bigm\| \bigm\| 
\infty for all k \in K1 be such that limk\in K1

Mk =+\infty , and

assume that limk\in K1
(
\bigm| \bigm| \lambda k

i

\bigm| \bigm| /\gamma k) > 0. Thus,
\bigm| \bigm| \lambda k

i

\bigm| \bigm| /\gamma k > 0 for sufficiently large k \in K1,
which implies that h(pk) \not = 0. Hence, \lambda k

i hi(p
k) = \rho khi(p

k)2 > 0 for all sufficiently large
k \in K1. Similarly, if limk\in K1(\mu 

k
j /\gamma k) > 0, we have \mu k

j > 0, which implies gj(p
k) > 0

for sufficiently large k \in K1. Therefore, (4.1) and (4.2) are fulfilled. Consequently, p
satisfies Definition 4.1, which concludes the proof.

Let us now introduce QN in the Riemannian context. We will show that under
QN the dual sequence (\lambda k, \mu k)k\in \BbbN associated with any PAKKT sequence (pk)k\in \BbbN is
bounded. Later, we will show that Algorithm 2.1 generates PAKKT sequences, which
will provide the main algorithmic relevance of QN.

Definition 4.5. Let \Omega be given by (2.2), let p\in \Omega , and let \scrA (p) be given by (2.3).
The point p satisfies the QN if there are no \lambda \in \BbbR s and \mu \in \BbbR m

+ such that
(i)
\sum s

i=1 \lambda i gradhi(p) +
\sum 

j\in \scrA (p) \mu j gradgj(p) = 0;
(ii) \mu j = 0 for all j /\in \scrA (p) and (\lambda ,\mu ) \not = 0;
(iii) for all \epsilon > 0 there exists q \in B\epsilon (p) such that \lambda ihi(q)> 0 for all i \in \{ 1, . . . , s\} 

with \lambda i \not = 0 and \mu jgj(q)> 0 for all j \in \scrA (p) with \mu j > 0.

In the next example we show that QN holds, but both RCPLD and CRSC fail.

Example 6. Define the functions h1(q) :=\varphi 1(q)e
\varphi 2(q) and h2(q) :=\varphi 1(q) as defined

in (3.1). Note that

gradh1(q) := e\varphi 2(q) grad\varphi 1(q) +\varphi 1(q)e
\varphi 2(q) grad\varphi 2(q), gradh2(q) := grad\varphi 1(q).

(4.4)

The point p \in \Omega satisfies QN. Indeed, we first note that \varphi 1(p) = 0 and \varphi 2(p) = 0.
Moreover, we have gradh1(p) = gradh2(p) = grad\varphi 1(p). Consider the linear com-
bination \lambda 1 gradh1(p) + \lambda 2 gradh2(p) = 0 with \lambda 1 and \lambda 2 \in \BbbR . Thus, we have
(\lambda 1 + \lambda 2) grad\varphi 1(p) = 0. Since grad\varphi 1(p) \not = 0, we conclude that unless \lambda 1 = \lambda 2 = 0,
we must have \lambda 1\lambda 2 < 0. In this case, take \epsilon > 0 and q \in B\epsilon (p) such that q \not = p. Since
h1(q)h2(q) > 0, we conclude that \lambda 1h1(q) and \lambda 2h2(q) have opposite signs, which
implies that p satisfies QN.

Now, we are going to show that p does not satisfy RCPLD nor CRSC. For that,
we first note that rank of \{ gradh1(p),gradh2(p)\} is equal to one. On the other hand,
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CQs AND AN AL METHOD ON RIEMANNIAN MANIFOLDS 1817

similarly to the computations in Example 3, one can prove that, for all \epsilon > 0, there
exists q \in B\epsilon (p) such that \{ grad\varphi 1(q),grad\varphi 2(q)\} is linearly independent with q \not = p.
By the definition of \varphi 1, notice that \varphi 1(q) \not = 0 for all q \in B\epsilon (p) and sufficiently small
\varepsilon > 0; it follows from (4.4) that \{ gradh1(q),gradh2(q)\} is also linearly independent.
Therefore, p does not satisfy RCPLD or CRSC.

Theorem 4.6. Let p \in \Omega be a PAKKT point with associated primal sequence
(pk)k\in \BbbN and dual sequence (\lambda k, \mu k)k\in \BbbN . Assume that p satisfies QN. Then (\lambda k, \mu k)k\in \BbbN 
is a bounded sequence. In particular, p satisfies the KKT conditions, and any limit
point of (\lambda k, \mu k)k\in \BbbN is a Lagrange multiplier associated with p.

Proof. Let p \in \Omega be a PAKKT point with primal sequence (pk)k\in \BbbN and dual
sequence (\lambda k, \mu k)k\in \BbbN , and let us assume that the dual sequence is unbounded. Then,
we will conclude that the point p does not satisfy the quasinormality condition; i.e.,
we will prove the existence of \lambda \in \BbbR s and \mu \in \BbbR m

+ such that items (i), (ii), and (iii) of
Definition 4.5 are satisfied. For that, set \gamma k =

\bigm\| \bigm\| (1, \lambda k, \mu k)
\bigm\| \bigm\| 
\infty as in Definition 4.1 and

take an infinite subsequence indexed by K1 such that limk\in K1 \gamma k =+\infty . To simplify
the notations let us define the auxiliary sequence

Uk := (1, \lambda k, \mu k)\in \BbbR \times \BbbR s \times \BbbR m
+ \forall k \in \BbbN ,

with limk\in K1 \| Uk\| 2 = \infty . Take an infinite subset K2 \subset K1 such that the sequence
(Uk/\| Uk\| 2)k\in K2

converges to some (0, \lambda ,\mu )\in \BbbR \times \BbbR s\times \BbbR m
+ , with \| (0, \lambda ,\mu )\| = 1. Thus,

considering that (pk)k\in \BbbN is a primal PAKKT sequence, we conclude that

lim
k\in K2

gradL(pk, \lambda k, \mu k)

\gamma k

= lim
k\in K2

\biggl( 
gradf(pk)

\gamma k
+

s\sum 
i=1

\lambda k
i

\gamma k
gradhi(p

k) +

m\sum 
j=1

\mu k
j

\gamma k
gradgj(p

k)

\biggr) 
= 0.

Hence, taking into account that \mu j = 0 for j /\in \scrA (p), we obtain that item (i) of
Definition 4.5 is satisfied at p. In addition, since (\lambda ,\mu ) \not = 0, item (ii) of Definition 4.5
is also satisfied at p. From (4.1) and (4.2), we have that \lambda k

i hi(p
k)> 0 whenever \lambda i \not = 0,

and \mu k
j gj(p

k) > 0 whenever \mu j > 0, which gives precisely item (iii) of Definition 4.5.
Therefore, QN fails.

Finally, it remains for us to show that Algorithm 2.1 generates PAKKT sequences,
which gives its global convergence result under QN.

Theorem 4.7. Assume Algorithm 2.1 generates an infinite sequence (pk)k\in \BbbN with
a feasible accumulation p, say, limk\in K pk = p. Then, p is a PAKKT point with
correspondent primal sequence (pk)k\in K and dual sequence (\lambda k, \mu k)k\in K as generated
by Algorithm 2.1. In particular, p is a KKT point, and any limit point of (\lambda k, \mu k)k\in K

is a Lagrange multiplier associated with p.

Proof. By Step 1 and Step 2 of the algorithm, we have

lim
k\in K

gradL(pk, \lambda k, \mu k) = lim
k\in K

grad\scrL \rho k
(pk, \=\lambda k, \=\mu k) = 0,

with \mu k
j = 0 for sufficiently large k \in K if j \not \in \scrA (p). To see this, note that when (\rho k)k\in K

is unbounded, this follows from the definition of \mu k
j , the boundedness of (\=\mu 

k
j )k\in K , and

the fact that \rho kgj(p
k)\rightarrow  - \infty . When (\rho k)k\in K is bounded, we must have from Step 3

that vk\rightarrow 0. In particular, max\{ 0, \=\mu k
j

\rho k
+gj(p

k)\}  - \=\mu k
j

\rho k
\rightarrow 0. Since gj(p

k)< 0 is bounded
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1818 R. ANDREANI, K. COUTO, O. FERREIRA, G. HAESER

away from zero when j \not \in \scrA (p), we must have \mu k
j = 0 for sufficiently large k \in K. Thus

(i), (ii), and (iii) of Definition 4.1 hold.
To prove (iv) of Definition 4.1, let \gamma k :=

\bigm\| \bigm\| (1, \lambda k, \mu k)
\bigm\| \bigm\| 
\infty and assume that limk\in K \gamma k

=+\infty . Let i \in \{ 1, . . . , s\} be such that limk\in K
\lambda k
i

\gamma k
= \lambda i \not = 0 and j \in \scrA (p) be such that

limk\in K
\mu k
j

\gamma k
= \mu j > 0. This implies that \lambda k

i = \=\lambda k
i + \rho khi(p

k) is unbounded for k \in K,

with \lambda k
i \lambda i > 0. Since (\=\lambda k

i )k\in K is bounded, the only possibility is that \rho k \rightarrow +\infty 
and \lambda ihi(p

k) > 0 for sufficiently large k \in K. Similarly, we have \mu jgj(p
k) > 0 for

sufficiently large k \in K, which completes the proof.

We conclude by providing another property of QN in connection with Algorithm
2.1. Instead of considering (2.5) in Step 1 of Algorithm 2.1, one may consider a more
flexible criterion for solving the correspondent subproblem. That is, instead of requir-
ing the iterate pk to satisfy

\bigm\| \bigm\| grad\scrL \rho k
(pk, \=\lambda k, \=\mu k)

\bigm\| \bigm\| \leq \epsilon k, one may require the looser

criterion \| grad\scrL \rho k
(pk,\=\lambda k,\=\mu k)

\gamma k
\| \leq \epsilon k, where \gamma k :=

\bigm\| \bigm\| (1, \lambda k, \mu k)
\bigm\| \bigm\| 
\infty with \lambda k and \mu k given as

in Step 2 of the algorithm. That is, one abdicates robustness of the solution of the
subproblem in place of an easier computable iterate. For instance, this is the approach
considered in the well-known interior point method IPOPT [57], even though it tends
to generate unbounded dual sequences [34]. This modification gives rise to the so-
called scaled-PAKKT condition [11] which we present in the Riemannian setting as
follows.

Definition 4.8. The scaled-PAKKT condition for problem (2.1) is satisfied at a
point p \in \Omega if there exist sequences (pk)k\in \BbbN \subset \scrM , (\lambda k)k\in \BbbN \subset \BbbR s, and (\mu k)k\in \BbbN \subset \BbbR m

+

such that the following hold:
(i) limk\rightarrow \infty pk = p;

(ii) limk\rightarrow \infty 

\bigm\| \bigm\| \bigm\| gradL(pk,\lambda k,\mu k)
\gamma k

\bigm\| \bigm\| \bigm\| = 0, where \gamma k :=
\bigm\| \bigm\| (1, \lambda k, \mu k)

\bigm\| \bigm\| 
\infty ;

(iii) \mu k
j = 0 for all j \not \in \scrA (p) and sufficiently large k;

(iv) If \gamma k\rightarrow +\infty , then

lim
k\rightarrow \infty 

\bigm| \bigm| \lambda k
i

\bigm| \bigm| 
\gamma k

> 0 =\Rightarrow \lambda k
i hi(p

k)> 0\forall k \in \BbbN ;

lim
k\rightarrow \infty 

\mu k
j

\gamma k
> 0 =\Rightarrow \mu k

j gj(p
k)> 0\forall k \in \BbbN .

It is easy to see that Algorithm 2.1 with the looser criterion in Step 1 as described
previously generates scaled-PAKKT sequences. Now, it is easy to see that QN is still
sufficient for guaranteeing boundedness of the dual scaled-PAKKT sequence, following
the proof of Theorem 4.6; however, let us show that QN is somewhat the weakest
condition with this property.

Theorem 4.9. If, for each continuously differentiable function f :\scrM \rightarrow \BbbR such
that p \in \Omega is a scaled-PAKKT point, the KKT conditions also hold, then p satisfies
QN or \scrL (p)\circ = Tp\scrM .

Proof. Assume that the point p does not satisfy the quasinormality condition and
\scrL (p)\circ \not = Tp\scrM . We will show that there exists a continuously differentiable function
f :\scrM \rightarrow \BbbR such that p is a scaled-PAKKT point, but p is not a KKT point. Since
\scrL (p)\circ \not = Tp\scrM , taking into account that \scrL (p)\circ \subset Tp\scrM and 0 \in \scrL (p)\circ , we concluded
that there exists v \in Tp\scrM with v \not = 0 such that v /\in \scrL (p)\circ . Thus, by the definition of
\scrL (p)\circ in (2.4), we have
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CQs AND AN AL METHOD ON RIEMANNIAN MANIFOLDS 1819

 - v+
s\sum 

i=1

\=\lambda i gradhi(p) +
\sum 

j\in \scrA (p)

\=\mu j gradgj(p) \not = 0, \forall \=\mu j \geq 0, \forall \=\lambda i \in \BbbR .(4.5)

To proceed, we take 0 < \delta < rp, the injectivity radius, and define f : B\delta (p) \rightarrow \BbbR 
by f(q) := \langle  - v, - exp - 1

p q\rangle , which is continuously differentiable, and gradf(p) =  - v.
Hence, (4.5) implies that p is not a KKT point. It remains to show that p is a scaled-
PAKKT point. Since p does not satisfy QN, there exist \lambda \in \BbbR s and \mu \in \BbbR m

+ that satisfy
items (i), (ii), and (iii) of Definition 4.5. In particular, by item (iii), let (pk)k\in \BbbN \subset \scrM 
be such that limk\rightarrow \infty pk = p, with

\lambda ihi(p
k)> 0 \forall i\in \{ 1, . . . , s\} , \lambda i \not = 0, and \mu jgj(p

k)> 0 \forall j \in \scrA (p), \mu j > 0.(4.6)

By the continuity of gradh and gradg and item (i) of Definiton 4.5, we have

lim
k\rightarrow \infty 

\biggl( s\sum 
i=1

\lambda i gradhi(p
k) +

\sum 
j\in \scrA (p)

\mu j gradgj(p
k)

\biggr) 
= 0.(4.7)

It follows from (4.7) and from the continuity of gradf , provided that limk\rightarrow \infty pk = p,
that

lim
k\rightarrow \infty 

1

k

\biggl( 
gradf(pk) +

s\sum 
i=1

k\lambda i gradhi(p
k) +

\sum 
j\in \scrA (p)

k\mu j gradgj(p
k)

\biggr) 
= 0.(4.8)

Taking into account that any positive multiple of (\lambda ,\mu ) also satisfies the three items
of Definition 4.5, we can suppose without loss of generality that \| (\lambda ,\mu )\| \infty = 1. Thus,
setting \lambda k := k\lambda , \mu k := k\mu , and \gamma k :=

\bigm\| \bigm\| (1, \lambda k, \mu k)
\bigm\| \bigm\| 
\infty , we have \gamma k = k. Hence, (4.8)

becomes

lim
k\rightarrow \infty 

1

\gamma k

\biggl( 
gradf(pk) +

s\sum 
i=1

\lambda k
i gradhi(p

k) +
\sum 

j\in \scrA (p)

\mu k
j gradgj(p

k)

\biggr) 
= 0.(4.9)

We conclude that p is a scaled-PAKKT point and the proof is complete.

5. Examples of CRO. While unconstrained Riemannian optimization has
achieved a certain degree of establishment, the available literature concerning CRO
problems, specifically formulated as problem (2.1), remains relatively limited. This
section aims to present some problems, as described by (2.1), from the existing body
of literature on Riemannian optimization which fits our framework.

Let us begin with an example of an optimization problem constrained on a sphere
intersected with the positive orthant.

Example 7. Let V \in \BbbR n\times n be a matrix and \BbbS n - 1 := \{ x \in \BbbR n : xTx = 1\} the unit
sphere, which is an embedded Riemannian submanifold of \BbbR n. Consider the following
constrained optimization problem on \BbbS n - 1:

Minimize
x\in \BbbS n - 1

xTV x,

subject to x\geq 0,
(5.1)

where x\geq 0 represents the fact that x lies within the nonnegative orthant. It is impor-
tant to emphasize that problem (5.1) involves the minimization of a quadratic form,
which may be nonconvex on the feasible set. The mathematical model presented
in (5.1) encompasses various practical challenges, notably addressing nonnegative
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1820 R. ANDREANI, K. COUTO, O. FERREIRA, G. HAESER

principal component analysis (PCA) as exemplified in [50]. Furthermore, it is appli-
cable in tackling problems within the domain of copositive programming, a renowned
NP-hard problem, as elaborated in [36]. To delve deeper into these concepts, we shall
provide an overview based on the discussions in [50, 36]. Classical PCA seeks to esti-
mate the direction of maximum variability, denoted as v0, within a high-dimensional
dataset \^v1, \^v2, . . . , \^vn \subset \BbbR d. One approach used to deal with this problem is the
so-called spiked model, which assumes that the dataset has a special structure and
associates with it a symmetric matrix V . Under this framework, classical PCA in-
volves the computation of v1 := v1(V ), the eigenvector that corresponds to the largest
eigenvalue of  - V . This eigenvector, in a certain sense, serves as an approximation
to v0. Thus, classical PCA is effectively represented as problem (5.1), removing the
positivity constraint. However, it is well known that in the high-dimensional regime
where n = O(d), this approach breaks down dramatically due to the fact that v1
becomes asymptotically less indicative of v0. A potential solution to overcome this
issue is to incorporate structural constraints, such as enforcing sparsity within the
solution space. In the work [50], the authors leverage the prior knowledge of nonneg-
ativity in the data entries. Specifically, they propose the solution of the nonnegative
PCA, as outlined in (5.1), to approximate v0 by computing v1. Now, let us estab-
lish the connection between problem (5.1) and copositive programming, a field with
several practical applications. To begin, let us recall the concept of copositivity. A
real symmetric matrix V \in \BbbR n\times n is copositive if its corresponding quadratic form
\BbbR n \ni v \mapsto \rightarrow qV (x) := xTV x takes only nonnegative values on the nonnegative orthant.
Copositive programming fundamentally involves the determination of whether a ma-
trix V is copositive, see the review paper [36] for more details. Taking into account
the homogeneity of the quadratic form qV , the determination of whether a matrix X
is copositive or not can be achieved by solving problem (5.1) and verifying whether
its minimum value is nonnegative.

To proceed with the presentation of the following two examples, we need to intro-
duce some notations. Let Ik \in \BbbR k\times k be the identity matrix. For a matrix X = (Xij)\in 
\BbbR n\times k, the notation X \geq 0 means entrywise nonnegativity. Considering k\leq n, \BbbR n\times k is
equipped with the standard inner product \langle X,Y \rangle := tr(Y TX) and the corresponding
Frobenius norm \| \cdot \| F , where tr stands for the matrix trace function, the set

\BbbS n,k := \{ X \in \BbbR n\times k : XTX = Ik\} ,

denotes the Stiefel manifold, which is an embedded Riemannian submanifold of \BbbR n\times k.
In particular, it should be noted that \BbbS n,1 = \BbbS n - 1. An important subset of \BbbS n,k is its
nonnegative part, which finds applications in various contexts. It is defined as follows:

\BbbS n,k+ := \{ X \in \BbbR n\times k : XTX = Ik, X \geq 0\} .(5.2)

For a better comprehension of the set \BbbS n,n+ and its applications, it is often beneficial
to rewrite it as follows:

\BbbS n,k+ :=
\bigl\{ 
X \in \BbbR n\times n : XEn =En, X

TEn =En, Xij \in \{ 0,1\} \forall i, j
\bigr\} 
,(5.3)

were En \in \BbbR n\times 1 are vectors with all entries as ones. See [61]. Consequently, if
X \in \BbbS n,n+ , then it implies that each row and column of X contains exactly one
positive entry, which is equal to 1. In particular, the set \BbbS n,n+ represents a collec-

tion of permutation matrices of order n. For a comprehensive study about \BbbS n,k+ ,
see, for example [24, section 7.3]. In the next example, we examine an optimization
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CQs AND AN AL METHOD ON RIEMANNIAN MANIFOLDS 1821

problem constrained to \BbbS n,k+ , which encompasses various significant specific cases, no-
tably including the problem highlighted in Example 7. In our presentation, we follow
the approach outlined in [39].

Example 8. Consider the following constrained optimization problem on the Stiefel
manifold \BbbS n,k:

Minimize
X\in \BbbS n,k

f(X),

subject to X \geq 0,
(5.4)

where f : \BbbR n\times k \rightarrow \BbbR is continuously differentiable function. It is important to point
out that, despite its seemingly simple statement, problem (5.4) has many challenges,
primarily because the constraint set is only geodesically convex for k = 1. As illus-
trated by [38, 39], and the references therein, the mathematical model presented in
(5.4) addresses a wide range of applications and interests. For instance, for k = n,
when considering two sets of correlated objects associated with the rows and columns
of a square matrix, each permutation matrix represents an assignment from objects
in one group to objects in the other group. Hence, problem (5.4) is commonly re-
ferred to as the nonlinear assignment problem. It aims to find the optimal assignment
between two groups, referred to as ``facilities"" and ``locations,"" with the objective of
minimizing the nonlinear cost. One notable variant is the quadratic assignment prob-
lem, a fundamental combinatorial optimization problem within the field of operations
research in mathematics, categorized as a facilities location problem. By using the
equivalence between (5.2) and (5.3), this problem can be formally defined using the
notation \BbbS n,n as follows:

Minimize
X\in \BbbS n,n

tr(ATXBXT ),

subject to X \geq 0,
(5.5)

where A,B \in \BbbR n\times n. Another particular instance of problem (5.4) is the so-called trace
minimization with nonnegative orthogonality constraints, formulated as

Minimize
X\in \BbbS n,k

tr(XTMX),

subject to X \geq 0,
(5.6)

where M \in \BbbR n\times n is a symmetric matrix. Note that for k = 1, problem (5.6) reduces
to problem (5.1). Finally, it is worth noting that the task of projecting a matrix
M \in \BbbR n\times k onto \BbbS n,k+ represents a specific case of problem (5.4). Using the equality
\| X  - M\| 2F = k  - 2 tr(XTM) + \| M\| 2F for all X \in \BbbS n,k, this can be reformulated as a
constrained optimization problem on the nonnegative section of \BbbS n,k as follows:

Minimize
X\in \BbbS n,k

 - 2 tr(XTM),

subject to X \geq 0.
(5.7)

For additional specific instances of problem (5.4), see [38, 39].

In the following example, we present a clustering problem in machine learning,
following the approach outlined in [27]; see also [24].

Example 9. Consider a set of data points \scrC := \{ x1, . . . , x\ell \} \subset \BbbR n\times 1. The k-means
clustering problem involves partitioning these data point set \scrC into k subsets, denoted
as \scrC 1, . . . ,\scrC k, with the objective of minimizing the sum of squared distances between
each data point and the centroid of the corresponding subset to which it belongs.
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1822 R. ANDREANI, K. COUTO, O. FERREIRA, G. HAESER

Let \BbbJ j := \{ i \in \{ 1, . . . , \ell \} : xi \in \scrC j\} , and let | \BbbJ j | denote the cardinality of the set \BbbJ j ,
which also represents the number of data points in set \scrC j . Additionally, cj :=

1
| \BbbJ j | 
\sum 

i\in \BbbJ j
xi stands for the centroid of the set \scrC i. Formally, the k-means clustering problem can
be stated as follows:

Minimize

k\sum 
j=1

\sum 
i\in \BbbJ j

\| xi  - cj\| 2F ,

subject to \BbbJ 1 \cup \cdot \cdot \cdot \cup \BbbJ k = \{ 1, . . . , \ell \} .
(5.8)

According to calculations outlined in [27], problem (5.8) can be reformulated equiv-
alently as an optimization problem with nonnegative orthogonality constraints, ex-
pressed as follows:

Minimize
X\in \BbbS n,k

tr(DXXT ),

subject to XXTEn =En, X \geq 0,
(5.9)

where D := (Dij)\in \BbbR n\times n with Dij = \| xi  - xj\| 2F for all i, j = 1, . . . , n.

Concluding this session, we turn our attention to specific computational aspects
related to the implementation of augmented Lagrangian methods. While the primary
focus of this paper revolves around deriving new theoretical properties of this method,
it is important to highlight the historical progression of implementing augmented La-
grangian methods over the years. With a well-documented history of successful appli-
cations in Euclidean space, the augmented Lagrangian method has demonstrated its
efficacy in addressing various real-world challenges, exhibiting robust computational
performance, as indicated in prior studies [2, 22]. Considering its strong performance
within the Euclidean space, there is a plausible indication of its potential applicability
within the Riemannian context. This notion has been supported by other researchers
who have explored the augmented Lagrangian method within the Riemannian frame-
work, yielding promising results, as presented in recent research [59]. For a specific
instance of the implementation of Algorithm 2.1 without a safeguard and its applica-
tion in resolving Examples 7 and 9, along with the minimum balanced cut problem,
the seminal work by [45] serves as the primary reference, marking the inception of the
study of this algorithm within the Riemannian domain.

6. Conclusions. In this paper we presented a detailed global convergence analy-
sis of a safeguarded augmented Lagrangian method defined on a complete Riemannian
manifold. In order to do this, we presented several weak CQs that can be used to
obtain stationarity of all limit points of a primal sequence generated by the algo-
rithm, despite the fact that the dual sequence may be unbounded. In doing so, we
described several properties of these conditions well known in the Euclidean setting,
which should foster further developments in the Riemannian setting. By means of a
stronger sequential optimality condition, we were able to present a weak CQ which
guarantees boundedness of the dual sequence, even when the true set of Lagrange
multipliers is unbounded. In presenting our conditions, we provided illustrative ex-
amples to prove that our conditions are strictly weaker than previously known ones
in any complete Riemannian manifold with dimension n\geq 2.

Note that when defining the sequential optimality conditions, we chose to present
the simplest complementarity measure, namely, item (ii) of Theorem 2.1 and item (iii)
of Definition 4.1, while in [59], they considered a slightly stronger complementarity
measure known as approximate gradient projection. See the recent discussion about
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several different complementarity measures in [4] in the context of Euclidean conic
optimization. We foresee significant progress in this topic in the nearby future; in
particular, several stronger first- and second-order global convergence results of aug-
mented Lagrangian methods and other algorithms should be expected to be extended
to the Riemannian setting.

Finally, in the particular case where the manifold \scrM can be embedded in an
Euclidean space, one can treat x \in \scrM as a subproblem/lower level constraint as
described in [21]. It is clear that one should exploit the Riemannian structure in
order to solve the subproblems more efficiently, while it is also clear that an intrinsic
formulation of the theory is well justified [19]; however, in this context, it is not clear
whether the pure Euclidean theory differs from the one formulated in the Riemannian
setting. This topic will be the subject of a forthcoming paper.

Acknowledgments. The authors extend their heartfelt gratitude to the two
anonymous reviewers for their insightful comments and constructive feedback, as well
as to the editor for their invaluable guidance throughout the review process.
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