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a b s t r a c t

Quantizing any model in which a Lagrange multiplier (LM) field
is used to restrict field configurations to those that satisfy the
classical equations of motion, leads to at most one-loop radiative
corrections. This approach can be used with both the Yang–Mills
(YM) and Einstein–Hilbert (EH) action; the resulting theory is
both renormalizable and unitary, has a positive energy spec-
trum and has no negative norm states contributing to physical
processes. Although this approach cannot be consistently used
with scalar fields alone, scalar fields can be coupled to gauge
fields so that loop effects in the gauge sector are restricted to
one-loop order in a way that satisfies the usual criterion for
a consistent quantum field theory. The tree-level diagrams are
those of the classical theory in which the metric couples to the
energy–momentum tensor.

© 2021 Elsevier Inc. All rights reserved.

1. Introduction

Normally the perturbative calculation of radiative effects in quantum field theory involves the
o-called ‘‘loop expansion’’ with terms with no loops (the ‘‘tree diagrams’’) being the classical limit.
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Some models become inconsistent at one-loop order, but others (the EH-action for gravity [1] and
massive YM theory [2,3]) exhibit problems beginning at two-loop order. It has been shown that
by using a LM field to restrict paths being considered in the path integral to those satisfying the
classical equation of motion, then the usual one-loop perturbative results are doubled and all higher
loop effects are eliminated. We are thus motivated to study in more detail how the use of a LM field
affects the properties of quantized scalar field, a quantized YM field and a quantized metric when
using the EH action.

For an O(N) scalar model we will find that upon introducing a LM to eliminate diagrams with
more than one-loop, divergences that arise at one-loop order can be absorbed by renormalizing the
parameters (mass and coupling) that characterize the tree level action, but leave the parameters
appearing at one-loop order unrenormalized. This renormalization procedure does not lead to
results consistent with unitarity, so the use of the LM field for scalar ‘‘matter’’ fields is not
appropriate.

However, for YM theory, this problem does not arise for renormalizing the theory. As a result,
the renormalization constants and hence renormalization group (RG) functions can be computed
exactly for both the coupling constant and wave function renormalization [4]. Indeed, since the LM
field eliminates diagrams beyond one-loop order, it is even possible to use a LM field to render a YM
gauge model supplemented by a Proca mass term renormalizable, if not unitary [5]. It is of course
well known that massless YM theory and massive YM theory when the mass is generated by the
Higgs mechanism are both renormalizable and unitary to all orders in the loop expansion [6]. There
is consequently no motivation for employing a LM field in conjunction with the YM field. However,
using the LM field in conjunction with the YM action provides an illustration of how a LM field can
be used with the EH action.

The EH action for General Relativity, at one-loop order, provided it is not interacting, is renormal-
izable when the equations of motion are satisfied [1]. Beyond one-loop order [7] or in interaction
with scalar [1], vector [8] or spinor [9] fields, this is not the case. Supergravity [10], higher derivative
models [11], string theory [12] and non-perturbative properties of renormalization group functions
[13] all have been invoked to resolve this issue. Here we will demonstrate that using a LM field to
restrict configurations of the metric to solutions of the classical field equations without matter fields
can be used in a straightforward way to obtain a renormalizable, unitary model of the metric even
when it interacts with ‘‘matter’’ fields. Divergences coming from ‘‘graviton’’ loops are eliminated in a
somewhat unusual way as they are absorbed into the LM field. It is not necessary for the background
field to satisfy the equation of motion.

In an introductory section we discuss some general features of using a LM field in conjunction
with the path integral. The next three sections outline how a LM field can be used in scalar, YM
and gravitational models respectively. We also show in Appendix A how the first class constraints,
present in a YM action supplemented by a LM field, can be used to derive the gauge invariances in
this model. In Appendix B we argue that, in consequence of the nilpotency of the BRST transfor-
mations, the Lagrange multiplier gauge theories are consistent with unitarity, as the contribution
of ghost states cancel against those of unphysical polarizations of gauge fields. We also show that
when there is a LM field, the energy spectrum is bounded below and negative norm states do not
contribute to physical processes.

We are using the Feynman path integral to quantize both the fields that normally appear in
the classical action as well as the LM field used to impose the classical equations of motion; in
no sense though is what we are considering a classical theory. There is no partitioning of degrees
of freedom into those that are ‘‘classical’’ and those that are ‘‘quantum’’, such as is done in the
Koopman–von Neumann–Sudarshan approach as discussed in Refs. [14,15]. If we were to have such
a partitioning, then when employing canonical quantization, these coordinates and their conjugate
momenta corresponding to classical degrees of freedom would commute. This is not the case in our
approach; all degrees of freedom have conventional quantum commutation relations.

2. General formalism for quantization

In this section, some general features of how a Lagrange multiplier field can be used to eliminate
higher loop contributions to Green’s functions are presented. This is, in most part, a review of the

material in Refs. [4,16].
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In general, a Lagrangian L(φi) defines the dynamics of a field φi(x). On occasion it is advantageous
to introduce an auxiliary field Φj so that the Lagrangian for the system becomes L

(
φi,Φj

)
. The

equation of motion for Φi leads to Φj = Φj(φi) so that

L(φi) = L
(
φi,Φj(φi)

)
. (2.1)

The generating functional

Z[ji] =

∫
Dφi exp

i
h̄

∫
dx (L(φi) + jiφi) (2.2)

has a perturbative expansion that gives rise to multi-loop Feynman diagrams. Only connected
diagrams occur in the expansion of

W [ji] = −ih̄ ln Z[ji] (2.3)

while if

Bi =
δW [ji]
δji

(2.4)

then the Legendre transform of W [ji]

Γ [Bi] = W [ji] −

∫
dxBiji (2.5)

gives rise to one particle irreducible Feynman diagrams [17,18].
Together, Eqs. (2.3)–(2.5) lead to

e
i
h̄Γ [Bi] =

∫
Dφi exp

i
k

∫
dx (L(φi) + ji(φi − Bi))

or, if

φi = Bi + Qi (2.6)

e
i
h̄Γ [Bi] =

∫
DQi exp

i
h̄

∫
dx (L(Bi + Qi) + jiQi) , (2.7)

where Bi is a ‘‘background field’’ while Qi is a ‘‘quantum field’’. From Eqs. (2.4) and (2.5), it follows
that

ji = −
δΓ [Bi]

δBi
. (2.8)

One can now make the expansions

Γ [Bi] = Γ(0)[Bi] + h̄Γ(1)[Bi] + h̄2Γ(2)[Bi] + · · · (2.9)

and

L (Bi + Qi) = L(Bi) +
1
1!

L,i(Bi)Qi +
1
2!

L,ij(Bi)QiQj +
1
3!

L,ijk(Bi)QiQjQk + · · · . (2.10)

hen Eqs. (2.8)–(2.10) are substituted into Eq. (2.7) we find that to lowest order in h̄,

Γ(0)[Bi] =

∫
dxL(Bi). (2.11)

rom Eq. (2.11), terms linear in Qi in the exponential of Eq. (2.7) cancel. It is not necessary to impose
he equation of motion

L,i(Bi) = 0 (2.12)

n the background field Bi to eliminate terms linear in Qi. To zeroth order in h̄, we find that

Γ = −i ln det −1/2L (B ), (2.13)
(1) ,jk i

3



D.G.C. McKeon, F.T. Brandt, J. Frenkel et al. Annals of Physics 434 (2021) 168659

n
t
d
l

t
h

S

T

r

I

w

a

w

I

the usual one-loop result. Subsequent powers of h̄ show that Γ(n)[Bi] (n > 1) are associated with
-loop one-particle irreducible Feynman diagrams [17,18]. In obtaining this result, it is assumed
hat L(φi) is independent of h̄. This is not always the case; it has been pointed out that if L(φi)
epends on h̄ then loop diagrams can possibly have non-vanishing contributions in the ‘‘classical
imit’’ h̄ → 0 [19].

Next we will consider the consequences of using a Lagrange multiplier (LM) field λi to ensure
hat φi satisfies the equation of motion (2.12). The action of Eq. (2.2) now becomes (upon setting
¯ = 1)

Z[ji, ki] =

∫
DφiDλi exp i

∫
dx
(
L(φi) + λk

∂L(φi)
∂φk

+ jiφi + kiλi

)
. (2.14)

ince both φi and λi are integrated in Eq. (2.14), this model is not semi-classical; it is fully quantized.
The functional integral over λi in Eq. (2.14) results in a functional δ-function so that

Z[ji, ki] =

∫
Dφiδ

(
∂L(φi)
∂φk

+ kκ

)
exp i

∫
dx (L(φi) + jiφi) . (2.15)

he functional analogue of∫
dxf (x)δ(g(x)) =

∑
x̄i

f (x̄i)/|g ′(x̄i)| (2.16)

educes Eq. (2.14) to

Z[ji, ki] =

∑
φ̄i

exp i
∫

dx
(
L(φ̄i) + jiφ̄i

)
det −1 (L,jk(φ̄i)

)
. (2.17)

n Eq. (2.16), x̄i is a solution to

g(x̄i) = 0 (2.18)

hile in Eq. (2.17) φ̄i(x) satisfies

L,k(φ̄i) + kk = 0. (2.19)

If we define

W [ji, ki] = −i ln Z[ji, ki] (2.20)

nd then have

Bi =
δW [ji, ki]

δji
(2.21)

Γ [Bi, ki] = W [ji, ki] −

∫
dxBiji (2.22)

e find that

eiΓ [Bi,ki] =

∫
DQiDλi exp i

∫
dx
(
L(Bi + Qi) + λk

∂

∂Qk
L(Bi + Qi) + jiQi + kiλi

)
, (2.23)

where now

ji = −
δΓ [Bi, ki]
δBi

. (2.24)

n general, we do not provide a background field for λi since it does not appear as an external field.
The integral over λi in Eq. (2.23) now results in

eiΓ [Bi,ki] =

∫
DQiδ

(
∂

L(Bi + Qi) + kk

)
exp i

∫
dx (L(Bi + Qi) + jiQi) (2.25)
∂Qk
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so that, much like Eq. (2.17), we have

=

∑
Q̄i

exp i
∫

dx
(
L
(
Bi + Q̄i

)
+ jiQ̄i

)
det −1

(
∂2L

(
Bi + Q̄i

)
∂Qk∂Qℓ

)
(2.26)

here Q̄i satisfies

∂L(Bi + Q̄i)
∂Qk

+ kk = 0. (2.27)

n the limit kk = Q̄i = 0, we see from Eqs. (2.11) and (2.13) that on the right side of Eq. (2.26)
we have the product of all ‘‘tree’’ diagrams (the exponential) and the square of all the usual ‘‘one-
loop diagrams’’ (the functional determinant), with the field Bi on external legs. No contributions
eyond one-loop arise. This is consistent with what results from a Feynman diagram expansion of
[ji, ki] [4].
The action in some models

S =

∫
dxL(φi) (2.28)

s invariant under a ‘‘gauge transformation’’

φi → φ′

i = φi + Hij(φk)ξj (2.29)

o that∫
dx
∂L(φi)
∂φk

Hkℓ(φi)ξℓ = 0. (2.30)

f we now consider the action

Sλ =

∫
dx
(
L(φi) + λk

∂L(φi)
∂φk

)
(2.31)

hen by Eq. (2.30) it immediately follows that the transformation

λi → λ′

i = λi + Hij(φk)ζk (2.32)

eaves Sλ invariant. Furthermore, if∫
dx
(
L(φ′

j ) + λ′

i

∂L(φ′

j )

∂φ′

i

)
=

∫
dx
(
L(φj) + λi

∂L(φj)
∂φi

)
(2.33)

here φ′

j = φi + Hij(φk)ξj leaves S in Eq. (2.28) invariant, then it follows that

λi → λ′

i = λk
∂φ′

i

∂φk
= λi + λk

∂Hij(φℓ)ξj
∂φk

. (2.34)

ogether, Eqs. (2.29) and (2.34) as well as Eq. (2.32) are invariances of Sλ in Eq. (2.31) [16,20].
In order for the gauge transformation of Eq. (2.29) to close under commutation of two successive

gauge transformations, we must have

(δAδB − δBδA) φi = δA
(
Hijξ

B
j

)
− δB

(
Hijξ

A
j

)
=
∂Hij

∂φk
Hkℓξ

A
ℓ ξ

B
j −

∂Hij

∂φk
Hkℓξ

A
j ξ

B
ℓ

= Himfmjℓξ
aξ B (2.35)
ℓ j

5
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so that
∂Hij

∂φk
Hkℓ −

∂Hiℓ

∂φk
Hkj = Himfmjℓ. (2.36)

or a gauge transformation to be consistent, the Jacobi identity
([δA, [δB, δC ]] + [δB, [δC , δA]] + [δC , [δA, δB]]) φi = 0 must be satisfied. This implies that fkabfℓck +

kcafℓbk + fkbc fℓak = 0, provided fijk is independent of φi.
The Faddeev–Popov procedure [21] can be used to quantize a model with the action Sλ possessing

the gauge invariances of Eqs. (2.29), (2.32) and (2.34). If we want to impose the same gauge
restriction on φi and λi,

Fijφj = 0 = Fijλj (2.37)

hen we begin by inserting the constant [16,20]

1 =

∫
DξiDζiδ

[
Fij

((
φj
λj

)
+

(
0 Hjk

Hjk λℓ
∂Hjk
∂φℓ

)(
ζk
ξk

))
−

(
pi
qi

)]
det

[
Fij

(
0 Hjk

Hjk λℓ
∂Hjk
∂φℓ

)]
(2.38)

nto the path integral of Eq. (2.14), followed by insertion of the constant∫
DpjDqi exp

−i
2α

∫
dx (pipi + 2piqi) . (2.39)

f we then perform the gauge transformations of Eqs. (2.29), (2.34), (2.32) with ξi, ζi replaced by
−ξi,−ζi) we are then left with

Z[ji, ki] =

∫
DφiDλi det

[
Fij

(
0 Hjk

Hjk λℓ
∂Hjk
∂φℓ

)]

exp i
∫

dx
[
L(φi) + λk

∂L(φi)
∂φk

+ jiφi + kiλi −
1
2α

(
FijφjFikφk + 2FijφjFikλk

)]
(2.40)

upon dropping normalization factors
∫
DξiDζi.

It is possible to impose more than one gauge condition on φi, λi. This is useful in spin-two models
in which one wants a propagator that is both traceless and transverse [22]. If in addition to the gauge
conditions of Eq. (2.37) we wish to have

Gijφj = 0 = Gijλj (2.41)

then into the path integral of Eq. (2.14) we insert not just Eqs. (2.38), but also a constant that is
found by replacing (ζi, ξi) → (ρi, θi), (pi, qi) → (ri, si), Fij → Gij in Eq. (2.38) and a constant∫

DpiDqi

∫
DriDsi exp

−i
2α

∫
dx (piri + pisi + qiri) . (2.42)

e then are left with

Z̃[ji, ki] =

∫
DφiDλi

∫
Dξ̄iDζ̄i det Fij

(
0 Hjk

Hjk λℓ
∂Hjk
∂φℓ

)

detGij

(
0 Hjk

Hjk λℓ
∂Hjk
∂φℓ

)

exp i
∫

dx

[
L(φi) + λk

∂L(φi)
∂φk

+ jiφi + kiλi

−
1
2α

(
(Fijφj)

(
Gik
(
φk + Hkℓξ̄ℓ

))

6
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+ (Fijφj)
(
Gik

(
λk + Hkℓζ̄ℓ + λm

∂Hkℓ

∂φm
ξ̄ℓ

))

+
(
Fijλj

) (
Gik
(
φk + Hkℓξ̄ℓ

)))]
(2.43)

here ξ̄i = θi − ξi, ζ̄i = ρi − ζi.
Exponentiation of the functional determinants in Eqs. (2.40) and (2.43) by use of

detMij =

∫
DciDc̄i exp c̄iMijcj (2.44)

here ci, c̄i are Grassmann leads to Fermionic ghost fields. In Eq. (2.43), ξ̄i and ζ̄i are Bosonic ghost
fields. We will not consider using the second condition of Eq. (2.41) any further.

If we use

det
(

0 A
A B

)
= det

(
0 A
A A + B

)
(2.45)

n Eq. (2.40) and then use Eq. (2.44), we find that

Z[ji, ki] =

∫
DφiDλi

∫
DNiDLi

∫
DciDc̄iDdiDd̄i

exp i
∫

dx

[
L(φi) + λk

∂L(φi)
∂φk

+ jiφi + kiλi

+ c̄iFijHjkdk + d̄iFijHjkck + c̄iFij

(
Hjk + λℓ

∂Hjk

∂φℓ

)
ck

+

(α
2
NiNi − NiFij

(
φj + λj

)
+ αNiLi − LiFijφj

)]
(2.46)

here Ni, Li are ‘‘Nakanishi-Lautrup’’ fields [23].
Provided fmjℓ in Eq. (2.36) is independent of φi, it can be shown that

L(φi) + λk
∂L(φi)
∂φk

+ c̄iFijHjkdk + d̄iFijHjkck

+ c̄iFij

(
Hjk + λℓ

∂Hjk

∂φℓ

)
ck

+

(α
2
NiNi − NiFij(φj + λj) + αNiLi − LiNijφj

)
(2.47)

s invariant under the transformation

δφi = Hijcjϵ (2.48)

δλi = Hijdjϵ + λk
∂Hij

∂φk
ckϵ (2.49)

δNi = 0 = δLi (2.50)

δc̄i = −ϵNi (2.51)

δd̄i = −ϵLi (2.52)

δci = −
1
2
fijkcjckϵ (2.53)

δd = −f c d ϵ, (2.54)
i ijk j k

7
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where ϵ is a Grassmann constant. Eqs. (2.48)–(2.54) are the global ‘‘BRST’’ transformations associ-
ated with Eq. (2.47) [24]. In Appendix B we will show that the presence of this invariance ensures
that introduction of a Lagrange multiplier field as in Eq. (2.14) for a gauge theory is consistent
with unitarity, provided it is a nilpotent transformation [25]. This requires that fijk is independent
f φi.

. The scalar field

We will consider now a scalar field φa with the classical action

S[φa
] =

∫
dx
(
1
2

(
∂µφ

a)2
−

m2

2
(φa)2 −

G
4!

(
φaφa)2) . (3.1)

It possesses a global O(N) symmetry as well as the symmetry φa
→ −φa. The path integral

quantization procedure leads to the generating functional

Z[ja] =

∫
Dφa exp i

(
S(φa) +

∫
dxjaφa

)
. (3.2)

If we employ a background field Ba, then by Eqs. (2.7), (2.8) the generating function for one particle
irreducible diagrams is Γ where

eiΓ [Ba]
=

∫
DQ aei(S[B

a
+Q a)+jaQ a

] (3.3)

where now

ja = −
δΓ [Ba

]

δBa . (3.4)

Divergences that arise in the course of performing a loop expression of Eq. (3.3) can be absorbed
into a renormalization of Ba, m2 and G when using dimensional regularization [26].

If now we introduce a LM field λa to impose the equation of motion for φa, our generating
unctional becomes, by Eq. (2.14)

Z[ja, ka] =

∫
DφaDλa exp i

∫
dx
[1
2

(
∂µφ

a)2
−

m2
1

2
(φa)2 −

G1

4!
(φaφa)2

− λa
(
∂2φa

+ m2
2φ

a
+

G2

3!
φaφbφb

)
+ jaφa

+ kaλa
]
. (3.5)

n Eq. (3.5) we distinguish m2
1 and m2

2 as well as G1 and G2 as the divergences arising in the one-loop
ontribution to Z in Eq. (3.5) renormalize m2

1 and G1, but not m2
2 and G2 [4].

To see this, we can first of all do a diagrammatic expansion of Z in Eq. (3.5). Since the terms in
he exponential of Eq. (3.5) that are bilinear in φa and λa are

−
1
2
(φa, λa)

(
∂2 + m2

1 ∂2 + m2
2

∂2 + m2
2 0

)(
φa

λa

)
(3.6)

he propagators for φa, λa can be found from⎛⎝ ∂2 + m2
1 ∂2 + m2

2

∂2 + m2
2 0

⎞⎠−1

=

⎛⎝ 0 1
∂2+m2

2
1

∂2+m2
2

−
∂2+m2

1
(∂2+m2

2)
2

⎞⎠ . (3.7)

o also, we have vertices φ-φ-φ-φ and λ-φ-φ-φ. With these Feynman rules, one cannot construct
Feynman diagram with more than one loop. The divergent Feynman diagrams at one-loop order
re in Fig. 2. The external legs have not been amputated. The symmetry factor associated with these
iagrams ensures that they are twice the corresponding diagram coming from Eq. (3.2).
8
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Fig. 1. Feynman rules of the Eq. (3.5). The solid and wavy lines represent the scalar field φa and the LM field λa ,
espectively.

Fig. 2. One-loop diagrams with non-amputated external legs.

If we consider amputated one loop diagrams, as well as tree diagrams, then the two- and
our-point functions are of the form (with ϵ = 2 − n/2 in n-dimensions [26]).

⟨φaφb
⟩ =

∫
dx
[
−

1
2
φa (∂2 + m2

1

)
φa

−
G2

2
m2

2φ
aφa

(
c̄
ϵ

+ c1 ln
m2

2

µ2 + c0

)]
(3.8)

⟨φaφbφcφc
⟩ =

∫
dx
[
−

G1

4!

(
φaφa)2

−
G2
2

4!

(
φaφa)2 ( d̄

ϵ
+ d1 ln

m2
2

µ2 + d0

)]
(3.9)

so that as ϵ → 0, all divergences are removed by renormalizing m2
1 and G1

m2R
1 = m2

1 +
G2c̄m2

2

ϵ
(3.10)

GR
1 = G1 +

G2
2d̄
ϵ
. (3.11)

here is no need to renormalize the field φa [26].
9
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B

s
p

4

Fig. 3. Diagrammatic form of the perturbative solution of Eq. (3.13).

These results can also be obtained by explicitly performing the functional integrals in Eq. (3.5).
y use of Eq. (2.17) we find that

Z
[
ja, ka

]
=

∑
φ̄a

exp i
∫

dx
[
−

1
2
φ̄a (∂2 + m2

1

)
φ̄a

−
G1

4!

(
φ̄aφ̄a)2

+ jaφ̄a
]

(3.12)

det−1
((
∂2 + m2

2

)
δab +

G2
3!

(
δabφ̄c φ̄c

+ 2φ̄aφ̄b
))

where φ̄a satisfies(
∂2 + m2

2

)
φ̄a

+
G2

3!
φ̄aφ̄bφ̄b

= ka. (3.13)

A perturbative expansion of φ̄a in powers of G2 that follows from Eq. (3.13) has a diagrammatic
form given in Fig. 3 where lines represent (∂2 +m2

2)
−1, −−× denotes a factor of ka and >< is a vertex

associated with the coupling G2. The exponential in Eq. (3.12) represents the sum of all tree-level
Feynman diagrams and the functional determinant is the square of the contribution coming from
one-loop Feynman diagrams such as those of Fig. 2.

The elimination of divergences through Eqs. (3.10) and (3.11) results in having to use distinct
masses and couplings for tree-level and one-loop diagrams, as given in the Feynman rules of Fig. 1.
This situation results in it not being possible to compute an S-matrix using the generating functional
of Eq. (3.5) in a way consistent with unitarity [27]. As a result, a Lagrange multiplier cannot be used
to consistently eliminate diagrams beyond one-loop order when considering the scalar model of
Eq. (3.1). Overcoming this problem by simply setting m1 = m2 or G1 = G2 is inappropriate, as no
ymmetry relatesm1 tom2 or G1 to G2. (Gauge invariance imposes a relationship between analogous
arameters in gauge theories.)
We now will turn our attention to using a LM field in conjunction with YM theory.

. Yang–Mills theory

The second order YM action

S2YM [A] =

∫
dx
(

−1
4

f aµν(A)f
aµν(A)

)
(4.1)

where

f aµν(A) = ∂µAa
ν − ∂νAa

µ + gf abcAb
µA

c
ν (4.2)

possesses the local gauge invariance

δAa
µ = Dab

µ (A)ξ b (4.3)(
Dab
µ (A) ≡ ∂µδ

ab
+ gf apbAp

µ

)
. (4.4)

By introducing an auxiliary field F a
µν so that we have the first order YM action

S1YM [A, F ] =

∫
dx
(

−
1
2
F a
µν f

aµν(A) +
1
4
F a
µνF

aµν
)

(4.5)

the interaction vertices for S are simplified [28–30]
2YM

10
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We now consider the generating functional

Z1YM
[
jaµ, J

a
µν

]
=

∫
DAa

µDF
a
µνDc̄

aDca exp i
∫ (

−
1
2
F a
µν f

aµν
+

1
4
F a
µνF

aµν

+ jaµA
aµ

+ JaµνF
aµν

−
1
2α

(∂ · Aa)2 + c̄a∂µDabµcb
)

(4.6)

where we have employed the gauge fixing

∂ · Aa
= 0 (4.7)

and have the ghost Lagrangian

Lghost = c̄a∂ · Dab(A)cb (4.8)

which is the usual Faddeev–Popov ghost Lagrangian [21].
A background field Ba

µ will be introduced for Aa
µ, and Ga

µν for F a
µν , following Eqs. (2.2) to (2.8). If

W1YM
[
jaµ, J

a
µν

]
= −i ln Z1YM

[
jaµ, J

a
µν

]
(4.9)

and

Γ1YM
[
Aa
µ,G

a
µν

]
= W1YM

(
jaµ, J

a
µν

)
−

∫
dx
(
jaµA

aµ
+ JaµF

aµν) (4.10)

where

Ba
µ =

δW1YM

δjaµ
(4.11)

Ga
µν =

δW1YM

δJaµν
(4.12)

hen the one-particle irreducible Feynman diagrams are generated by

exp iΓ1YM
[
Ba
µ,G

a
µν

]
=

∫
DqaµDQ

a
µνDc̄

aDca exp i
∫

dx
[
−

1
2
(G + Q )aµν f

aµν (Ba
µ + qaµ

)
+

1
4

(
Ga
µν + Q a

µν

) (
Gaµν

+ Q aµν)
+ jaµq

aµ
+ JaµνQ

aµν
−

1
2α

(
Dab
µ (B)qbµ

)2
+ c̄aDab

µ (B)Dbcµ(B + q)ca
]
. (4.13)

ollowing Refs. [17], we have used the gauge fixing

Dab
µ (B)qbµ = 0 (4.14)

n place of Eq. (4.7).
We now will introduce LM fields to restrict radiative corrections to one-loop order. If we start

rom the action S2YM of Eq. (4.1), then this means considering

Sλ2YM [A, λ] =

∫
dx
(

−
1
4

(
f aµν(A)

)2
+ λaνD

ab
µ (A)f bµν(A)

)
. (4.15)

y Eqs. (2.32) and (2.34), the gauge invariance of Eq. (4.3) is now accompanied by

δλaµ = gf abcλbµξ
c (4.16)

s well as

δλaµ = Dab
µ (A)ζ b. (4.17)

In Appendix B we will show how these gauge invariances lead to BRST invariance of the effective
agrangian that results from quantizing this action using the Faddeev–Popov procedure, and
emonstrate now this invariance results in the cancellation of unphysical degrees of freedom so
11
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that unitarity is maintained.) We now consider the generating functional that is derived following
Eq. (2.46)

Zλ2YM =

∫
DAa

µDλ
a
µ

∫
DNaDLa

∫
DcaDc̄aDdaDd̄a

exp i
∫

dx
[
−

1
4
f aµν(A)f

aµν(A) + λaνD
ab
µ (A)f bµν(A) + jaµA

aµ
+ kaµλ

aµ (4.18)

+ c̄a∂ · Dab(A)db + d̄a∂ · Dab(A)cb + c̄a∂ · Dab(A + λ)cb

+

(α
2
NaNa

− Na∂ · (Aa
+ λa) + αNaLa − La∂ · Aa

)]
if we accompany Eq. (4.7) with the gauge condition

∂ · λa = 0. (4.19)

We now introduce background fields Ba
µ and Λa

µ for Aa
µ and λaµ respectively so that Aa

µ = Ba
µ + Q a

µ

and λaµ = Λa
µ + qaµ. If Γ [Ba

µ,Λ
a
µ] is the one-particle irreducible generating functional then

eiΓ
λ
2YM [B,Λ]

=

∫
DQ a

µ,Dq
a
µ det

(
0 Dab

µ (B)Dbcµ(B + Q )
Dab(B)Dbc(B + Q ) Dab

µ (B)Dbcµ(B + Q +Λ+ q)

)
exp i

∫
dx
[
−

1
4
f aµν(B + Q )f aµν(B + Q ) +

(
Λa
µ + qaµ

) (
Dab
ν (B + Q )f bµν(B + Q )

)
−

1
2α

(
Dab
µ (B)Q bµ)2

−
1
α

(
Dab
µ (B)Q bµ) (Dac

ν (B)qcν
)
+ jaµQ

aµ
+ kaµq

aµ
]

(4.20)

ith the gauge conditions

Dab
µ (B)Q bµ

= 0 = Dab
µ (B)qbµ. (4.21)

ith this gauge fixing we have maintained the ‘‘background gauge invariance’’

δBa
µ = Dab

µ (B)ξ b (4.22a)

δQ a
µ = gf abcQ b

µξ
c (4.22b)

δΛa
µ = gf abcΛa

µξ
c (4.22c)

δqaµ = gf abcqaµξ
c (4.22d)

δΛa
µ = Dab

µ (B)ζ b (4.22e)

δqaµ = gf abcQ b
µζ

c (4.22f)

ut have broken the gauge invariances

δBa
µ = 0 (4.23a)

δQ a
µ = Dab

µ (B + Q )ξ b (4.23b)

δΛa
µ = 0 (4.23c)

δqaµ = gf abc
(
Λb
µ + qbµ

)
ξ c (4.23d)

δqaµ = Dab
µ (B + Q )ζ b (4.23e)

hat were present in Sλ2YM (B + Q ,Λ+ q) of Eq. (4.15).
One could find the Feynman rules associated with Eq. (4.20) and perform a diagrammatic

xpansion of Γ λ
2YM . However, it is possible perform all the functional integrals that occur, and

ollowing the steps that lead to Eq. (2.26) we obtain (since det
(

0 A
)

= det
(

0 A
)

=
A B A A + B

12
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det2 A)

eiΓ
λ
2YM [Baµ,Λ

a
µ]

=

∑
Q̄ a
µ

exp i
∫

dx
[
−

1
4
f aµν (B + Q̄ )f aµν (B + Q̄ ) (4.24)

−
1
2α

(
Dab(B) · Q̄ b)2

+Λa
µ

(
Dab
ν (B + Q̄ )f bµν (B + Q̄ )

)
+ jaµQ̄

aµ
]
det 2

(
Dab
µ (B)Dbcµ(B + Q̄ )

)
× det −1

{1
2

(
D2ab(B)ηνµ + D2ba(B)ηνµ

)
−

1
2

(
1 −

1
α

) (
Dap
µ (B)Dpb

ν (B) + Dbp
ν (B)Dpa

µ (B)
)

+
(
f apbf pµν (B) + f bpaf pνµ(B)

)
+

1
2

[
Dap
λ (B)

(
gf pqbQ̄ q

λ

)
ηµν + Dbp

λ (B)
(
gf pqaQ̄ q

λ

)
ηνµ

]
+

1
2

[
Dap
ν (B)

(
gf pbqQ̄ q

µ

)
+ Dbp

µ (B)
(
gf paqQ̄ q

ν

)]
−

1
2

[(
Dpq
µ (B)Q̄ q

ν

) (
gf pab

)
+
(
Dpq
ν (B)Q̄ q

µ

) (
gf pba

)]
+

1
2

[
Dbp
µ (B)

(
gf par Q̄ r

ν

)
+ Dap

ν (B)
(
gf pbr Q̄ r

µ

)]
−

1
2

[(
Dpq
ν (B)Q̄ q

µ

) (
gf pba

)
+
(
Dpq
µ (B)Q̄ q

ν

) (
gf pab

)]
+

1
2

[
ηµνD

bq
λ (B)

(
gf pqaQ̄ q

λ

)
+ ηνµD

aq
λ (B)

(
gf pqbQ̄ q

λ

)]
−

g2

2

[
f mabf mrsQ̄ r

µQ̄
s
ν + f mbaf mrsQ̄ r

ν Q̄
s
µ

+ f maqf mbsQ̄ q
ληµν Q̄

s
λ + f mbqf masQ̄ q

ληνµQ̄
s
λ + f maqf msbQ̄ q

ν Q̄
s
µ + f mbqf msaQ̄ q

µQ̄
s
ν

]}
here Q̄ a

µ satisfies

D2ab(B)Q̄ b
µ −

(
1 −

1
α

)
Dap
µ (B)Dpb

λ (B)Q̄ bλ
+ 2gf abc f bµν(B)Q̄

cν

+ Dab
λ (B)

(
gf bpqQ̄ pλQ̄ q

µ

)
− g

(
Dpq
µ (B)Q̄ q

λ

) (
f paqQ̄ qλ)

− g
(
Dpq
λ (B)Q̄ q

µ

) (
f pqaQ̄ qλ)

− g2f maqf mrsQ̄ q
λ Q̄

r
µQ̄

sλ
= kaµ. (4.25)

f kaµ = Q̄ a
µ = 0, then Eq. (4.24) reduces to

eiΓ
λ
2YM [B,Λ]

= exp i
∫

dx
[
−

1
4
f aµν (B)f

aµν (B) +Λa
µD

ab
ν (B)f bµν (B)

]
det 2

(
Dab
µ (B)Dbcµ(B)

)
det −1

(
D2ab(B)ηµν −

(
1 −

1
α

)
Dap
µ (B)Dpb

ν (B) + 2 gf apbf pµν (B)
)
. (4.26)

he exponential in Eq. (4.26) is the sum of all tree diagrams and the determinants are the sum
f all one-loop diagrams contributing to Γ λ

2YM ; no higher loop contributions occur. As noted in
he appendix, the equation of motion for the background field Ba

µ (Eq. (2.12)) does not have to
e satisfied. Since the LM does not appear as an external state, we set Λa

µ = 0.
We now consider renormalization of g and Ba

µ needed to remove divergences arising in the
erturbative evaluation of the functional determinants appearing in Eq. (4.26) [4]. Maintaining the
auge invariance of Eq. (4.22) ensures that the product gBa

µ is invariant under renormalization, so
hat the renormalized coupling gR and renormalized field Ba

Rµ satisfy [17]

gRBa
Rµ = gBa

µ. (4.27)

onsequently, if the two-and three-point functions determine the renormalization of g and Ba
µ, we

se the result that

⟨BB⟩ =
1
2
Ba
µ

(
p2ηµν − pµpν/p2

)
Ba
ν

[
1 + g2

(
D̄
ϵ

+ D1 ln
p2

µ2 + D0

)]
(4.28)

nd

⟨BBB⟩ = f abcBa
µB

b
νB

c
λV

µνλ

[
g + g3

(
Ē
ϵ

+ E1 ln
p2

µ2 + E0

)]
. (4.29)

ne does not have separate couplings and fields at tree and one loop order, as with scalar fields in
q. (3.5), in order to eliminate divergences occurring in Eqs. (4.28), (4.29) as ϵ → 0. One defines in
13
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this case

Ba
RµB

b
Rν = Ba

µB
b
ν

(
1 +

ḡ2D̄
ϵ

)
(4.30)

Ba
RµB

b
RνB

c
RλgR = Ba

µB
b
νB

c
λ

(
g +

ḡ3Ē
ϵ

)
. (4.31)

y Eq. (4.30)

Ba
Rµ = Ba

µ

(
1 +

ḡ2D̄
ϵ

)1/2

(4.32)

nd so by Eq. (4.31)

gR =

(
g +

ḡ3Ē
ϵ

)(
1 +

ḡ2D̄
ϵ

)−3/2

. (4.33)

n order that Eq. (4.27) is satisfied, we must have

D̄ = Ē, (4.34)

nd so by Eq. (4.33)

gR = g
(
1 +

ḡ2Ē
ϵ

)−1/2

. (4.35)

qs. (4.28) and (4.29) now become

⟨BB⟩ =
1
2
Ba
Rµ

(
p2ηµν − pµpν/p2

)
Ba
Rν

[
1 + g2

R

(
D1 ln

p2

µ2 + D0

)]
(4.36)

⟨BBB⟩ = f abcBa
RµB

b
RνB

c
RλV

µνλ

[
gR + g3

R

(
E1 ln

p2

µ2 + E0

)]
. (4.37)

imensionally,

g = g0µϵ (4.38)

here µ is an arbitrary dimensionful constant so Eq. (4.35) implies that

µ
∂gR
∂µ

= ϵgR − Ēg3
R . (4.39)

s ϵ → 0, we arrive at the exact results for the β function associated with g ,

β(gR) = −Ēg3
R (4.40)

hich is twice the usual one-loop result for the β-function in YM theory [31]. Since gBa
µ is

ndependent of µ, Eqs. (4.27) and (4.40) show that

µ
∂Ba

Rµ

∂µ
= Ēg2

RB
a
Rµ. (4.41)

Having established how YM theory with a LM field is renormalized, we now consider how a
matter field, in the form of a scalar field φa, is coupled to Aa

µ. This involves supplementing S2YM in
Eq. (4.1) with

SAφ =

∫
dx
[
1 (

Dab
µ (A)φb)2

−
m2
φaφa

−
G (
φaφa)2] (4.42)
2 2 4!

14
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where Dab
µ (A) is defined in Eq. (4.4). If now we were to make use of LM fields to eliminate diagrams

eyond one-loop order, we would be using the classical action

SλσAφ =

∫
dx
[
−

1
4
f aµν(A)f

aµν(A) +
1
2

(
Dab
µ (A)φb)2

−
m2

1

2!
φaφa

−
G1

4!
(φaφa)2 + λaν

(
Dab
µ (A)f bµν(A) + gf apqφpDqrν(A)φr)

− σ a
(
Dab
µ (A)Dbcµ(A)φc

+ m2
2φ

a
+

G2

3!
φaφbφb

)]
. (4.43)

his action is invariant under the gauge transformations of Eqs. (4.3), (4.16) and (4.17) along with
using Eqs. (2.32) and (2.34)

δφa
= gf abcφbξ c (4.44)

δσ a
= gf abcσ bξ c (4.45)

nd

δσ a
= gf abcφbζ c . (4.46)

s in Eq. (3.5), renormalization of divergences arising at one-loop order in radiative effects involving
calars makes it necessary to have distinct masses and couplings at tree-level order (m2

1 and G1) and
ne-loop order (m2

2 and G2). This again leads to results inconsistent with unitarity, and so all terms
n Eq. (4.43) proportional to σ a are to be discarded.

However, eliminating the term

σ aDab
µ (A)Dbcµ(A)φc (4.47)

rom Eq. (4.43) breaks the invariance of Eq. (4.17) unless the term

λaν
(
gf apqφpDqrν(A)φr) (4.48)

s also removed. We are then left with the action

SλAφ =

∫
dx
[
−

1
4
f aµν(A)f

aµν(A) +
1
2

(
Dab
µ (A)φb)2

−
m2

2
φaφa

−
G
4!

(φaφa)2 + λaνD
ab
µ (A)f bµν(A)

]
. (4.49)

his is invariant under the gauge transformations of Eqs. (4.3), (4.16), (4.17), (4.44).
The generating functional is, by Eq. (2.46),

ZλAφ
[
jaµ, k

a
µ, J

a]
=

∫
DφaDAa

µDλ
a
µ

∫
DcaDc̄aDdaDd̄a

exp i
[
SλAφ +

∫
dx
(
c̄a∂ · Dab(A + λ)cb

+ d̄a∂ · Dab(A)cb + c̄a∂ · Dab(A)db −
1
2α

(∂ · Aa)2 −
1
α
∂ · Aa∂ · λa

+ jaµA
aµ

+ kaµλ
aµ

+ Jaφa
)]

(4.50)

f we use the gauge fixing of Eqs. (4.7) and (4.19).
The fields φa, Aa

µ and λaµ are expanded about backgrounds Φa, Ba
µ, Λ

a
µ so that

φa
= Φa

+ ψa (4.51)

Aa
µ = Ba

µ + Q a
µ (4.52)

a a a
λµ = Λµ + qµ. (4.53)

15
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Using the same steps used to arrive at Eq. (4.26) when there is no scalar ‘‘matter’’ field φa, we find
hat

eiΓ
λ
Aφ [B,Λ,Φ]

=

∫
Dψa exp i

∫
dx
[
−

1
4
f aµν(B)f

aµν(B) +Λa
µD

ab
ν (B)f bµν(B)

+
1
2

(
Dab
µ (B)

(
Φb

+ ψb))2
−

m2

2

(
Φa

+ ψa) (Φa
+ ψa)

−
G
4!

((
Φa

+ ψa) (Φa
+ ψa))2] det 2 (Dab

µ (B)Dbcµ(B)
)

det −1
(
D2ab(B)ηµν − (1 −

1
α
)Dap
µ (B)Dpb

ν (B) + 2gf apbf pµν(B)
)
. (4.54)

rom Eq. (4.54) it follows that a perturbative expansion of Γ λ
Aφ[B,Λ,Φ] has the following contri-

butions:

1. loops involving scalar fields φa propagating in the presence of a background scalar field Φa

and a background vector gauge field Ba
µ

2. all tree level diagrams involving the vector gauge field, given by the exponential
exp i

∫
dx
(
−

1
4 f

a
µν(B)f

aµν(B)
)
[32].

3. twice the contribution of all one-loop diagrams arising in normal YM theory when a back-
ground field is used, coming from the functional determinants in Eq. (4.54).

4. no higher loop contributions involving only the propagation of the gauge field.

The terms in Eq. (4.54) that exclusively involve the background fields are

exp i
∫

dx
[
−

1
4
f aµν(B)f

aµν(B) +
1
2
(Dab
µ (B)Φb)2 −

m2

2
ΦaΦa

−
G
4!

(ΦaΦa)2 +Λa
µD

ab
ν (B)f bµν(B)

]
.

(4.55)

f we set the field Λa
µ equal to zero, the remaining terms in the exponential in (4.55) give the tree-

evel diagrams that follow from the classical action for a YM field coupled to a scalar. Alternatively,
ne could keep Λa

µ in the exponential and supplement Eq. (4.55) with the extra term

exp i
∫

dx
[
Λa
µ

(
f abcΦbDcdµ(B)Φd)] . (4.56)

n this case, Eqs. (4.55) and (4.56) together are gauge invariant and are consistent with having tree
iagrams follow from the classical action for a YM field coupled to a scalar with a LM field ensuring
hat the classical equations of motion for the YM field are satisfied.

As a result of this, the renormalization group functions for gR and Ba
Rµ in Eqs. (4.40), (4.41) can

eceive loop contributions of higher order in GR. So also, the usual renormalization group functions
or GR, m2

R and φR are unaltered.
We now will consider how the arguments leading to Eq. (4.54) can be used when there is a

ravitational field interacting with a scalar field.

. Gravity

At one-loop order, the EH action is renormalizable as divergences vanish when the metric gµν
atisfies the classical equations of motion [1]. However, at higher loop order [7], or if the metric
ouples to matter fields [1,8,9], then renormalizability is lost as divergences no longer disappear
hen equations of motion are satisfied. This has made it interesting to examine the consequences
f using a LM field to limit radiative corrections to the EH action to one-loop order [16,20]. In this
ection we will further consider use of a LM field in conjunction with the EH action supplemented
y matter fields which couple to the metric. Our matter field will be a self-interacting scalar field.
The first-order form of the EH action is useful, as in this form, the EH action has only a three-point

ertex [33]. Here however we will use the second order form of the EH action, treating the metric
16
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gµν as a gauge field. This action is

SEH =

∫
dx
(

−
1
κ2

√
−g gµνRµν(Γ )

)
(5.1)

here κ2
= 16πGN , g = det gµν , Γ λ

µν =
1
2g

λρ
(
gµρ,ν + gνρ,µ − gµν,ρ

)
and Rµν =(

Γ λ
µν,λ − Γ λ

µλ,ν + Γ λ
µνΓ

σ
λσ − Γ σ

µλΓ
λ
νσ

)
. The metric is coupled to a scalar matter field φ with the

action

Sgφ =

∫
dx
(√

−g
) (

−
1
2
gµν∂µφ∂νφ −

m2

2
φ2

−
G
4!
φ4
)
. (5.2)

Due to diffeomorphism invariance, SEH + Sgφ is invariant under the infinitesimal transformation

δgµν = gµαξα,ν + gναξα,µ + ξαgµν,α (5.3)

δφ = ξαφ,α. (5.4)

The nature of the EH action makes it impossible to perform any perturbative expansion of the
generating functional without using a background field ḡµν for the metric gµν, so that [34]

gµν = ḡµν + κhµν . (5.5)

Quite often, this background field is chosen to be flat

ḡµν = ηµν . (5.6)

An expansion of the geometric quantities found in Eqs. (5.1) and (5.2) in powers of hµν is found in
Ref. [1].

If Vα;β̄ denotes a covariant derivate of Vα using the background field ḡµν , then the gauge
transformation of Eq. (5.3) can be written as

δḡµν = 0 (5.7)

δhµν =
1
κ

(
ξµ;ν̄ + ξν;µ̄

)
+ ξλhµν;λ̄ + hµλξλ;ν̄ + hνλξλ;µ̄. (5.8)

ndices are raised and lowered using ḡµν .
Upon varying gµν in SEH + Sgφ , we find that

δ
(
SEH + Sgφ

)
=

∫
dx

√
−gδgµν

[
+1
κ2

(
Rµν −

1
2
gµνR

)
+

1
2
Tµν

]
(5.9)

here

Tµν = gµαgνβφ,αφ,β − gµν
(
1
2
gαβφ,αφ,β +

m2

2
φ2

+
G
4!
φ4
)
. (5.10)

If a LM field λµν is used to impose the equation of motion for gµν that follows from SEH , we have
the action

SλEH =
1
κ2

∫
dx

√
−g

[
−gµνRµν + λµν

(
Rµν −

1
2
gµνR

)]
. (5.11)

It now is possible to follow the steps which led to the generating functional Γ λ
2YM in Eq. (4.20).

f we have background fields ḡµν and λ̄µν for gµν and λµν so that

gµν = ḡµν + κhµν (5.12)

λµν = λ̄µν + κσµν (5.13)

hen SλEH in Eq. (5.10) is invariant under the gauge transformation of Eq. (5.3) combined with

δλ = λ ξα + λ ξα + ξαλ (5.14)
µν µα ,ν να ,µ µν,α

17
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and

δλµν =
(
gµαζ α,ν + gναζ α,µ + ζ αgµν,α

)
(5.15)

s can be seen from Eqs. (2.32) and (2.34). Eq. (5.14) follows from the fact that λµν is a tensor
nder a diffeomorphism transformation while Eq. (5.15) follows from the fact the SEH in Eq. (5.1) is
nvariant under a diffeomorphism transformation.

Just as Eqs. (5.7) and (5.8) follow from Eq. (5.3), we see that Eqs. (5.14) and (5.15) result in

δλ̄µν = 0 (5.16)

δσµν =

(
1
κ
λ̄µα + σµα

)
ξα
;ν̄ +

(
1
κ
λ̄να + σνα

)
ξα
;ν̄ + ξα

(
1
κ
λ̄µν + σµν

)
;ᾱ

. (5.17)

δσµν =
1
κ

(
ζµ;ν̄ + ζν;µ̄

)
+ ζ λhµν;λ̄ + hµλζ λ;ν̄ + hνλζ λ;µ̄. (5.18)

It is now possible to break the invariance of Eqs. ((5.7), (5.8), (5.16), (5.17), (5.18)) by the gauge
ixing conditions

h ν̄
µν; − kh ν

ν ;µ̄ = 0 = σ ν̄
µν; − kσ νν ;µ̄. (5.19)

e now can follow the steps used to find the generating functional Γ λ
gφ

[
λ̄, ḡ, Φ̄

]
for one-particle

rreducible graphs when a scalar φ = Φ + ψ with background Φ is in the presence of background
¯µν and λ̄µν . In analogy with Eq. (4.54), this leads to

exp iΓ λ
gφ

[
λ̄, ḡ,Φ

]
=

∫
Dψ

∫
Dc̄µDcµDd̄µDdµ

exp i
∫

dx
√

−ḡ
{ 1
κ2

[
−ḡµνRµν(ḡ) + λ̄µν

(
Rµν(ḡ) −

1
2
ḡµνR(ḡ)

)]
+

[
c̄µ
(
d ;ν̄
µ;ν̄ − d ν̄

ν; ;µ̄

)
+ d̄µ

(
c ;ν̄
µ;ν̄ − c ν̄

ν; ;µ̄

)]
+

[
−

1
2
ḡµν∂µ(Φ + ψ)∂ν(Φ + ψ) −

m2

2
(Φ + ψ)2 −

G
4!

(Φ + ψ)4
]}

det −1
{ δ2

δhπτ δhγ δ

[
−gµνRµν(g) −

1
2α

(
h ᾱ
µα;

− kh α
α ;µ̄

)
(
hµ β̄

β;
− kh β µ̄

β ;

)]
h=0

}
. (5.20)

e find from Eq. (5.20) that a perturbative expansion of Γ λ
gφ[ḡ, λ̄,Φ] leads to a structure much like

hat which follows from Eq. (4.54) for YM theory. We find that the following diagrams contribute
o Γ λ

gφ:

1. all tree diagrams with background metric ḡµν and background scalar Φ .
2. twice all one-loop diagrams that follow from the EH action alone, but no diagrams beyond

one-loop order.
3. all loop diagrams for the scalar Ψ in the presence of a background metric ḡµν and background

scalar Φ .

We now consider the divergences coming from radiative corrections computed using Eq. (5.20).
irst of all, the divergences arising from the one-loop diagrams resulting from the EH action alone
re [1]

2
ϵ

√
−ḡ

(
1

120
R(ḡ) +

7
20

Rµν(ḡ)Rµν(ḡ)
)
. (5.21)
18
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The factor of two arises due to the use of the LM field in Eq. (5.11). From Eq. (5.21) and Eq. (5.22)
appearing in Ref. [1], we see that all one-loop divergences involving ḡµν resulting from Eq. (5.20) are
either of the form

√
−ḡFµνλσ (ḡ,Φ)Rλσ (ḡ) or

√
−ḡ ḡµν(∂µΦ)(∂νΦ). The former divergences can be

bsorbed into λ̄µν in Eq. (5.20), the latter by a field renormalization of Φ . The divergences involving
o external metric field can be eliminated by renormalizing m2, G and Φ . Higher loop diagrams with
ontributions coming from the propagation of the scalar field will be proportional to GN . These
iagrams may involve external fields ḡµν . It should be possible to remove the divergences in such
igher-loop diagrams by renormalizing m2, G and Φ , as those diagrams involve a propagator arising
rom −

√
−ḡ

(
ḡµν∂µΦ∂νΦ − m2Φ2

)
and a vertex following from −G

√
−ḡΦ4, with the metric not

ltering the short distance behaviour of divergent diagrams involving Φ .
If we set the field λ̄µν equal to zero in Eq. (5.20), we see that all tree-level diagrams are now

imply given by the exponential

exp i
∫

dx
√

−ḡ
[
−

1
κ2 ḡ

µνRµν(ḡ) −
1
2
ḡµν(∂µΦ∂νΦ) −

m2

2
Φ2

−
G
4!
Φ4
]
. (5.22)

e thus see that we have recovered what is expected classically; the background matter field Φ
oupled to the background metric field ḡµν . Although the classical equation of motion of Eq. (2.12)
eed not be satisfied by ḡµν and Φ , if we were to examine the classical equation of motion for ḡµν

and Φ that follow form Eq. (5.22), then λ̄µν would couple to the tensor T̄µν of Eq. (5.10) formed
from ḡµν and Φ .

Since the total background tensor T̄µν is covariantly conserved, the coupling λ̄µν T̄µν preserves
the gauge invariance of the theory. As a result, we obtain Einstein‘s equations of the gravitational
field in a way consistent with the requirements of general relativity.

6. Discussion

We have shown that by use of a LM field all radiative corrections beyond one loop order can be
eliminated. Although this necessitates using a renormalization procedure that is inconsistent with
unitarity in the case of scalar fields, it is possible to use LM fields to restrict radiative corrections
to the YM and EH actions to one-loop order and obtain results that, after using renormalization to
remove divergences, are consistent with unitarity. Furthermore, a scalar field without a LM field can
be coupled in a gauge invariant way to a vector or metric gauge field which has an associated LM
field. We anticipated that both vector and spinor matter fields can be incorporated in this manner
as well.

For a pure YM gauge theory, having a LM field results in it being possible to compute the
renormalization group functions exactly. Though this is interesting, one can in fact compute with
a YM action without a LM field, as it is both unitary and renormalizable to all orders in the loop
expansion.

However, radiative corrections to the EH action alone beyond one-loop order lead to divergences
that cannot be removed through renormalization. It is of interest then to see that a LM field can
be used to eliminate those diagrams that result in these higher-loop divergences. For some time,
quantized matter fields have been considered propagating on a curved background whose dynamics
is determined by the EH action, possibly supplemented by one-loop corrections [35]; it may even be
possible to resolve the Hawking information paradox for black holes using this approach [36]. We
have shown that when one uses a LM field, it is unnecessary to invoke additional fields to cancel
higher-loop divergences, as is done for example in supergravity.

At finite temperature, it turns out that both the tree-level as well as the one-loop effects are twice
what would come from the EH action alone, which results in the pressure due to the gravitational
radiation being doubled [37] (to appear in Canadian Journal of Physics.) This could possibly be a
prediction that may be tested experimentally in the foreseeable future.
19
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ppendix A. Derivation of the gauge symmetries

In this appendix we show how the Dirac constraint formalism [38] can be applied to the action
f Eq. (4.15) to derive the gauge invariances of Eqs. (4.3), (4.16), (4.17).
With the metric ηµν = diag(−,+,+,+), the Lagrangian appearing in Eq. (4.15) can be written

L =
1
2
f0if0i −

1
4
fijfij + λai D

ab
j f bij + λa0D

ab
i f b0i + f a0iD

ab
0 λ

b
i . (A.1)

he canonical momenta are given by

π a
=

∂L
∂(∂0Aa

0)
= 0 (A.2)

σ a
=

∂L
∂(∂0λa0)

= 0 (A.3)

π a
i =

∂L
∂(∂0Aa

i )
= f a0i − Dab

i

(
Ab
0 + λb0

)
+ Dab

0 λ
b
i (A.4)

σ a
i =

∂L
∂(∂0λai )

= f a0i. (A.5)

As a result we find that

π a
i = σ a

i − Dab
i λ

b
0 + Dab

0 λ
b
i . (A.6)

The canonical Hamiltonian is given by

Hc = π a∂0Aa
0 + π a

i ∂0A
a
i + σ a∂0λ

a
0 + σ a

i ∂0λ
a
i − L

= π a
i σ

a
i −

1
2
σ a
i σ

a
i +

1
4
f aij f

a
ij −

(
Dab
i λ

b
j

) (
f aij
)

− λa0D
ab
i σ

b
i − Aa

0

(
Dab
i π

b
i + gf abcλbi σ

c
i

)
. (A.7)

rom Eqs. (A.2), (A.3) we immediately have the primary constraints [38]

φa
I = π a (A.8)

φa
II = σ a. (A.9)

n order for these primary constraints to be constant in time, their Poisson bracket (PB) with Hc
ust either vanish or else new (secondary) constraints are present. Using the PB{

Aa
µ(x, t), π

b
ν (y, t)

}
= δabηµν =

{
λaµ(x, t), σ

b
ν (y, t)

}
(A.10)

his leads to the secondary constraints

Φa
= Dabπb

+ gf abcλbσ c (A.11)
I i i i i
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Φa
II = Dab

i σ
b
i . (A.12)

o tertiary constraints need to be introduced. These constraints are all first class, as their PB with
ach other either vanish, or else vanish on the ‘‘constraint surface’’ as{

Φa
I ,Φ

b
I

}
= gf abcΦc

I (A.13){
Φa

I ,Φ
b
II

}
= gf abcΦc

II . (A.14)

The ‘‘total Hamiltonian’’ HT and ‘‘extended Hamiltonian’’ HE are now defined

HT = Hc + xai φ
a
I + xaIIφ

a
II (A.15)

HE = HT + Xa
I Φ

a
I + Xa

IIΦ
a
II (A.16)

ith xaI , x
a
II , X

a
I , X

a
II being treated as dynamical variables whose equation of motion simply ensures

hat the constraints are satisfied. If we consider the Hamilton equations of motion that follow from
he actions

ST =

∫
d3x

[
π a∂0Aa

0 + σ a∂0λ
a
0 + π a

i ∂0A
a
i + σ a

i ∂0λ
a
i − HT

]
(A.17)

SE = ST −

∫
d3x

(
Xa
I Φ

a
I + Xa

IIΦ
a
II

)
(A.18)

hen the Hamilton equations of motion that follow from Eq. (A.17) have the same dynamical content
s the Lagrangian equations of motion that follow from Sλ2YM in Eq. (4.15).
In general, if we have first class constraints γai in the ith generation, then we will show that a

enerator G of the form

G =

∫
d3xρaiγai (A.19)

ill lead to local transformations of dynamical variables φA and their conjugate momenta πA of the
orm

δF = {F ,G} (A.20)

hat leave ST invariant, thereby providing the gauge invariances of the action. Following the HTZ
pproach [39],

δSE = δ

∫
d3xdt

(
πA∂0φA − Hc − Uaiγai

)
=

∫
d3xdt

[
{πa,G} ∂0φA − {πa,G} ∂0πA − {Hc,G} − Uai

{
γai ,G

}
− δUaiγai

]
(A.21)

=

∫
d3xdt

[
−
∂G
∂φA

∂0φA −
∂G
∂πA

∂0πA − {Hc,G} − Uai

{
γai ,G

}
− δUaiγai

]
. (A.22)

f now{
Uai ,G

}
= 0, (A.23)

nd since
dG
dt

=

∫
d3x

[
ρ̇aiγai +

∂G
∂φA

∂0φA +
∂G
∂πA

∂0πA

]
(A.24)

hen

δSE =

∫
d3x

[
ρ̇aiγai + {G,HE} − δUaiγσi

]
. (A.25)
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If now we specialize to the case where Uai = 0 = δUai for i > 1, then we obtain

δST =

∫
d3x

[
ρ̇aiγai + {G,HT } − δUa1γa1

]
. (A.26)

If we use Eq. (A.26) to solve for ρai so that δST = 0, we have the generator G that leaves the action
invariant.

With Hc of Eq. (A.7), G is of the form

G = ρa
I φ

a
I + ρa

IIφ
a
II + Ra

IΦ
a
I + Ra

IIΦ
a
II . (A.27)

From Eq. (4.13), we see that ρa
I and ρa

II can be found in terms of Ra
I and Ra

II ; the PB of Eqs. (A.13),
(A.14) show that

ρa
I = −Dab

0 Rb
I (A.28)

ρa
II = −Dab

0 Rb
II − gf abcλb0R

c
I (A.29)

leading to

G = Ra
I

[
Dab
µ π

bν
+ gf abcλbµσ

cµ]
+ Ra

II

[
Dab
µ σ

bµ] , (A.30)

hich gives the gauge transformations of Eqs. (4.3), (4.6), (4.17) provided

ξ a = Ra
I (A.31)

ζ a = Ra
II . (A.32)

sing this same approach, it should be possible to derive the transformations of Eqs. (5.3), (5.14),
5.15) for the action of Eq. (5.11).

ppendix B. Unitarity with multiplier fields

The introduction of a LM field to ensure that the classical equation of motion is satisfied leads to
hree possible problems when the theory is quantized. First of all, one must show that the energy
f the system is bounded below. Secondly, it is necessary to demonstrate that states with negative
orm [40,41] do not contribute to physical processes. Finally, proving that the contributions of
nphysical polarizations of gauge fields and the contributions of ghost fields all cancel is necessary.
n this appendix we will deal with each of these issues.

To demonstrate how the energy is bounded below and that negative norm states do not
ontribute when a LM field is introduced, we consider a very simple model whose action is

Scl =

∫
dx
[
1
2
(∂µA)2 −

m2

2
A2

−
G
3!

A3
+ B

(
−∂2A − m2A −

G
2!

A2
)]

(B.1)

(We ignore the need of having two distinct masses and coupling an account of the way renormaliza-
tion is effected, and the unboundedness of the cubic potential.). The treatment of the path integral
of Eq. (3.5) can be repeated here in order to show that all radiative effects beyond one-loop order
do not arise.

One can also use canonical quantization of get this result. The momenta conjugate to A and B
are π = ∂0(A + B) and σ = ∂0A respectively. If quantization is effected by imposing the usual
commutation relations on A and π and on B and σ , we find that Fourier transforms of A and B
satisfy[

a(k), a†(k′)
]

= 0, (B.2a)[
a(k), b†(k′)

]
= δ(k − k′), (B.2b)[

b(k), b†(k′)
]

= −δ(k − k′). (B.2c)

Eq. (B.2) is consistent with the Feynman propagators in Fig. 1.
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Fig. 4. One-loop contribution to ⟨AA⟩. Solid lines represent A, springy lines B.

With the action of Eq. (B.1), the S-matrix is given by (see, for example, [42]) with

S = T exp
[
−i
∫

∞

−∞

dtH (I)
]
, (B.3)

here

H (I)
= G

∫
dx
(

1
3!

A3
+

1
2!

BA2
)
. (B.4)

pon expanding the exponential of Eq. (B.4) in powers of G and using Wick’s theorem to expand
he T product in Eq. (B.3) in terms of normal ordered products and Feynman propagators (as in
ef. [42]) one can see that if we examine Green’s functions with only external fields A, only one-
oop diagrams can contribute, and that those only involve the propagator ⟨AB⟩. For example, the
two-point function only receives the contribution of Fig. 4.

If now we treat a†(k) and b†(k) as creation operators, then we have states [40]√
na
k!
⏐⏐na

k

⟩
= [a†(k)]n

a
k |0⟩ , (B.5a)√

nb
k!
⏐⏐nb

k

⟩
= [b†(k)]n

b
k |0⟩ , (B.5b)

esulting in⟨
na
k|n

a
k′
⟩
= δnakn

a
k′
δ(k − k′) (B.6)

and ⟨
nb
k|n

b
k′
⟩
= (−1)n

b
kδnbkn

b
k′
δ(k − k′). (B.7)

Furthermore, upon expressing H0, the free Hamiltonian that follow from Eq. (B.1) in terms of
creation and annihilation operators, it follows that

H0 =
1
2

∫
dkωk

[
(a(k) + b(k))(a†(k) + b†(k)) + (a†(k) + b†(k))(a(k) + b(k))

− (b(k)b†(k) + b†(k)b(k))
]
, (B.8)

here ωk ≡
√
k2 + m2. Together, Eqs. (B.2) and (B.8) show that[

H0, a†(k)
]

= a†(k), (B.9a)[
H0, b†(k)

]
= b†(k). (B.9b)

nd so

H0
⏐⏐na

k, n
b
k′
⟩
=

[
ωk

(
na
k +

1
2

)
+ ωk′

(
nb
k′ +

1
2

)] ⏐⏐na
k, n

b
k′
⟩
. (B.10)

y Eq. (B.10) we see that the energy spectrum of free particle states, when there is a LM field, is
ositive definite.
From Eq. (B.7), it follows that if nb

k is odd, there is a negative norm state. However, it is clear
rom the Feynman rules that no external state will have contributions that involve the states |nb

k⟩

ith nb odd.
k
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This can all be seen more clearly if in Eq. (B.1) we were to replace A with C − B, so that

Scl =

∫
dx
[
1
2

(
(∂µC)2 − m2C2)

−
1
2

(
(∂µB)2 − m2B2)

− G
(
C3

6
−

CB2

2
+

B3

3

)]
. (B.11)

n this form of L, if we were to take the momenta conjugate to C and B to be ρ = ∂0C and σ = −∂0B,
hen the usual commutation rules

[C(x, t), ρ(y, t)] = [B(x, t), σ (y, t)] = iδ(x − y) (B.12)

lead to [40][
c(k), c†(k′)

]
= δ(k − k′), (B.13a)[

b(k), b†(k′)
]

= −δ(k − k′), (B.13b)

where we have the Fourier transform of C(x, t) and B(x, t) in Eq. (B.13). Treating c† and b† to be
creation operators as in Eq. (B.5), we recover Eqs. (B.6) and (B.7) with na

k replaced by nc
k. The free

Hamiltonian of Eq. (B.8) now

H0 =
1
2

∫
dkωk

[
(c(k)c†(k) + c†(k)c(k)) − (b(k)b†(k) + b†(k)b(k))

]
. (B.14)

e can now recover Eqs. (B.9) and (B.10) with a† and na
k replaced by c†(k) and nc

k respectively, so
e can again conclude that the energy spectrum is bounded below.
To see that only an even number of states of the form |nb

k⟩ contribute to any process, we use
hat path integral of Eq. (2.23) to quantize the system of Eq. (B.11). If C̄ is the background field for
,

C = C̄ + γ , B = β (B.15)

e then have the generating functional

eiΓ [C̄]
= ei

∫
dx
[
1
2 ((∂µC̄)

2
−m2C̄2)− G

3! C̄
3
]

×

∫
DγDβ exp i

∫
dx
[
1
2
((∂µγ )2 − m2γ 2) −

1
2
((∂µβ)2 − m2β2) − G

C̄
2
(γ 2

− β2)
]
.

(B.16)

n Eq. (B.16) we have dropped all terms linear in the quantum fields as well as those that can
nly contribute to Feynman graph with more than one loop. (In Ref. [20] explicit calculations
emonstrated that such higher loop graphs sum to zero in this model.) It is clear from the fact
hat since the action appearing in Eq. (B.16) is even in the quantum field β , all physical processes
n this model must involve an even number of excitations of the form |nb

k⟩. More explicitly, since the
nly vertices are of form −GC̄γ 2/2 and +GC̄β2/2, and the propagators for γ and β are i/(k2 −m2)
nd −i(k2 − m2) respectively we see that the only possible Feynman graphs involve external fields
¯ and either a loop of fields γ or β , with these two loops summing to give twice the contribution
f the one-loop graphs that arise if there were no LM field B in Eq. (B.1). This is consistent with
q. (2.26).
The arguments that we have used to establish that quantizing the action of Eq. (B.1) leads to a

ounded energy spectrum and to absence of negative norm states can be applied to more involved
odels, such as the gauge theories defined by the YM and EH actions. These too will have a bounded
nergy spectrum and will not involve negative norm states.
In gauge theories an extra complication occur, for in order to establish unitarity, it is necessary

o show that the contributions of ghost fields and non-physical polarizations of gauge fields must
ll cancel. We will now establish how this happens when the usual gauge action is supplemented
y a LM field.
24
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For simplicity, we consider first the theory in the standard second order formulation, which is
escribed by the effective Lagrangian [4]

Leff = −
1
4
f aµν f

µν a
− λaµD

ab
ν (A)f bµν − Na∂ · (Aa

+ λa) +
α

2
NaNa

− La∂ · Aa
+ αNaLa

− c̄a∂ · Dab(A)db − d̄a∂ · Dab(A)cb − c̄a∂ · Dab(A + λ)cb, (B.17)

here f aµν and Dab
ν are given by Eqs. (4.2) and (4.4), and λaµ is the Lagrange multiplier field.

The third, fourth, fifth and sixth terms define the gauge fixing part of the Lagrangian (using the
auxiliary Nakanish–Lautrup fields Na and La) while the last three terms fix the ghost sector of the
Lagrangian, which is obtained by using the Faddeev–Popov procedure. The complete Lagrangian
(B.17) is invariant under the BRST transformations

QAa
µ = δAa

µζ = Dab
µ (A)cbζ , (B.18a)

Qλaµ = δλaµζ =
[
Dab
µ (A)db + gf abcλbµc

c] ζ , (B.18b)

QNa
= QLa = 0, (B.18c)

where ζ is an infinitesimal Grassmann constant, and

Q c̄a = δc̄aζ = ∂ · Aaζ , (B.19a)

Q d̄a = δd̄aζ = ∂ · λaζ , (B.19b)

Qca = δcaζ =
g
2
f abccbccζ , (B.19c)

Qda = δdaζ = gf abccbdcζ . (B.19d)

t may be verified that the above BRST transformations are nilpotent [20].
In the Feynman gauge, α = 1, the quadratic part of the Lagrangian is

L(2)
=

1
2

(
Aa
µ, λaµ

) ( ∂2 ∂2

∂2 0

)(
Aa
µ

λaµ

)
−
(

c̄a, d̄a
) ( ∂2 ∂2

∂2 0

)(
ca
da

)
. (B.20)

We have that(
∂2 ∂2

∂2 0

)−1

=

(
0 1

∂2−iϵ
1

∂2−iϵ
−

1
∂2−iϵ

)
, (B.21)

here we have made explicit the iϵ prescription. Thus, we see that at the tree level there are
λλ⟩ and ⟨d̄d⟩ propagators, as well as mixed ⟨Aλ⟩, ⟨c̄d⟩ and ⟨d̄c⟩ propagators, but no ⟨AA⟩ or ⟨c̄c⟩
ropagators. This fact, and the absence of any vertices with more than one external field λaµ, d

a or
¯a implies that there are no diagrams beyond one loop order [4,16,20].

We note here that the ⟨λλ⟩ propagator occurs with a negative metric. However, it can be
hown [4] that only the first two terms in the ghost sector of the Lagrangian (B.17) do contribute
o the generating functional, so that the multiplier field λ actually decouples from the ghost sector.
This fact, together with the previous features, ensures that there are no one-loop diagrams which
contain the ⟨λλ⟩ propagator. This property is quite relevant for the unitarity of the theory.

Let us now consider, as an example, the amputated two-point function shown in Fig. 5. The
tadpole contribution from Fig. 5c vanishes when using dimensional regularization. The other
contributions from the above one-loop graphs turn out to be twice those obtained in the pure YM
theory. From unitarity, one would expect that the imaginary part of the self-energy to be related to
the T-matrix as

2ℑ⟨p|T |p⟩ =

∫
d3k1
(2π )3

θ (k(0)1 )

2k(0)1

∫
d3k2
(2π )3

θ (k(0)2 )

2k(0)2

(2π )4δ(p− k1 − k2)⟨p|T |k1k2⟩⟨p|T |k1k2⟩⋆. (B.22)

Here, the integrations are only over the momenta of transverse gauge bosons A and λ which are on-
shell with positive energies, as depicted in Fig. 6. The above contribution is also twice that obtained
25
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Fig. 5. One-loop graphs for the gluon self-energy. Springy lines denote the multiplier field, full lines represent the d
hosts and dashed lines stand for the c ghosts.

Fig. 6. Diagram illustrating the gluon decay process A → A + λ in the multiplier theory.

Fig. 7. Graphical representation of Cutkosky cut diagrams.

n the pure YM theory, since in this case there would be an extra factor of 1/2 to account for the
dentical gluons in the final state.

In order to verify the unitarity condition, let us consider the Cutkosky [43] cut diagrams shown
n Fig. 7, which are associated with the graphs shown in Fig. 6. Here, cutting a propagator with
omenta k yields for an out-going particle a factor like

cut propagator(kout) = ℑ
gµν

k2 + iϵ
θ (k0) = −iπgµνδ(k2)θ (k0). (B.23)

hus, the propagator is replaced by a mass-shell contribution with positive energy for an outgoing
auge particle. It is important to note that all four polarization states occur here.
To check unitarity, we use the BRST symmetry of our theory as well as the nilpotency of the BRST

ransformation. The BRST operator gives a precise relation between the unphysical gauge boson
olarization states and the ghost and anti-ghost degrees of freedom. This leads to a cancellation of
iagrams involving unphysical longitudinal and timelike gauge bosons with those containing ghost
nd anti-ghost fields [25,44–48]. As a result, the sum of the Cutkosky cut diagrams shown in Fig. 7
ield the same unitary result as that given by Fig. 6.
Let us now consider an example of a two-loop graph for the gluon self-energy, shown in Fig. 8a,

hich vanishes due to the fact there is no ⟨AA⟩ propagator. Cutting the graphs in Fig. 8a yields the
iagrams shown in Figs. (8b), (8c), (8d) and (8e). The diagrams (8b) and (8c) vanish due to the fact
hat there is no ⟨AA⟩ propagator, while the diagrams (8d) and (8e) vanish since, correspondingly,
26
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Fig. 8. A two-loop self energy graph and its associated cut diagrams.

here are no cut gluon propagators. Thus, in the Lagrange multiplier theory, the vanishing of
igher-order loops yield self-consistent results which do not violate unitarity.
For completeness, we have also considered the two-point function in a scalar A3 theory with

agrange multiplier fields. We have explicitly verified that the two-point function at one-loop order
atisfies the unitarity condition that the cut diagram is the square of the modulus of the appropriate
ree diagram. This is discussed in more detail below.

Having shown how the two-point function is consistent with unitarity through explicit com-
utation, we will consider how unitarity can be established by using the BRST transformation of
qs. (B.18) and (B.19) [24,25], following the presentation in Ref. [46].
The BRST transformations of Eqs. (B.18) and (B.19) satisfy the condition

Q 2
= 0, (B.24)

y which we mean that for any field φi,

Q (δφi) = 0. (B.25)

One writes the gauge fixing terms in the effective Lagrangian Leff in terms of the auxiliary
akanishi–Lautrup fields Na and La in order that Eqs. (B.24) and (B.25) are satisfied.)
Due to Leff being invariant under the BRST transformations, the operator Q commutes with the

amiltonian, and also with the S matrix. We now consider distinct types of states.
First of all we will consider ‘‘physical states’’ |ψP ⟩ which satisfy

Q |ψP ⟩ = 0. (B.26)

e then will consider two types of states |ψP ⟩ satisfying Eq. (B.24). First, if |ψnP ⟩ is a ‘‘non-physical
tate’’ that does not satisfy Eq. (B.26), then |ψP ′⟩ is such that

|ψP ′⟩ ≡ Q |ψnP ⟩. (B.27)

econdly, there are states |ψP0⟩ that satisfy Eq. (B.26) but cannot be written as in Eq. (B.27). It is
vident from Eqs. (B.24) and (B.27) that two states |φP ′⟩ and |ψP ′⟩ have vanishing inner product

⟨φP ′ |ψP ′⟩ = ⟨φnP |Q 2
|ψnP ⟩ = 0. (B.28)

It is evident from Eqs. (B.24) and (B.27) that the inner product of two states |ψP0⟩ and |ψP ′⟩

anishes by Eqs. (B.26) and (B.27),

⟨ψP0 |ψP ′⟩ = ⟨ψP0 |Q |ψnP ⟩ = 0. (B.29)

In the limit g = 0, Eqs. (B.18a) and (B.18b) show that longitudinal polarizations of Aa
µ and λaµ are

onverted into ghost fields ca and da; these in turn are annihilated by Q when g = 0 by Eqs. (B.19a)
nd (B.19b). So also, the ghost fields c̄a and d̄a, when operated on by Q , become the auxiliary fields
a and La by Eqs. (B.18a) and (B.18b); these in turn are the longitudinal components of Aa

µ and λaµ
s can be seen from the equations of motion for Na and La that follow from Eq. (B.17).
Consequently, we see that states with longitudinal polarizations of Aa

µ and λaµ are of the type
ψP ′⟩, the transverse polarizations of Aa

µ and λaµ are in states of the type |ψP0⟩, the ghosts ca and da

re of the type |ψP ′⟩ and c̄a and d̄a are of the type |ψnP ⟩, all at g = 0. This can be more precisely
orked out by following the arguments in Ref. [25].
27
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If we initially have a single particle state |ψP ⟩ satisfying Eq. (B.26), then since Q commutes with
S, we also will have

QS|ψP ⟩ = 0, (B.30)

and thus S|ψP ⟩ is either in a state |ψP0⟩ or |ψP ′⟩. As a result of this, and the fact that |φP ′⟩ is
orthogonal to |ψP0⟩ and |ψP ′⟩ (by Eqs. (B.28) and (B.29)) we see that in the sum

⟨φP0 |S
†S|ψP0⟩ =

∑
χ

⟨φP0 |S
†
|χ⟩⟨χ |S|ψP0⟩ (B.31)

|χ⟩ must be a linear combination of the states |χP0⟩ and |χP ′⟩. However, the states |χP ′⟩ have, by
(B.28) and (B.29), zero inner product with one another and with |χP0⟩. Thus, only |χP0⟩ will make a
non-zero contribution to the inner products. As a result, only transverse polarizations of Aa

µ and λaµ
can contribute in the cutting relations, with longitudinal and timelike polarizations cancelling ghost
contributions.

The second order form of the Einstein–Hilbert action, when supplemented by a LM field to
impose the classical equations of motion, also leads to an effective Lagrangian when it is quantized
using the Faddeev–Popov procedure that is invariant under nilpotent BRST transformation [16,20].
We expect that as a result, this theory is restricted to one-loop order in perturbation theory, and is
consistent with unitarity as well as renormalizability.
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