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1. Introduction

Normally the perturbative calculation of radiative effects in quantum field theory involves the
so-called “loop expansion” with terms with no loops (the “tree diagrams”) being the classical limit.
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Some models become inconsistent at one-loop order, but others (the EH-action for gravity [1] and
massive YM theory [2,3]) exhibit problems beginning at two-loop order. It has been shown that
by using a LM field to restrict paths being considered in the path integral to those satisfying the
classical equation of motion, then the usual one-loop perturbative results are doubled and all higher
loop effects are eliminated. We are thus motivated to study in more detail how the use of a LM field
affects the properties of quantized scalar field, a quantized YM field and a quantized metric when
using the EH action.

For an O(N) scalar model we will find that upon introducing a LM to eliminate diagrams with
more than one-loop, divergences that arise at one-loop order can be absorbed by renormalizing the
parameters (mass and coupling) that characterize the tree level action, but leave the parameters
appearing at one-loop order unrenormalized. This renormalization procedure does not lead to
results consistent with unitarity, so the use of the LM field for scalar “matter” fields is not
appropriate.

However, for YM theory, this problem does not arise for renormalizing the theory. As a result,
the renormalization constants and hence renormalization group (RG) functions can be computed
exactly for both the coupling constant and wave function renormalization [4]. Indeed, since the LM
field eliminates diagrams beyond one-loop order, it is even possible to use a LM field to render a YM
gauge model supplemented by a Proca mass term renormalizable, if not unitary [5]. It is of course
well known that massless YM theory and massive YM theory when the mass is generated by the
Higgs mechanism are both renormalizable and unitary to all orders in the loop expansion [6]. There
is consequently no motivation for employing a LM field in conjunction with the YM field. However,
using the LM field in conjunction with the YM action provides an illustration of how a LM field can
be used with the EH action.

The EH action for General Relativity, at one-loop order, provided it is not interacting, is renormal-
izable when the equations of motion are satisfied [1]. Beyond one-loop order [7] or in interaction
with scalar [1], vector [8] or spinor [9] fields, this is not the case. Supergravity [ 10], higher derivative
models [11], string theory [12] and non-perturbative properties of renormalization group functions
[13] all have been invoked to resolve this issue. Here we will demonstrate that using a LM field to
restrict configurations of the metric to solutions of the classical field equations without matter fields
can be used in a straightforward way to obtain a renormalizable, unitary model of the metric even
when it interacts with “matter” fields. Divergences coming from “graviton” loops are eliminated in a
somewhat unusual way as they are absorbed into the LM field. It is not necessary for the background
field to satisfy the equation of motion.

In an introductory section we discuss some general features of using a LM field in conjunction
with the path integral. The next three sections outline how a LM field can be used in scalar, YM
and gravitational models respectively. We also show in Appendix A how the first class constraints,
present in a YM action supplemented by a LM field, can be used to derive the gauge invariances in
this model. In Appendix B we argue that, in consequence of the nilpotency of the BRST transfor-
mations, the Lagrange multiplier gauge theories are consistent with unitarity, as the contribution
of ghost states cancel against those of unphysical polarizations of gauge fields. We also show that
when there is a LM field, the energy spectrum is bounded below and negative norm states do not
contribute to physical processes.

We are using the Feynman path integral to quantize both the fields that normally appear in
the classical action as well as the LM field used to impose the classical equations of motion; in
no sense though is what we are considering a classical theory. There is no partitioning of degrees
of freedom into those that are “classical” and those that are “quantum”, such as is done in the
Koopman-von Neumann-Sudarshan approach as discussed in Refs. [ 14,15]. If we were to have such
a partitioning, then when employing canonical quantization, these coordinates and their conjugate
momenta corresponding to classical degrees of freedom would commute. This is not the case in our
approach; all degrees of freedom have conventional quantum commutation relations.

2. General formalism for quantization

In this section, some general features of how a Lagrange multiplier field can be used to eliminate
higher loop contributions to Green'’s functions are presented. This is, in most part, a review of the
material in Refs. [4,16].
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In general, a Lagrangian £(¢;) defines the dynamics of a field ¢;(x). On occasion it is advantageous
to introduce an auxiliary field @; so that the Lagrangian for the system becomes £ (d),—, dy—). The
equation of motion for @; leads to ®@; = @;(¢;) so that

L(pi) = L (1, Di()) - (2.1)
The generating functional
2ii1= [ Dgresp . [ dxceton+ i 22)

has a perturbative expansion that gives rise to multi-loop Feynman diagrams. Only connected
diagrams occur in the expansion of

Wlji] = —ihInZ[j;] (2.3)
while if
B = SW.Ui] (24)
dji

then the Legendre transform of Wj;]
ris) = wiid - [ dsi (25)

gives rise to one particle irreducible Feynman diagrams [17,18].
Together, Egs. (2.3)-(2.5) lead to

eh Bl _ fD¢i expé/dx (L(1) + Jji(pi — Bi))

or, if

¢ = Bi+Q (26)
eh "B — /DQ;EXD%/dX(ﬁ(Bi+Q1)+ini)v (2.7)

where B; is a “background field” while Q; is a “quantum field”. From Eqgs. (2.4) and (2.5), it follows
that

. 3I'[B;]

= ) 2.8

Ji 3B; (2.8)
One can now make the expansions

I'[Bi] = [oy[Bil + "Iy [Bi] + W* [)[Bi] + - - - (2.9)
and

1 1 1

L (B + Q) = L(B) + Fﬁ.i(Bi)Qi + ?L,U(Bi)Qin + gﬁ,ijk(Bi)QinQk + e (2.10)
When Egs. (2.8)-(2.10) are substituted into Eq. (2.7) we find that to lowest order in h,

F(())[Bi] = / dxL(B;). (2.11)

From Eq. (2.11), terms linear in Q; in the exponential of Eq. (2.7) cancel. It is not necessary to impose
the equation of motion

Li(Bi)=0 (2.12)
on the background field B; to eliminate terms linear in Q;. To zeroth order in h, we find that

Iy = —ilndet ~2£ j(By), (2.13)
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the usual one-loop result. Subsequent powers of fi show that I7;)[B;] (n > 1) are associated with
n-loop one-particle irreducible Feynman diagrams [17,18]. In obtaining this result, it is assumed
that £(¢;) is independent of h. This is not always the case; it has been pointed out that if £(¢;)
depends on h then loop diagrams can possibly have non-vanishing contributions in the “classical
limit” h — 0 [19].

Next we will consider the consequences of using a Lagrange multiplier (LM) field A; to ensure
that ¢; satisfies the equation of motion (2.12). The action of Eq. (2.2) now becomes (upon setting
h=1)

. . 0L(¢i .
Zlji, kil = /D(f)iD)\i EXPl/dX <£(¢i) + Xk% +iigi + ki)»i) . (2.14)
k
Since both ¢; and A; are integrated in Eq. (2.14), this model is not semi-classical; it is fully quantized.
The functional integral over A; in Eq. (2.14) results in a functional §-function so that
. IL(i) . .
Zlji, kil = /Ddh-(? ( 3¢>kl + ki eXpl/dX (L(i) + i) - (2.15)
The functional analogue of
/ dif(08(g(x) = > F(®)/1g'(R)] (2.16)
Xi
reduces Eq. (2.14) to
Zlji kil =Y _expi / dx (L(¢i) + jigi) det " (L () - (2.17)
i
In Eq. (2.16), x; is a solution to
gx)=0 (2.18)
while in Eq. (2.17) ¢i(x) satisfies
Lk($1) + ke = 0. (2.19)

If we define
Wi, kil = —iInZ[jj, ki] (2.20)

and then have
_ SWlji, ki

B; 5 (2.21)

I'[B;, kil = W1ji, kil — / dxBjj (2.22)
we find that

e'lBikil — / DQDA; exp i / dx(ﬁ(Bi +Q) +Ak%£(3,~ + Q) +4iQ + k,x,-), (2.23)
where now

- _OI'[B;, k,»]. (2.24)

8B;

In general, we do not provide a background field for A; since it does not appear as an external field.
The integral over A; in Eq. (2.23) now results in

¢TIkl _ / DO (agcwi +o)+ kk) expi f dx (£(B: + Q) + i) (2.25)

K
4
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so that, much like Eq. (2.17), we have

_ S 2 (Bi+Q)
where Q; satisfies
ILBi+Q) |,

In the limit k, = Q; = 0, we see from Eqs. (2.11) and (2.13) that on the right side of Eq. (2.26)
we have the product of all “tree” diagrams (the exponential) and the square of all the usual “one-
loop diagrams” (the functional determinant), with the field B; on external legs. No contributions
beyond one-loop arise. This is consistent with what results from a Feynman diagram expansion of
Zlji, kil [4].

The action in some models

S= /dxc(d>,-) (2.28)
is invariant under a “gauge transformation”
o = ¢ = ¢ + Hy(di)§ (2.29)
so that
9L(¢i)
/ x 2P (pe = 0. (2:30)
8¢k
If we now consider the action
0L(¢;
S, = / dx <£(¢,~)+Ak (¢')> (2.31)
a¢k

then by Eq. (2.30) it immediately follows that the transformation
Ai = Ap = Ai + Hif(dr)Ck (2.32)

leaves S, invariant. Furthermore, if

9L(9;) AL(¢y)
/ )\‘/ J — . }"i J 2.
fdx (L(qu) + A 99, ) /dx <£(¢]) + o0 ) (2.33)
where d)j = ¢; + H;j(¢r)&j leaves S in Eq. (2.28) invariant, then it follows that
o] OHij(¢e )5
Ai A= Ag—t = A+ p————— 2.34
i > A k 901 i+ Ak 3o ( )

Together, Eqs. (2.29) and (2.34) as well as Eq. (2.32) are invariances of S; in Eq. (2.31) [16,20].
In order for the gauge transformation of Eq. (2.29) to close under commutation of two successive
gauge transformations, we must have

(8485 — 8884) ¢ = 8a (HyE?) — 85 (Hy&)

dHjj acp  OHi AgB
= oo Hie&r & — a¢ka’[§j &
= Hinfrje£(&] (2.35)
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so that
dHj 9Hy
Hye — —Hyj = Himfmie- 2.36
a¢k ke a¢k kj lmfmjé ( )

For a gauge transformation to be consistent, the Jacobi identity

([84, [88, 8c1] + 3B, [8c, 8all + [8c, [8a, 88]]) ¢i = O must be satisfied. This implies that fiqsfeck +
freafevk + fivefeak = O, provided fij is independent of ¢;.

The Faddeev-Popov procedure [21] can be used to quantize a model with the action S; possessing
the gauge invariances of Eqs. (2.29), (2.32) and (2.34). If we want to impose the same gauge
restriction on ¢; and A,

Fypi = 0 = Fjh; (2.37)
then we begin by inserting the constant [16,20]

_ [ pepes|r(( @ 0 H & \Y_( P (0 H
1_/DE,D{,5|:F,,<< ¥ >+( T i o )| det|F Hy ot
(2.38)
into the path integral of Eq. (2.14), followed by insertion of the constant
—i
/DPJDQi expgfdx (pipi + 2piqi) - (2.39)

If we then perform the gauge transformations of Egs. (2.29), (2.34), (2.32) with &, ¢; replaced by
(=&, —¢;) we are then left with

. 0 H
Zlji, kil = /D(P,'D)\.i det F,'j Hy OHij
Jr 0

expi / dx [ﬁ((pn +xka§("”‘)

. 1
+Jii + kihi — % (FioiFixdn + 2Fij<l>jFik?»k)] (2.40)
k

upon dropping normalization factors f Dé&;Dg;.

It is possible to impose more than one gauge condition on ¢;, A;. This is useful in spin-two models
in which one wants a propagator that is both traceless and transverse [22]. If in addition to the gauge
conditions of Eq. (2.37) we wish to have

Giipj = 0 = Gyj); (2.41)

then into the path integral of Eq. (2.14) we insert not just Eqs. (2.38), but also a constant that is
found by replacing (¢;, &) — (o1, 6i), (pi, ¢i) = (13, Si), Fj — Gy in Eq. (2.38) and a constant

—i
poiin / Dr;Ds; exp o / dx (piri + pisi + qiti) - (2.42)

We then are left with

. - 0 Hi
Zlji, kil = | D¢DX; | DED¢; det F Hy  ap ot
J

Iy
0 Hy
det Gj; i
"( H; M%’f )
, oLl .
eXpl/dX|:£(¢i)+)\k a((fl) +Jipi + kil
K

1 _
T S ((Fy¢j) (Gik (¢ + Hieke))
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_ aer _
+ (Fjoy) (Gik (Xk + Hyeo + Amg&))

+ (Fgny) (G (x + H1<z§é))):| (2.43)

where & = 6, — &, & = pi — G
Exponentiation of the functional determinants in Eqs. (2.40) and (2.43) by use of

detMj; = /DciDEi exp C;Mi;c; (2.44)
where c;, ¢; are Grassmann leads to Fermionic ghost fields. In Eq. (2.43), & and ¢; are Bosonic ghost

fields. We will not consider using the second condition of Eq. (2.41) any further.
If we use

0 A 0 A
det(A B>:det(A A+B> (2.45)
in Eq. (2.40) and then use Eq. (2.44), we find that
Z[j,',](i] = /D¢iD)»i/DN[DLi/DCiDEiDdiDai

0L(¢i)
0k

expi/ dx|:£(¢,-) + A + Jihi + ki

_ - _ dHj
+ CiF,'jijdk + diF,'jijCk + ¢iF; | Hye + )%W Cxk
0

o
n (§NiN,- — NiFy (& + ) + aNiL; — L,F,,@)} (2.46)

where N;, L; are “Nakanishi-Lautrup” fields [23].
Provided f;, in Eq. (2.36) is independent of ¢;, it can be shown that

0L(¢i) | - -
L) + M=, ;l + CiFyHjdy + diFHjeci
k
+ GF (H + 3ij>c
ifij | M el Y
iljj ik a¢€ k
o
+ <§NiNi — NiFii(¢j + 4j) + aNiLi — LiM‘jd’j) (2.47)
is invariant under the transformation
54),‘ = H,‘jCjE (2-48)
dH;j
SAi = Hijdje + Ay ——cye (2.49)
Gl
SN; = 0 = 8L (2.50)
6(_:1' = —EN[ (251)
6(_1,» = —GLI' (252)
1
dci = _Eﬁjkcjckf (2.53)
(Sdi = —ﬁ'jijde, (254)



D.G.C. McKeon, F.T. Brandt, J. Frenkel et al. Annals of Physics 434 (2021) 168659

where ¢ is a Grassmann constant. Egs. (2.48)-(2.54) are the global “BRST” transformations associ-
ated with Eq. (2.47) [24]. In Appendix B we will show that the presence of this invariance ensures
that introduction of a Lagrange multiplier field as in Eq. (2.14) for a gauge theory is consistent
with unitarity, provided it is a nilpotent transformation [25]. This requires that f; is independent

of (bi.
3. The scalar field

We will consider now a scalar field ¢ with the classical action
2

G
Slg*] = f dx (% (0,9°) = S0P — 5 (¢“¢“)2) : (3.1)

It possesses a global O(N) symmetry as well as the symmetry ¢ — —¢“ The path integral
quantization procedure leads to the generating functional

211 = f D¢ expi <S(¢“> + f dxj%“) . (32)

If we employ a background field BY, then by Eqs. (2.7), (2.8) the generating function for one particle
irreducible diagrams is I" where

Q1B _ / DQUelSIB +Q) Q"] (3.3)
where now

, 3I'[B]

=0 (34)

Divergences that arise in the course of performing a loop expression of Eq. (3.3) can be absorbed
into a renormalization of BY, m? and G when using dimensional regularization [26].

If now we introduce a LM field A° to impose the equation of motion for ¢“, our generating
functional becomes, by Eq. (2.14)

1 m3 G
Z[j, k'] = fD¢”DA“ expi/ dx[i (aﬂqﬁa)z - 71(¢a)2 - Z:(¢a¢a)2
G
_)\’a <82¢a+m§¢a+ ??(pa(pb(ﬁb) +]~a¢a+kaka:|. (35)
In Eq. (3.5) we distinguish m% and m% as well as Gy and G, as the divergences arising in the one-loop
contribution to Z in Eq. (3.5) renormalize m? and Gy, but not m3 and G, [4].

To see this, we can first of all do a diagrammatic expansion of Z in Eq. (3.5). Since the terms in
the exponential of Eq. (3.5) that are bilinear in ¢ and A? are

1 o .o f %+m 9*+m ¢°

the propagators for ¢¢, A? can be found from

-1
2 2 2 2 1
T 4my 97 +m 0 02m2

, , = ; 92+m? . (3.7)
0%+ my 0 m? T (2+ml)y

So also, we have vertices ¢-¢-¢-¢ and A-¢-¢-¢. With these Feynman rules, one cannot construct
a Feynman diagram with more than one loop. The divergent Feynman diagrams at one-loop order
are in Fig. 2. The external legs have not been amputated. The symmetry factor associated with these
diagrams ensures that they are twice the corresponding diagram coming from Eq. (3.2).

8
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a l) — 0
a b .
e AVAVAV. ? ab
= 0
k k2 —m3
a b
AVAVAVAVAVAV, _ L Femi
k (k? —m3)?

= —iGy (6ab5cd 4 5oegbd 4 6ad6bc>

a >< b

c d

a b
>< = —iGi (8°05° 60" + 576"

c d

Fig. 1. Feynman rules of the Eq. (3.5). The solid and wavy lines represent the scalar field ¢ and the LM field A¢,

respectively.

Fig. 2. One-loop diagrams with non-amputated external legs.

If we consider amputated one loop diagrams, as well as tree diagrams, then the two- and
four-point functions are of the form (with € = 2 — n/2 in n-dimensions [26]).

(¢%9P) = /dx —1¢a (8> +m?) ¢ — %m2¢”¢a ¢ +ciln m +co (3.8)
2 1 2 2 € u? '
G G2 d m2
a b cacy _ Y riagay? Y2 (gaga)2 @ )
<¢>¢¢¢>—/dx[ o (070°)" = 2 (¢%9) (6+d111’1’u2+d0>i| (3.9)
so that as € — 0, all divergences are removed by renormalizing m? and G,
G-C 2
mif = 4 22 (310)
G2d
GR =G, + 2. (3.11)
€

There is no need to renormalize the field ¢* [26].

9
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. + L L
NN

Fig. 3. Diagrammatic form of the perturbative solution of Eq. (3.13).

These results can also be obtained by explicitly performing the functional integrals in Eq. (3.5).
By use of Eq. (2.17) we find that

1. o Gi oo _
Z[j. k] = Zexpi/ dx [—2¢“ (2 +m3) ¢ — 4{ (¢°¢°)° +j“¢“] (3.12)
# '

det—! ((82 +m2) 8 4 % (50 + zéaq}b))
where ¢ satisfies
Gy
(67 +m3) ¢ + S190°9" = k. (3.13)

A perturbative expansion of ¢? in powers of G, that follows from Eq. (3.13) has a diagrammatic
form given in Fig. 3 where lines represent (9% + m%)”, —x denotes a factor of k? and >< is a vertex
associated with the coupling G,. The exponential in Eq. (3.12) represents the sum of all tree-level
Feynman diagrams and the functional determinant is the square of the contribution coming from
one-loop Feynman diagrams such as those of Fig. 2.

The elimination of divergences through Eqgs. (3.10) and (3.11) results in having to use distinct
masses and couplings for tree-level and one-loop diagrams, as given in the Feynman rules of Fig. 1.
This situation results in it not being possible to compute an S-matrix using the generating functional
of Eq. (3.5) in a way consistent with unitarity [27]. As a result, a Lagrange multiplier cannot be used
to consistently eliminate diagrams beyond one-loop order when considering the scalar model of
Eq. (3.1). Overcoming this problem by simply setting m; = m, or G; = G, is inappropriate, as no
symmetry relates m; to m; or G; to G,. (Gauge invariance imposes a relationship between analogous
parameters in gauge theories.)

We now will turn our attention to using a LM field in conjunction with YM theory.

4. Yang-Mills theory

The second order YM action

SymlA] = f dx (_71 ;U(Azf““"m)) (41)
where

" (A) = 0,A% — 0,A5 + gf AV A (4.2)
possesses the local gauge invariance

8A7, = DIP(A)E" (4.3)

(DP(A) = 8,87 + gfP°AP) . (4.4)

By introducing an auxiliary field ng so that we have the first order YM action

1 1
SiymlA, F] = / dx (— FFuf (A + j;iﬁ“"”) (4.5)

the interaction vertices for S,yy, are simplified [28-30]

10
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We now consider the generating functional

_ , 1 1
Zim [J5.15,] = / DAS,DF;,Dc?Dc” exp i / (—EFEV Y gFLE

+ A 40 FOR %(a AT E“aﬂna’mcb) (4.6)
where we have employed the gauge fixing
3-A"=0 (4.7)
and have the ghost Lagrangian
Lghost = ¢*d - D®(A)cP (4.8)

which is the usual Faddeev-Popov ghost Lagrangian [21].
A background field B}, will be introduced for A7, and G, for Fj,, following Egs. (2.2) to (2.8). If

“y ny?
Wiy [55.J5,] = —iIn Zayw [5,.J5, ] (4.9)
and
T [A5, G ] = Wi (65, 15,) — / dx (jo, A" + JEF) (4.10)
where
sW
Bl =~ (4.11)
Sjn
sW
G, = " (4.12)
8]ap.v

then the one-particle irreducible Feynman diagrams are generated by
. - . 1 .
expiliym [BZ wa] = /DqZDQﬁUDcaDca expz/ dx[—E(G + Q) f (BZ + qZ)

1
+ 4 (@) (6 + )

4
, by 1 2
+ Joq™ +175,Q" — o (D (B)g™)" + c*DI(B)D*"(B + q)c“]. (4.13)
Following Refs. [17], we have used the gauge fixing
DP(B)g™ =0 (4.14)

in place of Eq. (4.7).
We now will introduce LM fields to restrict radiative corrections to one-loop order. If we start
from the action S,y of Eq. (4.1), then this means considering

ShulA, Al = /dx (—% (,fu(A))z + A‘jDZb(A)fbuv(A)) . (4.15)
By Egs. (2.32) and (2.34), the gauge invariance of Eq. (4.3) is now accompanied by

825, = gf P anEe (4.16)
as well as

825 = DY (A)". (4.17)

(In Appendix B we will show how these gauge invariances lead to BRST invariance of the effective
Lagrangian that results from quantizing this action using the Faddeev-Popov procedure, and
demonstrate now this invariance results in the cancellation of unphysical degrees of freedom so
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that unitarity is maintained.) We now consider the generating functional that is derived following
Eq. (2.46)

Zoy = / DA‘ D1, / DN“DL* / Dc“Dc°Dd“Dd°
expi / dx[—% (A (A) + MDA (A) + joA™ + kI A (4.18)
+ €99 - D®(A)d® + d°9 - D™(A)C® + &% - D(A + A)c”
+ (%N"N” — N9 - (A° + A% + aN°L® — 19 -A“)]
if we accompany Eq. (4.7) with the gauge condition
3-A"=0. (4.19)

We now introduce background fields Bj, and A, for A}, and A, respectively so that A} = B} + Q;
and kﬁ = AZ + qZ. Ifr [B/‘LAZ] is the one-particle irreducible generating functional then

ik B.A] _ a 0 D®(B)DH(B 4 Q)
e = \/DQMquVv d6t< Dab(B)DbC(B"FQ) DZb(B)%bCH(B'i‘Q'FA‘i‘q)

1
expi / d"[‘z B+ QU™ (B+Q)+ (A% +q5) (DP(B+ Q)™ (B+Q))

1 1
— o (D2ER™) — — (DX(BIQ™) (DX(BX) +Q% +Kiq™ | (4.20)
with the gauge conditions
DP(B)Q™ = 0 = D’(B)g"". (421)

With this gauge fixing we have maintained the “background gauge invariance”

8BY, = DY(B)E" (4.22a)
5Q0 = gfeQlEe (4.22b)
8AY = gf ™ ALES (4.22¢)
8q), = gf " q & (4.22d)
8.A% = D(B);" (4.22¢)
8q5 = gf™Ql¢* (4.22f)
but have broken the gauge invariances
3B, =0 (4.23a)
8Q) = D’(B+Q)g” (4.23b)
8A% =0 (4.23¢)
5qj, = of ™ (A}, +aq;,) € (423d)
5q% = DP(B+ Q)" (4.23e)

that were present in S,,(B + Q, A + q) of Eq. (4.15).
One could find the Feynman rules associated with Eq. (4.20) and perform a diagrammatic
expansion of szww- However, it is possible perform all the functional integrals that occur, and

. L 0 A 0 A
following the steps that lead to Eq. (2.26) we obtain (since det ( A B ) = det ( A ALB ) =

12
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det? A)
xffyM[Bﬂ A%l _ Z expi / dx[ f;fv(B + Q)f‘w”(B + Q) (4.24)
Qu
1 _ _ _ _ —
— 5o (0"(B)-Q")" + 45, (DY(B+ Q)" (B+Q) +sz“"] det? (D®(B)DP" (B + Q)
 det ™5 0B+ 028, — 3 (1= 3 ) ORED2E) + D)

1 _
+ (FPPfP,(B) + f”"“fv”u(B))+5[D§p(B) (&P Q) 0, + DIP(B) (gfP™ )nm]

+ L [0 (@710g) + (e (a6)] - 1[(wa &) (&™) + (D)) (™))
+ 1[0 @770)) + DY) (@7 0))] — L (ORI (57) + (DY) (7))

+ ;[n 2(B) (&7°Q) + 0., D3(B )(gqubéf)] - E[fm”bfm“Q;Qf+f”“’“fm“QJQ,i
Q0 Q5+ S, QS + IR + Q05 |
where Q¢ satisfies
DGl - (1- 1 ) DEEDLER + 281 (0"
+ D(B) (¢f*Q™Q)) — g (DX(B)Q)) (fF"Q*)
— g (DY(B)Q)) (F7"Q™) — &°f™f™ Q[ Q;Q™ = k. (4.25)
If k% = Q2 = 0, then Eq. (4.24) reduces to

elsmBAl — expi / dx [-%f;’v(za)f‘“”(B)Jr ALDY(B )f”“”(B)]

det? (Dzb(B)Dbm(B)) det 1 (Dz"b(B)mw - <1 — é) DZP(B)ng(B) +2 gf“pbf,fv(B)) . (4.26)

The exponential in Eq. (4.26) is the sum of all tree diagrams and the determinants are the sum
of all one-loop diagrams contributing to I 2YM‘ no higher loop contributions occur. As noted in
the appendix, the equation of motion for the background field Bﬁ (Eq. (2.12)) does not have to
be satisfied. Since the LM does not appear as an external state, we set A}, = 0.

We now consider renormalization of g and B} needed to remove divergences arising in the
perturbative evaluation of the functional determinants appearing in Eq. (4.26) [4]. Maintaining the
gauge invariance of Eq. (4.22) ensures that the product gB, is invariant under renormalization, so
that the renormalized coupling gz and renormalized field B,‘%M satisfy [17]

8rBg, = 8B, (4.27)

Consequently, if the two-and three-point functions determine the renormalization of g and B¢, we
use the result that

1 D g
(BB) = —B° (p*" — p"p’/p?) B | 1+ 8% (= +Diln 2 4 Dy (4.28)
2" € n?
and
2
(BBB) = f**BY B BS VI [g +g ( +EIn +Eo>] (4.29)

One does not have separate couplings and fields at tree and one loop order, as with scalar fields in
Eq. (3.5), in order to eliminate divergences occurring in Egs. (4.28), (4.29) as € — 0. One defines in

13
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this case
_ZD
B, B}, = BUB! (1 + gé) (4.30)
gE
B}, Bk, B, & = Bj,BLBS (g + ?> . (4.31)
By Eq. (4.30)
—pm 172
g°D
By, =B, (1 + j) (4.32)
and so by Eq. (4.31)
_3E _ZD -3/2
2 = <g n L) (1 T L) . (4.33)
€ €
In order that Eq. (4.27) is satisfied, we must have
D=E, (4.34)

and so by Eq. (4.33)

_ZE —-1/2
®=g (1 + gT) : (4.35)

Egs. (4.28) and (4.29) now become

1 p?
(BB) = EB‘%H (Pzn“” _ pMPU/pZ) By [1 +g (D1 In E + D0>i| (4.36)
2
(BBB) = f"chgu By By, VY [gR +g (151 In % + Eo)] ) (4.37)

Dimensionally,

g = gou’ (4.38)

where w is an arbitrary dimensionful constant so Eq. (4.35) implies that

98k =
u—— = egr — Egg. (4.39)
aM
As € — 0, we arrive at the exact results for the 8 function associated with g,

Blgr) = —Egp (4.40)

which is twice the usual one-loop result for the g-function in YM theory [31]. Since gBZ is
independent of u, Egs. (4.27) and (4.40) show that
0B

Ru
M o

= EgzBy,. (4.41)

Having established how YM theory with a LM field is renormalized, we now consider how a
matter field, in the form of a scalar field ¢° is coupled to A},. This involves supplementing Sayy in
Eq. (4.1) with

2

] ai m aa G aa
Spp = /dx [2 (D%(A)")* — 500" — 5 (09 )2} (4.42)

14
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where Df}’(A) is defined in Eq. (4.4). If now we were to make use of LM fields to eliminate diagrams
beyond one-loop order, we would be using the classical action

1 1 2
Sig = / x| LA A A + 5 (D) — Tl gt

G
2 (G101 (DAY (A) + gf P1gPD™ (A)g)

o <D,‘jb(A)DbC“(A)¢>C +me’ + %¢“¢”¢b)]. (443)

This action is invariant under the gauge transformations of Egs. (4.3), (4.16) and (4.17) along with
(using Eqgs. (2.32) and (2.34)

8¢a ngabcff)bfc (444)

80 = gf ™ og" (4.45)
and

S0 = gfabc(pb;c. (4.46)

As in Eq. (3.5), renormalization of divergences arising at one-loop order in radiative effects involving
scalars makes it necessary to have distinct masses and couplings at tree-level order (m% and G;) and
one-loop order (m% and G,). This again leads to results inconsistent with unitarity, and so all terms
in Eq. (4.43) proportional to ¢ are to be discarded.

However, eliminating the term

o "DI(A)D"H(A)g¢ (4.47)
from Eq. (4.43) breaks the invariance of Eq. (4.17) unless the term
A5 (gfPIg"DT(A)g) (4.48)

is also removed. We are then left with the action

] a apy ] a: m2 a a
Sho = f i~ Z A AT (A) + 5 (DAY’ — -9
G aa ana v
— (0" + DR (). (449)

This is invariant under the gauge transformations of Eqs. (4.3), (4.16), (4.17), (4.44).
The generating functional is, by Eq. (2.46),

Zis ligs K] = / D¢ DA, DA, / Dc“DeDd° Dd*

expi[S}W + / dx(E"a DA 4 A)?
_ 1 1
+ d% - D®(A)c? 4+ €% - DP(A)® — — (0 - A%)2 — =9 - A%9 - A°
2 o
LA A 41| (4550)
if we use the gauge fixing of Eqs. (4.7) and (4.19).
The fields ¢%, A7, and A}, are expanded about backgrounds @, B}, Aj so that

¢a — (pa + '(//‘a (451)
A, =B, +Q; (452)
A= A% 4+ (453)
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Using the same steps used to arrive at Eq. (4.26) when there is no scalar “matter” field ¢¢, we find
that

i 1
eer)L(p[BA,A.(P] — /Dwa exPi/dx[_Z ;U(Blfau\J(B)+AZD3b(B)fb;w(B)

mZ

1
+ 5 (D@ (@ +97)" = - (94 v°) (27 + v)
G
- (2% +v7) (29 + xp"))z] det? (D% (B)D"*(B))
1 (e 1, .
det =" (D™ (B — (1= —IDP(BIDL(B) + 28 ™17, (B)). (454)

From Eq. (4.54) it follows that a perturbative expansion of FAA¢ [B, A, @] has the following contri-
butions:

1. loops involving scalar fields ¢® propagating in the presence of a background scalar field @¢
and a background vector gauge field BZ

2. all tree level diagrams involving the vector gauge field, given by the exponential
expi [“dx (—3f%,(B)f**(B)) [32].

3. twice the contribution of all one-loop diagrams arising in normal YM theory when a back-
ground field is used, coming from the functional determinants in Eq. (4.54).

4. no higher loop contributions involving only the propagation of the gauge field.

The terms in Eq. (4.54) that exclusively involve the background fields are

: 1 a apy 1 ab by2 m2 apa G a50a\2 a nab buv
expz/dx |:—4 (B (B) + E(D“ (B)p”) — 7(15 ¢ — a(dﬁ Q) + A,DP (B (B) | .

(4.55)

If we set the field A}, equal to zero, the remaining terms in the exponential in (4.55) give the tree-
level diagrams that follow from the classical action for a YM field coupled to a scalar. Alternatively,
one could keep Af, in the exponential and supplement Eq. (4.55) with the extra term

expi / dx [ A% (F* @"D%(B)®?)]. (4.56)

In this case, Egs. (4.55) and (4.56) together are gauge invariant and are consistent with having tree
diagrams follow from the classical action for a YM field coupled to a scalar with a LM field ensuring
that the classical equations of motion for the YM field are satisfied.

As a result of this, the renormalization group functions for gz and Bﬁﬂ in Egs. (4.40), (4.41) can
receive loop contributions of higher order in Gg. So also, the usual renormalization group functions
for Gg, mﬁ and ¢y are unaltered.

We now will consider how the arguments leading to Eq. (4.54) can be used when there is a
gravitational field interacting with a scalar field.

5. Gravity

At one-loop order, the EH action is renormalizable as divergences vanish when the metric g,
satisfies the classical equations of motion [1]. However, at higher loop order [7], or if the metric
couples to matter fields [1,8,9], then renormalizability is lost as divergences no longer disappear
when equations of motion are satisfied. This has made it interesting to examine the consequences
of using a LM field to limit radiative corrections to the EH action to one-loop order [16,20]. In this
section we will further consider use of a LM field in conjunction with the EH action supplemented
by matter fields which couple to the metric. Our matter field will be a self-interacting scalar field.

The first-order form of the EH action is useful, as in this form, the EH action has only a three-point
vertex [33]. Here however we will use the second order form of the EH action, treating the metric

16



D.G.C. McKeon, F.T. Brandt, J. Frenkel et al. Annals of Physics 434 (2021) 168659

guv as a gauge field. This action is

SEH = /dX (_7\/ g uv F)) (51)
where «¥* = 167Gy, g = detg,, I, = %g“’ (gup,v + 8o —8&uw.p) and Ry, =
= (Lo = Ty + T T, = T3, )- The metric is coupled to a scalar matter field ¢ with the
action
1, m? G
Sgp = /dx (vV=g) (—ig“ 0,¢0v¢ — 7052 - E¢4> . (5.2)
Due to diffeomorphism invariance, Sgy + Sg4 is invariant under the infinitesimal transformation
8guv = gﬂasz +gva§7¢ + Eag;w.oc (53)
8¢ =P (5.4)

The nature of the EH action makes it impossible to perform any perturbative expansion of the
generating functional without using a background field g, for the metric g, so that [34]

Euv = gp.u + th.u- (55)
Quite often, this background field is chosen to be flat
g;w = Npv- (5.6)

An expansion of the geometric quantities found in Eqgs. (5.1) and (5.2) in powers of h,,, is found in
Ref. [1].

If V,.; denotes a covariant derivate of V, using the background field g,,, then the gauge
transformatlon of Eq. (5.3) can be written as

88, =0 (5.7)

1
Shpw = ; (EM;D + Sv;ﬁ) + Ekh;w:): + huk‘i‘_k;\j + hvkék;,}- (58)

Indices are raised and lowered using g,,,.
Upon varying g, in Sgy + Sg¢, We find that

+1 1 1
) (SEH + Sg¢) = /de/—grSgMU [F (Ruv _ 5g’”R> + ETW] (5.9)
where
1 m> G
T =g"g"P ¢ ¢ p — g <§g“ﬁ¢,a¢,,s + 7452 + E¢4> . (5.10)

If a LM field A**” is used to impose the equation of motion for g, that follows from Sgy, we have
the action

1
Sk = /dXA/;[ g™ Ry + A (RM - 2gMRﬂ. (5.11)

It now is possible to follow the steps which led to the generating functional I Iy, in Eq. (4.20).
If we have background fields g, and Anv for &uv and A" so that

v = &uw +Khy, (5.12)

M = Apy + KOy (5.13)
then S}, in Eq. (5.10) is invariant under the gauge transformation of Eq. (5.3) combined with

S = Mk + Mk, + ED (5.14)
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and

Sy = (8ual + 8alS + C¥8uv.a) (5.15)

as can be seen from Eqgs. (2.32) and (2.34). Eq. (5.14) follows from the fact that A,, is a tensor
under a diffeomorphism transformation while Eq. (5.15) follows from the fact the Sgy in Eq. (5.1) is
invariant under a diffeomorphism transformation.

Just as Egs. (5.7) and (5.8) follow from Eq. (5.3), we see that Egs. (5.14) and (5.15) result in

Shpw =0 (5.16)
1- o 1- o o
aa;w = ;)\Ma + Oua g;a + ;)\va + O é,: +£ )‘p.v +ouw E (5.17)
1
60—/1,1} = ; ({/L;D + é'u;[l_) + ;khuu;i + h/t)té-;)]:; + hm{;}, (518)

It is now possible to break the invariance of Eqgs. ((5.7), (5.8), (5.16), (5.17), (5.18)) by the gauge
fixing conditions

huv? - khvv;[t =0= U;w;ﬁ — ko e (5.19)
We now can follow the steps used to find the generating functional Fg* [)_\, g, 03] for one-particle

irreducible graphs when a scalar ¢ = @ + v with background @ is in the presence of background
8uv and A,,. In analogy with Eq. (4.54), this leads to

expily, [1.8 @] = f Dy / D¢' D' Dd" Dd*
expi / d/— { [ 2" Ry (@) + 7 (R
v

1 G
+ [58" 0@ + wi(@ + vy = T@ + P - @+

Qqi
o

L

=

=

Qi
=
—

1 _
det ™| i [ Rel®) = 3 (k)

(h“ﬂ; P —kh," ﬂ)]hzo]. (5.20)

We find from Eq. (5.20) that a perturbative expansion of ngd, [g, X, @] leads to a structure much like
that which follows from Eq. (4.54) for YM theory. We find that the following diagrams contribute
to '’ :

g9

1. all tree diagrams with background metric g, and background scalar @.

2. twice all one-loop diagrams that follow from the EH action alone, but no diagrams beyond
one-loop order.

3. all loop diagrams for the scalar ¥ in the presence of a background metric g,,, and background
scalar @.

We now consider the divergences coming from radiative corrections computed using Eq. (5.20).
First of all, the divergences arising from the one-loop diagrams resulting from the EH action alone
are [1]

7
fF (120 ZORW@)R”“@)) : (5.21)
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The factor of two arises due to the use of the LM field in Eq. (5.11). From Eq. (5.21) and Eq. (5.22)
appearing in Ref. [ 1], we see that all one-loop divergences involving g,,, resulting from Eq. (5.20) are
either of the form /—gF,.5, (g, ®)R*(g) or v/—2&""(38,®)(3,®). The former divergences can be
absorbed into A*” in Eq. (5.20), the latter by a field renormalization of @. The divergences involving
no external metric field can be eliminated by renormalizing m?, G and &. Higher loop diagrams with
contributions coming from the propagation of the scalar field will be proportional to GV. These
diagrams may involve external fields g,,. It should be possible to remove the divergences in such
higher-loop diagrams by renormalizing m?, G and @, as those diagrams involve a propagator arising
from —/=g (g9, $0,® — m?*®?) and a vertex following from —G,/—g®*, with the metric not
altering the short distance behaviour of divergent diagrams involving .

If we set the field A*” equal to zero in Eq. (5.20), we see that all tree-level diagrams are now
simply given by the exponential

2
expi/ dxy/—g [—%gﬂ“R,w(g) - %gﬂ“(aﬂcpavcp) - m7q>2 - gcp“] . (5.22)
We thus see that we have recovered what is expected classically; the background matter field @
coupled to the background metric field g,,. Although the classical equation of motion of Eq. (2.12)
need not be satisfied by g, and @, if we were to examine the classical equation of motion for g,
and @ that follow form Eq. (5.22), then A** would couple to the tensor Tw of Eq. (5.10) formed
from g, and @. B B
Since the total background tensor T,, is covariantly conserved, the coupling )_J‘“T,w preserves
the gauge invariance of the theory. As a result, we obtain Einstein‘s equations of the gravitational
field in a way consistent with the requirements of general relativity.

6. Discussion

We have shown that by use of a LM field all radiative corrections beyond one loop order can be
eliminated. Although this necessitates using a renormalization procedure that is inconsistent with
unitarity in the case of scalar fields, it is possible to use LM fields to restrict radiative corrections
to the YM and EH actions to one-loop order and obtain results that, after using renormalization to
remove divergences, are consistent with unitarity. Furthermore, a scalar field without a LM field can
be coupled in a gauge invariant way to a vector or metric gauge field which has an associated LM
field. We anticipated that both vector and spinor matter fields can be incorporated in this manner
as well.

For a pure YM gauge theory, having a LM field results in it being possible to compute the
renormalization group functions exactly. Though this is interesting, one can in fact compute with
a YM action without a LM field, as it is both unitary and renormalizable to all orders in the loop
expansion.

However, radiative corrections to the EH action alone beyond one-loop order lead to divergences
that cannot be removed through renormalization. It is of interest then to see that a LM field can
be used to eliminate those diagrams that result in these higher-loop divergences. For some time,
quantized matter fields have been considered propagating on a curved background whose dynamics
is determined by the EH action, possibly supplemented by one-loop corrections [35]; it may even be
possible to resolve the Hawking information paradox for black holes using this approach [36]. We
have shown that when one uses a LM field, it is unnecessary to invoke additional fields to cancel
higher-loop divergences, as is done for example in supergravity.

At finite temperature, it turns out that both the tree-level as well as the one-loop effects are twice
what would come from the EH action alone, which results in the pressure due to the gravitational
radiation being doubled [37] (to appear in Canadian Journal of Physics.) This could possibly be a
prediction that may be tested experimentally in the foreseeable future.
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Appendix A. Derivation of the gauge symmetries
In this appendix we show how the Dirac constraint formalism [38] can be applied to the action

of Eq. (4.15) to derive the gauge invariances of Eqgs. (4.3), (4.16), (4.17).
With the metric n,, = diag(—, +, +, +), the Lagrangian appearing in Eq. (4.15) can be written

1 1
£ = Shifoi — Jfifii + MDPFP + ADIfy; + fEDE AL (A1)
The canonical momenta are given by
oL
7%= =~ =0 (A.2)
9(90Ag)
L
o = =0 (A3)
9(doAg)
a 0L a ab (ab b ab, b
= 5 (30A0) = foi = Di” (Ag + 2g) + Dg’; (A4)
oL
ol = ——  —fa A5
FT8(80r0) o (A=)
As a result we find that
nf = o — DPA5 + DAL (A.6)

The canonical Hamiltonian is given by
He = n‘IBOAg + ni‘IBOA? + O'aa())\.g + ai“aok? —L

1 1
= ntof — Lofof + Ly — (012) ()

2 1
— A3Dfol — AG (D r) + gf ™ Alof) . (A7)
From Egs. (A.2), (A.3) we immediately have the primary constraints [38]
¢ = (A8)
¢ =0 (A.9)

In order for these primary constraints to be constant in time, their Poisson bracket (PB) with .
must either vanish or else new (secondary) constraints are present. Using the PB

{A%(x, 1), iy, 1)} = 8Pn, = {A5(x, 1), o)y, 1)} (A.10)
this leads to the secondary constraints
&8 = DPrp + gf i bof (A.11)
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@i = D{’q;. (A12)

No tertiary constraints need to be introduced. These constraints are all first class, as their PB with
each other either vanish, or else vanish on the “constraint surface” as

{of, &) = gf ™ of (A.13)

{of, of} = gf ™ @f. (A.14)
The “total Hamiltonian” Hr and “extended Hamiltonian” # are now defined

Hr = He + X[ + X)) (A.15)

He = Hr + X[ D] + XD} (A.16)

with x{, xfj, X', X;j being treated as dynamical variables whose equation of motion simply ensures
that the constraints are satisfied. If we consider the Hamilton equations of motion that follow from
the actions

Sr = / d*x [ 30AG + 0% 00r§ + 7 DAT + 0 Al — Hr | (A.17)
Sg =Sr — / Ex (X[ of + X[ Pf) (A.18)

then the Hamilton equations of motion that follow from Eq (A.17) have the same dynamical content
as the Lagrangian equations of motion that follow from Sj,,, in Eq. (4.15).

In general, if we have first class constraints y;, in the ith generation, then we will show that a
generator G of the form

G= fdz'xpaiyai (A19)

will lead to local transformations of dynamical variables ¢4 and their conjugate momenta 4 of the
form

8F = {F, G} (A.20)

that leave St invariant, thereby providing the gauge invariances of the action. Following the HTZ
approach [39],

6Sg =6 / d®xdt (ﬂA80¢A —He — Ua,-)/ai)

= /d3th |:{7Ta7 G} 0o¢a — {mq, G} omta — {Hc, G} — Ug {Va,w G} - (SUa,-Va,-i| (A21)
3 oG
d>xdt ——aoqu — —omta — {Hc, G} — Ug, {¥a;. G} — 8Uq,va, |- (A.22)
o 0ma
If now
{U,. G} =0, (A.23)
and since
G 3 G oG
X | pa;Va; + ——doPa + do7tA (A.24)
dt aPa A
then
8Sp = / &X [ pa;Va; + (G, He} — 8Uq v, | - (A25)
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If now we specialize to the case where Uy, = 0 = §U,; for i > 1, then we obtain

8Sp = f &% [ po;ve; + (G, Hr) — 8Uay Ve, - (A.26)

If we use Eq. (A.26) to solve for py; so that §S; = 0, we have the generator G that leaves the action
invariant.
With . of Eq. (A.7), G is of the form
G=pi'¢] + pidi + RO + R (A27)

From Eq. (4.13), we see that p and pjj can be found in terms of R} and R};; the PB of Egs. (A.13),
(A.14) show that

of = —D§°RY (A28)

o = —DIRh — gf P ARE (A.29)
leading to

G =R [DPr™ +gf 1o ] + Rf [DPo™ ], (A.30)
which gives the gauge transformations of Egs. (4.3), (4.6), (4.17) provided

£ =R (A31)

" =Rj. (A.32)

Using this same approach, it should be possible to derive the transformations of Egs. (5.3), (5.14),
(5.15) for the action of Eq. (5.11).

Appendix B. Unitarity with multiplier fields

The introduction of a LM field to ensure that the classical equation of motion is satisfied leads to
three possible problems when the theory is quantized. First of all, one must show that the energy
of the system is bounded below. Secondly, it is necessary to demonstrate that states with negative
norm [40,41] do not contribute to physical processes. Finally, proving that the contributions of
unphysical polarizations of gauge fields and the contributions of ghost fields all cancel is necessary.
In this appendix we will deal with each of these issues.

To demonstrate how the energy is bounded below and that negative norm states do not
contribute when a LM field is introduced, we consider a very simple model whose action is

1 , M, Gy 2 2 G .2
Sd:/dx [Z(BMA) —7A _QA +B<—8 A—mA—iA )} (B.1)
(We ignore the need of having two distinct masses and coupling an account of the way renormaliza-
tion is effected, and the unboundedness of the cubic potential.). The treatment of the path integral
of Eq. (3.5) can be repeated here in order to show that all radiative effects beyond one-loop order
do not arise.

One can also use canonical quantization of get this result. The momenta conjugate to A and B
are 1 = 99(A 4+ B) and o = 09pA respectively. If quantization is effected by imposing the usual
commutation relations on A and 7 and on B and o, we find that Fourier transforms of A and B
satisfy

[a(k), a'(K)] =0 (B.2a)
[a(k), b'(K')] = 8(k — K'), (B.2b)
[b(k), bT(K)] = —8(k — K'). (B.2¢)

Eq. (B.2) is consistent with the Feynman propagators in Fig. 1.
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Fig. 4. One-loop contribution to (AA). Solid lines represent A, springy lines B.

With the action of Eq. (B.1), the S-matrix is given by (see, for example, [42]) with
o]
S=Texp [—i / drH<’>] , (B.3)

oo

where

1 1
HD = c/ dx <§A3 + 53/\2) . (B.4)

Upon expanding the exponential of Eq. (B.4) in powers of G and using Wick’s theorem to expand
the T product in Eq. (B.3) in terms of normal ordered products and Feynman propagators (as in
Ref. [42]) one can see that if we examine Green’s functions with only external fields A, only one-
loop diagrams can contribute, and that those only involve the propagator (AB). For example, the
two-point function only receives the contribution of Fig. 4.

If now we treat af(k) and bf(k) as creation operators, then we have states [40]

it ) = ta'r o) (B.5a)

it [t} = waort o), (B5b)
resulting in

(nging) = Snguz, 8K — K) (B.6)
and

(bnb) = (—1)"515,1;3,12,5(1( —K). (B.7)

Furthermore, upon expressing Hy, the free Hamiltonian that follow from Eq. (B.1) in terms of
creation and annihilation operators, it follows that

Ho = % / dkay [(a(k) + b(K))(a'(K) + bT(k)) + (a'(k) + b'(k))(a(k) + b(k))

— (b(k)b'(k) + bT(k)b(k))], (B.8)
where w, = K2 + m2. Together, Egs. (B.2) and (B.8) show that
[Ho. a'(k)] = a'(k), (B.9a)
[HO, b*(k)] = bi(k). (B.9b)
and so
Ho |n{. np) = [wk (nz + ;) + wy (n’,;, + ;)} |ng. ). (B.10)

By Eq. (B.10) we see that the energy spectrum of free particle states, when there is a LM field, is
positive definite.

From Eq. (B.7), it follows that if nﬁ is odd, there is a negative norm state. However, it is clear
from the Feynman rules that no external state will have contributions that involve the states |n£)
with n? odd.
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This can all be seen more clearly if in Eq. (B.1) we were to replace A with C — B, so that

Sa = /dx [; (8,0 —m*C?) — % ((3,B —m’B*) — G (C; - %BZ + Ej)] ) (B.11)
In this form of £, if we were to take the momenta conjugate to C and Bto be p = 9,C and 0 = — B,
then the usual commutation rules

[C(x, t), p(y, )] = [B(x, t), o (y, t)] = i6(x —y) (B.12)
lead to [40]

[c(k), cT(K)] = 8(k — K), (B.13a)

[b(k), bT(K)] = —58(k — K), (B.13b)

where we have the Fourier transform of C(x, t) and B(x, t) in Eq. (B.13). Treating c' and b’ to be
creation operators as in Eq. (B.5), we recover Eqgs. (B.6) and (B.7) with n; replaced by nj. The free
Hamiltonian of Eq. (B.8) now

Hy = % / dkaoy [(c(K)cT(K) + cf(k)c(k)) — (b(k)b'(k) + bT(k)b(k))] - (B.14)

We can now recover Eqs. (B.9) and (B.10) with a' and n{ replaced by cf(k) and n respectively, so
we can again conclude that the energy spectrum is bounded below.

To see that only an even number of states of the form |n£) contribute to any process, we use
that path integral of Eq. (2.23) to quantize the system of Eq. (B.11). If C is the background field for
C,

C=C+y, B=§ (B.15)

we then have the generating functional

e,‘p[(‘] _ eifdx[%((3,16)27m262)7%63]
1 1 C
x /DyDﬁ expif dx [;(aﬂy)z —m?y?) — 5((%,3)2 —m?p?) — GE()/Z - ﬂZ)} :
(B.16)

In Eq. (B.16) we have dropped all terms linear in the quantum fields as well as those that can
only contribute to Feynman graph with more than one loop. (In Ref. [20] explicit calculations
demonstrated that such higher loop graphs sum to zero in this model.) It is clear from the fact
that since the action appearing in Eq. (B.16) is even in the quantum field 8, all physical processes
in this model must involve an even number of excitations of the form |n2). More explicitly, since the
only vertices are of form —GCy?2/2 and +GCpA?/2, and the propagators for y and g are i/(k* — m?)
and —i(k? — m?) respectively we see that the only possible Feynman graphs involve external fields
C and either a loop of fields y or 8, with these two loops summing to give twice the contribution
of the one-loop graphs that arise if there were no LM field B in Eq. (B.1). This is consistent with
Eq. (2.26).

The arguments that we have used to establish that quantizing the action of Eq. (B.1) leads to a
bounded energy spectrum and to absence of negative norm states can be applied to more involved
models, such as the gauge theories defined by the YM and EH actions. These too will have a bounded
energy spectrum and will not involve negative norm states.

In gauge theories an extra complication occur, for in order to establish unitarity, it is necessary
to show that the contributions of ghost fields and non-physical polarizations of gauge fields must
all cancel. We will now establish how this happens when the usual gauge action is supplemented
by a LM field.
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For simplicity, we consider first the theory in the standard second order formulation, which is
described by the effective Lagrangian [4]
Leif = —%flfvf“”“ — MDP(AND, — N - (A" + A7) + %N“N” — 1% - A" + aN°L°

n-v
— €% - D®(A)d® — d*9 - D®(A)c? — %9 - D(A + A)c”, (B.17)

where ff, and D® are given by Egs. (4.2) and (4.4), and A7, is the Lagrange multiplier field.
The third, fourth, fifth and sixth terms define the gauge fixing part of the Lagrangian (using the
auxiliary Nakanish-Lautrup fields N and L%) while the last three terms fix the ghost sector of the
Lagrangian, which is obtained by using the Faddeev-Popov procedure. The complete Lagrangian
(B.17) is invariant under the BRST transformations

QA), = 84}, = DjP(A)X’. (B.18a)
QA5 = 825,¢ = [DP(A) + gf A ] ¢, (B.18b)
Qv =Qf =0, (B.18¢)
where ¢ is an infinitesimal Grassmann constant, and
Q¢ =3¢ =9 - A", (B.19a)
Qd® = 8dc =9 - 2%, (B.19b)
Qe =3¢’ = ‘%f”’”cbcc{, (B.19¢)
Qd° = 8d°¢ = gf*c’d’. (B.19d)

It may be verified that the above BRST transformations are nilpotent [20].
In the Feynman gauge, « = 1, the quadratic part of the Lagrangian is

1 a a 82 82 Ad B _ 82 82 ct
£(2)=5(AM, Au)<82 0)(/&)—(& ala)(82 0><d“>' (B.20)

We have that

sy
= - , (B.21)
(82 0 ﬁ _321—ie

where we have made explicit the ie prescription. Thus, we see that at the tree level there are
(M) and (dd) propagators, as well as mixed (AA), (cd) and (dc) propagators, but no (AA) or (cc)
propagators. This fact, and the absence of any vertices with more than one external field A%, d* or
d® implies that there are no diagrams beyond one loop order [4,16,20].

We note here that the (AA) propagator occurs with a negative metric. However, it can be
shown [4] that only the first two terms in the ghost sector of the Lagrangian (B.17) do contribute
to the generating functional, so that the multiplier field A actually decouples from the ghost sector.
This fact, together with the previous features, ensures that there are no one-loop diagrams which
contain the (L)) propagator. This property is quite relevant for the unitarity of the theory.

Let us now consider, as an example, the amputated two-point function shown in Fig. 5. The
tadpole contribution from Fig. 5c vanishes when using dimensional regularization. The other
contributions from the above one-loop graphs turn out to be twice those obtained in the pure YM
theory. From unitarity, one would expect that the imaginary part of the self-energy to be related to
the T-matrix as

d3ky (k) / d3ky 6K
) %9 ] @) %D

Here, the integrations are only over the momenta of transverse gauge bosons A and A which are on-
shell with positive energies, as depicted in Fig. 6. The above contribution is also twice that obtained

23(pIT|p) = / (270 )*8(p — k1 — ka)(pIT|k1k2) (pITk1kz)*. (B.22)
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kl kl

’\/\/\/‘ N
ko p P

(a) (b) (c)

Fig. 5. One-loop graphs for the gluon self-energy. Springy lines denote the multiplier field, full lines represent the d
ghosts and dashed lines stand for the ¢ ghosts.

Ky
p p
ko
Fig. 6. Diagram illustrating the gluon decay process A — A + X in the multiplier theory.

k1

ks
(a) (b)

Fig. 7. Graphical representation of Cutkosky cut diagrams.

in the pure YM theory, since in this case there would be an extra factor of 1/2 to account for the
identical gluons in the final state.

In order to verify the unitarity condition, let us consider the Cutkosky [43] cut diagrams shown
in Fig. 7, which are associated with the graphs shown in Fig. 6. Here, cutting a propagator with
momenta k yields for an out-going particle a factor like

cut propagator(kOUt) =3 i 0(ko) = —img" 8(k*)0 (ko). (B.23)
€

Thus, the propagator is replaced by a mass-shell contribution with positive energy for an outgoing
gauge particle. It is important to note that all four polarization states occur here.

To check unitarity, we use the BRST symmetry of our theory as well as the nilpotency of the BRST
transformation. The BRST operator gives a precise relation between the unphysical gauge boson
polarization states and the ghost and anti-ghost degrees of freedom. This leads to a cancellation of
diagrams involving unphysical longitudinal and timelike gauge bosons with those containing ghost
and anti-ghost fields [25,44-48]. As a result, the sum of the Cutkosky cut diagrams shown in Fig. 7
yield the same unitary result as that given by Fig. 6.

Let us now consider an example of a two-loop graph for the gluon self-energy, shown in Fig. 8a,
which vanishes due to the fact there is no (AA) propagator. Cutting the graphs in Fig. 8a yields the
diagrams shown in Figs. (8b), (8c), (8d) and (8e). The diagrams (8b) and (8c) vanish due to the fact
that there is no (AA) propagator, while the diagrams (8d) and (8e) vanish since, correspondingly,
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(a) (b) (c) (d) (e)

Fig. 8. A two-loop self energy graph and its associated cut diagrams.

there are no cut gluon propagators. Thus, in the Lagrange multiplier theory, the vanishing of
higher-order loops yield self-consistent results which do not violate unitarity.

For completeness, we have also considered the two-point function in a scalar A3 theory with
Lagrange multiplier fields. We have explicitly verified that the two-point function at one-loop order
satisfies the unitarity condition that the cut diagram is the square of the modulus of the appropriate
tree diagram. This is discussed in more detail below.

Having shown how the two-point function is consistent with unitarity through explicit com-
putation, we will consider how unitarity can be established by using the BRST transformation of
Egs. (B.18) and (B.19) [24,25], following the presentation in Ref. [46].

The BRST transformations of Eqs. (B.18) and (B.19) satisfy the condition

Q*>=0, (B.24)
by which we mean that for any field ¢;,
Q(d¢i) = 0. (B.25)

(One writes the gauge fixing terms in the effective Lagrangian L. in terms of the auxiliary
Nakanishi-Lautrup fields N® and L? in order that Eqs. (B.24) and (B.25) are satisfied.)

Due to L being invariant under the BRST transformations, the operator Q commutes with the
Hamiltonian, and also with the S matrix. We now consider distinct types of states.

First of all we will consider “physical states” |yp) which satisfy

Qlyp) = 0. (B.26)

We then will consider two types of states |yp) satisfying Eq. (B.24). First, if |4,,p) is a “non-physical
state” that does not satisfy Eq. (B.26), then [yp/) is such that

[¥p) = QlYmp). (B.27)

Secondly, there are states |yp,) that satisfy Eq. (B.26) but cannot be written as in Eq. (B.27). It is
evident from Eqgs. (B.24) and (B.27) that two states |¢p/) and |p) have vanishing inner product

(@p [W¥p) = (Pnp|Q°[Ymp) = 0. (B.28)

It is evident from Egs. (B.24) and (B.27) that the inner product of two states [yp,) and |yp)
vanishes by Egs. (B.26) and (B.27),

(Upo [¥p) = (¥py |Q|Yrap) = 0. (B.29)

In the limit g = 0, Egs. (B.18a) and (B.18b) show that longitudinal polarizations of A} and A}, are
converted into ghost fields ¢ and d%; these in turn are annihilated by Q when g = 0 by Eqs. (B.19a)
and (B.19b). So also, the ghost fields ¢ and d“ when operated on by Q, become the auxiliary fields
N and L* by Eqgs. (B.18a) and (B.18Db); these in turn are the longitudinal components of A}, and A},
as can be seen from the equations of motion for N and L that follow from Eq. (B.17).

Consequently, we see that states with longitudinal polarizations of A}, and Aj, are of the type
|¥p), the transverse polarizations_of A}, and A}, are in states of the type [p,), the ghosts ¢ and d*
are of the type |yp/) and ¢ and d“ are of the type |yp), all at g = 0. This can be more precisely
worked out by following the arguments in Ref. [25].

27



D.G.C. McKeon, E.T. Brandt, J. Frenkel et al. Annals of Physics 434 (2021) 168659

If we initially have a single particle state |yp) satisfying Eq. (B.26), then since Q commutes with
S, we also will have

QS|yp) =0, (B.30)

and thus S|yp) is either in a state |yp,) or |¥p). As a result of this, and the fact that |¢p/) is
orthogonal to |yp,) and |¥p/) (by Egs. (B.28) and (B.29)) we see that in the sum

(dr, ISTSI¥py) = Z(¢p0|5TIX>(XISI¢fPO) (B.31)

X

|x) must be a linear combination of the states |xp,) and |xp/). However, the states |xp/) have, by
(B.28) and (B.29), zero inner product with one another and with |xp,). Thus, only |xp,) will make a
non-zero contribution to the inner products. As a result, only transverse polarizations of A and A},
can contribute in the cutting relations, with longitudinal and timelike polarizations cancelling ghost
contributions.

The second order form of the Einstein-Hilbert action, when supplemented by a LM field to
impose the classical equations of motion, also leads to an effective Lagrangian when it is quantized
using the Faddeev-Popov procedure that is invariant under nilpotent BRST transformation [16,20].
We expect that as a result, this theory is restricted to one-loop order in perturbation theory, and is
consistent with unitarity as well as renormalizability.
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