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Abstract 

In this pa.per we study qualitatively the Lienard Equation i + /(z )i: + g(z) = 0 
with aid of the non-usual family of functions given by 

L
r+F(.r)-oG(.r)-4' 11 Lr 

So.A:(z,y) = --
1 

dz+ g(u)du 
o o.t+ o 

where F(z) = J: /(u)du.G(z) = ft g(u)du and a.I. E Ul. 

1 Introduction 

Throughout this work Wf' considt'r the equation 

z + /(z)z + g(z) = 0 

where / and g are funct.ions of El. in fl satisfying the following contlitions: 

a) / and g are continuous and ensurt' unic1ue11ess of solutions. 

b) .r.g(z) > 0 for .r 'I 0. 

(1) 



.Next. we suppose the above conditions art' ,·t'rifit>ll and they will nut l,t' mentioned again. 

The equation (I) is equivalent to the system 

{ 
.r = y 
y = -f(.r)y - g(.:r) 

(2) 

The condition b) ensurt'S the origu (0.0) is the only singular point of (2). 

The more natural positive definite function for studyng qualitatively the system (2) is 

the Energy Function 

E(.r,y) = !y·, + {" g(u)du 
2 lo 

whose derivatiVt' relative to (2) is £(.r.y) = -f(.r)y2
• 

In (l] we study qualitatively (~) using the family of positiw dt"liuite £unctions givt"u 

by 

Vn(.r,y) = /Y _.~_ d.• + r y(u) du 
Jo o.• + I Jo 

where Vo is exactly the Energy Function. 

The equation (I) is also equivalent to th .. 5ystem 

{ 
.r = y - F(.:r) 
iJ = -9(.r) 

(:J) 

where F(z) = I: f(u)du. In sevt"ral works (for examplt• [2J, [:JJ a.ml [41) the system (;J) 

was studied with aid of the family of functions · 

l Lr E1c(z,y) = :;(Y - k)1 + g(u) du 
- 0 

whose derivative relative to the system (3) is Ed.:r,y) = -g(.:r)[F(.c) - kJ. 

Consider now the function 

l Lr So.,,= :,[Y + F(.:r) - kJ 1 + g(u),lu. 
- 0 

The derivative of So.Ir. relative to the system (2) is S'o.1r.(.r.y) = -g(.cl[F(.:r) - k]. 

So the function Su plays. relatively to the system (2). the sanw rule that £1, relatively 

to (3). The function So.i, is a member (o = U) of family s ... i.:: n ... t - IR given by 

lr+Flr)-c,Ci(.r)-k ~ lr 
S0 .1r.(x,y) = -·-d.~ + y(u),lu 

o o., + I o 
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where F(.r) = J.; f(u),lu. G(.r) = J.; y(u)d11 and Ha.A: is tlw followi11,; opt>n St'l: 

!ln .k = /Rl if O = I) 

nn.k = {(.r •. r/l E JRl I !J > -F(.c) + oG(.c) + k- ±} ir n > u 

and 

{ 
1 I } no.k = (.c,y) ER. I !J < -F(.r) + aG(.r) + J.· - ~ if O < 0. 

The derivativf' of 80 .4 relatiw to the systt>m (2) is 

.< k(.r,y) = _ g(.cl[F(J· ) - oG'(.cl - k] 
· · n [y + F( .c) - oG( .r) - q + I 

We observe that the sign or -~·n.k is tht> same of -y(r)[F(r) - oG(r) - k] becaust" 

a[y + F(x) - oG(x) - kJ + l > 0 Ull no.A:· 

In this work we study <1ualitatiwly (2) utilizing the family of runctions Sa.le· We 

observe that the new idP.a in this p,Lpt>r is only tht> family Sn.le· Howc•wr, as we shall ~. 

the level curves of this family aml tht' relation ( ·tl logetllt'r suggt•st tu us how to state. in 

a natural way, st>veral qualitatiw rt's11lts about the sol11tio11s ur tlw Lit'11anJ Equation. 

The system (2) can be also studied using the family or positive tl,·linite functions given 

by 

1
~/1/d(zl .• 

1 lYa.o(.r,y) = 
2 

d., + In u-•t 1111(.1·) 
o s + o.• + l 

where Ha(x) = l2G(z) + ,:1pt2
• iJ > 0 (see [51). 

It is clear that we can also study qualitativt>ly the system (2) cu111liini11g the functions 

V0 , W0 Jl and Sn.le• Many interestinl!, and important works about tht' Lienard Equation 

have been published and some aw listed in tht> references. I have· ,L special caress by 

Theorem 2 in (i), hf.cause with a.id of it (and of a dream!) I rnnduded my Doctoral 

Thesis and indirectly my work [-1I was suut'Stt>t.l by it. 
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2 Auxiliary lemmas 

Next. we suppose a 2: 0 aud 

w(x) = -F(.r) + o(:(.r) + i- - .!. if o > 0 and w(.r) = --:xi if o = 0. 
0 

ln first place we observe that. for each fixed .r. the the fu11ctio11 

is strictly increasing for y 2: -F(.r) + oG(x) + k and strictly dent'.,~ing for w(x) < y < 

-F(x) + oG(x) + k. We- ha.ve also 

So for each c > 0 and for each .r, with C,'(x) < c. there is a unique 11, > -F(x)+oG'(.c)+ {· 

and a unique y1 , with u(.r) < y2 < -F(x) + oG'(.r) + k such that 

lf there exist x 1 < 0 < x 1 such that 

then the levd curve- S ... d.r,y) = c is dosed auJ shows. in Lill' ca.s•• F(.r) 2: o(:(..c) + k a11ll 

k < o and c > f0-1r .,."+, ds, the following aspe-ct ( Figure I): 

... \ I 
k- -

fl 11 = rr·(r) 

Figure 1 

-l 



If F(r) ~ n(:(r) + k for .r ~ II ,11ul the-w c·xisls .ri > II surh lh,1l .,· .. . d.c1 ,U) = c theu 
the arr 

."'0 ,1,:(.r.y) = C. 

with ;r > 0 and y > - F(.r) + rrG(.r} + k. crosst's the .r > 0 half-axi~ at (.c1 • 0) and the sel 

shows. in the case k < 0 and S0 .d.r,O) < c, for O < .r < .1.·i, the fol111,,·i11g aspt'ct (Figurt' 
2): 

S,, t(r. y) = r 

Figure 2 

If F(.r) $ /1C:(.r) + k. for a$ r $ 0, with l· - J < 0. iLUd tv(t1) > ll. tl11m the curvt' 

y = w(:r) = -F(.r) + dG(.r) + k - ~ 
crosses the z < 0 ha.If-axis. Henct'. for every c > 0. the arr 

Sn.1i:(.r.y) = c . .c < 0 and y < -F(.r) + dG(.r) + k 

crosses too the x < 0 half-axis at a puint (.L" 1.0), with ,1 < .L" 1 < 0 a.ml tht> set 

{(z.y) E nil.l- I Su(.r,y) = C • .r, s .rs 01 

shows. in the case k > 0 and w(x) < 0 for z 1 < .r < O. the following aspect (Figure 3): 
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Ir o = 0 WP havP 

I f" k ' . •"·u k ( .r. YI :=; :; ( Y + · { .r I - · l" + l • ( .r ) • 

So, S0_,.(x, y) = c is equivalenL Lo 

y = -F(.r) + k + l:!c - 2G(.r)J 112 or y = -F(.r) + k - [:!c - :!G(.r)]111 . 

The case a < 0 can be discussed in a. similar wa.y. 

S,u(r,y) = r 

' ... ..... 
y=rvl.cl 

..... ..... 
' ... ..... 

Figure 3 

Lemma 2.1 Suppose the,-r arc o > U, b > 0 a11d k $ 0 sud, that 

F(x) ~ oG(.r) + k forO $ :t $ b. (5) 

Let -y(t) = (.r(t),y(t)) be the so/utiori of(!!) with 7(0) = (.r0 ,0). 0 < .ru $ b. and t 1 > U 

such that O $ x(t) Sb for OS t $ t 1 • The11, for 9 $ t S t 1 , 

y(t) > -F(.r(t)) + oG(x(t)) + !· - .!._ • 
0 

In particular, ifx(ti) = 0 thr.11 y(li) > k- ;; -

Proof: From (5), S .. ,,.(x,y) S 0, 0 S .r $ b. It follows that. for each 1.1 EJ0,t 1J such that 

-y(t) En .. ,,., 0 $ t $ u, we have .S'0 .d-y(t)) $ 0 for O $ t $ 1.1. and tluirdore 
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with c > S ... d,(0)}. It follows i111111t'Oia.tely that tht> st>l htll I U S t S ti} does not 
intercept the arr 

Then. for O $ I $1 1 we have 

y(t) > -F(.c(t)) + oC:(..r(t)I + I.· - .!_ . 
n 

(This result is intuitive: it is enough to look the Figure :! with ..r0 < ..1·,.) 

Lemma 2.2 Suppose thrrr are b > 0. a ~ 0. fl > 0 and I. $ 0 sut'h that 

F(x) > oG(..r) + I.: • 0 $ r $ b 

F(b) > I.:+ [(R - l.:)l - :!G(b)j10 . 

0 

(6) 

(i) 

Let -y(t) br 1hr i;olutw11 of(:!) wit/i 1(0) = (0,y0 ). 0 <.'Ju$ II. T/1111 //u·1'f. is t, > 0 sud, 
that 

Moreover , if t/1rrr r.rists t 2 > t, .,u.ch that O $ ..r(t) Sb /or t, SI $; I, and z(t2) = 0 
the11 

Proof: The equation 

• I 2 Su(x, y) = So,.1:(0, Ii) = 2(R - I.:) 

is equivalent to 

y = -F(x) + k + [( R -1.:)2 
- 2G(.r)J 111 (8) 

or 

y = -F(.r) + k - l(R - I.:)' -1G(..r)J 112 . (Y) 

The condition (i) ensures the <'llrW {8) intern•pts the .c > 0 half-,lxis at a point (b,, U). 
0 < b2 $ b. From (6) W(> havt> F(x) ~ k. 0 $ .r :5 Ii. So 

Su(x,y) $ 0. 0 $ .r $ /1. ( 10) 

j 



Then the solution ;(t) of (:l) ~tarting al tl1t' poilll ;(U) = (U,!/ul, II< Yu SR. frossl·s 

also the r > 0 half-axis al a point ·, \I 1 ) = (b,. U). U < /, 1 :S l,i :S b. From ( 10) Wt' haw fur 

t1 :5 t :5 tl 

Hence and from (9) we have for 11 :St :St, 

y(t) 2::, -F(x(t)) + k - [(H - k)i - 2G(.r(t)l] 1
''. 

From Lemma 2.1. if o > 0, 

(See again Figurt' :l.) 

Lemma 2.3 Supposr thrl't: arr " < 0. i3 > 0. R < 0 a11d /.: ~ 0 sud, t/ud 

a11d 

F(.r) :S /3G(.r) + k. 11 :S .r :SO. 

F(u) < /3(,'(11) + k - .!._ 
- /'J 

I 
ll>k-'jj. 

0 

(11) 

( I:!) 

Let-y(t) = (.r(t). y(t)) be th, so/1£11011 of(!!) u,itli-y(0) = (0. Yu), I{ :S !Ju< 0. Then thm 

i.s t, > 0 .~uch t/iat ;-(ti) = (a 1• 0) u•ilh t1 :S a 1 < 0. a11d y(I) > - F(.1:(l) )+ rlG(.c(t))+k- ~ , 

O:St:St1 • 

Proof: The conditions ( 12) and ( 1:1) ensure the curve 

y = -F(:.r) + 1JG(.r) + I,: - .!._ 
,J 

crosses the .r < 0 half-axis at a puiul (111 , 0) with u :S 11 1 < 0. From ( 11) 



So. tht" sulutio11 ·,(I) ~tarti1111; ill ·,(Ill= (ll.y11 ). II S · !/11 < U. mu 11ul lt'i\\'t' the compart 

{t.r.y) E !l,1.1.- I - F(.r) + .i<,'(.c) + A' - ~ S !JS II a11tl II! '.5 .r '.5 o} 
throu.e;h the arr 

11 =-F(rl+,ff:(.r)+J.·-.!.. a,< . .-<ll . . , .-I -- -

Then thert' is t 1 > 0 s11rh lhilt tlw solutio11 i(tl cross"" the .r < lJ half-axis at a point 
1( ti) = ( a., 0), ,,, '.5 111 < 0, and y( I) > - F{.c( t)) + dG{ .r( I))+ I.· - ~- fur O :S t $ t1• (St't' 
Figure :1.) 

D 
In a similar way w,• pron· tlu- f11ll11wi1111, l1·111t11,L'i. 

Lemma 2.4 Sup,,o.,;r llir,·r fllY ,, < U. o < IJ 1111d I.· 2: 0 .,,,,.1, //1111 

F(r) :S 11G{.c) + I.: • 11 SJ' SU . 

let 1(t) br tlir .,olutio11 nf (!!) s11d1 Iha/ --,(0) = (.c0 ,0). 11 S .r0 < ll 11111/ 11 > 0 such tl1al 
<I ~ .r ( l) ~ 0 /nr O ::; I ::;:: I 1 • TJ,, 11 f,11· 0 :5 I :5 I 1 

y(t) < -F(.r(t)) + 11(,'(.c(L)) + I.· - .!_ 
(l 

J,, particular, if x(t 1 ) = 0. 1/u II y(/ 1 ) < k - ~. 

Lemma 2.5 Suppo.,;r //ir,·r an: a < II. o $ 11. /I < 0 a11d k ~ 0 .,ud, /lint 

F(r) :S o(,'(r) + /..:, a :S .r :SO ,md F(n) :SL· - [(/l- qt - :!G{r,)) 1/l. 

Lt! 1(t) be tl1r .,o/ulio11 of(:!) u,1tl, i(ll) = (II. !lo), R $ !Ju< 0. T/1111 t/11,-, i.,· t, > 0 .~u.cl, 
that 

· Mo"ovcr. if thnT txist.,; t 1 > t 1 .,111·/, lliat 11 ,S .r(l) '.5 0 for 11 :SI :S I 1 111td .c(l-1) = 0 t/u 11 

I ,{t,)<I.·-- ifo>II mid ·,(l,)'.5-/1+:!k ,fro=ll. (l 



Lemma 2.6 Supposr thrrr arT b > U. J < 0. Ji > 0 and k S O .,uch /hat 

and 

F(J·) ~ tJG(J') + k. OS J'S b. 

F(b) ~ #G(11) + k - ] 

I 
ll<k-rl. 

let -y{t) be the solution of(!!} with -y(0) = (0,y0 ), 0 < Yo S Ii. Tim, there is t1 > 0 

such that -y(t 1) = (b1,0), with 0 < b1 Sb. 

To close the ~ection w~ obserw tl1at the solutions of (2) do not ildmit vertical asymp­

totes (see [ 1 ]). 

3 Sufficient conditions for nonexistence of periodic 

solutions 

Theorem 3.1 Supposr there an· 11 < 0 < b. o > 0 and I.: S O sud1 tlwt 

(i) g(x)F(x) > 0 for a< .r < b 1111d x :/: O; 

{iii) F(z) ~ oG(x) + I.: for z > 0. 

Under these condition.• tht. systr.m (!!) does not admit 11on-trivial /lll'io,lic ~olution. 

Proof: Consider the solution -y(t) = (z(t),y(t)) starting at -y(0) = (U,y0 ) with le - ¼ < 

Yo < 0. Suppose then• is a smaller t2 > 0 such that 1(t2) = (0, Y1 ), Y2 > 0. From 

Lemma 2.5 and conditions (i) - (ii) there is O < 11 < t 1 such Lhat -y(ti) = (x., 0), 

a $ x, < 0. It follows that a S x(t) $ 0 for O $ t $ t2 and x(t2 ) = IJ. From Lemma 2.5, 

Y2 = y(t2) < ;-1.:. Suppose now there is a smaller t4 > t1 such that ·,(1 4 ) = (0, y4 ), y4 < U. 

From Lemma 2.:.! and conditions (i) - (ii) ther~ is t2 < t3 < t4 such that "'f(t:1) = (.r3,0), 
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• 

0 < z 3 ~ b. It follows that O $ .r( t) $ b for I~ $ t $ t4· a111l .r(!4 ) = II. From Lemma :!. I 

-~u.u( i ( t)) < lJ for II < I < l4 • I f. 11 . 

So, S0.0(1(0)) > .'io.o(;(l4)) and tllt'refore 1(0) f. ,(t4). It follows th.al illl solution startin~ 

at a point (0, y) with k· - ~ < y < ll is not J>t'riodic. 

Consider now the solution -y( t) with -r(O) = ( .cu, 0) • .ru > U and suppose there is t 1 > U 

such that O $ .r(t) $ .ro for O $ / ~ t1 and .r(td = 0. From Le111111a :!.I and condition 

(iii) we have 

I 
k- - < y(li) < 0. 

0 

So. the system (2) dot's not admit 11011 trivial pniodic sulutiou. 

□ 
\Ve observe that Theorem I in [GJ is a particular case of our Tlwon•111 :J. I. 

Remark 3.1 It can easily be vnifit'd that tilt' conditiuus (i), (ii) aml (iii) in Theort'm 

:J. I t>nsure all solution starting al (.1·u, 0), .r0 > U. approadws tht• origin ,Lo; I - +oo. 

Remark 3.2 Frum Lt·nuu;L :l.-1 it follows th,~t Llw condition ( iii) mu 111· rcplan•d by: t/11 n 

are o < 0, and I.: ~ 0 sud, that 

F(x) ~ nG'(x) + I, for x < U . 

Theorem 3.2 Suppose there arc o > 0 arid " < 0 such that 

(i) g(x){F(z) - oG(x)) > 0 for .r ~ 11 and .x "# D: 

(ii) F(n) ~ oG(n) - ;;-

Under these co11ditio11s the system (:.!) docs 1101 admit 1w11-triv1al 11nwdic solutions. 

Proof: Consider the solution -y(I) = (.r(t),y(I)} with 1(0) = (.c0 • U). 1·11 > U. aud suppust' 

there is t 1 > 0 such that 1(t1) = (.c 1.0) • .i: 1 > U. From Lemmas :!.I - :!.:l we havt' 

• I y(t) > -F(.r(t)) + nG(.r(t)) - - and .1:(t) ;:: II 
Cl 

II 



• 

for O $ I ~ t 1• Hence and from ( i) it follows that for all I E (U. t d, with .r( t) '# 0. 

s ... oh(t)) < o. So. 

and therefore 1(0) =f -y(t 1). It follows that the system (:!) doe-s uot admit 11011-trivial 

periodic solution. 

□ 

Remark 3.3 From Lemmas 2.4 - 2.6 it follows that the condition (i) and (ii) can be 

replaced by: thrre are o < 0 and b > 0 such that 

9(:r)[F(:r) - aG(x)] > 0 for :r $band .r #- 0 a11d F(b) ~ oG(b) - .!._ • 
Ct 

Remark 3.4 It can be- immediately verified that the couditiuus ( i) aud (ii) can be replaced 

by: there is a E IR such that 

9(.r)[F(x) - oG(z)] > 0 for .r # 0 . 

Example 3.1 The ettuation 

does not admit non-trivial periodic solution. 
• .lG z5 . z-2 

Solution: F(z) = - - - + .r3 + zl and G(x) = -. 
6 5 2 

For z ~ -1 and z # 0 we ha.ve [F(z) - oG(x)]g(x) > 0. with o = 2. By other hand. 

I 
F( - I ) < erG( - I ) - - . 

a 

From Theorem 3.2 lht.- equation <loes not admit non-trivial periodii.: solution. 

We observe. in the example above. the Thoorem 3.1 cau not be applied because F(z) > 

0 for z < 0. Also. the theorem 1.1 in [71 an<l theorem I in (81 can not be applied because 

12 
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.. 

there are x 1 > 0 and .r1 > 0 such that F.(.rd >Wand f:(.r i i < U. when• F,(.r) = J~ f.(s)d., 

and /,(;r) = - .r~ + J.r'. 

• Example 3.2 The eciuatiou 

• 

does not admit non-trivial p«>riodic solution . 
.r4 

(x + I )2 I J..r+I I Solution: F(.r) = - + i.r1 and G(.r) = )l - - - 2 
1 1 du 4 l+(.t+l :! 1 (l+u) 

For n = I and I.: = - I we haw 

[ 
I l ] 1/2 F(r)~nG(x)+~· for.r~II and F(-l)<- (A·-;;) -:W(-1) 

We have also 

g(.r)F(.r) > 0 for ;r 2: -I and .r-::/- 0. 

From Theorem 3.1 the equation doe:i not admit non-trivial periodi<· solution. (Here the 

[ 
1 ] 1/2 condition F(b) 2: (k - :;) - 2(:(b) is not necessary ht>causi- y(.c)F(.r) > 0 for all 

;r;:::: -1 and .r -:j; 0.) The theorems in (T. SJ can not be applied becausi- g(;r) is not odd . 

4 Sufficient conditions for the origin to be globally 
asymptotically stable 

Theorem 4.1 Suppose the follot11irt9 ronditiort~ an' 11erijird: 

(i) There is o E /R such that 

g(.r)IF(.r) - nG(.r.)) > 0 for .r ::/: 0 : 

(ii) There are k :5 0 and 1.:1 2: 0 «u1:h that F(.r) 2: k for.r: > 0 and F(.r) :5 l.:1 /orz < 0. 

(iii) For all R > 0 there aiY m < U < 11 such that 

F(n) 2: k+ l(R- k)1 -:!G(11))''1 

13 



{ '11drr lhr..<r ,·011dilio11.~ tlu or19iu ,., ,,lobatl!I "·"''l"'f'lnlirn/111 .,tnbl, 111 l.i1111u11r11· .,r11.si. 

Proof: ( 'onsitln tht• arcs 

. ...-,,.ot.r. !/) = <" with !J ~ -F(.rl -1- o(;(.r) 

S0 .11(.r.y) = ,. with,, S -F(i·) + 11(,'(.r) 

( I~ l 

( J.i I 

From hypotht'st's (i) - (iii) tlw ,11T ( 14) i11t1•m·pts the i · > 0 l_1alf-,1xis al (.r 1 .U) . .r 1 > U. 

and ( 15) crosst•s the r < 0 half-axis at (.r2 , U). i·1 < 0. Lt>t Kr I, .. :,. > 11. the mm pact St't 

hounded by tlw arcs (14). (l.'i) a11tl hy the li11t's .r = .c 1 aml .r = .ri . From (i) wt'haw 

\,.u(.r.y) < II l'ur .r f; U. ( l(i) 

Su. /\·, is au invariant sl'l for llw syslt'lll (:!). Tlw11 tlll' rnmli1i1111 ( lli). I,\' L.1 S,1ll,· 

Thl"Orem. l'IISUl"t'S that the origin is ,L,;ymptotically stal1lt' anti t'\'t•ry s11l11tio11 starting at ii 

point in /\·, appruacl1t's tht' uri.e;iu as t ..... +oc. It follows that t'Wry s,,l11tio11 starting at a 

point in 0.,,0 approaches the ori.e;in ,L'i t ..... oo. From Lemmas 'l.:! anti :!.!'i aml conditions 

(ii) - (iii) for t•wry solution -y(I) of(:!) thert' is t 1 such that 1(/.) E U,. _0 • So all solution 

u( (:!) approachl's tht' origin as t ..... +oo. Tllt'rdore tilt' uri~in is .e;lulmlly asymptotically 

stable. 

□ 

Remark 4.1 Tiu• c:onditiun (i) ran ht' rt>plat't'tl by: Thr1t rut o .> ll (n < OJ. " < ll 

(b > 0) such thal 

y(z)IF(.r) - o(,'( .. r)] > 0 /or J' > a (.r < I,) a111l i· # II 

Remark 4.2 Thr ronclition (i) mu 1,.. repla,· .. tl hy: T/irn- n1Y n <II< f,. o > 0 (o < OJ. 

~· :5 0 (k ~ 0 J .~rich that 

y(r)F(.r) > ll /or 11 < .r < I, und .r '# 0: 

• 



Rem~rk 4.3 Suppost' that in Tlwun·m .1.J tlw fullowin11. rn11ditiu11 is ;dso wrilit>d: 

(iii) There art> o 1 > 0. n 1 < 0 a111l r > 0 such that 

In this case evt>ry 11011-trivial sol11tiu11 approarlws till' orie;i11. ,L,; I ..... :x:. in spirnl. 

Wf' obst>rvt' that tlw ro11ditio11 i· F( .r) < U for ll < 1-,.1 < 1 11pp1•ari11v; in Tl ... orem :l i11 

[2] can be replan•d by (iii). 

Remark 4.4 Tht> ro11ditio11 ( iii) is 1•<111ivale11L lo I ht> rnmlitio11s I.:! ;11111 J .:I appearing i11 

[2). 

Example 4.1 Fur tlw 1•'111ation 

the origin is globally asymptotically stablt" and. for t'\'t'r}' nun-trivial !lol11tio11 .r = .i:( t). 

;-(t) = (x(t),i(t)) approaches tht' origin. in spiral. as t - +oc . 
.rs 1 'l . .rl .j ~ .c'J r! Solution: F(x) = 7 + '7.r~ + :-

1
.c·' +-:; and (:(.r) = '7-'' + 7

1 
+ -:;-· 

.) .. . - .. . -
\Ve have. for o = I. 

g(x)IF(.r) - oG(.r)] > U for r-:/:- tJ 

and 

Jim F(.r) = +oo and lim Fl.rl = --x . r-•- ,--~ 
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We have also tht'rt' is ,. > 0 such thiLL 

F(r) < :!G(r) for O < J' < ,. and F( .r) > II for - ,. < x < 0 . 

The conclusion follows from Tht"t1rem 4.1 and Remark -t.:t 

Example 4.2 Consi<ler a.)!;ain tlw t"<1ualion of the Examplt' :1.2: 

It can be easily verine<l that the uri~in is asymptotically stable and. for every non-trivial 

solution r = r(t) with .r(O) = 0. ·,(t.) = (r(l) . .i(t)) approaches LIil' origin as t -+ +oo. 

But the origin is not globally asy111ptotically stable becaust' lhert' is 11 < 0 such that 

g(z)IF(J·) - G(z)j < 0 for :.r $" 

and so the solution -,(t) = (z(t),.i:(t}), t ~ 0, starting at (x0 ,y0 ) with .c0 $ a an<l 

Yo< -F(x0 ) + r:(.r0 )- I. does nut noss tht' rnrve y = -F(x) + (,'(.1·)- I. 

5 Sufficient conditions for existence of periodic so­
lutions 

Theorem 5.1 Supposr that 

(i) thr origi11 is repulsive. 

Supposre aL~o that therT are er > 0. k $ 0, /.:1 ~ 0, a11d" < 0 < b .~11rh that: 

(ii) F(x) $ k1 Jorn$ .r $ 0 a11d F(a) :S k1 - [ ( l.:- ~ - 1.:1)

1 

-'!.(:(a)] '/'l: 

[ 
I 1 ] 

1
/l (iii) F(x) ~ oG'(z) +/.:for O $ .r $ I, and F(b) -~ l.: + (~ + 2k1 - '!.L:) - '!.G(b) 

Under these t·o11ditio11s thr systrm (::!J admits at least u11t· 11011-trivirtl periodic solutio11 

located between the lines x = a a11d r = b. 

16 



Proof: From L,·mma L.i and hyputhei;ei; (i). (ii). tilt' ~ulution :'itiLrting at the point 

(0, k-;) crosst"s they> II half-axis ,1l (0. y1 l with U < YI :S -~·+;+:!k,. From Lemma 2.:! 

and hypotheses (i), (iii). thesolutiun startin~ al a point (0 . .11i), with U < y 1 $ -k-!+2k1 

crosses they< 0 half-axis at a puiut (0,y1 ) with k - ; < .'ll < 0. Frum the Theorem uf 

Poincare-Ben<lixon thP system (:!) ildmits at l1•asl one nun-trivial 1wriodic solution. It is 

clear that this periodic solution is lunLled bt'tween the li1ws .r. = a and .c = b. 

D 

We observt" that the Theorem :J in l2J is a particular cas~ of tlw Theorem 5.1. 

Remark 5.1 If tht'rt' art' n E /H anti ,. > 0 such that 

!J(.r)[F(.r) - n(,'(.r)J < U for .r < l.1·j < 1· 

then thl" origin is rt"p11lsiw. It is 1•m,ugh lo ubs1·rve that tlll' ahow nmdition implies 

,S'a.o(.c,.11) > 0 for O < lxl < 1· 

and for c > 0 sufficiently small LIii' lt"wl curw ....... 0 (.r,y) = c is dos1·1I. 

Corollary 5.1 .'iuppo.~c that 

(i) the origin is rcpuL~ivr. 

Suppose aL~o that the,.,. arr o > II. k $ 0 a111L ,1 < 0 < b .~uch llrnl: 

(ii) F(r) $ F(a) for a:$ x :$ 0 a11d C:(a) ~ 1 (k-±- F(a))\ 

[ 
I 1 ] 

1
/"l 

(iii) F(r) 2:: oG(x) + k for O $ .r. $band F(b) ~ k + (~ + 2F(11) - :.!.~) - 2G(b) 

Under thesr co11ditiom1 thr system (2) admit:. at lea.st o,u 11011-lrwinl p1:1-iodic solutio11 

located betwu11 thr li11rs .r = a and .r = b. 

Proof: From (ii) thert' is " $ 11 1 < 0 such that F(.r) $ F(") for "• :$ .c :S O allll 
l 

2G(a.) = (k-; - F(a)) . Now, it is enough to make k1 = F(a) in Theorem 5.1. 

□ 

17 



Theorem 5.2 S11ppot<t that 

{ i) /hr or19i11 ,.~ ITlllll.~ir<. 

Sv.ppo.,;r also that thrrr arr n > U. J > 0. 11 < 0 < b. J.· ~ 0 and 1.:1 ~ 0 sv.c/1 that: 

1/1 (iii) F(x) ~ oG'(x) + I.:. 0 ~ r $ I, a11d F(b) ~I.:+ l(R - J.·)' - :U:(b)] 

where R = -k +; + 21fJG(u) + l.:1J-

fi11drr thrsr ro11ditio11s thr sy.,;lcm {:!) adm1b at least 011,· ,1011-tnri11l prriodic solv.tio11 

located brtweru tlir lines r = a a1ul r = b. 

Proof: From (ii) we ha.w 

F(x) $ .1(,'(a) + 1.:1 , a $ .r $ 0 . 

From hypotheses and LemnHL'i :!.:!. 2.:1 anti 2.5 tht' solution st.;u·tiug at (0, I.: - ±) 
crosses again the y < 0 half-axis al (0, y1 ) with k - ± < y1 < II . From theorem of 

Poincare-Bendixon the system (2) admits a.t least one nun-trivial 111·rioc.lic solution. This 

solution is evidently located bf'tWt't'll the lines .r = a and r = b. 

□ 
Remark 5.2 It ran be immediately ,•erified that the coutlition 

can be replaced by 

In a similar way it can l>t' provetl tlw following theorems. 

Theorem 5.3 S11ppo.~r that 

(i) the origi11 j,q rrpul.~ivr. 

Suppose al.~o that thrrr are o < U. I.: ~ 0. 1.:1 $ 0 alld 11 < 0 < /, ·'"'"It that: 

18 



' 
(ii) F(.r) ~ i-1 for O $ r $ b tuul F(b) ~ k1 + [ ( {· - ~ - !·1 ) - '.!( :(11)] ''\ 

[ 
I l ] 

1
1

1 

(iii) F(z) $ oG(.r) + k. a$ .r $ II 1111d F(ll) $ J..: - (-;: - '2k1 + '21.:) - '.!G(a) 

Under these conditio1ts the· systrn1 (:.!} admitl" at lt:ast 011t· 1ton-ll'irinl periodic solutio11 

located bdwt.t.ll the li11rs r = a and r = b. 

Corollary 5.2 Suppose that 

(i) the origi11 is n:pulsivc. 

Supposr aL~o that lhrrr art o < 0. J..: ~ 0 a111l ,1 < 0 < b 1<uch 1/1111: 

[ 
I 'l ] 

1
1

1 

(iii) F(.r) :S oG(r)+k fora :Sr :S II a11d F(a) :S k- (-~ - 2F(b) + '.!k) - 2G(a) 

Under thesr co11ditio11s the systrm (~} admit.~ at least 011t' 11011-tri,:ial periodic solutio11 

located bctwern tltr /i,u 1< .r = tl aml r = b. 

Theorem 5.4 8uppaM· II.at 

(i) the origin i.,i rcpuL,iivc. 

Suppose aL~o that there a~ a < O. f) < 0, a < 0 < b. k ~ 0 and 1.-1 :S O such that: 

(ii) F(z) 2: {JG(.r) + k1 for O :S .r :S b a11d F(b) 2: /JG(b) + k1 - ~ ""'' k - .!_ < k1 - ~ ; 
,1 n ,1 

(iii) F(z) :S oG(z) + k for a :S z :SO and F(tc) :S k - [(R - k)i - :Ul(a)j l/'l 

where R = -k +; + 2(.8G(b) + k1). 

Under these collditions the system (:!) admiL~ at least 011r non-trivial periodic soluhon 

located betwec,1 the lines z = a and r = b. 

Remark 5.4 The condition 
I 

F(b) 2: /;JG(b) + J.:, - J 

19 



in Theorem 5.-l can l.M" ri>plac::ed hy 

Sa.i. ( 0. k - ±) :5 S,u(b.O) . 

Example 5.1 The equation 

.r + [J·l + 4z1 + :J.r - IIJ .r + J' = 0 

admits at least one non-trivial pt>riudic solution . 
.r• 4:r3 'J:r:l .r 

Solution: F(z) = - + - + -· - - - and G'(z) = c. 
4 :J 'l 12 l 

We have 

F( r) :5 F(-1) , - I :5 r :5 0 . 

F(x) > oG(.r) + k for all .r > U 

where o = :J and k = --h,, and 

l [ I ] l G( -1 ) > - k - - - F( - I ) 
2 0 

From lim F(.r) == +oo it follows that thert> is b > 0 sud1 that 
z-+o, 

The origin is repulsivt- becaust" thi>re is ,. > 0 such that 

g(x}[F(x) - G(.r)] < 0 for O < I.cl<, .. 

From Corollary 5.1 the equation admits al least one non-trivial periodic solution lo­

cated between the lines z = - I and z = b, with b = ; + '!.F(- l) - '!.k. 

Example 5.2 The equation 

z + ( r:., + 4.r2 
- I ).:r + 4.r3 = 0 

admits at least one non-trivial periodic solution located Letween tlw lines .r = -2 and 

.r = 2. 

20 



r• -lr3 

Solution: F(.r) = ~ + :J - .r aml G(z) = .r 1
• 

F'or d = ¼ anti 1.:1 = I WC" havt-

F(x) $ JG(.r) + 1.:1 , -2 $ .r ~ 0 and 

For a = ½ and k = -l we have 

I I F(x) ~ oG(z) + k. 0 $ z $ 1 and k - ;; > k1 - d . 

We have also 

F(2) > k + {(R - kl' - 2G(2)J 1l1 

where R =-A·+;+ 2[/JG(-2) + ki]. 

By other hand the origin is evi1lt·ntly repulsiw. from Tht'Orem 5.:! the equation admits 

at least one no1Hrivial periodic solution located l>etweeu lhe lines .r = -1 and z = 2. 
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