








where F(z) = [ f(u)du. G(z) = [§ g(u)du and §l 4 is the following open set:

Qs = R ila=0
Qn.k

{21 € B 1y > - Flo) 4 aGile) + & - l} ifa>0
O
and
Dok = {(L!HER)|.'/<—F(I)+aG(J:)+k—£} fa<0.

The derivative of S, ; relative to the system (2)is

g(z)[Fir) — aG(r) - k|
aly + Flr) = aGle)y =k} +1°

Saslz.y) = — (4)

We observe that the sign of .S.'n_g» is the same of —g(r)[F(r) — aG(z) — k] because
aly + F(z) — aG(z) = k] + 1 > 0 on Q,,.

In this work we study qualitatively (2) utilizing the family of lunctions S, ;. We
observe that the new idea in this paper is only the family S, ;. However, as we shall see.
the level curves of this family and the relation (4) together suggest to us how to state. in
a natural way, several qualitative results about the solutious of the Licnard Equation.

The system (2) can be also studied using the family of positive definite functions given
by

Whate) e
Wasle,y) = /0 e r—— ds+n 87" ,4(x)

where Hg(z) = [2G(r) + 3]"/2, 3 > 0 (see [5]).

It is clear that we can also study qualitatively the system (2) combining the functions
Vo, Wos and S, 4. Many interesting and important works about the Liénard Equation
have been published and some are listed in the references. | have a special caress by
Theorem 2 in (7], because with aid of it (and of a dream!) 1 coucluded my Doctoral

Thesis and indirectly my work [3] was suggested by it.



2 Auxiliary lemmas

Next, we suppose a > 0 and
w(r) = -F(z)+al{r) + k- H ifa>0 and w(r)=-20 ifa=0.
a

In first place we observe that. for each fixed r. the the function

yr— Sn.k(-rﬁ y)

is strictly increasing for y > — F(r) + aG(z) + k and strictly decreasing for w(z) <y <
—F(z) + aG(z) + k. We have also

hm Saxle.y)=+oc= | Sokl£Y)
y—+oo

im
y—w(z)*
So for each ¢ > 0 and for each r, with G(z) < c. there is a unique y, > —F(z)+aG(r)+4

and a unique y;, with u(£) < y2 < —F(z) + aG(z) + k such that
Sonlentn) = Salz,ua) = ¢
If there exist x; < 0 < &, such that
GlL) =Glry)=c

then the level curve S, i(£,y) = ¢ is closed and shows, in the case F(r) 2 ali(z) + k and

k<oande> f;* =7 ds, the following aspect (Figure 1):

'Y
»

/ Sarlzy)=r

/’_,—"‘R‘ -~ _ Sy y:—F(J’)"’"("("’)*'k
v’ | E
k==
(] y=w(r)
Figure 1



If F(r)> ali(r) + & for r > 0 and there exists x> U such that S, 4 (x;,0) = ¢ then

the arc
'\.a.k('r'y) =c.
withz >0 and y > — F(r) 4+ aG(r) + k. crosses the r > 0 half-axis at (.£;.0) and the set
{(z.n) € Qai | Sarlry) =c. 0<r < ay)

shows, in the case k < 0 and Souls,0) < ¢, for 0 < r < 4y,
2):

the following aspect (Figure

Soelr.y)y=r

2
} -»
1
- !
-~ -l
-\\
. ~
> - \\
l—i- ‘\\ ~
Figure 2

If F(z) < BG(e) + k. for a < r <0, with k — ﬁ < 0. and w(a) > 0. then the curve
y=wlr)=-Flz)+ 8G(z)+ k - %
crosses the z < 0 half-axis. Hence. for every ¢ > 0. the arc
Spalr.y)=c. r<Dandy< -F(z) + 3G(z) + k
crosses too the z < 0 half-axis at a point (£,.0), with a < £y < 0 aud the set

{(z.y) € Vs | Spulz.y) =c. £, <r <0}

shows. in the case k > 0 and w(z) < 0 for zy < r <0, the following aspect (Figure 3):
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If « =0 we have

| : y
Sorle.y) = 5(y + Fle) = k) + ()

So. Sox(z,y) = c is equivalent to
y= =F(z) +k+[2c=2G)'? or y==Flr)+k—[2c=26()]'/* .

The case a < 0 can be discussed in a similar way.

Sgelr.y) =c

Figure 3
Lemma 2.1 Supposc there are a >0, b > 0 and k <0 such that
F(z) 2 aG(z)+k for0 e <b. (5)

Let 4(t) = (z(t),y(t)) be the solution of (2) with ¥(0) = (£0,0). 0 < £y L b. and t; > 0
such that 0 < z(t) < b for0 <t < ty. Then, for0 <t <1y,

W0) > = F((t)) + 0Gla(t) + k= = .
In particular, if z(t)) = 0 then y(ty) > k- L.

Proof: From (5). Sax(z,y) 0.0 € £ < b It follows that. for each u €]0,¢,] such that

¥(t) € ok, 0 €t < u, we have .5",._“7(!)) < 0 for 0 < ¢ € u. and therefore

Sax(1t)) <c, 0Lt <L u,



with ¢ > S, ,(2(0)). It follows immediately that the set (1) ju<t < t,} does not

intercept the arc
So.k(xvy) =(, y < F‘I) + 0("(4‘) + k.

Then. for 0 <t < 1, we have

5 l
y(&) > =F(e(t)) + aGx(t)) + k — =
(This result is intuitive: it is enough to look the Figure 2 with ry < ry.) ]

Lemma 2.2 Suppose there are b > 0.a>0. R>0and k <0 such that

F(z)

v

aGlr)+hk. 0<r<) (6)
F(b) 2 k+[(R-k) =260, (7)
Let ¥(t) be the solution of (2) with 4(0) = (0,ys). 0 < yy < R. Then there is tHy > 0 such
that
) =(b1,0), 0< by <h.

Moreover, if there erists t; > t, such that 0 Set)<bfort, <1 <1y and z(8;) = 0
then

y(ta) > k — % fa>0 and y(i) 2 ~1+2k fo=0.
Proof: The equation
Soalz,) = Sos(0.K) = 3(R - ky?
is equivalent to
y==F()+k+[(R- k) -26(s)'? (8)
or
y==Fl)+k-{(R- L) -2G(r)". v

The condition (7) ensures the curve (8) intercepts the £ > 0 half-axis at a point (by, 0).

0 < bs < b. From (6) we have Flr) 2k 0<r<h So

Soalz,y) 0. 0<r<h. (10)



Then the solution 4(t) of (2) starting at the point 3(U) = (U yy). U < yg S R. crosses
also the z > 0 half-axis at a point 4({)) = (b.0). 0 < by < by < b. From (10) we have for
Hhstsh

Sox(7(1)) € Sox(v(t1)) £ Sos(V. R) .

Hence and from (9) we have for t; <1 < 1,
yl(t) 2 = Fla(t)) + k= [(R = k) = 2G(=())"* .

So, if @ = 0 and z(t;) = 0 we have y(t;) > —R + 2k
From Lemma 2.1, il a > 0,

1
ylta) >k ——.
a

(See again Figure 2.) (u]

Lemma 2.3 Suppose there are a < 0. 3> 0. R <0 and k 2 0 such lthat

Flr) < pGeYy+ k. « <0 <0, (1
Fla) € 8G(a) + k - 111 (12)
1 :
and It>k— ;_j . (13)

Let ¥(t) = (£(t), y(t)) be the solution of (2) with (0) = (0,yu), K < 4o < 0. Then then
isty > 0 such that v(t) = (a,.0) witha < a; < 0. and y(1) > —l"(.r(l))+dG(.c(t))+k—‘l,.

0<t<t,.
Proof: The conditions (12) and (13) ensure the curve
y = —Flz) + #Gz) + & — %

crosses the r < 0 half-axis at a puint (a3,0) with & < ay < 0. From (11)

Soulz.y) €0, «<r<0.



So. the solution 4 (¢) starting at 5(0) = (1. y,). R Sy < U can ot leave the compact

set

{(J:.y) ENyr | — Fley+ G (L) + k= -I; Syt and < < 0}

through the arc

y=-F(r1+ 36(r) + k= lj .ty

A

+ <),

Then there is ¢, > 0 such that the solution 5(¢) crosses the r < () half-axis at a point

() = (ay,0), a3 < ay < 0, and () > —F(e(t)) + 8G () + k - '—, for 0 <t < ty. (See
Figure 3.)
In a similar way we prove the {ullowing lemmas.
Lemma 2.4 Suppose there are a < 0. o < and k>0 such that
Flr) SaGz)+k. a<r<v.

Let y(t) be the solution of (2) such that 4(0) = (£4.0). « S g < Uandty >0 such that

a< () L0 for0 <t Sty Then for0 <t <,
! . l
y(t) < =F(r(2)) + ali(e(t)) + 4 - -

In particular, if £(1y) = 0. then ylh) < k- l'
Lemma 2.5 Suppose there are a < 0. o SO0 R <0 and k>0 such that

F(z)<aGlz)+k, a<sr<0 and Fla)< k- [(# = k) ~26G(a))/?

Let ¥(t) be the solution of (2) with 4(0) = (0.yy). R < yy < 0. Then there is ty > 0 such
that

y(th) =(a,.0). a<ay <)

" Moreover, if there exists ty > £, such that a So(l) S0 forty 1<ty and £(ty) =0 then

1 .
W) <k=—= ifa>0 and TN —R+2% Jo=0,
a



Lemma 2.6 Suppose there are b > 0. 3 < 0. ## >0 and k <0 such that
F(r) > B8G(s)+k. 0€r<h.
1
F(b) 2 BGla) + k - 3

and H<k—11- .
i

Let (1) be the solution of (2) with v(0) = (0,y0), 0 < yo < K. Then there isty > 0
such that 7(ty) = (0,0), with0 < b, < b.

To close the section we observe that the solutions of (2) do not admit vertical asymp-

totes (see [1]).

3 Sufficient conditions for nonexistence of periodic
solutions
Theorem 3.1 Suppose there are a < 0 < b. a > 0 and k < 0 such that
(i) g(z)F(z) >0 fora <z <bandz#0;
(i) F(a) € —[(k — L)? = 2G(a)]'? and F(b) 2 [(k — L)? = 206(B)]'/%;
(iii) F(z) 2 aG(z)+ k forz > 0.

Under these conditions the system (2} does not admit non-trivial periodic solution.

Proof: Consider the solution y(t) = (z(t),y(t)) starting at 7(0) = (U, yo) with k — -l- <
vo < 0. Suppose there is a smaller ¢; > 0 such that ¥(t2) = (0,4:2), y2 > 0. From
Lemma 2.5 and conditions (i) - (ii) there is 0 < t; < fp such that () = (z1,0),
a < 1, <0. It follows that @ < z(t) < 0 for 0 < t < t; and z(t;) = U. From Lemma 2.5,
y2 =y(t2) < ‘-‘;—k. Suppose now there is a smaller t4 > t; such that 5(t4) = (0,y4) ¥4 < 0.

From Lemma 2.2 and counditions (i) - (i) there is 82 < t3 < tq such that ¥(t;) = (£3,0),

10



0 < 23 £ 0. It follows that 0 < r(t) < b for la <t < tgand £(ty) = 0. From Lemma 2.]
and condition (iii) we have yy = y(1,) > k - L. From (i) we have
Seo(1()) <0 forv <t < tao L #1y.

So, Sp0(7(0)) > Sao(1(t4)) and therefore 7(0) # y(t4)- It follows that all solution starting,
at a point (0,y) with k — L. <y < is not periodic.

Consider now the solution v(t) with 4(0) = (£y,0). 24 > 0 and suppuse there is ¢; > 0
such that 0 < r(t) < zo for 0 € ¢t < t, and z(ty) = 0. From Lenuna 2.1 and condition

(i1i) we have
l
k~—=<yty)<0.
a

So. the system (2) does not admit non trivial periodic solution.

We observe that Thevrem 1 in [6] is a particular case of our Theorem 3.1,

Remark 3.1 [t can easily be verified that the conditions (i), (ii) and (iii) in Theorem

3.1 ensure all solution starting at (ry,0), £y > 0, approaches the origin as { — +00.
Remark 3.2 From Lemma 2.1 it follows that the condition (i1i) can be replaced by: then
are a < 0, and k > 0 such that
F(z} < aG(z)+k forz <y .

Theorem 3.2 Suppose there are o > 0 and a < 0 such that

(i) g(z)[F(z) — aG(z)] > 0 for + > a and & # 0:

(i)) F(a) < aGfa) - L.
Under these conditions the system (2) does not admit non-trival periodic solutions.

Proof: Consider the solution ¥(!) = (£(t), y(t)} with 7(0) = (£o.0). 4y > 0. and suppose

there is t; > 0 such that v(t;) = (£;.0). £; > 0. From Lemmas 2.1 - 2.3 we have

y(t) > —F(e(t)) + aG(x(t)) — L—]'- and z(l) 2 «a

11



for 0 < t < ;. Hence and from (i) it follows that for all t € [0.4,). with z(¢) # 0.
Sao(¥(t)) < 0. So.

500(7(0)) > 's'a.o(-ﬂtl ))

and therefore 7(0) # 7(t;). It follows that the system (2) does not admit non-trivial

periodic solution.

]
Remark 3.3 From Lemmas 2.4 - 2.6 it follows that the condition (i) and (ii) can be

replaced by: there are a < 0 and b > 0 such that

(z)[F(z) - aG(2)] >0 forr<band r#0 and F(b) > oG()) - ﬁ .

Remark 3.4 It can be immediately verified that the conditivns (i) and (ii) can be replaced

by: there is o € IR such that

9(z)[F(z) —aG(z)] >0 forr #0.

Example 3.1 The equation
P4 -t 3+ 2)+r=0

does not admit non-trivial periodic solution.

IG 2

Solution: F(z)———?+z +z? and G(I)—i‘.

For z > —1 and z # 0 we have [F(z) — QG(I)]g(.L‘) > 0. with a = 2. By other hand.
|
F(-1) < aG{—-1) - — .
a
From Theorem 3.2 the equation does not admit non-trivial periodic solution.

We observe. in the example above. the Theorem 3.1 can not be applied because F(z) >

0 for z < 0. Also, the theorem 2.1 in {7] and theorem 1 in [8] can not be applied because

12



there are r; > 0and £ > Osuch that F.(r) > Hand F.(r,) < U, where Fx) = [} fo(s)ds

and f (1) = —r' + 32

Example 3.2 The equation

2r

Pl 4+ —— o
( ) (2421 + r)?

does not admit non-trivial periodic solution.

I

Solution: F(z) = % + 2:” and G ' 2 [T d
olution: (I)-4+...t and G(r) = ————— — - —../I mu

For a = 1 and k = —1 we have

172 1/2
F(r) > aG(z)+ 4k forr >0 and Fi-1)< - [(A - (—‘) _2(;(_1)]

We have aiso

g(z)F(z) >0 forz > —landr#0.

From Theorem 3.1 the equation does not admit non-trivial periodic solution. (Here the
1/2
condition F(b) > [(L - l')2 - 2(.'((:)] is not necessary because g(£)F(r) > 0 for all

£z =l and z #0.) The theorems in [7. 8] can not be applied because g(z) is not odd.

4 Sufficient conditions for the origin to be globally
asymptotically stable

Theorem 4.1 Suppose the following conditions are verified:

(i) There is a € R such that
9(2)[F(z) —aG(2)) >0 forr#0:
(i) There are k <0 and ky > 0 such that F(z) 2 k forz > 0 and F(z) < ky forz < 0.
(iii) For all R > 0 there are m < U < n such that
Fln) 2 k+[(R=&)"=2G(u)]'"*  and  F(n) < ky = (R = ky)* = 2G(m)]'* .

13



[‘nder these conditions the ortgiu 1~ globally usymplotically stable 1 Liapunor sense.
Proof: Consider the ares

Soolroy) = ewithy 2 =F(r) + ol(r) (1

SoolL.oy) = ewithy < =F(r) + o6(r) (13)

From hypotheses (i) - (iii) the arc (14) intercepts the o+ > 0 half-axis at (£y.0). 1y > 0.
and (15) crosses the z < 0 half-axis at (r2,0). ry < 0. Let K. bel e > 0. the compact set

hounded by the arcs (14). (15) and by the lines & = £y and r = r,. From (i} we have
Sanldoy) <0 for r#0. (16)

So. I, is an invariant set for the system (2). Then the condition (16). by La Salle
Theorem. ensures that the origin is asvinptotically stable and every solution starting at a
point in I, approaches the origin as t — +oc. It follows that every solution starting at a
point in , 0 approaches the origin as ¢ — co. From Lemmas 2.2 and 2.5 and conditions
(i) - (iii) for every solution 4(?) of (2) there is ty such that 4(#,) € {1, 4. So all solution
of (2) approaches the origin as ¢t — +00. Therefore the origin is globally asymptotically
stable.

m}
Remark 4.1 The condition (i) can be replaced by: There are 0 > U fa < 0). a < U

(b > 0) such that

g(Z)[F(r) = al(2)] >0 forr>a(r<b)andr#0

and

Fla) € aila) = = (F) 2 G0 - =)

Remark 4.2 The condition (i) can be replaced by: There area <0< b a >0 (a < 0).

k<0 (k>0) such that

g2)F(z) >0 fora<e<bandr#0:

14



'

Flr)Z o)+ k forr >0 (Flr) 2 alie)y =4k forr <) ;

Fla)y < - (k - %): - 2(:'(ul‘l "
and F(by > (I.' - %)- - ‘.ZG(I;)] "

Remark 4.3 Suppose that in Theorem 4.1 the following condition is also verified:

(ii1) There are ay > 0. a3 < 0 and r > 0 such that

Floe) < oyGi(e) forO<r<r and Flr)> asli(r) Tor —r<ar<0.

In this case every non-trivial solution approaches the origin. as ¢ — xc. in spiral.
We observe that the condition +F(r) < 0 for 0 < |o] < « appearing in Theorem 2 in

[2] can be replaced by (iii).

Remark 4.4 The condition (iii) is equivalent to the conditions 1.2 and 1.3 appeariug in

(2].
Example 4.1 For the equation
(it v e+l vt e =0

the origin is globally asymptotically stable and. for every non-trivial solution £ = xr(t).

¥(t) = (z(t), £(1)) approaches !.he origin, in spiral. as t — +oc.
r?

Solution: F(z)=— + -: + .r + — and Glz) =

-'+’J+
3 3 1N

4-|-

We have, for a = |_
() Flr) = aG(r)] >0 for r #0

and

lim F(r)=+occ and lim Flr)=-x.
r—yo. r——



We have also there is r > 0 such that
F(r)<2G(z) for0<ue<r and Flr) >0 for —=r<z<?.
The conclusion follows from Theorem 4.1 and Remark 4.3.

Example 4.2 C'onsider again the equation of the Example 3.2:

2z

" 3 . 2y

T (A5 SO ) Tk e ()] |

( ) (2 + 2z + z2)?

It can be easily verified thal the origin is asymptotically stable and. for every non-trivial

solution r = r(t) with #(0) = 0. 5(¢) = (z(t). £(t)) approaches the origin as { — +00.

But the origin is not globally asymptotically stable because there is « < 0 such that
g(t)(F(J') = G(I)] <0 forur <a

and so the solution ¥(t) = (z(t),Z(t)), ¢ > 0, starting at (iro,yy) with £o < a and

Yo < —F(zg) + G(ro) — 1. does not cross the curve y = —F(x) + (/(r) = 1.

5 Sufficient conditions for existence of periodic so-
lutions

Theorem 5.1 Suppose that
(i) the origin is repulsive.

Suppose also that there are @ > 0, k <0, ky > 0, and « < 0 < b such that:

1 2 1/2
(i) F(z) <k fora<r <0 and Fla) < ky - (k—;—k,) —2(:'(a)] g

b 1/2
(iii) F(z) > aG(z)+k for0< s <band F(b) > k + [(ﬁ + 2, — 2k)‘ - ZG(b)] .

Under these conditions the system (2) admils at least one non-trivial periodic solution

located beiween the lines r = a and r = b.

16



Proof: From Lemma 2.5 and hypotheses (i), (ii). the sulution starting at the poim
(0. k—i-) crosses the y > 0 half-axis at (0. yy) with0 < y; < —L-+‘L,+‘.'L'|. From Lemuna 2.2
and hypotheses (i), (iii). the solution starting at a point (0.4,), withU <y < —k-g—+2k|
crosses the y < 0 half-axis at a point (0,y;) with &k - ﬁ < yp < 0. From the Theorem of
Poincaré-Bendixon the system (2) admits at least one non-trivial periodic solution. It is

clear that this periodic solution is lucated between the lines & = a and r = b.

We observe that the Theorem 3 in (2] is a particular case of the Theorem 5.1.

Remark 5.1 If there are a € [ aud r > 0 such that
gl)[F(r) = aG(r)] < U forr < frf<r
then the origin is repulsive. It is enough to observe that the above condition implies
Saols y) >0 for0<|z] < r
and for ¢ > 0 sufficiently sinall the level curve S, o(2,y) = ¢ is closed.

Corollary 5.1 Supposc that
(i) the origin is repulsive.

Suppose also that there are a > 0. k €0 and a < 0 < b such that:

2
(ii) F(z) < Fla) fora <z <0 and G(a) > % (k x i u F(a)) :

P 1/2
(iti) F(z) 2 aG(z)+k for0 < x < band F(b) 2 k+ [(% + 2F(a) - Zk) - ‘.ZG'(b)]

Under these conditions the system (2) admuts at least one non-trivial periodic solution

located between the lines r = a and r = b.

Proof: From (ii) there is ¢ € a; < 0 such that F(r) < Fla) for ¢y £ £ £ 0 and

2G(ay) = (k - '; - F'(a))z. Now., it is enough to make ky = F(a) in Theorem 5.1.



Theorem 5.2 Suppose that
(i) the origin 15 repulsire.
Suppose also that there area >0. 3> 0. « <0< b. k <0 and ky > 0 such that:

! 1 1
(11) F(r) < 3G(r)+ k. a £ r < 0. Fla) € 3G (a) + &y — 3 and k — = >k - 1-3;
(i) Flz) 2 aG(z) + k.0 < 7 < b and F(b) 2 k 4+ [(R - k) = 260) "
where R = ~k + 1 4+ 2[8G(a) + &y).
linder these conditions the system (2) admits al least one non-trivial periodic solution

located between the lines r = a and + = b,

Proof: From (ii) we have
F(z) < 4Gla)+ 4y, a<r<0.

From hypotheses and Lemmas 2.2. 2.3 and 2.5 the solution starting at (0,k — 1)
crosses again the y < 0 half-axis at (0,y,) with &k — 1 < y < 0. From theorem of
Poincaré-Bendixon the system (2) admits at least one non-trivial perindic solution. This

solution is evidently located between the lines £ = a and r = b.
Remark 5.2 It can be immediately verified that the condition

F(a) € 8G(a) +.k; — l’

can be replaced by
1 2
S (U-k = ;) < o (a,0) .
In a similar way it can be proved the following theorems.
Theorem 5.3 Suppose that

(i) the origin is repulsive.

Suppose also that there are a < 0. k 2 0.k, <0 and « < 0 < b such that:

' 13



1 ' 172
(ii) F(z) >k for0< r < band F(b) > k; + [(& - == k,) - -.»(:u.)] .

2 /2
(iii) F(z) LaGlz)+ k. a<r<Uand Fla) < k - [(—% -2y + '.!/c) - '.!C.'(a)] .

Under these conditions the system (2} admits al least one non-trivial periodic solution

located between the lines r = a and r = b.

Corollary 5.2 Suppose that

(i) the origin is repulsive.

Suppose also that there are o < U. k > 0 and a < 0 < b such that:
)

(ii) F(z) 2 F(b) for 0 < r < b and G(b) > l, (k 1o F(b))
= [a}

(-% —2F(b) + z/.-)2 - 2G(a)] "

(ii1) F(z) < aG(r)+k fora < r < and Fla) < k—
Under these conditions the system (2) admits at least one non-trivial periodic solution
located between the lines r = a and + = b.

Theorem 5.4 Suppose that
(1) the origin is repulsive.
Suppose also that there are « <0, <0, a <0< b. k >0 and ky <0 such that:
1
(ii) F(z) 2 BG(z)+ ky for 0 < & < b and F(b) > BG(b) + ky — r and k —% <k - %;
# r
(iii) F(z) < aGlz) + & fora < z <0 and Fla) € k = [(R = k) = 2((a)]
where R = —k + L 4+ 2[BG(b) + ky].
Under these condilions the system (2) admits at least one non-trivial periodic solution

located between the lines x = a and r = b.

Remark 5.4 The condition
1
F(b) > 3G(b) + &y = 3



in Theorem 3.4 can be replaced by
1 5
Sou (0.6 = =) < Sau(b.0)
Example 5.1 The equation
. . 17 .
I+ [J‘J+4.tz+3.l‘—‘l'—,].l‘+.l‘=0

admits at least one non-trivial periodic solution.

4 44 3 3. 2
Solution: F(r) = IT + i} + -% - TIE and G(z) = 513

We have

F(r)< F(-1), -1 £r <0,
F(z) > aGlz)+k forallr>0
where a = 3 and k = -5, and
1 1 d
G(=1)> = [k— le F‘(-—l)] .
2 a
From ,ES‘.L, F(r) = 400 it follows that there is & > 0 such that
1 : 2 1/2
F(b) > k + [(-' +2F(=1) - 2/.-) - '_'(.'(b)] .
€
The origin is repulsive because there is » > 0 such that
g()F(z) - G(z)] <0 forO0< |c| <7 .

From Corollary 5.1 the equation admits at least one non-trivial periodic solution lo-

cated between the lines r = —1 and £ = b, with b= 1 + 2F(-1) - 2k.
Example 5.2 The equation
PP +4r -2 +42° =0

admits at least one non-trivial periodic solution located between the lines r = -2 and

T =2

20



+ 3

4
Solution: F(r) = {I + —i;—- —rand G(z) = o',

For d = -} and k; = | we have

F(z) < 3G(&) + k1, —2<c<0 and n-nsaa-m+h_ﬁ_

For a = % and k = -% we have

F(z) 2 al(z)+k. 0<2<2 and k—l>k,—$.
a

We have also

F(2) > k+[(R= k) - 2G(2))'?

where R = —k + 2 4 2[8G(=2) + k).
By other haund the origin is evidently repuisive. From Theorem 5.2 the equation admits

at least one non-trivial periodic sulution located between the lines + = —% and z = 2.
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