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Abstract. Ve intrcduce two new classes of linear topological
STACeS {1ts) which are both ultrabornological and either Bal
re-like or what was called ultra-Baire-like by Knkol[b]. and
prove some thecrems which provide many examples of 1lts which
belong to these new classes and which are either metrizabdble
or subspaces of a product of a family of 1ts indexed on B.t}.
A particular example is that of the title, under the Alexie-
wice norm, which till now was only lknown to be tarrelled. Ve
believe that these new examples of non-complete normed ultra
bornological spaces are the simplest known so far.

Introduction., The departure point of this paper was the study of
the works of Sargent Eh] and of Thomson B?]. on the space of scalar-valued
functions on Eu.b] which are integrable in the sense of Denjoy and Perron.
Let us get a perspective about them in a few words.

In 1912 Denjoy introduced a process of lntegration more general
than that of Lebesgue. In 1914 Perron gave a definition of integral based in
principles different from those of Denjoy. In 1921 Hake proved that Perron‘e
integral is more general than Denjoy’'s, while Aleksandrov(1924) and Looman
.(1925) proved independently that Denjoy‘'s integral is more general (hence
coincide) than Perron‘s. Thus, this has been called the Denjoy-Perron inte-
gral or the Denjoy integral in the restricted sense. A still different def}
nition of integral was given by Kurzweil in 1957 and independently by Hens-
tock in 1961, which coincides with the Denjoy-Perron integral, hence now
called the Denjoy-Perron-Kurzwell integral or simply the gauge integral,
Kurzweil’s definition has the advantage of being simpler and of making serae
for Banach-valued functions. It 1s somewhat surprising that 3 so different

definitions glve rise to the same class of integrable functions. Moreover,

the gauge integrable functions which are positive coincide with the positive
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Lebesgue integrable ones.¥e shouM also nnti&n that in 1916 Denjey and khin
tchin defined independently a still more general process of integratien than
that first given by Denjoy, usually called the Denjoy-Khintchin integral or
the Denjoy integral in the wide senses,

The major drawback of this class of gauge integrable functions re-
latively te that of the Lebesgue integrable is that the later constitute a
Banach space while the first not, hence the methods of Functional Analysis
could not be applied to its study at Banach's time. However, there is a na-
tural nora, introduced by Alexiewicz, that may be considered on such space
(or better, on the associated Hausdorff space obtained by the identification
of functions which have the same integral on each subinterval eof [t.b]). If
f is gauge integradle on [l.‘b]. let F(t)-f: f(‘s)ds for each té[l.b}. Then, ¥
is centinuous on [l.b:! and we may put ”lfm-"l'” + the later being the sup-
norm of P. In this way this space, which will be denoted by X( [.l.h]) {or by
X( [l.b] X) Af £ 1s X-valued), become isomorphic to a (non—complete) subspace
ot c(R.d]) (or of ¢([a,b),X))." '

The concept of J-space was introduced in [1'&], where 1t was proved
thats 1) X( [u.b]) and many other subspaces of C( [a.,b]) are f-spaces and, 11)
p-spaces u.ltlufy several properties of Banach-Steinhaus type. Later, it was
shown in [17] that P-spo.ces are barrelled, thus explaining within a more me-
dern point ef view the reason for the Banach-Steinhaus properties that they
have. More recently, the barrelledness of the space of gauge integrable func
tions in 2 variables' was proved in ﬁz].

As we studied [1’6] and [17], we realized that one could leave aside
the set-up of continuous additive interval functions on ]:a..b]. .npllclng it
by the aseumption of the existence of a family of continuous projections of
a Banach space, indexed on [l..'b]. thus generalizing those results (which be-
came applicadble, for instance, to subspaces of cf [l.’b]). the space of regula
ted functions), Later, we realized that by essentially the same methods one
could prove that mest of such spaces were in fact ultrabornological, and that

an adaptation could be made to subspaces of the preduct of a family of 1ts.
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In §l we make a quick recapitulation of barrelled s];ncoa. giving
some exanples of non-barrelled subapaces of c( [n‘b]) in order to compare them
with the examples of bnrreilad or ultrabornological ones obtained in flb.

In fz we consider several types of Baire pt_operties on the class
c of locally convex mpaces (1cs), some of which arise more naturally in the
category .C of linear topological spaces (1ts). We precede here by an 'aC'
(as in [1]) the name of the class of lts analogous to a given class of lcsa.
For instance, we call o(_—barrel]ed the 1ts called “ultrabarrelled” in [13].
The important point is that the class of .C-barrellad spaces which are lcs
is a proper subclass of the barrelled lcs, the same happenning (at least in
2ll known cases) to the other Balre properties in oc. However, 2 different
definitiens have appeared as candidates for L-Baire-1ike spacest the U-BL
(here denoted u-BL) spaces of Kakol [9] and the *-BL of Carreras [2]. It seems
te be upknown wether the classes of u-BL and *-BL spaces coincide or if one
of them contains the other (althobgh it is known that metrizable *-BL are u-BL).

We show 1in 52 that the ﬁ-spaces of [1'4] are exactly the u-BL spaces
of [9]. and introduce 2 new classes of ltss the ultrabornolegically BL and
the u-ultrabornologically BL, which are related to ultrabornological spaces
in the same way as the BL and the u-BL are related to barrelled spaces.

The main results of this paper are in ;3. where it is proved that a
class of subspaces of C( [a,b] ,X) and of other metrizable complete lts and a
class of subspaces of -IT{EiI 1€Ea.b]} are u-ultrabornologically BL, and that
others are at least ultrabormological, thus generalizing and strenghtenning
both the results of [1'&] and [17]. The classes mentioned in {2 provide then
sone natural questions (left open) about the possibility of these spaces te
have or to have not stronger properties of Baire type,

In {ls we give several concrete examples of application of {3. showing
in particular, that K( [n.‘b].x) is & u-ultrabornelogically BL normed space,

By the way, some examplea of ;'l sesm to be the simplest ones of non-complete
ultrabornological normed spaces,

Since K( [a,b],X) 1s ulgbomologlcul. 1t satiefies a closed graph
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*
theorem (resp. open mapping theorem) provided the range space (resp. domain

-pc.) belongs to the class of 6-\ubb-d spaces of DeVWilde (aee [11] for a
good account of such up-eeu). which 1s a very large class of lcs, with seve-
ral stability properties, Thus, all the basic theorems of Functional Apalysis
may be applied to K( [t.b].l).

As a matter of fact, "in practice” we never find a discontinuous
linear functional or even a discontinuous seminorm defined on & ultrabornoelo-
gical space, We prove such fact, with a precise meaning, in ‘5. following the
ideas of [6] (see also [16])¢

It i1s clear that analogous results should hold for the gauge inte-
grable functions in 2 or more variables if, as in [12]. we work directly with
thie space, We intend, however, in the near future, to adapt this work so as
to include that space as a particular example of more general results,

We are grateful to Prof. Chain S. Honig for asking us to give a lec
ture on the barrelledness of l(( [n.h]) following the lines of [1‘&]. and [17].
which aroused our interest on that subject, and for drawing our attention to {6].

Notations, Besides lcs and lts, already explained above, which will
be always Hausdorff spaces, we abbreviate "locally convex™ by "le", "absolu-
tely convex " by "ac™ and “neighbourhcod of 0" by “O0-nghv“, If E or (E,B) is
a lts, we denote by ' or (E,T)' the dual of E, i.e., the set of all conti-
nuous linear functionals on E, while E* will denote the set of all linear
functionals on E, If A 1s a subset of a vector space E, by sp(A) will be de-
noted the vector subspace of B generated by A. By K we will denote elther
Ror C, and K( ") will be a countable sum of coples of K, with the usual
le \topology of the direct sum.

1. REMARKS ON BARRELLED SPACES AND EXAMPLES OF NON-BARRELLED

SUBSPACES OF C( [a,®])

Ve recall that a barrel in a 1lts E 1s an ac closel and absorbent
subset of B, that a 1lts E 1s barrelled if every tarrel of E is a O-nghd in E
and that a 1lts 1s Balire-like (lhortly BL) if, whenever % is a sequence of

closed ac subsets of K which is increasing (1 e, A,.,Cﬂnﬂ for every n) and
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which covers K (1 e, U%—l). then there is an integer p such that A’ is a
O-nghdb in B, Usually, ene 1s ninlyl interested in the barrelled or BL spaces
which are les. A Prechet space is a metrizabdble and complete lcs.

Remark 1.0 If E 15 a 1ts which has a barrelled (roup. BL) dense
subspace, then E is barrelled (resp. BL).

Most properties of barrelled lts are included in the following
theorem, stated for reference, which is well known, at least for lcs.

Theorem 1.1 Let E-(E,K,) be a 1ts and consider the conditions:

a) E 1s BL

b) if F is a Frechet space and fiE—F a closed linear mapping, then f is
continueus

b')t,he sane as b), when F is a Banach space
¢,)E 15 barrelled
cz)if El is any 1c topology on E with a base of G.—cloaed 0-nghdb,then GIC Eo

'd) 1§ ¢ [P‘. is a family of normed spu:es. f . tE—F, linear continuous
n;pplng: Qor every «€A and sup {Hf x)llldEA}Uﬂ for overy x¢E, then the-
e is & O-nghb ¥V in E (which may he taken ac, if needed) such that
sup {”f‘(x)ﬁldfl er <aa.

e) Af F 1s a 1gs,if £ 1E—F, <€A, is a fanily of linear continuous mappings
such that ff (x)MEA} 13 a2 bounded subset of F for every x¢E, then
4 [f,(um\} is equlconunuoua.

f) {f F 1s & norned space, if f.iEDF, «£A, 18 a famlly of linear conti-
nuous mappings and sup lf (x)”mél}@ﬂ for every x¢E, then there is a
0-nghb V in E such that sup {”f (x)]|s er, xeVi<w,

&) 1f x , €A is a family ef elements of E' and if sup {lx.((x)l |4€A}<0°
L for every x€E, then jhrre is a O-nghb V in E such that

uup{lx (x)] 1xern, xev]<ro
a the same as the corresponding ones without "~",
¥
4 " but for sequences instead of familles ef functicns.
g

h) 4f F 18 a les, If fdE—F, n€l is a sequence of linear centinuous map-
pings such that there exists 11- £ (x) for every x€E, then f 1s cont.

1) if x' is a sequence of elcnentu of E' and x"€E* is such that 11:- X (x)-
x*( x’ for every x€E, then x* is continuous.

Thens 1) the conditions of group I are equivalent anong them, the saxe hap-
penning with those of group 1I; 2) B)2Dv')De, )De, ) DIDIID 1
, ¥ Hlaaar IUF

[
3) in tha case E 1s a Ics, then b).b'),cl). cz) and I are equivalenty 4) in'
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the cese E s a petrizadble lcn, then ,11 the conditiens are equivalent.

Prepesitien 1,2 Let E be a lts, {"'}-{(A a family of normed spaces,
£.1E— Fy linear continucus mappings for every «¢A. Let M be the space of x€E
such that sup{”fJx)”MEA}(lﬂ and let us endow M with the topolegy induced by
E. Then, l) M satisfies at least one of the following conditionas
1) M<K, or 11) M 1 not dense in E, or 111) M is not barrelled,
b)if, mereover, sup {”f,((x)lli dél.lé\'} =ew for every O-nghdb ¥V in K, then ene
of the conditions 11) or 111) must hold.

Proef. Let 'l'n- xEEl“fx(x),Kn for evorydél}. It is clear that T,-
nTl and that T; 1s ac and closed in E, Since M- UTn'UnTI' 'I'1 must be absor-
bent in M, hence a barrel of M., Suppnse that M were both barrelled and dense
in Es then, Tl would be & 0-nghb in M, hence 1ts closure in E (which 1s T1
itself) would be a O-nghb in E, hence absorbent in E, so that M=E, This pro-
ves part l) of the proposition and also shows that, if neither H) nor Hi)
would hold, then M=E, so that E should be barrelled. This would contradict
the implication e1)=>d) of Th, 1.1, under the hypothesis of part b), hence
part b) of the proposition 1s also proved. B

The following refornulation of a particular case of Prop, 1.2 1s
useful to prove the non-btarrelledness of some normed spaces,

Corollary 1.3 Let X be a dense subspace of a normed space £ and
suppose that there is a sequence xl" in E* such thats 1) nup{”xr‘.”lne N}-oo.

2) sup [’x;(!)llnfﬂ}<” for every x¢X, Then, X is not barrelled,

Proof. Let N be the set of all x¢K such that sup {Ix;'(x)!lnéll}(no,
s0 that XCN, hence M 1s dense in K. By Prop.1.2b) and our hypothesis 1) it
follows that u) or 111) holds, and since 11) is false, we conclude 1i1), 1 e
M $s not btarrelled. By Remark 1.0, it follows that X is not barrelled, either. ¥

We will now apply Corol.1.3 to show that some important subspaces
of C( [l.b]) are not barrelled,

If s [l.b_] —> R and xé[n.'b[. let us denote D+f(x) (resp. D+f(x)}
to the 1im sup (resp. 11m inf) of (f{x+h)-f(x))/h ¥hen h =0 by positive va-

lues. If D’f(x)-n"f(x) and are finite, we will denote that value by f'{x+).
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If £ [l..b]—-’ X is a function of ‘bound-od variation en [a..b]. we denote V:’(f)
or simply ¥(f) the variation of f in [n..b]. Ve donoto‘ by BV( [u.b]).tho space
of functions of bounded variation on [n.'b]; by BvC( [n.‘n]) the set of functions
which are continuous and of bounded variation on [n,‘b]l vy AC( [n.b]) the set
of functiona which are absolutely continuous on [n.b]. Let us recall that,
1f heBV([a,b]) then FysC( [a,b])—> K . defined by 7, (f)=[7 fah, 1s a linear
continuous functional on C( [l.'b]). with ”l‘h”SV(h). In the case that, for eve
ry t€]a.b[. h(t) belongs to the closed interval with end-points h(t-) and
h(t+), then ”Fh"-\l(h), and we will say that h is norm-preserving. Let us re-
mark also that, if £1[a,b]-— K is of bounded variation, if c>0 and 1f
& [A/c.‘b/c]——) K is defined by g(t)=f(ct), then V:;:(g)-‘l:(f).

Corollary 1.4 Let toe]a.'b[; The following 5 subspaces of C([a.b])
are not bll‘r?llodl
X,={rec( [2,2])1D 1(t;) and D £(t ) are finite)
Xz-{fe‘c( [l.,b})l there exists f'(t°+)}
Xy={rec([a,v])s there exists f'(to)}
Xu-[fcc( {l.bj)l there exists f*(t) for every t([u.‘b]}
xS-{ttc( [a.,5])s there exists r'€c( [..b])}-c“)([;.b]).

Proof. Since xscxjcxi for every j and l5 1s dense 1n C( [&.b]).
it 1s enough, by Remark 1.0, to prove that ll is not barrelled, Let L% be an
integer greater than 1/(b-t,) and for nzn, consider the functions Eq! mB)-R
which are equal to -n if t.E[to.t.o-Pn'l[. and equal to O othervise, Then, for
n2n,, V(gn)-Zn and g, are norn-preserving, so that, 1if Gn-an. we have
supﬂpnulm,no}-sup{v(gn)m?no}- tw, Now, for nin, one has Gn(f)-f: fdsn -
(f(t°+n'1)-f(to))/(n'1). so that sup {lGn(f)I ln)n°}<a:o for every féX . By
Corel.1.3, X, 1s not barrelled. ¥

Ruuark‘-l.j The analogous result for to-a also holds, Analogous re-
sults for derlvatives at the left also hold, One only needs to consider con-
venient functions g,.

Corollary 1,6 Let to€[a.b[. The following 4 subspaces of C( [a,b])
are not barrelleds
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Il-[ﬁc( [.,b]); there is §>0 se that f 1s of beunded var. en [t..t +‘]} .
(the § depends on  and 1s less than b=t,) °

Yz-{f‘C( [l.h])l f s of bounded variation in some nghb of t.}
Ty=ve(a,n]) . Yymac( [a,b]).

Proof. Since '“C'JC!x for every j and Y, 1= dense in c([-.'b]). 1t
1s enough to prove that Y, is not barrellad, For eimplicity of notations, we
shall do soc only in the case to-O. The sup-norm will be denoted by " ".

Let giR— R be continuous, pericdic with period 1, not identically
tero, with g(0)=0 and V(I)(g)-lkﬂ(henco M>0) . One may take, for instance,
g(t)= sen 2¥t. Then, Vg(g)-nﬂ. for every positive integer n.

Let no)b". For each nin_. let g+ [2:5] = R be defined by gn(t)-
g(nzt) if té[O.n'l] and 5ﬂ(t)-0 othervise. Of course, ”Gn”"”E Il tor n)n, but,
by the remark preceding Corol.1.4, with c-nz. a=0 and b=n we gst V:(gn)-

l’"(g )-V (g)=nM. Hence, 1f G -!' is the continuous linear functional on
c( [a,b]) defined by g for n>n°. we have sup[“G ||m)n }-nup{ (gn)m’lno}- +o0,
On the ether hand, if “!1' let §50 be such that £ is of bounded
variation on [0 S] For njn, we have G (f)-_r fag, =

1/n b 1/n
f° fdgn j fdg, L/ rag, j rag, ~f(1/n)g,(1/n)-£(0)g (o)f g 1=
II n

Rence, for n;nx{no. "1} we will haves

/n 5
e, ()= ”; 5ndfl < Ikn||v(1,/n(f)g“5|rvo(f). so that supjlc, (£)] n)n'J(w.
for each £€Y,. By Corel.1.3, Y, 1s not barrelled. a

Remark 1,7 An analogous result holds for functlons which are of

bounded variation at the left of ty, if t,€]a ).

2, SOME CLASSES OF LTS AND LCS

The equivalence °1)¢:’°2) of Th.1.1, verified for lcs by Robertson
([13]. Th.4), led her to define what she called ulirabarrelled spaces, here.
called 'C-hn_r__r_olhd spaces, 1n accordance with [l].

Definjtion 2.] Let E be a vector space.Then, a) a sequence A" of
stbsets of £ 1s a basic seguence ifs 1)ecach A" 1s balanced and absorbent and

1) A n+i “HCA for each nj b) a subset A of E 1s adniasible in E if there



-331-

is a baslc sequence A" such that A‘-A| the sequence A" 1a then called a defi-
ning basic sequence for Aj, c) a subset A of K is said to be admissible 1f it
ts admissible in sp(A); d) if A, 1a an increasing sequence of admissible sets,
we say that they generats & table if there are defining basic sequences (_‘:)n
for each An (in ap(A.)) such that A:CA:” for every m and n. 3
Definition 2,2 Let E be a lts. Then, a) & subset A of E 1s an
i-hnrr.l (called ultrabarrel in [B]) if it i{s closed and admissible in I;
b) I is ac-barre]led if every L-tarrel of E is a 0-nghd in E; c) E is *-BL
if, given any increasing sequence A, of closed admiesible sets which cevers

E and generates a table, then there is an integer p such that A_ 1s a O-nghdb

P
in £y d) € 1s u-BL if, given any sequence A, of closed balanced sets auch
AgrA CA_,, for every m and which covera E, then there is some integer p such
that AP ies a O-nghdb in K,

Most properties of -C-barrelled spaces are included in the next
theorem, which should be compared with Th.1,1. The letters of the conditiens
in Th.2.) correspond to those in Th,i.1.

Theorer 2,3 Let E-(E,;o) be a 1ts, and consider the conditiens:

41) E is *-BL
12) §F is u-BL

b) 1f F 1e « metrizable complete lts and f1E—F a closed linear uapplng.
then { 1s continuous

cl) E ts L-barrelled

cz) if Cl 1s any linear topology on E with a base of % -closed O-nghb, EIC (’o

e) AfF 1o a lts, If futE—5F,«€A, 18 a fanily of linear continuous mappings
such that ffq(x)mékl 1s a bounded subset of F for every x€E, then
{f,(m'ék} i1s equicontinuous

f) the same as e), but for F metrizable lts

gg the same as the corresponding ones without "=,
but for sequences instead of families of functions

h) Af F 1s a lts, if T.E—>F 1a a sequence of linear continucus mappings
such that there exists lim fn(x). called f(x). for every x¢E, then f is
contlnuous. Nao

Thens 1) conditions ‘b).cl).cz).e) and ) are equivalenty 2) e)== g)gf}
h

and ay)=>cy)t 3) in the case E 1a metrizable, all the conditions different



-332-

from l.z) and h) are equivalent, and cz)ﬁhz).

Ilgurk-nroof(rcf.ranco to). Definition 2.2b) coincides with the one
considered in [l]. while in [13] (xesp. [19]) condition cz) (resp. e)) was
taken as definition of .(-hmlled spaces, The implications )= E)=T),
)= !‘)=Of) and ‘l)=’°1) are evident, The implications ez): 5), e)= h) and
cz)ﬁ‘h) are respectively Th.5, the remark following its proof and Prop. 1511)
of [13], while ¢;)¢2¢,) and ¢,)é=>b) are resp. Th.3.1 and 3.2 of [8]. The
implication o):)cz) is Prop.5(pg 10) of [19]. The oquivnle.nccs cz)(:) e){:}!)
may be seen in f?(}). while the equivalence cz)@n for metrizable lts in
‘?(4) of [1]. The name ultra-Baire-like was introduced in [9 » but such a
concept ﬁu already considered, ‘rlthout a name, in [8] ,» where it is found the
proof that, for metrirzable lts, e1)=> 1.2). The name *-BL was introduced in
[2]. although in {!&] already appears the proof that, for metrizable lts,
ci)z) 11). ]

In [lﬂ] a class of normed spaces was considered, called fi-spaces.
However, the definition makes sense for arbitrary lts, and amounts tos

Definition 2,4 A lts E is a fi-space if, whatever the sequence A
of closed subssts of E, such thatt 1) O¢A, 11) APALCA L, and A A CA L,
for every m, 111) UA.—h then there is an integer p such that A_ has a

P
non-enpty interior.

Propositien 2,5 Let E be a 1ts. Then, E 1s a f!-spnce & E s u-BL,

Froof. Let K be a f-space, and A a sequence of closed balanced
sets such that A+A_CA_,, for every m and which covers E. Since A  1s balan
ced, we have OGA‘ and —A-A., hence A--A.CA.‘,I. Since E is a (-space, there
are p€N, x€E and a O~nghd V 1n E such that x+VCA

P
CAP"I' 50 that AP"‘ is a O-nghb in E. Therefore, E is u-BL.

« R » VY= V)-xCA_-A
ence {x+V)-x AP P
Let B be a u-BL space and A a sequence of closed sets satisfying
conditions 1), 11) and 111) of Def.2.4. Let R, be the balanced kernel of A
(L o, xR & /\xEA. for every A with |AJ¢1s R_ is the biggest talanced subset
of L.). Birce A- is closed and the closure of balanced sets are balanced, it

follows that R, are closed. By 11), R +R CA,,y, and since R +R, 1s balanced,
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we have R+R . CR_, (., for every m. Suppese that we have proved that UR.-El
then, since K is u-BL, there will be some p for which Rp will be a O-nghd in
E, hence A'P has a non-empty interior, and E will be a f-space. Hence, 1t is
enough te show that R K. Let x€E, x40, F=sp(x) with the topology induced
by E and s_-u_ﬂr. Then, S, also satisfles 1), 11) and 111) of Def.2,4 fer F,
Since F is a Balre space, there is p such that Sp has non-eapty interior in

F, hence § is a O-nghb in F (proof like in part a)). which means that the

pri
re 1s >0 such that ).xequ for ever'y A with IM{S. It follows by induction
that l\xGSP’- for every A with |)\|42-"'1S. If we take m such that ZI"IS)I. then

we w111 have Ax¢S for every A with [A[¢1, hence x€R u

PR prm°
Ve give for for reference next definition, usuvally considered for lcsa.
Definition 2.6 Let E be a lts. Then,
a) E 1s suprabarrelled (shortly ﬂ) if, glven any increasing sequence E  eof
subspaces of E which covers E, there 1s some p for which Ep is both tarrelled

and dense in E;

b) B is totally barrelled (shortly Q) if, given any sequence En of subspaces

of E which covers E, there is some p for which EP is barrelled and its clo-
sure in E ia finite-codimensaionaly

¢) E 1s unordered Baire-like (shortly UBL) 1if, given any sequence A, of ac

closed subsets of E which covers E, there is some p for which Ap is a O-nghd
in E,

Remark 2.7 a) It is proved in [3] (chap.9) that for lcs the follo-
wing holdss Balre=>UBL=> TB=>SB =>BL=7 barrelled and one or more counter-
examples for each reverse implication ia given, These implications are true
also for 1ts, as can be casily verified. It 1s evident that u-BL=BL, “
«-BL=BL and [-barrelled=) barrelled, b) If (B,%) 1s a 1ts, let U be the
set of all ac subsets V of E which are O-nghb in E1 then, Vh the set of
o-nghb in E for a lc topolpgy zoo on E, coarser than & (in fact, goo is the
finest lc topology on E, coarser than Z), but 3'00 is in general not Hausdorff,
even if T is Hausdorf{. We will denote (!.Eoo) by E - It 18 easily verified

that, if (E,Z) is a 1ts for which T 1s Hausdorff, and if (E.Z) 1s barrelled
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(resp. BL, UBL) then B, 1s aleo barrelled (resp. BL, UBL). ¢) Suppese that
(K,Z) 1s a metrisable complets 1lts which is not 1lc, such that Z_ , 1s Hausderff,
Then, (E,Z) is Baire, hence UBLj therefors, by b) E_  is also UBL, On the
other hand, K is not oL -varrelled (see [13]. Prop.20 and the example f(lallo-
wing it). Mence, nons of the conditions UBL,TB,SB,BL or tarrelled imply [-
barrelled, even for lcs. An example is given by [P, with Oc¢pcl, and with the
1inear topology T given by the p-norm ”un)"p'ni.-‘ IA“| P, Denote by (]P)I the
space {P endowed with the norm topology of R, It 18 well known that (ﬂp)oo-
up)l. Moreover, if By is the set of (Xn)élp with p-norm <M, then each By is
balanced and closed in (fp)l.»BmBHC Boxs but none of the By 1s a O-nghb in
(!p)l. hence up)oo 1s not u-BL, either. d) K(“) is an .[-blrrallod lcs which
1s not BL, hence not *-BL, not u-BL, not SB, not TB and not UBL. e) If E and
F are infinite-dimensional Banach spaces, let H be the projective tensor pro-
duct of K and F, and "n be the subset of H of all tensor products of rank at
most n, It is clear that Hn are balanced, that HnﬂlnC HZn and that they cover
H. As already stated in [7] (Chap.III.f6,exam.1). each H_ 1s closed (hence,
H 18 a normed space which 1s not u-BL), In the same exercise it is stated
that H is barrelled. In fact, it was proved in [15] that H 1s UBL, Moreover,
H is ultraborneclogical (see Cor.11,3.18 in [3] } according to 11,10 of [3] '
this result 1s based on or due to Floret). Hence, H s a normed ultrabomolo-
gical UBL space which is not u-BL (therefore, not L-varrelled). ) As shown
by a comparison between Th.1.1 and 2.3, the .C-bnrrelled spaces constitute
the class of lte analogous to the barrelled 1lcs. On the other hand, there are
2 different defini.tiona for spaces analogous to the BLs the *-BL and the u-BL.
We don't know if they coincide or if one of them inplies the other (llthough
for metrizable -pn'ces *.BL=>u-BL, since *-BL= .[—barrelled and, for metri-
zable spaces, .C-hrrelled=> u-BL). Perhaps none of these im the "right* ge-
neralization of BL. g) Since we will not need thenm, we will-pot consider he-
re the classes of 1lts “analogous”™ to the UBL, TB or SB, which have been stu-
died by some authors,

Lat us now taks a loak on the ultrabornological spaces,
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If E 1s a lts, B an ac bounded subset of E and Ea-sp(l),'then the
seminorm determined by B is a norm on !B' and the inclusion lalln-—)t is con-
tinuous, We will always consider Ej as a nor-eé space, with the norm given tyR

Definition 2,8 Let E be a 1ts. We say that B is a Banach disk of E
1f-B is an ac bounded sudset of E, such that Ey is a Banach space, We say that
a sequence x, 1s fast convergent to x, in E if there is a Banach disk B of E

such that x. and the sequence X, 1lie in EB' and X, converges to X, in the Ba-

o
nach space EB‘ In the case XO-O. we say that the sequence x ialnull fast con-
!g;ggg& in E,

One should remark that, if % is fast convergent in E, then there
exists an ac compact subset K of E, to which every x_ belongs.

Proposition 2.9 a) Let X pe a Banach space with unit ball B and Dn
a sequence of closed balanced subsets of X which covers X, such that D +D,C
Dn+l for every n. Then, there is some p such that Dp absorbs B. b) Let B be
a Banach disk of a lts F and D, a sequence of closed balanced subsets of F
which covers F, such that Dn+Dn<:Dn+1 for every n, Then, there is soze p such
that DP absorbs B, c) Let E be a 1lts and B a closed ac bounded and sequentia-
1ly complete subset of E, Tﬁen. B is a Banach disk of E (hence, every ac com-
pact subset of E is a Banach Qisk).

Proof. a) Slnce X is Baire, there 1s p such that DP has a non-empty
interior hence (as in the proof of Prnp.z.j) Dp+l is a O-nghd in X, hence it
absorbs B, b) follows f{rom n) and the facts that !B is a Banach space and
jB:EB-)E is continuous. c¢) The same proof given in 520.11(2) of DO] for lcs
works also for lts. B§

Definition 2.10 If K, «€A, is a family of lcs (resp. 1ts), Eis a

vector space and u 1E —E, «€A, a family of linear mappings, there exists

the finest lc topology Z (resp. linear topology ;) on E for which every y, is
continuous (of course, in the ca;e Eg are lcs, both topologles may be dqflﬁed
and chl in general, these topologles may.be non-Hausdorff). Ve call Z (resp.
;) the final toplomy (resp. L-final topology) on E determined by the family

Ny €A, In the case A is a diracled set, !* is an inductive system of lcs
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(1ts) and E the inductive limit of the vegctor spaces E . (without consideration
of topologies), then (E,Z) (resp. (I.})) will be called the inductive limit
(resp. {-inductive 1imit) of the inductive system E,, provided L (resp. ;)
1s Hausdorff,

Next theorea includes most properties of ultrabornological spaces
and is well known, at least for lcs.

Theorem 2,11 Let (E,Z) be a lts, Consider the conditions:

gi) if V is an ac subset of E which absorbs every Banach disk of K, then v
is a O-nghd in K

bl) AT P 1s a lcs and wiE—F a linear mapping such that u(B) is bounded in
F for every Banach disk B of E, then u is continuous

¢y) the same as by), tut for normed spaces F

d!) if ‘l 1e a lo topology (not necessarily Hausdorff) on E, such that every
Banach disk of (E,G) 1s bounded in (E,Z;), then ¥,CC.

:2). bz). ez) and dz)l the same as the corresponding ones with sub-index "1"
replacing "Banach disk™ by "ac compact subset”

13)- b.), c.) and 4_)1 the same a3 the corresponding ones with sub-index "1"
re llcigg 'Banagh disk” by "null fast convergent sequence"

¢) K is the inductive limit of an inductive system of Banach spaces,
Then, all the conditions different from e) are equivalent, e) implies the
others and, in the case E i1s lc, 1s equivalent to the others.

Definition 2.12 Let (E,G) be a lts. Then,

a) B 1s ultrabornological (shortly ultrab.)} 1f 1t satisfies any of the con-

ditions od Th,2.11 different from e). Usually .1) 1s taken as definition.

b) E 1s ultrabornologically Baire-like (shortly ultrab.BL) 1f, for every

increasing sequence ¥, of ac sets which covers K and such that, for each Ba-
nach disk B of E there is some p (depending on B) such that H’ absords B,
then there 1s some k such that W, is a O-nghb in E.

c) Eis u-uitrlbornq;gglcalleBalre-like (nhorily u-ultrab.BL) 1f, for every

sequence ¥ of balanced sets such that 1) V .+ CV . for every ny 11) the
sete ¥V cover E; 111) for each Banach disk B of E, there is some p (depending

on B) such that ¥_ absorbs ‘B; then there ia some k such that W isa O-nghd B,

P .
Remark 2,13 a) It is easy to verify that u-ultrab.BL= ultrab.BL=%
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=) ultrab,, and that, if (E,Z) 1s a ultrab,BL 1lts (resp. ultrab. 1ts) and Coo
is Hausdorff, then 'oo is a ultrab,BL lcs (resp. ultrab, lcs). 'b) By Prop.
2.9%), u-ultrab,BL=>u-BL and analogously ultrab.BL=>BL, ultrab. =) barrelled.

¢) One could define, einilarly, the concepts of al:-ulvtrabornolgglcnl. *oul-

trab.BL, ultrab.UBL,etc. but we will not need t;hel.

Definition 2,14 We will say that a sequence x, of a 1lts K has pro-
perty { in E if, for every (;\“)GI“’. the series );; ApXy 18 convergent in E,
In this case, we will denote by B(]”.xn) the set of the sums of all such se-
ries, for ”()AH)HQ.(Renark that xkéb(f”.%) for every k).

Proposition 2,15 Let E be a 1lts and x, a sequence in E. The sequen-
ce x. has property £ in E ana B({”.,x,) 18 an ac compact subset of E (hence
a Banach disk of E) in each of the following cases: a) B 1s -ctriiable com-
plete, V, 1s a base of balanced O-nghd in E such that V +V CV _, for every
n}2, and xneVn for every n, b) E 1s the topological product of a family E“'.

o€A, of 1ts and xn-(x;) is such that the set J ={n¢Ni x;/O} i1s finite for

o €A
every «£EA,

Proof, a) Remark first that n’-;n VnC Vk .!_.f r2k+i. In fact, this
is trivial if r=k+{ or k+2, and if assumed already proved for every pair
(k,r) with r=ktp, then 1t also holds when r=k+p+l, because n$1 LAER A
+ né‘z v, € vkﬂ + VM1 C Vk .

If aup{llnl m&ﬂ](l. then n’-r;l)“x" € néﬁ Vn C Vk ¢ hence . 8 =
s.((An)) - E Anxn 1s a Cauchy sequence in E (for each ()‘n))' therefore _ °

convergent in E, so that X, has property 1” in E. Since for every r)ktl we
a0

have To Ak, € Vi, 1t follows that I Ax €V, C V¥, €V, .

oo N

Let utf"—5E be defined by u(()«m))-'}:_1 A%+ If B 1 the closed unit bal_i_or
%, then u(B)=B({".x,) so that B(f”,x;) 1s ac and we have shown that the se-
Quence 8 is uniformly convergent to u on B, Consider on B the topology &
tnduced by ¢(2,2'), which makes B compact (and topologically isomorphic to
a countlblle product of spaces equal to [—1.1]). Since the mappings s, are
_continuocus on (2.2), it follows that the uniform 1imit u is also continuous

on (B,T), hence its image 5(1",:(“) 1s compact.
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¥) Since each .[‘ i: finite, the series g /\nx= is convergent for
every «, hence t!.m series E:l )u‘n is convergent in E, so that x, has lpro-
perty I an £ Lot uif°E and D e as 1n part a) and let MABD K, X€A,
be the canonical projections. In order to show that w(Pe@0))oe 1
eontinuous; it is enough to ;hou that %-N‘nu is continuous for every o.
Since u‘((ln))-n!:_l AnXy -z;-l.. A%, and 4, 1s finite, 1t 1s clear that uy is
continuous. Hence, v(l)-l(l".%) is an ac compact subset of E, @

Corollary 2,16 If E is a metrizable complete 1lts, then E is
u-ultrab,BL, '

Proof. Let W be a sequence of balanced subsets of E satisfying
conditions 1), 11) and 111) of Def.2.12c). Let V, be a basis of balanced
O-nghb in E such that V“'b'nCVn_l for every n32, If none of the Un were a
O-nghb 1n E, one could find x,€¥  such that x #n¥ . By Prop.2.15%), ',(R".xn)
1s & Banach disk of E, hence by condition 111) there exists some p such that

'p absorbde l(l“.lh). But that 1s impossible since, for n2p, one has W CUH

P
and therefore "n/ an. ¥ n3p. [ ]

Notation-Remark 2,17 If (E.Z) is a lcs, we denote bycu the lc to-

pology on E defined by the fanily of all ac sets which absorbs all Banach
disks B of (E,Z) as a basis of O-nghb, Then, 1t 1s .casily seen thats 1)

% cz" 11) (E:ZY) 1s an ultrab. lcs and 111) Z" is the weakest lc tepology
with properties 1) and 1i). The space E“=(E,ZY) is called the ultrabornolo-
gical space assoclated with {E,Z). It is easy to see that E and E” have the

sane Banach disks.
metrizable

complete ST T=—==u-ultrab.BL

\.etrlzlblc

. ,C.—b-trclled
lllre .! = \\ -44 “ - . BL _

\J_L ultrab.BL ultrab,
u-BL ;
: metrizable
. parrelled :

UBL D Th=3 83 —————————— 9Bl T barrelled
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$. ULTRABORNOLOGICALMESS, u-ULTRAB.BL-NESS AND u-BL-NESS OF
SUBSFACES OF SOMEB LTS

If B 1s a vector space, projection of E is a linear mapping
PiEE such that P2P, If F is a vector subspace of E such that P(F)C P,
then the restriction Plr.r—ar ie a projection of P,

Proposition 3.1 Lat E be a lts. a) If P and Q are projectiens ef E
such that PQ=QP~P, then Q-P is also a projection of B, b) If F 1s a linear
subspace of E and P a continuous projection of B such that P(F)CF, then:

1) P 1a tepologically isomorphic te the product of the subspaces P(F) and
(I-P)(F) of Ej 11) in the case F 1s dense in E, then P(F) 1s dense in P(E).
c) If Ql. Qz.....Qn (nZJ) are continuous prejections of B such that
QJ(P)CF nﬁd %QJ'%%‘an{i.J} , for every i and j, then (Qn—Ql)(!’) ia te-
polegically iaonorphlc te the product of the subspaces (QJH-QJ)(F‘), J=1,..
n-1, of E,

Proof. a) Compute (Q——P)z. b) 1) is well known; 1%) P(E)-P(F)Ci‘m.
¢) It is enough te prove for n-3 since the general result follaws from this
by induction. Call F-(Qy-Q)(E), P-Q, and apply b)1), verifying that P(F)-
(Q2~Q1)(1:), (1-?)(?)-(%42)(:) and that P(F)CF. For this last inclusien it
is enough te show that (q,-ql)p(qg-ql)-r(qa-%). since !‘-(qj-a,)(l). [ |

Propesitien 3,2 Let B and F be 1ts and V a subset of ExF, a) It
V4V 1s net a O-nghd in ExF, then at least one of the fellowing conditiens
holdss 1) VNE 1s not a O-nghb in B (more precisely, V/(Ex [0}) is not a O-nghd
in Ex {0}) or 11) VIF 1s not a O-nghd in F. b) If D, is a sequence of subsets
of ExF centaining 0 such that 11.*'-D.CD|tH for every m and if none of the D
1s a O-nghb in ExF, thon at lest enc of the following cenditiens helds: 1)
nene of the D.ﬂl is a O-nghd in. E or 11) nene of the D.n? is a O-nghd in F,
c¢) If V 1s ac but not a 0-nghb in ExF, then V/E 1s not a O-nghd in E er VNF
1s net a O-nghdb in F, ’

Proof, a) If 1) and 11) were both false, then (VNE)x(VAF)=(VAE)+
+(VAF) € ¥+¥ would be a O-nghb in ExF. b) Remark first that for each = beth

sets D_ME and DAF cannot be 0O-nghb in the respective spaces, otheruise by
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a) D-QB. weuld be a O-nghd in ExF and a fertieri alse D.,l. against the hy-
pothesis, Suppese that i) dees net hold, 1 e, that for some p the sst D'ﬂl
is a O-nghd in E, Then, l.nl weuld be O-nghd in E fer every ajp hence, by the
initial remark, D.ﬂl‘ is net a O-nghd in F for m)p, and a fortiori also fer
n¢p se that 11) helds, c¢) This fellews frem a), remarking that V+¥=2V, sinmce
¥V 10 ac, and that ¥ 1a a O-nghb 4n ExF if and only if 2V 1s a O-nghd in ExF. Ol

Netatien-Remark 3.3} 2) Let E be a lts and for each l\e[u,b].
PAII—>I be a centinuous linear mapping such that
(3.8) PAP/“P/APA-PI!JI{A.’I}' for every X,}lé[n.b].

Then each P, 1s a projection of E (take ,a-)\ tn (3.4)) and, by Prep.
3.1a), Pd-Pc is a projection of E if afc¢d(db, which we will denote by P(e'd).
Suppese that G is a linear subspace of E such that
(3.5) B {C)CGC for every le[&.b].

Then, we will denste G('c'd)-l’("'d)(c). By Prop.3d.lc), if agccecdsd,
then G{c8)glcre)5(014), If one also assumes that
(3.8') PO and P.-T,
then, c{2:®)g,

b) Suppose new that (3.4) holds and also:

1) for each A€]a,b] and each x¢E, there exists 1im P, (x). which will

be denoted Py _ Pt
.‘.'; Py tE—>E 18 centinuous for every ;\E]l.b]
(3.6)11) for each A¢[a,b[ and each x€E, there exists 11! Pf‘(x). which »111

be deneted Py, ArAr
11'} PA,._nl—) E is continuous for every /\([n,b[.

We shall always make the cenventien:

(3.5°) P, -0 anap -I.

Then, ene can verify the fellewing formulas:

AL pe) P, i pch Py A p<)
(ks piH M I
PP, <P, P 4y PP_=P P {P P P P -
P r-{:n T /‘-{“,\- i) POANF {PM i poA

P P =P, P .= - -

2 T TR P(.jn{A.r])# b RB PA-'}l- P(-in{).,u})— !
from which it follews, in particular, that Py, and B_ are prejectiens of k.
fer every )\6[‘-‘)]- By Prop.j.h) and the formsulas above, the fellowing mappings
(with the correspond ing netations) are projections of Ei

e
P(c.d ).’d--rc'i' if agc<d<by P[’\} -P)M —]i\__ i P{)\"‘} -P/\O -PA ’ P{A'} -Pl -PA' » if«E.b].
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Suppose that G is a linsar subspace of E such that, besides (3.5).
it also satisfies
(3.5') P, (G)CG ana P, (c)cc fer overy Ae[a,b].

Then, we will denate G(c.d)-P(c.d)(c) 1f a<ccd¢d and Gy1 =Py (c).
G[/H}-P{M} {G). G[X-} -P“.} (c) 1t AE[A.'b]. By Prop.3.1c), if )\6[1.11] we have
G {A}-G {)‘_] XC{’H} , and G C.d)_c{c‘_}xc(c'd)xc{d_} 1f afc<d$¢b , witheut assuming
that (3.4') holds.

c) If E 1s an .[—bu-relled lts or a barrelled lcs and P, 1E—F are
limear continuous mappings for Aé[n,b]. satiafying (3.4, (3.6) 1) and 11).-
then (3.6) 1") and 11') follows from tha implication c1)==>h) of Th.1.1 or
2.3, while from the implication. cl)=> o) of the sase theorems and a little
thought, one can show that the set of all Py, all Pj, and 211 P,_ , with
AE[- b]. 1s equicontinuous. We will use these results only in Theorea 3.11°°b),

Proposition 3,7 Let E be a .lta G a linear subspace of E, P, 1E—E
linear continuous mappings for /\E[a.b]. and D. a sequence of balanced (non-
empty) subsets of G such that D-+D-CD.+1 for every =, but such that none of
the D_ 1s a O-nghd in G. a) If (3.#?. (3.4*) and (3.5) holds, thenthere is
cE[l.b] and a sequence dné[l.b] such that at least one of the following con-
ditions holdss -

1) "nT" (1 e, 4, 1s strictly increasing with limit c) and D.nc("n-c) is not
a 0-nghdb 1n G(d“'c) + for every m and n; or
(c.dy)

11) dnlc (1 e, 4 1s -trlctly,[iecre-.slng with 1imit c) and DG 1s not

(Codn)

a O-nghdb in G , for ev¥y m and n.
) If (3.8), (3.6), (3.6'), (3.5) and (3.5') hold and 1f, for each A¢[a,v],
ihere 1a gome p (depending on A) such that Dpﬂcg} 18 a O-nghd in G{A} + then
there is cé[l..b] and a sequence dné[l..‘b] ‘auc‘h that at least one of the fello-
wing conditions holds .
1) dnTc and Dlnc(dn.c) is not a O-nghb in AG(dn.c) » for every m and n; or
11) dnlc and DJ\G(c.dn) 1s not a O-nghd 1n c(c.dn) » for every m and n.
Prosf. a) Let o be the middle point of [a,b). Then, G-G(%+b),

-G("°)xG(°'b). t..he first =quality due to (3.%°). By Prop.3.2b), one of the



-342-

fellowing conditions holdss for each m, D.ﬂc("') 1s net a O-nghd in G(2+¢),
or, for each m, D-"G("b) is not a O-nghd 1n G(.'b). By inductien and subse- .
quent subdivision ef each interval in twe equal parts, one gets a decreasing
sequence of intervals [-n. n] contained in [l.b]. whose intersectien reduces
te a single point (call it c), such that n.nc("'_“'n) 1s not a O-nghd 1n
c(.;"'bn) for any m ;nd n. There are J possible cases:

1) there 1s some p for which ap=c. Then, c-a  for all n)p and D nG(c'b")

not a O-nghd in G( ’ “)for -very- and for every n)p. It is enough new to re-
label the points b

11) thers is some p for which by=c. Then, c=b, fer every n)p and D nc(‘"")
is not a O-nghd in G("" e) for every m and for every njp.

111) a (c(b for every n. Let "l be the set of integers n such that
n_nc(""") (295

is net a O-nghd in G » for any m, and let Jz be the set of

n such that n.pc(c"’") 16 not a O-nghb 1n G{°*Pn)eor any . Stnce G{%nrta)l
<) g(e) 4 for10ws from Prop.3.2b) that JUJ,~ N, hence at least
ene of the sets ‘71' "2 is infinite, and 1t is enough to relabel the indices
of that infinite set, throwing out indices which give the same point.

b) Since G{A} ‘[X-}’G{,\ﬂ and D m{)«] is a O-nghb in G(a} for some
Py it follows that D nG{A -} and D ﬂG{M_} are 0-nghb in the reapective spaces,
for some p. Apply part n) of this Prop., redefining P‘-O lnc! beI. 1f needed,
In case a)i) one RAy assume d"/a for every n and in case a)ii) ane maAy assume
4, /b for every n.

If a)1) holds with cfb or a)il) with cde, we may s.oe that these
statements do net depend on the definitions of P, and P, hence they hold
for their initial definitions, too. In these cases, since G(d"'c) -G{dn,,_}x
ﬁ(dn,c)"c{c—}' and G(C;dn) has a similar formula, it follows from the initial
resark and two applications of Prop.3.2b), that one of the conditions b)1)
or b)11) holds,

If a)1) holds with c=b, it is enough to remark that, with the re-
(a,

d -
efinition Py=1, one has G -a{dnf}ﬁ(dn.b))a{b}' and to lpply. l.hen.

Prop.3.2v), to get b)), The case in which a)ii) holds with ce=a is proved
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similarly. @

Proposition 3.8 Let E be a lts, G a linear subspace of K, P, sE—K
continuous projections for \é[a,b], satisfying (3.“);_(3.6). (3.6°). (3.5)
and (3.5'), and let F be a linear subspace of E such that GCF, Suppose also
7565 {t‘or every x€Ei 1) if cé]x.‘b] and l:“(x)éc for all )aé[a,c[.than Pc‘(x)ﬂ'

and  11) 1f c¢fa,bf ana (1-B,)(x)G tor all p€)e,b] . then (I-P, Xx)eF.

If x, is a sequence vith property R"’ in E and if there exists
cék.b] and a sequence dne[l,b] such thats a) dnTc and lnsc(d c) for every

nl
ni or b) dnlc and xnéc(c,dn) for every n; then n(g"’.%)cr.
Proof. of case a). Since G satiafies (3.5), we have P/(xn)eG for
o
all pe€ [l.b] and all n. Let xeB(!"’.‘.)l then x-g A)\nxn. If /lEEl,c[. then the
re is p such that f‘(dp hence ’utdn for all n}p, sc that l;‘(xﬂ)“;“c(dn,c) -
P/‘(Po_-l’d'ﬁ)(c)-{o}. for all nip, hence Pr(x)-’;t_: AP (x )EG. By (3.9) 1),

nptta
1t follows that Pc_(x)(r. Since x'l“:(dn.c)' ve have xn-(Pc_-Pdn’)(xn),
hence Pc_(xn)-xn. therefore Pc_h(x)-x. so that x¢F,
The proef ef case b) is similar, ®
Proposition 3,8' Let E, F, G and PA be like in last proposition,
but with (3.4), (3.4'), (3.5) and
) for a1l x¢Bs 1) 1f ceJa,b] and B (x)C for all p€m.e[,then P_(x)er
and  11) 1f ch,b[ and (I-B,)(x)eG for all pele,b] then (I-P.)(x)F.
If x, 1a a sequence with property f* in E and if there exists

(dn.c)

c([l.b] and a sequence dne[-..b] such thati a) dnTc and x €G for all ny

(c.d,)

L-]
or b) dnlc and x €G for all ns then B(2%,x )CF.

Proof. Analogous to that of Prop.3.8. @

Remark 3.10 Let E_, «€[a,b], be 1ts and E -'[T[r.,‘. a(e[a.b]} . If
x-(xx)fE and AE[:.\:], we define P)\(x)-y-(y‘). where y_=-x_ if ag) ln(; y~0
otherwise. It is clear then that Py1E—E is a continuous projection for
every Acfa.b), that (3.4}, (3.5) hold, Py=I, and that with the conventien
(3.6'), ve have PA"'PA for every /\G[-.b]. Whenever E is the product of a fa-
nily lq.a(E[n.b]. weo shall conslder the projections P,\ defined above, which

we will call the canonical P). In this case, E{)‘}-P[\}(E) is canonically
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Lsenerphic te B), fer every A¢h.v].

Theores Y11 a) Suppese that eithers 1) B 1s & metrizable complete
1ts and PA:I—)I. Ai[n.b]emunum prejections satisfying (3.4), (3.6) and
(3.6')ser 2) K -TI:F*' -(e[n.‘_b]} » Where the B_are 1ts and the P A([l.b] are
the canonical P, (see Remark 3.10 ¢ (3.4), (3.6) and (3.6°) automatically
holﬂ). Suppose furth;r that C and P are linear subspaces of E, with GCF,
such that G satisfies (3.5), (3.5°), (3.9) and also
(3.12) C 1s dense in P,

(3.13) G{A} is u-BL (resp. BL, resp. hrrolid) for every )e[:.b].

Then, F is u-BL (l‘.l,. BL, resp. btarrelled),

») If, furthsrmore, G = F and
(3.13") G(‘\} 1s u-ultrab,BL (resp. ultrab.BL, resp. ultrab,) fer all A([l.b].

then, 7 1s u-ultreb,BL (resp, ultrab,BL, resp. ultrab.), (See also
the Remark '3.25. for further information in this case).

Proof. a} 1I) Let us prove the u-Bl-ness,

If 7 were not u-BL, thers would exist a sequence A, of closed ba-
-lanced subsets of F such that A.+A.CA.¢‘. which covers F, but none of the
Ag would be a O-nghd in F, By (3.12), none of the A.pc would be a O-nghd in
G (otharud'ao. the c¢losure of A.ﬂG in F, which is contained in A.. would be a
0-nghb 1n F). Call D.—AJ\G. By (3.13), for each )G[l.b] there exiets some p
such that DpnG{’\} is a O-nghdb in G{A} , hence by Prop.3.7b) there exists
ec[n.b] and a sequence d € [n.b] such that one of the conditions holdss
(3.18) i) dnTc and DJ‘G(an.c) is not a O-nghd in c(dn.c)' for all m and n; or

11) dnlc and D-pc(cadn) 1s not a O-nghd in G(c.dn)' for all m and n.

‘glglgl In case (3.14) 1)}, there is a sequence ’“‘G(dn.e) which has
property £ 1n E, such that B(1”,x,) 1s a Banach disk of B and such that
x,fnA, for every n. In case (3.14) 11), there is a sequence xﬂec(c.dn) which
has property 1™ in E, such that B(l'.xn) 18 a Banach disk of E and such that
Xnfrin.

Then, by Prop.3.8, we have B({§*,x,)CF, so that B({".x,) is a Ba-

nach disk of F, containing all the x,. By Prop.2.9b), there is some p such
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that A’ absorbs D(r.xn). Since xn{n&n fo_r every n, we have xn¢nA’ for eve
ry n)p, which 1s a contradiction. Hence, I is u-BL, assumed the claim.
the cases. 1) and 2). 1)9 E metrizable complete, .Lot Vk be a fundamental
system of balanced O-nghb in E, such that V)V CVy g for every k32. In the
N - -

ease (3.14) 1), since D/ C(dn.c) Adqc(dn,c) is not a O-nghb in c(dn.c) for
each n, there is xnevnnc(dmc) such that xn¢nln. By Propr2.15a). the sequen
ce x, has property 1% 1n E and B(R”.ln) 1s a Banach disk of E, The case
(3.14) 11) has a similar proof. 2)s E _-ﬂ(z,(we[a.b]} . In the case (3.14)
1), since AJWG(dn.c) 1s not a O-nghd in c(dn.c) for each n, there 18 x €
G(dn.c) such that xnﬁln.\n for every n. Since dn1c and xneG(d",c)' it follews
that, for every c_(eE.b]. J‘-{n:x"-' ;10] is finite. By Prop.2.15b), the aequen-
ce x has property 17 tn £ and B(I”.xn) is a Banach disk of E, The case
(3.14) 11) has a aimilar proof.

1I) Proof of the Bl-ness,

If F wers not BL, thera would exiat a sequence C_ of closed ac
subsets of F which covers F, such that C_CC_,, for every =, but nene of the
C, being a O-nghb in F. If we take A, = 2*7IC_, then A +A_-2A =27C_CA

mtl

and AP is a 0-nghb if and only Af C_ 1s a 0-nghb, Hence, a sinilar proof may

P
be given, utilizing the corresponding condition (3.13).

1II) Proof of the barrelledness. It is exactly the same as that
of 1), utilizing the corresponding condition of (3.13) and the remark that _
F 1s barrelled if and only 1f, for ecach barrel T of F, if we call A.-Z'T.
then sonme AP is a O-nghb in F. !

b) I) Let us prove the u-ultrab.BL-ness.

Let A, be a sequence of balanced sets of F which covers F, such
that A-+A.C Akt for every m and, for each Banach disk B of F, there is p
such that AP absorbs B, We shall prove that there is q such that Aqﬂc is a

Suppose that none of the ANG were a O-nghb in G. By (3.13°), for

each Xe¢ a.b| there is some p such that A NG 18 a O-nghd In G
[ ] : P {'\} 8 {l} hence,
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%y Prop.3.7b), there exists cGE."b] and ‘a seguence dn([l.b] such that one of
the conditiens 1) or 11) of (3.14) holds. Then, the same claim ef a)l) 1
proved in exactly the same way. Then, by Prop.3.8, B({".x,)CF w0 that B«
B(f*,x,) 1s a Banach disk of F. By hypothesis, there is p such that A, absorbe
B, which 1s a contrwiction, since x ¢ nA, for every n)p.

Hence, if C=PF, v; conclude that Aq is a O-nghd in F,

II) and III) The proofs of the ultrab.BL-ness and of ultrabornelo-
gicalness are related to that of u-ultrab.BL-ness in the same way as those of

BL-ness and barrelledness are to that of u-Bl-ness,

Theorem 3,11’ Let E be a metricable conplete lts, PA 1EHE, ,\efu..b]

continuous projections, G and P linear subspaces of K with GCPF, satisfying
(3.8), (3.4), (3.5), (3.9') and (3.12). Then, a) F 1s u-BLy b) 1f, moreover,
C=F, then F is u-ultrab,BbL,

Proof, a) u-BlL-nesst Analogous to that of Th.3.11, with the follo-
wing differences: one applies Prop.3.7a) instead of Prop.3.7b), concluding

that there is cEE.bJ and a sequence dn such that

dn.c) :
. 1) dnTc and D-nG(d"'c) is not a O-nghb in G( n for any m and n
(3.14° Jor . (cut,) (c4lp)
1) 4 e and DNG™ "™ 1s not & O-nghb 1n G for any m and n.
. d,,
One preves then a similar claim, with x, belonging to G( nec) or

(C-dn) :
G inastead of c(dn.e) or G(e.d,,)' in exactly the same way. Applying

Prop.3.8' instead of Prop.3.8, one concludes that n(ﬁ".xn)cr. and continues
as befere. =

b) u-ultrab.BL-nesss it ia analogous,

Theorem 3,11°"' ' Let E be a metrizable 1ts, P\, G and F be as in

" Th.3.11 and i the completion of E.(the projections P,1E—E have then a uni-
que continuous extension l‘;) nl-—)ﬁ.)

a) Suppose that (3.4), (3.4'), (3.5), (3.12) and the following hold:

for all xeks 1) 1f cea,b] and l.’,-(x)éc for all ME.c[.then_f’ 2::;6!'
(3.9") Land 11) 3f cefa,b] and (1-B.)(x)eC for all peJe,b} then (I-P I{x)eF

Then, F is u-BL, If, moreover, G=F, then F is u-ultrad,BL.

b) Suppese that »(3-“)' (3.5). (3.5°). (3.6), (3.5), (3.12), (3.13)
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and the fellewing cenditien hold: )
. for all xeBi 1) 1f c€la,b) and &(x){c for all pefa e[, then B, _(x)eF
29 and 11) of ce E.b[ and (I-./‘)(x-)EG for all Fe]c.b}.thon (I-l.’c,,)(x)éi‘
" {where ;A- ,and iM denete the ;:zontinuoua extensions ef PA,- and ’M)
Suppose alse that {PA l,\eﬁ.b]} is oquic‘ontinuoun (which, by Rau;'k
3.3¢) 1s automatically verified If ‘ene assumeés that E is an .f—bnrrellcd 1ts
or a barrelled lcs). ’ .
Then, a} F 1s u-BL (resp. BL, resp. barrelled); b) if, moreever,
§~F and (3.13') holds, then F is u-ultnb.ﬂ. (resp. ultrab.BL.fesp. ultrab,).
Preof, a) F‘ron'(J.'J) one getS 1nned'1|at;ely f’Al.;,-f’F l.”\ -p lin{)w} for
all A pefa.d], whieh s (3.4) for E and B4 (3.97) 18 (3.9°) for & and Py
(3.5) and (3.12) are the same for E and P, and fer B and P. Apply then Th.3.11°
to i and ).’. ‘ ’ . C '
b) As ln. a), frt;n (3.4) one gets the corr;spondlng (3.8) for E and
1.’. Since the set of all F, is equicontinuous, the same happens tor _t.he sot o:.f
all ;A' and since E is dense in £, 1t follows from (3.6) that the correspo'n-’
ding (3.6) for & and P also holds. It 1s clear that (3.5), (3.5'),(3.12),
(3.13) and (3.13°) for E and P are the same for £ and P, and thatl (3.9"*)
1s (2.9) fer £ ana P, Apply then Th.3.11 to £ ana P, u :

" Remark 3.15 If F 1s a linear subspace of a 1ts E such that F s
ultrabornological and dense 1n E, 1t does not follow in general that K is
ultrabornological (compare with Remark .1.01 see also Prop.5.7, under ansther
axiomatic). Suppose that Th,3.11b) were true witr;out the hypothesis that
§<F. Since, if conditions (3.4),(3.5),(3.5').(3.6).(3.6').(3.9).(3.12),
(3.13') are true for G,F and E, they are a-lso true fﬁr G,i‘.nmi E, provided .
F‘CF and P is dense in ?. it would fellow that for every sudh F. F would be
ultrabemrmological, which is a rather strong property, without a'.ppearan;:c of
being possible in general, This explains why the proof of Th.3.11b) didn't
werk nithoutl the hypothesis G=-F, However, one can circumvent such a nuisance
describing precisely what kind of space F one will dea]; with, What wve do in

the sequel 1a to describe the smallest linear sudspace of E which contains
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C and satisfies (3.9).
Pefinition 3,16 Let E be a 1ts, G a linear sudspace of E and
P 1E—E, Ae[a,b] continueus linear mappings sstisfying (3.%), (3.5), (3.5°),
(3.6) and (3.6'). If xeE and a¢ccd$b, we say that x 1s of type G, in [c,d]ir
(8, -P }(x)6C for all pefs.af, and of type G, 1 [o.a] 1 (Py-B,)(x)G for a1
pg]e .d]. Ve denote ¥y F(G) the !E ~closure of G in K (where (" 1s the set of
all PA)' which is defined to be the set of all x¢E for which there is sone
division a=tg(t, o.oct =bof [a.t] (depending on x) such that P{tj}(x)éc for
§0,1,...,n, and such that in each interval [tj-l"'j]' J14.000m, x 18 of
type Gy er of type Gz ( the type may vary from one interval to the other),
Proposition 3,17 Assune the conditions of Def.3.15 hold, and that
P(C) 1s the & —closure of G in K. Thens
1) F(C) 1s a linear subspace of B, such that GCF(G)
11) G 1e dense 1n F(C)
131) 7(G) satisfies (3.9)
lv) F(C) is the smndlest linear subspace of E containing G, for which (3.9) holds,
Proof (sketch of)1)In order to show that x+y é F(G) when x and y be-
long to F(GC), one should first verify that: a) if x is of type Gl or Gz in
[c.d]. then 1t ia of the same type in every subinterval of [c.d]| b) if x€
F(G), then P (x)eG for all Mefa,b]s ) if x and y are of the sane type In
[c.d] sthen x+y 1s of that sane type in [c .d]j d) if x and y are of different
types in [c.d] and c(ecd, then x and y are of the same type in [c.o] and eof
the same type (the other one) in [a.d] .
11) 1r xeF(G) and n~t°<...<t“-'b ’la some associated division, then
by Prop.3.1c) one has
(3.18) x = E (py 1 -P, +)(X) * t P{,.J}(x) .
whers the locond sunm bolonga to G, If x i1s of type G, in ["j"'J'H] one shows
first that (B,-Py )(x)€ G, for all ,-e]tj.tw[. Stnce rtm_(-x) -
- llt P,.(x)_. it follows that (Pt‘}”_-!’tr)(x)é'E , and the first sum be-
longs to c.

111) If x¢B and l},(x)GG for all pc¢e, consider the division a<ecd,
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Since (P -P )? (:)-7‘(1)4 (x)€GC for all ,:«cc, _(x) 1o of ty.}o Gy 1in [a.c]
Since (Pb"/‘)P _(x)=0€G for All/.l)c. c,(x) is of typo G, in E:.b] Moreover,
P{C}P _(x)-P{b}Pc_(xI-O €G and, if one tnkfa some /Je]f.c[. we hlvo P[.}?E_(x)-
.+(x)- ‘+(P (x))EG, hence P (x)€F(c).

iv) Let F be a linear subspace of E contalnins G for which (3 9)
helds, and 1et x€F(G). One has to show that x¢F. By (3.18), it 1: encugh to
shou. that y-(Ptj_n_ f)( x)}EF. Suppose x 1s of type G,y 1n [tJ. g1 We ha-

P"(y.)-OGG If pcty and P (y) (P -Pt +)(x)e(: 1f tj('u<t 1. Since F satis-
fies (3.9) we have Ptj;f(”e P. But P‘jﬁl'(y)-y' hence y¢F, [ ]

Leara 3.19 Lot %, and 52 be two linear Hausdorff topologles on & vec
tor space F, vith §,C%,, G a lnear sub.:pace of F, nuct; that G is dense in
(F,G2), and that the restrictions ofZ, and %, to G .coinclde. ‘I‘hen.. 3~5,

v Proof. Let us call rl-(r.zl) and Fz-(F;Cz): S-inee.G is dense in F;,
it 1is also dense in F;, hence t?-:e canonical i-lnclusion illF‘lDG—an, which
is continuous by hypothesis, has a (un.‘.que) cﬁntlnuou? extension v1|P1—9 ﬁz.
Consider also the canonical mappings 12:1"2——>I’l and i.lif‘zm>i'2, vhich are con
tinuous, Since vlvi'z and 1 are both linear continuous n'ppings from FZ into

F, which leave each element of G fixed and G is dense in F,, we must have

vye 12-1. Since 1, is a bljective mapping and 1 the.; canoni;:al 1nc1\:si§n. we
conclvle that the image of vy is Fau Then, calling nFl—-ﬂ'z the napping de-
fined by u(x)-vl(x) for all xeF,, one has u-lgl. therefore 1;1 is continuous
and 127 is a topological isomorphiszm. M ‘ . -

Corollary 3.20 Let F be a lcs, F" the ultrabornolegical space asso-
clated to F amd G a linear subspice of F. If 7 and FY induce the same topo-
logy on G v;nd G 1s dense in FY, then F=F!, hence F is ultni:omological. |

Theoren 3.21 Let E be a 1cs, Pj1E—E, )«e['a,tl linear continuous
mappings, G a linear subspace of E satisfying (3.4), (2.5), (3.5'), (3.6), l
(3.5'), F(G) the P-closure of C in E, and suppose that
(3.13") G{;\} s ultrabornological for every ¢ [u..b]'.

Then, F(G) is ultrabornological in each of the following casess 1)

E 1s metrizable complete (and les); 2) E -_IT{E<IQ’€[.”b}} » Where the g.( are
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les and the P) m the canonical F,.

Preof. Remark first that, by Prop.3.17, F(C) satisfies (3.9) and
(3.12). Lot F(GC)" be the ultrab, lcs asseciated to P(C) and V an ac O-nghd
in P(G)Y, that 1s, ¥V 1s an ac set which absorbs all Banach disks of F(G).
Since all the hypothesis of Th,J.11b) hold.‘uith the exception ef the condi-
tion C=¥(C), one eor;el\zlou from the initial part of the proof ef Th.J.11b)
(which doesn’t need such hypothesis), that WG i1s a O-nghb in G (with the
topdlogy induced by P(G)). This means that F(G) and F(G)" induce the same to-
pology on G. By Cor.3.20, it remains only to prove that G is dense in F(G)"
(ve only know, by Prop.3.17, that G is dense in F(G)).

Let xeP(G) and l~t°<...(tn-b an associated division, By (3,18), it is

eneugh to show that fer each ), the element y-(P, _-Ptf)(x) belongs to the

1
clesure of G in F(G)". Ve will prove that only in the case x is of type c,
in E’J"j*l]' leaving to the reader the case of type GZ' Call for simplicity

cmty, d=t .+ S0 that y-(Pd_-Pﬂ)(x). Since x 1s of type G; in [c.d]. we ha-

3
ve (l;‘-re)(x)ec for all ,uejc.d[. and using the fact P(c} (x)€G one can shew .
also that y, = {P,-P__)(x) belongs to G, hence y = 1in y, , with y €G for

(e M ot p2d- (s

/2
'ui]o.d(.

Clay

1 There is w¢G, a sequence nni]c.d[ such that antd and a sequen-
ce anG(‘n.d) such thats 1) y=wt g S 11) the sequence :n-z"xn has
property £% tn B , and 111) B(f’.tn) 1s a Banach disk of E,

Then, by Prop.3.8 we have B=B({%,z )CF(G), hence P(G)’ 1s a Banach
space, whose norm will be denoted by || ||. Stnce £ €B, veo have "un"sl for all
n, hence llxnlkz”'. s0 that the series %; x, is convergent to some element
0 in F(G)y. Since the inclusion 1iF(C)y,—>F(G)" 1s continuous, 1t follows
that such series converges to H also in F(G)u. and a fortiori in F(C), se by
condition 1) of the clain, § =y-w, Since each partial sum of that serles be-
lengs te G, this shows that y-w belongs to the closure of G in F(C)", hence
alse y belongs to that clo:\;rc (because weG),

Proof of the_claim, 1) E metrizadle coaplete (and lcs). Let ¥, be

a banis of closed ac O-nghb 1n B, with 2y, Cv 1 for all k»2, ani call

k-



-351-

n "~ Z-n\‘n ] thon; W, is alse a basis of O-ngh¥ in E, and k'n - 2'"*2?“ { o
'n-l for n32. Since y -'.,1_1.1 .'yf » there exist a sequence dnijc.d[ such that
dpfd and Y Ya, € i'n‘for All,ué[dn.d[. Take x, = Yap1a, and g ~2"x 1
then, x,€ vnnc and L € z"vn-vn. By Prep. 2.15), z, has property {® in E ana

B(1®,z_) is a Banach disk of E. Now IL X = i‘ (y - -y
**n . v 23 %n T i VA e ey ey
hence the serles E x, 1s clonvergent (in E) to (,UEJ- y,‘) -ydl - ,-,dl. se
if we take w-yd!‘. ve will have weG and the itea 1) of the claim. On the ether

hand, Xn=Yq Y4 -(P -P‘ )(x)-(P -P )(x)-(P —l’d }(x), hence if we

n+1 n n+1
take a né]dn 1.t‘.! [ for n»2 and alé]c.dl[, then a Td and (P ‘n’)(x“) -
P —P P -—P - (P -P xX) = h. €G .
(Py_-P, N 80, )(X) ( 8, )( ) o hence x,EG(, )
2) E = Tr{E lu(EE b]} N (E 'being 1cs) Take dne]c .d[ such that
d Td, and put x = - and w= €C. As in case 1) one shows that the
"1 ' PU% X ydn+1 ydn ydl )
ttem 1) of the claim holds and that, 1f we take .ne]dn-t'dn[ for n»2 and
n

€ - .
ay ]c,dl[. then aan and anG(.n'd). Call now z, 2 xn. Then zﬂéc(ln.d)
and, since aan, we have J_(-{neﬂu'r(lylo} finite for every q’e[a.b]. By Prep.
2.15b), L has property ,Qm in E and B(Q".zn) is a Banach disk of E. ]

Remark-Definition 3.22 Let E and G be as in Def.3.16, Then, 1t 1s

easy te verify that PA(I"(G))CF(G), PA_(F(G))CF(C) and PA‘(F(G))CF(C) for
all t\é[n,b]. Moreover, F‘(G)(A] 'G{A} ., for all Aé[ﬂ,h]. Hence, one may consider
also F(F(G)) (the (P-closure of F(G) in E), which 1s in general different
from F(G). More generally, if we denote Fl(G)-F'(G) and « is any ordinal nun-
ber, we may denote Fn((G)-F(Fd‘l(G)) if o has antecelent «-1, and F*(G) =

F‘( UFP(G)) Af of has no antecedent, Of course, there exists the first erdlnal

H euch that F‘H(G) F (G) ¢ this set we will call the tetal #—closure of G

in E, One has (F"(G)){“ (s} for every Je[a,b] and every ordinal «,
Cerollary 3.23 If all the hypothesis of Th.3.21 are satisfied, then
F'(G) is ultrabornological for every ordinal number «. In particular, the to
tal ?-c]esurc of G in E is ultrabornological (lnd also, by Th.3.1i1, u-ultrab.
BL, previded G(); are u-ultrab.BL, even when E- e E.).
Ve give now a definitlon and some results enly for reference (without

proof) which are analogous to Th.3.2t (or, rather, to Cor.3.23) when condition
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(3.9') is considered, instead of (3.9).
Definition 3,16° Let Evea 1ts, C a linear subspace of B and
P «E—E, Acfa,b), continucus projectiens eatisfying (3.4), (3.4') amd (3.5).

Ve dencte by P((G)) the (P*-closure of G in E, which 1s defined to be the

set of all x€K fer _nh.lch there is some division n-t.t...ltn-b such that in
each interval BJ-!"J]' J=1....0m, x 18 of type Gy or of type cz. By (3.5)
At fellows that Py(G)CT for all Acfa,b]. hence (3.4), (3.6') and (3.5) aleo
holds for G instead of E. Hence we may also consider the (P'-clesure of G

tn T, which will be denoted by F[C].

Prepositien 3.17' Assume the conditions eof Def.3.16' hold., Then:

1) F((G)) 1s a linear subspace of E such that GCF((G))
111) F((G)) satisfies (3.9')
1v) F((C)) 1s the smallest linear subspace of E containing G, satisfying (3.9")
In general, hoiever. G is not dense in F((G)), but F[G] satisfles 1),111),
iv) with E replaced by G, and of course alsos
11) G 1s dense in F[C].
As in (3.22), one may define F¥((G)) and P*[G] for every erdinal nu;_n

ber o, as well as the total _@'-closuros of G in ¥ and of G in E

It doesn‘t seem to be posaible to get an adaptation of Th.3.21 in
order to conclude that F[G] is ultrabornological when E is a metrizable com-
plete 1cs and C a subspace satisfying (3.5), (3.4') and (3.5). However, as a
sinple consequence of Th.3.11' one gets:

Corollary 3.23' Let E be a metrizable complete 1lts, G a linear subs-
pace, Pall—il linear continuous, satisfying (3.4), (3.4') and (3.5). Then,
the total ('-~closures of G in E and in G are u-ultrab.BL.

Remark 3.24% When E 1s only a metrizadle lcs, satisfying all the other
condit.lo.na of Th.3.21 and also with {PAIAE[I,b]} equicontinuous, then we may
conclude that the d’—cl_osure of G 1n B 1s ultubomologici\l. as well as the
iterated -(-ﬁ)-closure and total G-closure of G in ﬁ.(uhich. in general, may
be not contained in E). A similar remark, corresponding to Cor,3.23' when E

is not complete, may also be formulated.
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Remark 3.23 In all this romark, We assume that the hypothesis of

Th.s.ll'b) hold (with C=F, and GD‘}‘ ultrabornological for ovoﬁ Ae[-..b]).

| a) By Th.2.11, 1 F 1a an ultrab. lts and ¥ is an sc subsst of P,
tl'.mn 8y), "2) and 13) are equivalent, that iss V is a O-nghd in Fé—:} YV ab-
sorbs all Banach disks of F{)V absorbs all ac compact subsets of F ()
Y absorbs all null fast convergent sequences of F, Assuning the hypethesis
of Th.3.11b), .;l.et us say that a sequanc;o X, is null y-fast convergent if
there is cG[n,b] and elther a sequence dnTc vitl": anF(dn.c) or dnlc with
‘w”‘(c,dn) and if, moreover, in the case E is metrizable complete and'r is g1
ven a basls of O-nghb ¥, in E such that Vn+VnCVn_1 for all n32, one alse
has xne\’n for all n., Of course, every null e-qut convergent sequence 1is
null fast convergent. If one looks carefully at the proof of Th.3.11b) in
the ultrab. case, one sees that, i{f V is an ac subset of F, then V¥ is a. 0-
nght in F & ¥ absorbs all null @ -fast convergent sequences,

b) As in the proof of the equivalence bl)mbz)(:)bj) of Th.2.11, one
may also see that, If H s 2 lcs and wiF—> H is a linear mapping, then u is
continuous <= u maps null @ -fest convergent sequoncas in bounded sequences,

¢) If F 1s an ultrad. lcs, then F has the final limit topology given
by the linear mapplings igiFp— F, where we may choose B to run through
either of the sets By, B, or B @, being the set of all Banach disks
of F, @2 the set of all ac compact subsets of F and @3 the set of ac closed
hulls of all null fast convergent sequences of F. ;f _bealdea the hypothesis
of Th.3,11b) one also assumes that F is a 1lcs, '.h.;l the sane happens when B
runs through 84. the set of ac closed hulls of all null y-fut convergont
sequences of F,

As a final observation, which may be useful in some applications,
we havel

Proposition 3,26 Let E be a lcs, P12 B continuous projections
satisfying (3.4), with convention (3.6'). Let A,B,C be subsets of [“.b]'
and let E; be the set of all x¢E such thats 1) there exists 11-

,,.(x) for

all AGAUC (where we conventlon the existence and equality to 0 of such limit
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if A=a), 11) there exists rlﬂir’ Pr(x) for all AéBUC (with a similar remark),
and 111) '_y{._ Pu(x) - P/.(x) = % (x) for all )C. Then, a) B, 1s a 11-
near subspace of E, such that PA('I)C.l for all A¢fa,b]s ») in the case K
1s sequentially complete and the set of all P‘\ is equicentinuous, then '1

is a closed subspace of K. )

Eroof. Straightforvard, dbut boring. #

Questions 3,27 a) Under the hypothesis of Th.3.11a) (or of Th.3.11b)
if needod.). with the convenient (3.13) or (3.13'), can we conclude that F is
of-barrelled? ®*-BL? SB? TB? UBL?

b) Same as a), but for Th.J.11',

c) Under the hypothesis of Th.3.21, with the convenient (3.!3"). can
ene conclude that F(G) 1s ultrab.BL? u-ultrab,BL? ¥ith the sane (3.13")
but without assuming that E is a 1lcs, can one conclude thst P(G) is ultra-
bornelogical? (the proof of Th.3.21 does not seen to be adaptable to these
cases), :

d) Under the hypothes's of Cor.3.23', can one conclude that F[G]

(or F((G))) is ultrab,? at least if E is assumed to be lca?

4, EXAMPLES OF APPFLICATION OF THE RESULTS OF !3
1) E metrizable conplete
A) Subspaces of lu( [l.b] ,X)

Let X be a Banach aspace and E -,Q"’( [l.b] X) the space of functiens
f1 [a.\a—)l which are bounded, with ”fll-aup[”{(t)”lte[a,b:!} » and define
PyESE by (Br)(t)=r(t) 1f tefa,)] , (Be)(t)=r(A) 1t te[A, 1], for each
,\e@..b]. Then, E is a th;ach space and {PAu\e[l.b]} is an equicontinuous
(because all with norm 1) set of linear preojections, which satisfies (3.h4),
and P-I. : ‘

If we make the convention (3.6'), then the set Ey of the elements f
of E for which there exists ’Li‘l_ P,‘!' and r}.i)n; P,u
by Prop.3.26 is a closed subspace of E, is the space G( [a.b] X) of regulated

f for all )efa,v] . which

functiens defined on [l..b] with values in X, while the set E; of the elements
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f of E, for which the above limits are equal to Pyf AT Aé]c,b] and such that
rl*’;f B,f - P f 18 siaply c( fa,b].X), and B3, the set of the elements ef E,
for lhichv the above liaits are equal to P, f for all AE[u,b] is Co( a,b X),
the space of the continuous functions which vanish at the point a, _
Remark that, 1f feE,, then (P, £)(t)-£(t) 1f tefa,A[, (P £)(t) -
£{\-) - U £(t) 1f te[\,b), for every Ac]a,b], while (B, £)(t)=£(t) 1f
tefaN] (PMf)(t)-f(Air)-{lix’f(t) AT t€]),b], for every )e[a,b]. Hence,
P{A} (El) is isomorphic to XxX for AGE&.b[ and to X for A=b, while P{‘\} (Ez)
ie 1somorphic to {0} for J¢Ja,b] and to X for h-a, and P(y (E3) 1s 1senorphic
to {0} for A\G[l..b]. Of course, E;, E, and E3 satisfles (3.6).
The only results applicable to E are Th.3.11' and Cer.3.23°, while
to El' Ez and :3 the Th.3.11, Th.3.21 and Cor.3.2) are also available, More-
ever, by the remark above, if X 1s finite-dirmensional and G is any linear
subspace of E; (1-1,2,3) satiafying (3.5) and (3.5'), then GNCPN (&),
hence G automatically satisfies (3.13), (3.13*) and (3.13"). The same happens
without restriction on X, if G is a subspace of EJ. Ve state below the for-
- aulation of Th.3.11 and Th,3.21 for these.spaces.
Theorem 4.1 Let H be one of the spaces E,=C( [u,b],x) or Ea-Co([a,b].X).
G a:ﬂ F linear subspaces of H such that GCF, G is dense in F anda
(3.5) PA(G)CG far all A¢[a,b)

(3.9) [ for all feHr 1) 1f cé]a Yy and P.f<G for all /-E[;.c[. then P_f<F
and 11) Af c€[a,b[ and (I-Bu)feG for all pejc,b], then (I-P.JreF

Then, F 18 u-BL in each of ths following cases: a) H-EJI b) H«E; and X is fi-
nite-dimensional; ¢) H=E, and {f(a)lféG} 1s a u-BL subspace of X, If G=F,
then F is u-ultrab.BL in cases a), b) as before, and c*) H=E; and {f(a)lféc}
1s a u-ultrab,BL subspace of X. (similar results hold for BlL-ness, barrelled
ness and for ultrab.BL-ness and ultrabornologicalness, when H-Ez and X 1s in
finite-dimensional, with the appropriate roquirennt on (f(a)lfGG} ).

Theorem 4.2 Let H-G( [a.b].l). G and F linear subspaces of H such that

GCF, G is dense in F andy

(3.5) ana (3.5') P)(€)<G, B, (€)<C, B, (G)CG for a1l Aefa,y]
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(3.9) Jfer all feis 1) 1f c€ha ] and PufeG for all méfa,c[, then P_ f¢F
- Wand 11) 3f o€fa,bf and (I-F)£6C for.all pcJo,¥], then (1-P  Jter

(3.13) fr(x+)-t(A)s £<c} ant f(A)-£(2-)s £¢G} are u-BL (resp. BL,resp. bar-
Telled) sudspaces of X for all )cfa,b).
Then, I 1s u-BL (resp. BL,resp. barrelled)., Mercover, if C=P and
(3.13') the subspaces of X mentioned in {3.13) are u-ultrab.BL (reap. ultrab.
BL, resp, ultrab,) for all Xé[:n.b}. -
then, I 1s u-ultrab.BL (resp. ultrab.BL, resp. ultrad.).
Theoren ’l_.} Let H be one of the spaces l2 or '3 (as in Th.4.1), G
a linear subspace of H, F(G) the (P—closure of G in H (zes Def.3.16) and su-
ppose thaty
(3.5) P,(G)CC for all Je[a,b].
Then, F(C) 1= ultrabornological in each of the following cases: ;) H-IJ,
v) H-E; and X is finite dinensional, c) H=E, and {f(l)l fGG} is an ultrabor-
nological subspace of X.
Theores 4,/ Let H-G([a,b],X), G a linear subspace of H, F(G) the
®#-closure of G in H and suppose that
(3.5) and (3.5') B4 (6)CG, B_(G)<G, P),(C)<G for all Aefa,b]

(3.13") {f()q*)-f(»\)l féG} and (I(X)-f(k-): £¢G) are ultrabornologlical
subspaces of X for all Ae[a,b]. s

Then, F(G) 1s ultrabornological,

Ve will givc.now a few concrete oxamples of ultrabornological subs-
paces of C( [-..b].x). The reader may provide some which are subspace:l of
¢([a,),X) but not of ¢([a,v],x). '

Exanvle 4,5 a) As imnedlate consequences of Th.4.1, the follewing
spaces are u-ultrab.BL, whe'r. H-C( [a.‘b] .X} and the sets mentioned in each
case depend on the function {1

Pl-[fﬂh f has dariutive‘except at mosat on a countable set}

Fz- {fﬂh f has deriv, except at most on a set of null -e;aure}

Py {fﬂh'f has deriv, exc. at most ona set contained in a closed count.l net}
Fy=- {ffi{:r has deriv, of all orders except on a set like .t‘hose. of FJ}

75-{“?1,! 1°(¢)=0 on the points where f has deriv. of all orders} .
(recall that, if £"=0 on an open interval J, then f ia linear on J) .
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b) As immediate consequences of Th.4,3 (and Th.4.1), the follewing
subspaceas of H<C( [n,b].l) are ultrabormological {and u-BL);
Fg={f€H1 f has deriv. exc. at moat on a set with a finite number of
accumulaticn poirts
(‘becluse ?6 is the G’-closuro of G6-{f£lh f has der, exc.at most on )
a finite set
F'?-{féﬂl f has der. of all orders exc. on a set like those of 1'6}
{ vecause F'.', 1s the f-closure of 07-{1‘6Hl f has der, of all orders y
. exc, at most on a finite se

Fg= {fél"?: £*(t)=0 on the points where f has deriv, of all on!ars}
(because Fg 1s the § —closure of GB-{fEHn f 1s plecewise linear}).

It is interesting to compare these examples with 13 and x“ of Cor.1.4,
which are not even barrelled.

The next kind of examples is related to integradle functiens.

Suppose that for each pair (a,b) of real numbers with nsb,m( [-,b])
is a vector space of X-valued functiens defined on [n.'b] and I("b)l
m( [24b]) — X 1s a 1linear mapping ( I(u.h)(f) will be called the integral
of £ on [1,b] and aleo denoted by [D £, while the elenents £ of M([a,t])

will be called I-integrable functlions on [a,b]: we make the convention that

every function 1s integrable on [a,e], and that [J £ = 0), such that
1) 1f £1[a,5) > X and ceh,b], then £l ([a,b]) Af and only 1f
f][_.c]en‘[( [2.c]) and flg:.ﬂénl( [c.v]) and 1n this case
Re-fodpg s Pelgy -
11) of £1[2,B] X 1s zero oxcept at most on a finite set, then
£ ([2/®)) and f:’ £ =0,
111) 1f £eN([a,b]) ama ?(t)-f: flﬁ.t] for all téfa,b], then TeC ([a,v].X).

iv) 1f £eM([a,b)) and agec<d<b, then X e [x,v]).
V) (where xg.d_]] d::ot:;ctha char::terirgﬂ]c f\mciien _12' E:.d] ).

Lot then (with the notation of 111)), )E.'b]lnl([a.b])—) Cy( [2.5) )
be defined by )E.b](f)-f. of course, "E-b] 1s & linear napping and, if
1{ [a,b].x) denotes the quotient of V]([a,b]) by ker /a.b]* ¥e may consider
the quotient mapping J:I( [a.b]‘.X)—-) Co([as2].X). If, for each £eV}( [a,b])
ve put |llf]ll= |[£]l ., then ||| |l ie a seminora on M ([2,2]) and 1ts quottent

norm, st1ll denoted by || Il , makes I([x,5],X) 1aometric, through J , to
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» linear subspace G of C( [2.%],2). Ve denete by $ the equivalence elass de-
ternined Wy f. _

It 18 clear that, 1f feM([a.8]), then B(F)-B(Jp y1)=
Jp. 2@ ] 1). bence Py(C)CG for all Ak

‘Given such an integral I, we say that fs fa,8] X 1e I-intexrable

in the improper lﬂl; {on .[l.l]) in one of the fellewing casess
a)t lﬁf‘] € Wl([.,»]) for all ft[l.\l[. and thers sxists ’!:: ‘Eflbnf‘]
(aemetea 1}, ,)(0))s
P 'P.‘]cm([’;,b]) for all p€la,y], ant there exista S ]; "ﬁ""]

(also denoted 1}, 4)(1)). : -

Lot then YN)!([a.3]) be the set of X-valuel functions defined en
[n.\] such that there exists a divisien a-t.(...(t-h of [l.b] (depending on
£) such that ¢ '[‘1-1 °t1] [ !—lntqnbic in the impreper sense for 1=i,...n,
and define 1], (1) = l:_" 12‘1-1-‘1')“ ,E!'-.l"I] ). .

Then, ml( [n.b]) and It."). as a and b vary, satisfy the same con-
aitions 1), 11), 111), iv), being 1! an extension of I, and the corresponding
mapping "Evﬂ is an extension of }E-‘]' Let us call G! the image of ,'[.'g . .
which 1s a subspace of C,([a,b],X) 1sometric to 1 [a.0].X). It 18 easy te
verify that G! 1a the (P —closure of G 1n C ([a.1],X). ¥e cal2 M!([a,])
the space of functions which are Cauchy-I-integrable of the first order en
[l.b]. Of course, ihll procedure may be iterated, so that for each ordinal
number o we get the space n‘['( [2.%]) of the functions which are Cauchy-I-in-
tegrable of order of on B.i]. which will corresponrd to the (P-closure of
order « of G. .

‘ The three most laportant examples of integrals are the Riemann, the
Bochner (which reduces to the Lebesgue, when X is R or C) and the Kursweil
(which reduces to the Denjoy-Perron, when X is R or €) integrals, with the
cerresponiing spaces of integradle functions. All of them satisfy conditions
1), 11), 111) and 1v). Let M), be the space of functions f1[a,8]-> X which
vanish outside a set of null measure. In the case of the Bochner integral '

_one. has nl. = Ker }5-\’] +» bt in the case of Riemann or Kurszwell integrals
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and for some infinite-dimensional spaces X, the Ker )E'q may be not con-
tained in mo. Vhat one always has 181 f€ Ker }E-b] ﬁ!: flE,t] = 0 for all
*-E[l-b]- The nora ||| Nen 1¢{ [A.b].l) in the case of the Xureweil integral is
called the Alexiewlcz norm.

We may then consider the Cauchy-Riemann, Cauchy-Bochner and Cauchy-
-Kurzweil integrable functions of order «. The class of Kurzweil integrable
" functions has the special property that it coincides with the class of Cau-
chy-Kurzwell integrable functions of order 1 (hence also of every order «).

As an immediate consequence of Th.3,11 and Th.3.21 we haves

Theorem 4.6 a) If X 1s a Banach space, n’l([n.b]) and I, ) defined

for agb satisfying 1). 11), 111) and 1v), and « is any ordinal nusber 31,
then the normed space I"( [a.,b].l) of Caﬁchy-l—lntegra'ble functions of order
«on [a,b] 1s ultrabornological and u-BL. b) 1If, furthermore, ml( [a.v)) -
m( [l.'b]), then I([a,b],X) L& even u-ultrab.BL.

Example 4.7 a) The following spaces are u-ultrab.BL:

!'9- {fe fia,b5)— X 1s Kunwell-lntegmhle}
(when X-R or C, F9 is the space of (classes) Denjoy-Perron int.func.)

rw-{i's fi[a,b]— R 1s Denjoy-Xhintchin 1ntegrable}
b) The following spaces are ultrabornological and u-BL (for all «3f):
F;'l-{i': f1 [z.b]--—)x is Cauchy-Riemann integrable of order x}

F;’z-{h 1 [n.b] - X 4s Cauchy-Bochner integrable of order -l}

(when X-R or C, F‘l"z is the space of Cauchy-Lebesgue int.func. ord, o)

It 1s interesting to compare P{z (and also F9). in the case X=R or €
with the exanmple Y, of Cor.1.6. The space {f’l fy [a.b]—) R is Lebesgue integ.}
is isometric to the space of absolutely continuous functions on [n.'b] which
vanish at the point a, which is a closed hyperplane of Y, , hence it is not
even barrelled.

Remark 4,8 In the case of F9 and FlO (or, more generally, of Th.4.63),
a sequence f‘n will be null @ -rast convergent if and only if |||i'n|||<z'“ for
all n and if there is cE[a.b] and a sequence d, such that either dnTc and
{-n.o outside [dn,c] (that 1s, the integral of f, on every subinterval of

[2.5] which 1s d1s3otnt of Jaj.c[ 1s 0) or 4 lc and f,-0 outsite [o.a ].
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Then, ene may apply Remark 3.2S5.

Remark 4,9 a) The example given in Remark 2.7c) of a normed lcs which
is UBL but not w-BL ( (,(’)‘. with O(p(1) is also, by Cor.2.16 and Remark 2.13a)
ultrabornological.

b) In Remark 2.7¢) exanples were given (the projective tensor preducts
of twe infinite-dimensional Banach spaces) of non-complete nermed ultraborne-
legical spaces which are UBL but not u-BL (hence, not u-ultrad,BL).

e) Examples a) and b) of this Remark were provably the simplest known:
ones of non-e¢omplete ultrabornological normed spaces {but they are not u-BL).
We believe that the most natural exanmples of such spaces are those given in
Example 4.5 and 4.7, "t?’\‘ich have the further advantage of being u-BL (as a

conpensation, we don't know wether they are UBL).

B) Subspaces of a Hilbert space
We only mention that, if a resolution of the identity [E(A)l /\éﬂ}
on a Hilbert space H 15 given and if one takes a homecmorphism {:R —PJO.I[
which 1s increasing, then 1t is enough . P<E(p~1(0)) tr Ao, R
and PI-I. in order to have a fanily P/\II(—.-} H, ,\e(o.ﬂ § ‘of continuous prejec-
tions satisfying (3.4) and (3.6), and with the convention (3.6') one has
Pj;=P, for all -AG[O.I]. and Py _=I, Thus, the stage 1a ready for the applica-

tion of the theorens of ‘3.

2) Subspaces of E~[[E,s ote[l.h]) , B lts

If x=(x,), we put TFA(x)-xA. so TyiE—E, is a linear continuous map-
ping, and-ai:pp x -{a(e[l..h]l xﬁ,l()}. Here, we take the canonical .PA I(aeo Remark
3.10) hence (3.4), (3.6) and (3.6') always hold. Morcover, Py=P|,, for all
. Ae[n.b]. hence, if G satisfies (3.5) and (3.5') we have i} -G{A_}. which is
topoiogicnlly isomorphie to the subspace of E) given by 'ITA(G). The statements
of Th.3.11 and Th.3.21 cannot be much simplified in the general case, dut it
can when we assume that T)(C)=E) for every /\é[n..'b]. Then, G'1is dense in E

and for x€E one has P)(x)EGE Py_(x)EC, therefore we gots



-361~

Theorem 4,10 Let K -.ITF..,I déﬁ.,b} + where K  are 1lts, with the cano-
nical Py. Let G and F be linear subspaces of 2 with GCF and suppose thats
(3.5) P)(G)EG for a1l Aefa,b}

(5.11) T,(G) =K, for all Ae[a,v) (hence, by (3.5). also (3.5') holds)
¥ x¢K, 1) 1f ct}l.‘o] and P,.(x)f.c for all }té[n.c[.then Pc_(x)ér
(or, equivalently, P (x)¢F :

(3-9) and 5 )
11) 1f cefa,b] and (I-B.)(x)€G for all pée,b] . then (I-P_, )(x)EF

(er, equivalently, (I-Pc)(x)ﬂ').
Thent a) F is u-BL {resp. BL, resp. barrelled), provided the Ey are u-BL
(resp. BL, resp. barrelled) for all o(é[a,bl. b} If we assume further that
C=F, then F is u-ultrab.BL (resp. ultrab,BL, resp, ultrab.} providel the E,
are of the respective type for every o(e[a.b].

Theorem 4,12 Let E "TT[E‘(I dé@.b]} , Mhers the E_ are ultrzaborno-
legical lcs, with the canonical PA' and C be a linear subspace of E satis-
fying (3.5) and (4.11). If F 1= the @ -closure of G in E, then F is ultra-
bornolegical,

Exarple 4,13 a) The following subspaces of E-—”{Ed: ﬂe[a.'b]} are u-ul-
trab,BL (resp. ultrab,BL, resp. ultrab,,resp, u-BL,resp. BL, resp. varrelled)
provided every E. is of the respective types

Hy = {erl supp X is at most countable}
Hz - {erl supp x is a set of null meuure}
H3 - {xcE: supp x 1s contained in a closed countable set}

b) The following subspaces of E are ultrabornological, provided every
E, 13 an ultrabornological lcst

Hu - {erI supp x 1s at most 2 countable set with a finite nunber of}
accunulation points
Eum 1s, x6E &S the derlved set of supp x is Tinite)
because H, 1s the P-closure of Gy~ {xéEl supp x 1s finite] 1n E)

KS - {xéEl ths derived set of sacond-order of supp x is flni'te}
(because ll5 is the § —clesure of Ilu)

ste
Renark 4.14 It is well known that the space Hl 1s1 gt-ultnbornolo-
gical, ultrad., ,[—burml!od. barrelled, provided the E_ are of the respec-

tive type (these follows from Prop.2 of [5]) and that Gb is bornological
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" when B, are bornelogical, but G, is not barrelled even when :;, =R for allu,
It eould be somevhat lurprining that l3. and mainly “b' are ultrabornolegi-
cal (hence barrslled), dus to the “"smalness” of these spaces,

Remark 4,15 In the case of Th.4.8b), a sequence Xy in P will be
null {-fast convergent if and only if there is cé@.b] and a sequence d,
Huch that either dnTc and supp x, <:]dn.c[ or dnlc and supp x, <:]c,dn[.

Remark 3.25 can then be applied,

§, SOLOYAY'S AXIOM AND THE ULTRABORNOLOGICAL LTS

Solovay's axiom asserts that:s “each subset of R is Lebesgue-neasu-
rable”. Of course this axioa is inconsistent with the {uncountable) axiom
of choice but, as shewn by Solovay ﬁ6], that statenent cannot be disproved
invtho systemn ZF+DC, where DC 18 a weakened form of the axiom of choice,
which implies the countable axiom of choice, Hence, only by means of the un-
countable axiom of choice it 1s possible to construct a non-measurable sub-
set of R,

Let us denote Solovay's axiom by S, The lcs in which every seainorm
1s continuous were called good by Carnir B], and he proved that in the systenm
ZF+DC+S every Frechet (or, even more generally, every sequentially complete
bornological) space is a good space. He also remarked that, if E 1s a good
space, F a 1lcs and wiE—=F a linear mapping, then u is continuous, thus tri-
vializing the closed graph theorem, since it supresses any closed graph

- assunption when the departure space is a good space, In particular, every
linear functional on a good space is continuous. From the point of view of
those who 1ike to work with the system ZFC (that 1s, with the (even uncoun-
table) axiom of cholco). that result means that it is impossible only within
the system ZF+DC, without appeal to the uncountadble axiom of choice, to cons-
truct a discontinuous linear functional on a good space (thus, for instance,
on a Frechet space), As a compensation, not every vector space has an alge-
braic basis in the system ZF+DC+S,

Remark that the definltion of good spaces makes sense also for lts.
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One of the main purpeses eof this 5 is te characterise the geed spa-
ces in the system ZF+DC+S (within the class of 1ts) as the ultrabornelogical
1ts. The proof 1s, in fact, so simple, that it is difficult to understand
how Garnir could have missed it, after having done all the hard work, Thus,
the ultrabornological lcs rise in importance, since not only there 1s a very
general clesed graph theorea for ultrabornolegical 1cs as departure spaces
in the system ZFC (it is enocugh to take the C?---bbed spaces of DeWilde,for
range spaces, which is a large class with several stability properties, in-
cluding every space of interest for practical nnalyota). but the closed
graph theorem becomes trivial for them in the system ZF+DC+S,

From now en, We are assuming the system ZF+DC+3, unless the contrary

is explicitly stated.

Rerark 5,1 a) By the correspondence between seminorms and certain -
ae absorbent subsets of a vector space, it is clear that a lts is a good spa-
ce If and only if every ac absorbent set §s a 0-nghb. Thus, the good lcs are
those which have the finest le¢ topology!

b) Let us be precise about the meaning of ultrabornological space:
they are those which satisfy condition '1) of Th.2.11 (they may be only 1ts).

c) By [6]. every Banach space is a good space.

4) In ‘3 e never used the uncountable axiom of choice, hence those
results remain valid in the system ZF+DC, Therefore, the examples of }h are
ultrabormological in the system ZF+DC, and a fortieri also in ZF+DC+S,

Propesition $,2 A 1ts is good 1f and only if it 1s ultrabornelogical,

Proof. a) Let E be an ultrab. 1ts and ¥ an ac adsorbent subset ef E,
Let B be a Banach disk of E, Then, 13tE3—> E 1s linear and 1;‘(v)-vnsn is an
ac absorbent subset of E;. Since Ey is Banach, hence a good space (Remark
5.1c)), VNEg 1s a O-nghd in Ey (Remark S5.1a)}) hence ¥ absorbs B. Since E 1s
ultrab., V is & O-nghb (Remark S.1d)).

b) Let E bo & good space and V an ac subset of K which absorbs eve-
ry Banach disk. Then, V 1s in particular absorbent, hence (Remark 5.1a)) a

O-nghb in E, Thus, E is ultrabornological, ]
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Corellary 5,3 Let E be a 1ts. Then, E i- ultrabormological if and
only 1f, for every lca F, every linear mapping wiBE—7F is continuous,

Since Hahn-Banach's theorem does not hold in every lcs, one has te
be careful with the definition of Mackey spaces.

Definition S.4 a) A lcs (E,G) is a Mackey space if thers is not any
lc topology on E strictly finer than 5, which admits exactly the same linear

continuou

Yfunctionals as (E,G). b) Given a lca (E,Z;) and & lc topology &, on B, finer

than Ex. we say that (E.Gz) is the Mackey space assoclated to (B,G,) ifs

1) (R.rz) is a Mackey spacej 11) (E.E‘) and (E.GZ) have the sane continuous
linear functienals,

It is not clear if every lcs adnits a Mackey space assoclated to 1t,
However, every ultrab. lcs (E,5) 1s a Mackey space, since T is th; finest
le topolegy on E.

Corollary 5.5 Let (E,Z,) be a lcs. The following conditions are
equivalent:

&) every linear functional on (l.tl) i-.contlnuous.

b) there exists the Mackey space (E.Ez) assoclated to (1.61). and
(E,E’z) is ultrabornological,

Proof. a)=>b)1 By hypothesis, (E,Gl)'-ﬂ'. Let T, be the 1c topoloay
on E which has as a basis of O-nghb the set of all ac absorbent subsets;
then, (E.Fz) 1s a good space, hence a Hackey apac.e. Moreover, E* D(E.Zz)':)
D(E,Kl)' = E*, therefore (B,Ez)' w E¥ m (8.31)'. so that (E.Ez) 1s the
Mackey space associated to (E.Zl-). !

b)=>a)s is trivial, by Cor.5.3. N

In the next remark we point out some facts {1n ZF+DC+S) which are
false (hence unexpucto:i) in 2FC. Part a)i) of it was already made in [6]. ;
for good apaces,

Remark 5.6 a) 1) Let E be an ultrab, lcs, F and G :linear subspaces
of E which are algebraic complenents, Then, F and G are topological comple-
ments, hence closed in E, and ultrad, (as quotients of E). In fact, let

PiE—F be the linear projection of E onto P with kernel G. Then, by Cor.5.3
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P has to be continuous,therefore E and F are topological complements in K.
11) It follows, in particular, that every finite or infinite-countable codi-
mensional subspace of an ultrab, lce K 1s closed in K and is ultrab.; in the
infinite-countadble case, moreover, every algebraic complement is closed in

E, is a topological eoipla-ant. and is isomorphic to K(') (since every coun-
table dimensional ultrab, space is isomorphic to K(")). 111) As a consequen
ce, a metrizable ultrab, lcs has no infinite countable codimensional subspace.
1v) Therefore, an infinite-countable dimensional subspace of a metrizable
ultradb. lce has no algebraic complement.

b) If E and F are ultrab. lcs and wiE— F is a linear injective map-
ping such that u{E) e not topologically isomorphic to E, then u(B) has no
algebraic complement in F. Otherwise, by a)i), u(E) would be ultrab. and
both utE—u(E) and u'llu(l)** E should be continuous, hence B isomorphic
to u(E). Thus, for instance, 11 (= 1‘(N)) has no algebralc coaplement in ﬂz.
since ]1 with the topology induced by 12 is not complete and a fortiori not
isomorphic to 12.

Analogously, if E and F are ultrab, lcs and wiE->F a linear mapping
such that u(E) 1a not topologically isomorphic to a quotient of E (by a clo-
sed auhapaco). then u(E) has no algebralc complement in F.

¢) If B is an ultrad, lcs and is a proper, dense, finite or infini-
te-countable codimensional subspace of a lcs F,then F is not ultrab.. Other-
wise, since E has an algebraic complement in F, E would be closed in F by
a)i), agalnst the hypothesis. By the importance of this result, we state a
particular case of it as a proPosltlonl

Proposition 5,7 Let H be an ultrab, and dense proper subspace of a
lea B, Lot x€ E~H, and F = H + sp(x), Then, F ia not ultrabomological,

Since in ZP+DC+S the class of lcs with the finest 1lc topology collap
ses into the class of ultrab. lcs, one could suppose that this later one
could collapse into the class of barrelled lcs, at least when intersected

with the class of normed spaces, Next Corollary shows that this is not the

case.
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Corollary 5.8 There exists a normsd barrelled space which is not
ultrabornological (in ZP+DC+S).

Proof. Take E=C([a,b]) and H<F; of Example 4.5a) (with X~R), which
is an ultrab. dense sudspace of c( [i.b]) by Remark 5.14), By Baire's theorem
or by Welerstrass' example of a continuous function without derivative at
any point, H is a proper subspace of K, So, if x ¢ ENH and F=K+sp(x), F
cannot be ultrab, by Prop.5.7. But F is barrelled by Remark 1.0, which holds
also in ZF+DC+S, e

Rerark $.9 Many non-ultrab. spaces constructed in the system ZFC
cannot be constructed in the svstem ZF+DC+S, Por insctance, assuming ZFC, as
a particular case of a result of Valdivia [18] » every infinite dimensional
Prechet space has a dense hyperplane which 1s not ultrab. {his proof relies
heavily on the uncountable axiom of choice). By Remark a)il) such construct
tion is impossible in ZF+DC+S, However, the same question in the positive
case is not so clears

Question $.10 e) Is every lcs E which can be constructed and proved
te be ultra.b‘. in ZFC also constructible and ultrab. in ZF+DC+S? or at least:

. b) If a lcs can be constructed in both systems and proved to be ultrab. in

2ZFC, is it also ultrab. in ZF+DC+S?
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