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IKE-USP 

Abetract, Ve 1ntrcduce two n"" cla,sges or linear topologic~l 
fl~Ce8 (lts) which are both ultrabornological and either Ba1 
re-like or what was called ultra-Baire- like by Kako1[9], and 
prove so■e theore■s w~ich provide ~any exa~ples or lts which 
belong to th•~• new classee and which are either ■etr1zable 
or aubepacea or a product of a fa■ily of lta indexed on[a,t). 
A particular exa~pl• 1• that or the title, under -the Alex1e­
v1cz nor■, which till nov was only kno1111 to be barrelled. Ve 
believe that these nev exa■ples or non-coaplete nonuod ult~ 
bon,ological "paces are the ei~~lest knovn ao !ar. 

Introdu~t12n , The d~parture point of th1e paper vas th• study of 

th• works of Sargent U4] and or Tho•:1on [t?], c,n the epace of &calar-valued 

functions on [a,b] which are integrable in the &enge of Denjoy and Perron. 

In 1912 Denjoy introduced a process of integration ■ore general 

than that oi Lebesgue. In 1914 Perron gave a de!inltion of integral baaed ln 

principles di!fennt !ro■ tho&e of Denjoy. In 1921 Hake proved that Perron"• 

integral is ■ore general than Denjoy'a, while Aleksandrov(t924) and Loou.n 

(1925) proved lndependently that Denjoy'a integral la ■ore general (hence 

coincide) than Perron'a. Thus, th1s has been called tt,e Denjoy-Perron inte­

gral or the Denjoy integral in the restricted sen••• A still different def! 

n1t1on of integral vaa given by Xunveil in 1957 and independently "by Hens­

tock 1n 1961, vhich coincides with the Denjoy-Perron integral, hence now 

called ttie Denjoy-Perron-KunveU integral or shply the gauge integral. 

Kunve1l'a defin1t1on has the advantage of bei11g stapler and of aaking serae 

!or Banach-valued functions, It ia so~evhat aurvria1ng that J ao d1!!erent 

def1nitions give rise to the sa■e clas■ of integrable functions. "oreover. 

the g&Ufl;e integrable funct1°n■ which ara positive coincide vith the poe1t1ve 



-324-

Le'lle■gue integrable oa••••• ahoullll alao ••nt1on that 1n 1916 D■njay and Xh1n 

lch1n defined independently a ■till aore general proc••• ot integrat1an than 

that !1rat given by D■njoy, u■ually called the Denjoy-1Chintch1n integral or 

the D■njoy integral 1ft the wide ••n••• 

The ujor ~ravback of th1• class of gauge integrable function■ re­

latively ta that of the Lebesgue 1ntegnbl• la that the later con■tltute a 

Banach ■pace while the tint not, hence the Hthoda of 1'unctlonal Analyel■ 

could not be applied to 1t■ ■tudy at Banach'• t1••• However, there la a na­

tural nor■, introduced by Alex1evlc■, that ■ay be con■1dered on ■uch ■pace 

(or 'better, on the aaaoclated Hausdorff apace obt.alned by the ldentlflc■t1on 

of !unctlone vhlch have the aa■• lntrgral on each ■ublnterval •f [a,b]). If 

f l■ gauge lnhgnble on [a,b], .let F(t)-f. f(a)ds for each ti!~,b], Then, r 

la centlftuou■ on [a, b] and ve ■ay put lllrlll •1~11 • the later bdng the eup­

nor■ of r. In lhla vay lhie apace, vhlch vill be denote:! by K( (a,b]) (or by 

IC( (a, b] ,X) 1f f la X-valutd), becoH leoaorphic to a {non--coaplete) aubapace 

. of c(~.b]) (or of C( [a,b),x)). 

The concept of {3-6pace vas introduced l~ (14], vhere lt was proved 

that, 1) K((a,b]) and ■any other "ubapac-■ of c([a,b]) ar•tJ-space■ and, 11) 

p-apacea aatiafy aavenl pnpert1ea of Banach-Steinhau■ type, Later, it vaa 

ahovn in ~?] that p-cpacea are barrelled, thus explaining vilhln a ■ore••­

dem point af viev tha reason for the Banach-Steinhaus propertlea that they 

have, Mora recently, the barrellednaaa of the apace of gauge 1ntegnble funs 

lion■ 1n Z variablea'vaa proved in ~2], 

As we atucUed ~It] and ~?], ve rrall:ced that one could leave aside 

the aet-up of continuou■ a.dd1 ti v■ interval functions on [a, b], 
0

replaclng 1 t 

by th■ aaau■ption of the existence of a fa■lly of contlnuoua projection■ of 

a Banach ape■, 1ncl■xed on [a,b], thus generall ■lng those result■ (vhlch 'be­

ca■e applicable, for 1netanc■, to aubspacea of C( [a,b]), the apace of regul.! 

t-4 !unct1ona). Later, we realised that by esaentlally the aaae aethoda one 

could prove that ■oat of auch epacea vere 1n fact ultrabomolog1cal, and that 

an adaptation could be 11~e to aubapacea of the product of a fully of lta, 
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ID h we a&k• a quick recapitulation or 'barrelled epac••• ghing 

aoH axaaplH ar non-ba=-lled au'bllpacH or C( [a, b]) in o?dar to co■pan the■ 

w1 th th• exa■plea of barrelled or ul trabomolog1cal onH obtained 111 ~ 4. 

In fz we consider several types of Bair• properti•• on th• claaa 

e or locally convex spaces (lea), ao■e or which aria~ ■ore naturally in the 

catqory l., of linear topological apacea (lta). Ve precede here by an •,C• 

(aa in ~)) the na■e of the class of lta analogous to a given claaa of lea. 

For instance, we call .C.-barrelled the lta called •u1trabarrelled• in [n]. 
The iaporta.nt point 1a that the claa■ or ,l-barrelhd apace• which are lea 

1• a proper subclass of the barrelled lea, the aaae happenning (at least 1n 

all known cases) to the other Ba1re propert1•• in J.. However, 2 difr•rent 

defln1t1ana have appeared aa candidates for .l-Baire-llk• apacea1 the U-BL 

(here denoted u-BL) apacea of Kakol [9] and the •-BL of Carreras [2]. It aeeas 

te be unknown wether the classes of u'-BL and •-BL apacea coincld• or if one 

of thee contains the oth•r (although it ia lo,own that ■etrizable •-BL are u-BL). 

Ve show ln f2 that t.he p-spac~s of [t4) are exactly the u-BL apacea 

of [9], and lntroduce 2 new claasea of lts1 the ultrabornologically BL and 

the u-ultrabornologlcally BL, which ar• related to ultrabornological •J)llcee 

In the aaae way as the BL and the u-BL are related to barrelled epacea. 

The ■a1n results of th1a paper are in fJ, where it 1• proved that a 

cl•~• of subspaces of c( (a,b],X) and of other aetr1v.able co■plete lta and a 

class of aubepacu of lT(E1, i€~,b]} are u-ultra'bornolog1cally BL, and that 

others are at least ullra'bornolog1cal, thua generalizing and atrenghtenning 

'both the results of ~4] and (17). The clasaea ■ent1oned in f2 provide then 

so~• natural questions (left open) about the posai'b1lity of these apacea ta 

haYe or to have not atronger properties or Bain type, 

In f4 we give several concrete exaaplea of application or fJ, showing 

in particular, that K( [a, b] ,X) 1a a u-ultrabomologically BL noraed. apace. 

By the way, so■e exa■plea of J4 aeea to be the ai■pleat onea of non-co■plete 

ultrabornological nor■ed spaces. 

Since K( l_i.,b],X) ia ul~bornological, it aat1afiea a closed graph 
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theorea (rHp. open -pp1ng theorea) prov1de4 th• range apai:• (reap. doaa111 

apace) llelon«■ to the clue of e-vebbed apacn of DaVUde ( .. e [11] for a 

good accOWlt of auch apacea). vhlch 1• a very large claaa of le■, with aeve­

n.l atab111ty propert1H, Thu. all the baalc thaorea:, of Functional Analyaia 

•Y lie appl1a4 to IC( ra.b).X) . 

Aa a utter of tact. "111 practice" ve never f'1nd a d1acont1nuoua 

11n-r functional or even a d1acont1nuoue ee■1nora defined on a ultrabomolo­

g1cal apace, Ve prove such tact. v1th a precise ■saning. 1n Js. follov1ng the 

1deaa of [6] (see aleo [16]), 

It ta clear that analogous rasulta should hold for the gauge inte­

grable tuncttona 1n 2 or ■ore varlablea it. aa in ~2]. ve work directly with 

thia apace, Va intend. however. in the near future. to adapt th1a work ao as 

to include that space aa a particular en■ple of ■ore general re~ulta, 

Ve are grateful to Prof, Chat■ S, Honi! for aak1ng us to give a le£ 

ture on the barrelledness of K( (a,b]) following the Hnea of [14J. and [11). 

which aroused our h1tereat on that ■ubject. and f'or drawlng our attention to (6], 
letations, Beside■ lea and lt■• already explained above. vhlch w111 

be alvaya Hausdorff apace■, we abbreviate "loc~lly convex" by "le", "absolu­

tely convex• by "ac" and "neighbourhood of O" by "0-nghb", If I or (1,~) 1• 

a lta, we denote by I' or (1,;)• the dual of I. 1,e., th• ■•t of all conti­

nuou■ linear functional• on E. while 1• will denote the ■et of all linear 

functional■ on I, It 4 1• a subset of a vector apace I, by ap(A) will be de­

noted the vector aubapace of I generated by A, By K ve vtll denote either 

I or C, and K( •) will be a countable su■ of copies of k, with the usual 

lo topology of the direct ■ua, 

1, RDWIKS ar JARRELLfl> SPACES AND El.U{PLES or IIOlf-BARRELLID 
SUBSPACIS Of c( (a.b)) 

Va recall that a~ 1n a lte I 1• an ac closei and absorbent 

■11b\et of 1. that a lt■ I 1• barrelled if every barrel or I ls a 0-nghb 1n E 

and that a lt.e la la1re-11k• (ahortlr BL) if, whenever 4n 1• a sequence of 

closed ~c aubaeta of I which 1• 1ncreaetng (1 •• AnCAn~l for every n) and 
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vhlch coven I (1 •• LJ"n•I) . then there l• an integer p auch that A• la a 

0-nghb ln I. Usually. •n• l• -inly lntereated ln U>e barrall..S or IL •paces 

which are lea. A 1r■ch■\ apace 1• a ••tr1sabl• and coapl•t• lea. 

fte-rk 1.0 If I 1• a lta vh1ch haa a barrelled (reap. IL) den•• 

aubapaca. then I 1• barrelled (reap. BL). 

Most properties of barrelled lta are included 1n the follovln« 

theorea, elated for reference. vhlch 1■ well knovn, at least for lee. 

Theorea 1.1 Let r.-(1,b
0

) be alt■ and consider the cond1t1ons1 

a) I 1a BL 

b) if r h • Frechet space and f al~ F a closed linear aapp1ng, then f 1a 
contlnueus 

b')th■ aaae as b). vhen r le a Banach epac■ 

c 1 )1 1• barrelled 

c2)1f ~ 1 ta any 1c topolOf!Y on I vlth a base of ~.-closed 0--nghb.then G1c~
0 

d) lf !r .. l.,<! A ls a f~•t ly of non,ed spacea, f,. 11!: -,r_ linear continuous 
111.rptngs for every •UA •nd aup {/lf .. (x)jla"EA}<,o for evrry xtl. then the­
re la a 0-n~hb Vint (vhlch 111.1.y be taken ac, lf needed) such that 
aup {/lf .. (x)l/aotO,,xEV}<oo , 

e) 1f r ·1s a l~s,lf f .. ,z-r, •EA, ha faatly of linear conUnuou" -pplnge 
such that tf .. (x)1~EA} 1s a bounded s~bset of F for every xlE. then 

I {f<a"'EA} la equlcontlnuoua. 

f) 1f r 1a a noraed space, 1f f,.,t -, r « EA, 111 a faa1ly of llnP-ar conti­
nuous aapplngs and sup {llfc(x) lf,Ol tAJ<ro for every x£E, t.hen there 1a a 
0-nghb V tn E such that aup {llf"'(x)II• e<EA, x£V}<,o. 

g) 1f X.:. , o<EA ls a faatly •f eleHnts of Ii:' and 1f aup {/,,,;..(x)l 1-(EA_} <oo 
for every x£E, then Jt,.,re le a 0-nghb V 1n II: s uch that · 
eup{lx;.(x)l 1o(fA, x£V <~. · 

u{!I} the saMe as the corresponding ones without"-", 

but for sequences 1natP.ad of faallt~s of functions. 

h) 1! r ta a lea, 1f fn11!--4F , nE N 111 a sequence of linear cent1nuous up­
pings such that there exieta 11• fn(~) for every xEII:, then t 1• cont. 

ft➔• 

1) if x,• 1• a sequence of eleaents of' I' and x•EE• 1• such that lla x'( x)• 
x•(x for every xEE, then x• 1• cont1nuoue. n➔• n 

Then, 1) th■ cond1tlons of group I are equivalent aaong thea, the saae haF­

p■nn1116 with those of group II1 

:,-) in the case I: 1• a lcs, then 
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·t.h• oea• I 1a a .. tr1Kbl• le~, then ~11 the oond1t1•n• are e~ulvalent. 

Prepea1tten 112 Let I be a lta, fr.}~,A a faaily et nonied apacea, 

t,.,1-P,c un-r eont1nuoua -pp1nga for every -<fA. Let II be the apace ef' xEE 

auch that aup{llf.,(x)ll1a<EA}o, and let ua endow II vllh th• topol•gy induced by 

I. Then, a) M aat1af1•• at leaat one of' the following cond1t1ona1 

1) 11-1, or 11) M 1• not den•• 1n I. or 111) 11 111 not barrell.cl. 

ll)if, ••reover, aup {llr .. (x)ll1«f/,,xtY) • .., !or every 0-ngh'b Yin I, then •n• 

of the cend1t1ona 11) or 111) au11t hold. 

Pro•!. Let Tn•{x£E11ir"(x)ll~n for everyo(lA}. It 111 clear that Tn• 

nt1 and that t 1 1a ac and closed hi I. Since M-UTn•UnT1, T1 aust be absor­

bent. 1n M, hence a barrel of' II. Suppl'H that M vere 'both barrelled and dense 

1n 11 then, T1 would be a 0-ngh'b 1n M, hence 1ta closure 1n I (vhlch 1• T1 

1t11elf) would be a 0-nghb 1n I, hence absorbent 1n I, 110 that M•I, Thi• pro­

ves part a) of the prGpoa1t1on and al110 shows that, 1! neither 11) nor 111) 

would hold, then M-1, 110 that I ahould 'be barrelled. Thia would contradict 

the 1apl1cat1on c1).:::::>d) of Th, 1,1, under the hypotheda of part b), hence 

part b) of the propoa1 Uon le al110 proved, I 

The following refornulat1on of' a particular case of Prop, 1.2 la 

uae!ul to prove the non-barrelledne■a of ao■e noraed ■pacea, 

Corollary 1.J Lat X be a dense •l!'bapace of a non.ed apace I and 

auppoae that. there ha Hquence x~ 1n I' auch that, t) aup[llx~ll•nE 11}-00, 
2) aup[lx~(xX1nEt1}<"' for nery xd, Then, X 1• not barrelled, 

~- Let M be the Ht of all xEI auch that aup {lx~(x~,n u•}<..,, 
ao that XCM, hence M la dense in I. ly P~p.l,2'b) and our hypothea1a 1) 1t . .. 
!ollova that 11) or 111) hold.a, and alnce 11) 1• false,•• conclude 111), 1 e 

M 1• not 'barrelled, Jy Reaark 1,0, it follove that I 1a not 'barrelled, either.I 

Ve will 11011 apply Corol,1,J to show that aoae 1aport.ant subspace• 

of C([a,ll]) are aot 'barrelled, 

If . r,[a,b] ~II and xE[a,b[, let ua denote D+f(x) (resp. D+f(x)) 

to the 11■ aup (reap. Ua inf) of (!(x+h)-r{x))/h when h ➔ O 'by positive n­

iuee, I! D+f(x)•D+f(x) and are f1n1te, ve vill denote that value 'by f'(x+). 
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If f1 [a.b]..- IC la a function of 'bounded variation en (a.b]. ve denote v!(f) 

or •1•ply V(f) the variation off 1n (a.b]. v. denote- by JV( [a.b]) the apace 

of functions of 'bounded variation on (a.b]1 by JYC( [a.b]) the ••t of function■ 

which are continuous and of 'bounded var1at1on on [a.b]1 by AC((a.b]) the 11et 

of function■ which are absolutely contlnuoue on [a.b]. Let u■ recall that. 

1f hEBY([a.b]) then Fh1C( (a.b])-t I'.• defined by J'h(f)•J! fdh. 1s a linear 

contlnuou■ functional on C( [a,b]}, with llrh!IH(h). In the cue that. for ev.! 

ry t(]a,b(, h(t) belongs to the closed interval v1th end-points h(t-) and 

h( t+). th .. n IIF h!I-Y(h), and we will say that h 111 non-preserving. Let ue re­

..ark also that, 1f f1 [a,b] -~IC 1• of bounded var1at1on, 1f c)O and 1f 

111 [a/c,b/c1 - IC 1s defined by g(t.)•f(ct), then Vb/;c(g}•Vb(f). 
'J a c a 

Corollary 1.4 Let t
0

€)a,b[. The following 5 eubspacea of c([a.b]) 

are not barrelled, 

X1-{rlC( (a,b]),D+f(t
0

) and D+f(t
0

) are f1n1t.e} 

x2-{uc( [a,b))1 there ext11t.a f'(t.
0
+)} 

x3-{f'C( [a,b])1 t.h~re exlet.a f ' (t
0
)} 

X4•ff•C( [a,b]), there exlets f"(t) for every u[a,b]} 

x5-{f,C( [a,bJ), there ex111t.a f'(C( [a,b])}-c(t)( (a,b]), 

~- Since x5cxjcx1 f'or every j and x
5 

1e dense 1n C([a,b]). 

1t 1• enough, by Re»ark 1.0, to prove that x1 111 not barrelle<i, Let n
0 

be an 

integer great.er tMn 1/(b-t.0 ) and for nJn
0 

consider the functions gn• [a,b]➔R 

which are _equal to -n if tE~0,t0♦n-1 [. and equal to O ot.herv1ae . Then, for 

n~n., Y(g )•2n and in are non-preserving, 110 that, if Cn•F , ve have 
n . gn 

sup{1Fnll•n)n0}•aup(v(gn)•nln0}• • .,. Now, for nln0 one h&a Cn(f)•J:. fdgn • 

(f(t0+n-
1
)-f(t

0
))/(n-

1
), 110 that ■up{lcn(f)l 1n)n

0
}<rofor every ffX

1
• By 

Cor■l.1.J, x
1 

la not barrelled. I 

Reaark . 1.5 The analogous result f'or t
0
•a also holds. Analogoua re­

sult■ for derivatlvee at the left also hold. One only needs to consider co~­

venlent functions Sn• 

Corollary t ,6 Let t 0 ~ ~, b[. The follovlng 4 aubapacee of C( (a• b]) 
are not 'berrelled1 
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'1•fnc( [a.b]), there 1• ho H that r 1• or-.. ..... var. en [t. .t +i]}. 
(th•, depen'• on r an4 1• l••• than ►t.) • 0 

t 2•{f"C((a.'b])i r ta or 'bound.S var1•t.1on 1n •o■e ngh'b or t•} 

Proo(. Since t 4 crjcY
1 

for every j and Y._ 1• denH 1n C([a.b]), 1t 

1• enough to prove ttiat Y1 1• not barrelled. Por •1■pl1c1ty or notation•• we 

ahall do ao only 1n the caH t
0
•0. The •up-nor■ vlll be denoted by II II• 

Let ,,._.It be contlnuoua. periodic vtth period t. not 1dent1cally 

t 
uro. with g{O)•O and v0(g)-M<•(hence M>O) • One ■ay take. for lnatance. 

g(t)• ••n 2ft. Then. V~(g)•nM, for every poaltlve Integer n. 

Let n0 >'b -t. f'or each n~n
0

• let Sn' (a. b] ➔ I be def'lnlld by gn( t)• 

g(n2t) tr tE(o.n-1) and 1n(t)•O otherv1H, Of coune, llsnll-lls II for n~n
0 

'but. 

by the n-rk preceding Corol.t.~. with c•n2• a•O and 'b-n we get Vb(g )• 
a n 

y~lnc, )-v~(g)•nM. Hence. lf C _,. la the continuous linear functional on 
n n gn 

C( ra, b]) defined by g for n~n , we han aupfllc · 11,n)n J••upfv'b(g ) tnln }• +•. 
t n o l1 n o a n o 

On the ether hand, tr flY1• let ~>O be auch that f 1• or bounded 

variation on (o.i]. P'or n~n
0 

we have Cn(r)-J! fdgn• 

r fdgn + jt/n fdg + r./ fdgn •Jl/n fdg •f(t/n)g (t/n)-f(O)g (0)-Jl/n g df• 
a O n 1n o n n n O n 

-J~/n&ndf. 

Hence. for nJ■ax{n0 , ,-~ ve vUl have, 

lcn(r)1- lfo1" ttndrl ~ l~nllvfn(r) ~ llsllv~(r), eo that aup {lcn(r)I I n}n0J < oo. 

for each r,11• ly Corel.I.). t 1 1• not barrelled. I 

Re■ark 117 An analogoua reault holds tor functions which are af 

bolllll!ed .... r1atlon at th• left of t 0 • lt t 0 E]a.b). 

2. SOJII CI.ASSIS OF LTS AJID LCS 

The equivalence c1 )#c2 ) of Th. l. 1 • ver11'1ed for lea by Robertaon 

( [1'] • Th.,.), led her to detlne vhd ahe called J!ll.~b:!13:•1¥ apac .. , hen. 

called .C-baudl.S apacea • tn accordance v1 th [t]. 

Def1p1tlon z.1 Let I be a vector apace.Then, a) a sequence•" of 

•UM•\& er I 1a a baalc aeguenct tf', t )each •" te balanced and a'beorbent and 

tt) An+t+An+ICA" for each n1 b) a aubs~t A of E ts adN1ea1ble 1n I tf there 



1• a -■ic ■equence An ■uoh th4t Al•A1 the ■equence An 1• then called a defi­

n1ng 'b&■ 1c aequence for A1. c) a subset A of I 1• ea1d to be a.d ■1 ■a1ble if 1t 

la ad■1■■ible 1n sp(A)1 d) if A• 1• an increasing ■equence of &d■t■■ibl■ eeta, 

we ••Y that they generate a table if there ar• defining basic sequence■ (An) - . • n 

for each•• (in ■p(A.)) such that A~CA:+1 for every• and n , 

D■flnltlon 21Z Let Ebe a lta, Th.,n, a) a eubset A of I 1• an 

.l-t.arrel (called _yl1~~r.rel in [B]) lf it 1a closed and ad11lseible 1n 11 

b) I 1a .!-barrelled 1f every .C-ba.rrel of I 1• a 0-nghb ln J:1 c) I: 1• ~ 

if, given any increasing ■equence A• of cl~aed ad ■leB1ble eete which cevers 

r and generatf!e a table, then there le an integer p euch that AP le a 0-r,ihb 

ln 11 d) I la .l!::fil: if, ,tven any sequence•• of closed balanced eeta ■uch 

A•♦A.C:A_. 1 for every• and which cover■ I, then there ls ao■e integer p ■uch 

that AP 1a a 0-i.gh_b in I, 

"eat properties of .C-~rrellf'd sp&ces are included tn the next 

theore■, whtch ■hould be co■par<"d with Th,t,1, The letters of the conditl•ne 

1n Th,2,) correspond to those 1n Th,1,t, 

Theorr~ 2_.J Let t-(1,,
0

) b■ a Its, and consider the condltlen■ 1 

e.1) I: h •-BL 

a2 ) t: 1■ u-BL 

b) lf P' 1a a 111etrhable co11pl"te lta and frl: ➔ f a closed ltnear '""fplng, 
then f 1 ■ continuous 

c 1) E 1s l-barr.,lled 

c 2) tr , 1 1a any linear topology on E with a base of t
0

--closed 0-nghb, b1.c (;
0 

e) if f 1■ a lts, if f .. ,E~F,«fA, 1a a fa■1ly of linear continuou■ ■app1ngs 
auch that {f«(x),~EA} ls a bowlded subset of P' for every xE[, then 
{f,. '"EA} ls "Q.11lconttnuous . 

f) the saMe as.,), but for f •etrl~able lts 

na•.e "" the correspond lnr. on .. s w1 thout 
for :<eq11enc .. s lnsleatl. of fa.■1l1es of functions 

h) 1f f 1 ■ a lts, 1f fn1·£4 F 1e a sequence of ltnear corit1nur>us "'app1nge 
such that there exists 1111 fn(x), cdl..d f(x}, for "very x!E; then f 1e 
continuous. n-><o 

Then, 1) cond 1t1ons b) ,c 1) ,c2) ,., ) and f) are <'quhalent I i) e) :..~ !) ~7) 
~h) 

and a 1)::-::>c2 )1 :,) in the case E 1e Metrlnhl., , all th" condlt1one different 
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troa a2 ) an4 h) an equivalent, an4 c 2) ~ a2 ). 

le-rk-proof(nferenc• to). Deflnition 2.Zb) coincides with the one 

coneldend 111 [t], while ln V)] (reap. (19]) condition c 2 ) (reap. e)) vae 

t.&ken aa def'lnltlon of .l-bamlled epacea, The lapl1cat1on• e)~ J)~ f), 

e)=>f)=>l) and a1)"'!c1) are evident. The bpUcaUona c 2 )=91), e)=)h) and 

c2 ) :::> b) are napoctlvely Th • .5, tho reaark following i h proof and Prop, 1511) 

of [tJ], while c 1)~c2) and cz)~b) are resp. Th.J.l and J,2 of [8]. The 

lapUcatlon •)~c2) la Prop.,5(pg 10) of ~9]. The equlvalencH c 2 )~ e)~f) 

aay be aeen ln f?(J), vhllo th• equivalence c 2)~l) for aetri&able lta in 

l7(4) of (t]. The nHe ult.ra-Ba1re-l1ke wae introduced ln [9], but euch a 

concept vae already considered, ~ithout a naae, in [8], where it 1• found the 

proof that, for aetr1Eabl• lta, c 1
)~a2 ). The naae •-BL vas introduced in 

[2], although ln [4] already appeara tt,e proof that, for aetrh:abl• lte, 

c
1
):::)a1). I 

In [t4] a claee of nor11ed epacee vae conaidered, called (J-s-pacea. 

Kovever, the definition aakes senae for arbitrary lta, and a11ounte to, 

Definition 211♦ A lte I: 1e a 1'-epace if, vh&t.ever the sequence 4• 

of cloaed aubHta of I, euch that• 1) 0'A1 , 11) A
0
+4

0
CAa+l and 411-4.CA_.1 

for every•• 111) UA
0
-l:1 then thera la an integer p auch that AP h&a a 

non-eapty 1nterlor, 

Preposltlen 21 5 Let I be a lte. Then, I 1• a p-epaco <:::::> I l• u-BL. 

Froo(. Lot I be a p-G-pace, a~ 4
0 

a aequence of closed balanced 

aeta auch that A.+4-c .... 1 for every• and whlch coven I. Since•• la bala~ 

ced, we have OtA1 and -Aa•"•• hence ••-A0CA-♦l' Since It le a (3-epace, there 

an pEII, xEI and a 0-nghb Y ln E euch that xt-YCAp• Hence, Y•(x+Y)-xCAP-AP 

CAp+l' ao that Ap+l la a 0-nghb ln S, Therefore, I 111 u-JL. 

Let Ibo a u- JL apace and•• a aequence of cloeed aeta aatlafylng 

condltlona 1), 11) and 111) of Def,2,4. Lot ". be the balanced kernel of•• 

(1 •• xt". ~ ~xEA• for every .). vlth l~IO• JI• 1■ the biggest 'balancad aubnt 

of 4-), llr.ce •• le eloeed and the cloeur• of 'balanclld aeta are balanced, lt 

follova that JI• are clo11ed, Jy 11), Jl••Jl•CAa♦ t• and •inc• J\.+R• la balance<! , 
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we have R_,+R
11
CR.,. 1• for every•· Suppese that .we have proved th!l.t UR11-11:1 

then •. elnce I 1a u-BL 0 there wlll be ao■e p for vhlch RP v111 be• 0-nghb 1n 

E. hence AP has a non-e■pty lnterlor. and I v111 'be• p-space. Hence. 1t 1a 

enough t• ■how that UR
11
-1. Let xEE. x,lo. r-ap(x) vi.th the topology induced 

by I: and S■-A ()1 . Then, S also aat1af1ea 1). 11) and 111) of Def.2.4 fer F. 
. . . 

Since r 1• a Bair~ apace. there 1• p such that Sp haa non-e■pty interior in 

r. hence lpt-l 1a a 0-nghb in F (proof like in part a)). which ■eans that th.! 

re is ,>o euch that ~xESp+i for every A with 1).l(L It follow• by induction 

thd AxESr• for every A vlth 1x1~2-•-1t ,If we take • auch that 211- 1h1. then 

we will have AxESpt-
11 

for every A with 1~1~1, hence xERpt-
11

• I 

Ve glve for for reference next deflnltion. uaually conaidered for lea. 

Definition 2.6 Let I be a lta. Then, 

a) I la aup~barrelled (shortly SB) if. given any increasing sequence Z,. ef 

subRpaces of E which covers I, there 1a soffle p for which Ep !a bolh barrelled 

and dense in 11 

~) I 1a tot.ally ba.rrelled (shortly TB) if. given any sequence~ of aubspacea 

of I which coven E. there 1• eo11e p for which Ip la barrelltd and lla clo­

sure 1n I 1• f1nlte-codi11ensional1 

c) I la unordered Balre-like (shortly UBL) lf. given any sequence 4n of ac 

closed aubeete of E which covers I, there la ao11e p for vh1ch AP 1• a 0-nghb 

In I. 

Re-rk 2,7 a) It 1• proved ln [J] (chap. 9) that for lea the follo­

wing holtts1 Balre~UBL=;,ra⇒sa~BL~ barrelled and one or 11ore counter­

exa■plea for each reverse l ■pl1catlon 1• given. These 1■pllcatlons are true 

also for lta, as can be easily verlf1ed, It 1• evident that u-BL= BL, 

•-BL⇒BL and .(-barrelled~ barrelled. b) If (1.-r.) 1a a lte 0 - let 'lf be the 

set of all ac subsets Y of I vhlch are 0-nghb 1n E1 then. 1./ 1• the aet of 

o-nghb ln I: for a le topolP.gy ~00 on z. coarser than l; (1n fact. ,
00 

1a the 

finest le topology on E. coarser than 1:) • hut ~
00 

1s 1n general not Hausdorff, 

even lf 1: 1• Hausdorff. Ve vlll denote (I.~ ) by IC , It 1a eaallv verlfled 
00 00 # 

that. 1f (E.t) la• lts for which C00 la ~usdorff, and lf (!.~) le Mrrelled 
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(I,?:) 1• a ■etrln\l• co■plete lte which le not le, ■uch that '°oo 1• Haueclerft. 

Then, (1,C) 1• la1N, hence UILe th■reton, bf b) 100 1• al■o UBL. On the 

other hanll, 100 1• not 1-'i.rnUed (He[tJ), Prop.20 and the exaapl• t~ll•­

w1nc it). l~ce, non~ of the condlUona UJL,Tl,Sl,IL or 'barrelled 1■ply L­

'barrelled, ••en tor lea. An exupl• 1• given by i•, •1th O<p<l, and with the 

llnoar topology f; given bf th• p-nora ll<~n) II • ~ !l I JI. Denote by (JP) 1 the 
P~ n 

apace i• endowed •1th the nor■ topology of R1• It 1• well known that (11)00• 

(11)1• loreover, 1f' ~ 1• th• ■et of (~n),JP vl th p-nora ~ I, then each ~ 111 

1-.lanc ■4 and closed in (R1)1, -J1,r-Bi4C B21, but none of the B,i 1■ a 0-nghb ln 

(RP)1, hence (JP)
00 

h not u-JIL, either. d) IC(II) h an [-'barrell■4 lea vhlch 

1a not IL, hence not •-JL, not u-JIL, not SJI, not TJI and not UBL. e) If I and 

r ar• lntln1te-dlaen■lonal Banach apace■, let K be the projective tensor pro­

duct of I and r, and Kn be the subset of K of all tensor products of rank at 

■oat n. It la clear that Kn are bala~ced, that Hn•"nCHzn and that they cover 

H. A■ already stated in [?) (Chap.III,{ 6,exerc.t). each Kn la closed (hence.-

ff 1• a noraed apace vhlch la not u-JIL). In the aaae exercl•• it 1• ■tated 

that K h 'barrelled. In fact, lt was proved 1n [t.5) that K la UBL. Moreover, 

H h ultrabomologlcal (see Cor.ll.).16 tn [JJ I according to tt.tO ot [J], 

thl■ re■ult 1• baaed on or due to Floret). Hence, H la a nor11ed ultrabomolo­

glcel UJIL ■pace vhlch 1• not u-BL (therefore. not .l-barrelled). t) Aa ahovr. 

'by a co■parlaon bet~een Th.1.1 and 2.), the .{-barrelled apace• con■tltute 

the cl••• of lt■ analogoua to the barrelled lee. On the other hand, there are 

2 different detlnltlona tar •paces analogous to the BL• the •-BL and the u-BL. 

Ve don't know 1f they co1nclde or lf one of the• lapllea the other (although 

for ••trb:.able epacee •-BL~ u-BL, ■lnce •-BL~ .l-'barrelled and, for aetrl­

sable ■pace■, ,l-'barrelled~ u-JIL). Perhapa non• of these 111 .th11 •rtgh\• ge­

nera11~ation of IL. g) Since ve vlll not need then,•• •ill-■ot consider he­

re the clasaea of lta •analogou■• to the UBL, Tl or SB, which have been etu­

dhd by 11011e authon. 

L .. ~ ua now takit a look on the urt~00mol0!',1cal 1<pacet1. 
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If ii; 1a a lta, Ban ac boundiid •ubset of E and Z.••p(J), 'then the 

se■1non detera1ned by B 1e a nor■ on Ka• and the 1nclu•1on 1a•Sa- I: 1a con­

tlnuous, Ve will always conelder Ej aa .: nor■ed apace, v1th ihe nora given ~a 

Def1n1t1on 2,6 Let Ebe a lta, Ve aay that J 1• a Banach d1sk of E 

1f · J 1a an ac bounded subset of ·1, ·11uch that ~ 1a a Banach apace, Ve say that 

a sequence Xn 111 fast convergent to x
0 

1n E 1f there le a Banach d1ek B of E 

such that x0 and the sequence Xn 11e 1n 'ii• and~ converge• to x
0 

1n the Ba­

nach space£,, In the case x
0
•0, ve say that the sequence~ 1s null fa5t con­

!..!!Kent 1n E, 

One should reaark that, if~ 1s fast convergent 1n I, then there 

exists an ac co■pact subset K of E, to which every xn beloll6s, 

Propos1t1o'Ll..!.2 a) Let X be a B_anach space w1 th un1t ball B and Dn 

a sequence of closed balanced subsete of X which covers X, such that Dn•D0 C 

On+l for e,·ery n, Then, there 1s so11e p such that DP absorb.'I B, b) Let B be 

a Banach disk of alls F and On a sequence of closed balanced subsets off 

whlch covers F, such that D
0

+D0 CDn+l for every n, Then, there 1e soee p such 

}hat DP abeorbs B, c) Let E be a ll11 and B a closed ac bounded and sequentia­

lly cn■plete aub&et of E. Then, B 1s a Banach disk of E (hence, every ac co11-

pact eubs~t of E ts a Banach d1sk), 

Proof . a) Slnce X 1• B~lre, there ls p ~uch that DP has~ non-eaply 

interior hence (as 1n the proof of Prop,2,5) Dp+t 1s a 0-nghb in X, hence lt 

absorbs B, b) follows fro■ a) and the facts that 18 ls a Banach space and 

181£,-E ls conUnuous, c) The sa11e proof t;lven in f20,tt(2) of [10] for lea 

works also for lts, I 

Defln1t1on 2,10 If ii.,, -<t:A., 1a a fa111ly of lea (resp. lta), E 1a a 

vector apace and u,.111:_.-E, <tiA., a fa■Uy of linear ■app1nga, there exbta 

the finest le topology~ (resp, _ linear topology j) on E for which every U.C la 

continuous (of course, 1n the case E<_are lea, both topologies aay be d~f1ned 

and ~cf 1 1n genenal, these topoloBle& ■ay be non-Hausdorff), Ve call~ (res p. 

j) the f!.nY.j.g~ (resp. L--nnal topo~) on I deter"'1ned by the fu1ly 

"«• t(t:,, In the ca,.., A 1~ a "1r~clf!d eel, lo( la an ln-:lucUve systt!■ of lc:oi 
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(lta) an4 I the 1nductl'H 11a1t of U,e .!•.Qt,2r apace■ l"'(wlthout condderat1011 

of topolog1e■). then (1,t) (reap. (1,})) v111 'be called th• 1nducttva llatt 

(rHp • .C-tnductt'H 11■1\) of the 1nduct1n ayat-■ l.t, provided , (reap. J) 
1■ Hau■dorff. 

laxt thaoraa Includes aoat propart1•• of ultra'bomologtcal epac•• 

an4 la vell known, at leut for le■• 

Theorea 21 11 Let (I,~) be alts. Conalder the condition•• 

a 1) 1f Y la an ac subset of I which a'bsorba every Banach d1ak of I, than V 
l■ a 0-nghb 1n I 

'b1) 1f r 1■ a le■ and ual➔F a UnHr ■apflng ■uch that u(I) 1s bolUlded 1n 
1 for every Banach disk I of I, than u la continuous 

c1) the ■■■• a■ '111), but for nora.S apcea r 

4 1) 1f , 1 la a le topology (not neceaaarily ~uadorff) on I, such that every 
lanach dlak o! (E,r;) ta 'boundad ln (l,G'1), than ~ 1cr;. 

a
2
), 'b2), c 2) and d2), the •a~e •• th• corresponding ones wlth sub-lndex •t" 

replacing "Banach dlek" by "ac co■pact eubr.et" 

a)), '111), c1) and d1), the safte as the correeponding onee with aub-index 
replacing "Banaeh dtsk" by "null fast convergent sequence• 

a) I 1 ■ th■ tnductlve 11■1t of an inductive syetea of Banach apace■• 

Then, all the cond1t1ona different fro■ e) are equivalent, a) i■pli•• th■ 

othera and, ln the case I la le, la equivalent to the othera. 

Daf1n1t1.on 2.1Z Let (E,r;) be a lta. Then, 

·1" 

a) I la ultra'bomolo«lcal (shortly illru·) if it aatlafles any of the con­

dition■ od Th.2.11 different fro■ a). Uaually a 1) 1• taken u definltion. 

b) I 1■ ultrabornolog1callJ lalre-ltke (ahortly ultrab.BL) 1f 0 for aver, 

lncreaeing aequenc• Vn of ~c aete which covers I and such that 0 for each la­

-ch dlak .I of I there 1■ ■o•• p (depending oil 1) ■uch that V absorb■ J1 0 . p 

than then 1• so■• k euch that Vk ta a 0-ngh'b ln ·1. 

c) I 1■ u-uitr■'bornolog1cally Balre-llke (ahorily u-ultrab.BL) 1r. for every 

■aquance Vn of 'balanced ■et■ ■uch thata 1) Vn•VnCVn+t for every n1 11) the 

Hts Vn cover 11 111) for each Banach dlak I of 1, . there la so■-.P (depuid.1ng 

on B) such that VP absorb■ ·11 then there 1■ sone k euch that v11 1■ a O-nch'b I, 

ReMrk j!.u.J a) It 1• easy to vttrl!y that u-ultrab.BL=t ultrab.BL~ 
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==> iutrab., and that, U' (.E,Z:) Sa & ultrab.BL lt• (reap. ultrab. lta) and ,;
00 

1• Kauedorf'f, then 1
00 

1• a ultrab.BL le• (reap. ultrab. lea) , b) ly Prop. 

2,9b), u-ult.n.b,BL:::::>u-BL and analogously ult.rab.BL==>BL, ultrab; ⇒barrelled. 

c) On• ~ould define, d1dlarly, the concept.a of J'.-ultrabomologtcal, •-ul­

trab.BL, ultrab.0BL,etc, but we will not need thea. 

Deflnltlon 2.14 Ve will say that a sequence "n of a lta I haa pro­

perty ('. ln I 1f, for every (~n)E1"', the ■erles ~ ,\n"n 1a convergent 1n £. 
n•1 

In thia case, we will denote by B(l~,"n) the eel of the auas of all such ■e-

riea, ·for 1lOn)l1~1.(Reurk that xkfB(~""."n) for every k). 

Proposition 2,15 Let Ebe a lta and •n a sequence 1n I. The sequen­

ce Xq haa property J• 1n I and B(R"',Xq) l■ an ac co•pact subset o~ E (hence 

a Banach dlak of £) ln each of the following cases, a) I la ■etrlzable co■-

plele, Vn la a base of balanced 0-nghb 1n I such that Vn+vncv
0

_ 1 for every 

n)2, and xnEVn for e·very n, b) I: Sa the topological product of a fa■Uy 1:.,... 

«EA, of lta and ~-(x;;)~EA la such that the aet J~•{n(tl1 ~lo} la flnlte for 

every f(f,A, .• . 

Proof. a) Renrk first that ~ V C Vk . if r)k+t. In fact, thla 
n=ic+t n . 

1a trivial 1f r-k+t or k+2, and if aasu•ed already proved for every palr · 

(k,r) with r-k+p, then 1t also holds when r-k+p+1, 'because ~ 
n~t 

+ n5+2 vn c vk+1 + vk+1 c vk • 

Ir ■up {1).nl 1nEt1} (1, then ClxE"r V CV, 
n~l n n n!:Ji+1 n k 

s•(().n)) • ti ,\nxn 1• a Cauchy sequence in E (for each(\)), 

V • V + 
n k+l 

hence . a•• 

therefore 

convergent ln I:, ao that ~ haa property t" 1n E. Since for every r>k+l we .., 
have n~l ~n~ E Vk, 1t follows tha! n~l \xn E \ C Vk+Vk C Yk-t. 

Let u,J"' -U be defined by u((>.n))-L .\nx • Ir B la the cloaad unit ball of 
n•l -'II -

f", then u(B)•B(t',xn) ao that_ B(e'°,Xq) 1a ac and we have shown that these-

quence a• la unlfor■ly convergent to u on I, Consider on I the topology •?; 
1 . . . . 

induced 'by ~(f0 ,f ), vhlch aakea B coapact (and topologically 1so■orihlc to 

a countable product of spacu equal to [-1, 1) ). Since the aapplnga •• are 

contlnuou■ on (B,i), it follows that tha un1fora llalt u l• alao contlnuoua 

on (1,1;), he~ce 1ta 111&4• B(J00,xn) la co•pact. 
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.. 
\)Since-ch -le 1■ flnlte, the ■■rl■■ > Anx= 1• convergent for .. ;:;i 

e'H1'7 I(, hmc• the ••rln L A x 1■ conveqent ln I, ■o that x ha■ pro-n-1 D ll 11 

,-rtJ r 111 I. ~t u1r--t I and I N u ln part a) and let 1'.c1I-+ ~. OCU, 

lie the canonical proj■ctlons. In order to ■how that u,(r,d"(1",i 1))--+I la 

eontlnuou■; U l• enough to ■hew that u.c•ll'.•u le contlnuou■ for every CC, .. 
line• u"((.ln))•L ,\nx.i •L ~nxn and ,1-( l■ f'ln1te, 1t la char that u-< la 

n•t n(~ 

contlnuou■, Hence, u(J).1(r,x..) 1■ an ac coapact aubs■t of 1. I 

Corollar,: i,16 If I 1• a aetrlsabl■ coaplet■ lt■, then I la 

u-ultrab,IL. 

~. Let Vn 'be a ■equenc■ of b■lanced aubset■ of I ■at1■fy1nc 

condttlon• 1), U) and 111) of Def,2.12c). Let Yn lie a bu1■ or b■lanced 

O-t11hb 1n I auch that Yn+tncvn-l for every n>2, If non■ of th• Vn were a 

0-nghb 111 I, one could find ~EY
11 

■uch that X..,:nVn, ly Prop,2,t.5■), ·,ce .. ,x
0

) 

la a Banach dlak of I, hence by condition 111) there ex1■ t• aoae p auch that 

VP abeor'ba 1(("",x..>• Jut that la lllposalbl• ■lnce, for n~p,one ha• vpcvn 

and therefor■ x.. / nV
11

, ¥ n).p, ■ 

llotatlon-ft■-ark 2,17 If (1;r;) 1■ a le■, we denot. by r;u the le to­

pology on I defined by the faally of all ■c -■ta which absorbs all Banach 

diab I of (I,~) a■ a basis of 0-nghb. Th■n, lt la .easily ■een that, 1) 

~ C~u, 11) (1,~U) la an ultrab, lea and 111) r;U 1■ th■ weakest le topology 

with properties 1) and 11), The space iU.(1,tu) 1■ called the ultrabornolo­

dc:al apace associated w1th (1,1:), It la easy to aee that E and lu have the 

- Banach disk~. 
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Ir I 1e a vector space, prolect1~n or I 1• a ltnear upp1nc 

P1l➔ I euch that P2-P. Irr 1a a vector eubepace or I euch that _P(r)C r, 

then the reetr1ct1on P Ir•'➔ r 1a a projection ot r, 
PropoaHlon J, t Lat I be • lte, •) If P ud Q are projecUens et I 

such that PQ-QP•P, then Q-P le also a projectlen of I, b) It r le a linear 

subspace of I ud Pa continuous projectlen of I euch that P(F)CF, then, 

1) r le tepologlcally 1eoaorph1c te the product of the subspaces P(r) aad 

(I-P)(P') of 11 11) tn the ca,ie r 1e dense _ln I, then P(F) 111 dense ln P(I). 

c) If~• ~•••••~ (n~J) are continuous preject1ons of I euch that 

Qj(r)cr and %Qj•QJ'~1-q_1n{i,j} , for every 1 and j, then (~-Q1)(r) 1a te­

peleg1cally 1aoaorph1c t• th• product of the 11ubepace11 (Qj+-1-Qj)(r), j-1, •• 

n-1, of I, 

.!'.!:lli• a) Coapute (Q-P)2• b) 1) le 11ell kno11n1 11) P(E)-P(f)CP(F). 

c) It 1s enough to prove for arJ since the general result foll111111 fros this 

by lnductlon, Call r-(Q3-Ql(1), P•C½ and apply b)t), verifying that P(r)­

(~-Q1)(1), (I-P)(F)•(~-'½}(1} and that P(F}C:P', P'or this iast lnelus1en 1t 

le enough te ahov that (~-Q1}P(~-Q1)-P(~-'¾}, since r-(~-~)(1}. I 

ProP!a1tlen 3,~ Let I and r belts and Va subset of lxP', a} If 

V+V ls net a 0-aghb 1n lxP', then at least one sf the fellowing condttlene 

holds• 1) VOi 11 not a 0-nghb 1n I ( ■ore precisely, VO(Ex(o}} 111 not a 0-nghb 

1n Ix {o}} or 11) vnr le not a 0-nghb ln r. b) If D• 1e a aequenee of au'bsets 

of lxP' cent,dnhlj!I Osuch that D.♦o.co_. 1 for every• and 1f n•ne of the D• 

le a 0-aghb ln !xP', then at leal ene ef the follolllng cendl_tiens hel.ds1 1) 

aene or the 0.011• a 0-nghb 1n I or t1} n•n• of the D,[11 1• a 0-nghb 1n r. 

c) If Y te ao but not a 0-nghb tn lxP', then VOi 1• not a 0-nghb 1n I er vnr 

1• net a 0-nghb tn r, 

~- a) If 1) and 11) ••r• both false, then (VOE)x{vnr).(VOI)+ 

+(Vllr) C Y+Y weuM be a 0-nghb 1n lxP'. b) RHarlc nnt ihat for each • bstti 

sets o.n1 and o.n, cannot be 0-nghb 1n the reapecttve spaces, etherw1ae by 
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a) D•••• weuU "9 a 01ch'b 111 lx1 allll a ferU•r1 ab• D_..1, qa1net th• 11¥­

peUIHte. lvp,-.. thllt 1) •••••• t hel.4, l e, that for •o- p th• Ht »,n1 

1• a 0"'118h'b ln I. Then, •.,fl• weuU 'be 0-nch'b 1n I fer •Hr, ■Jp hence, 'by the 

ln1Ual nurk, ».nr le net • O-nch'b 1n r for •~P, a!III • fort1or1 aleo fer 

•<P •• tt-.t 11) bel••• c) Th1• fellewe fre■ a), reurk1nc that Y+Y•2Y, elac• 

Y 1• ac, _... tt-.t Y i■ a 0-ngh'b ln lxF lf an4 enly 1f 2Y 1• a 0-ngh'b 1~ lxP'. I 

JlelaU•n-lleurk ] 1 ] a) Let I be • lt• arid for each AE:[a,b], 

PA 11 ➔ I 'be a oentlnuou■ linear u.ppln5 euch that 

(:,,4) P>.?•lj.P>.•P■ln{>.,,a}' for every .l.,ut[a,'b]. 

Then each p>. 1• a pr•j•ctlon of I (taker-A In (:,.4)) and, by ,rep. 

),ta), P4-P
0 

le a projection •f I lf a{c<d,'b, which we vlll denote by p(c,d). 

SuppeH that C la a linear subspace ef S euch that 

(:,.,) P.\(c)cc for every A£[a,b]. 

Then. ve will denete c(c,d).p(c.d)(c). Ir Prop.J,tc), lf ~c<e<d,b, 

then cCc,4 )-c(e,e),G(e,4), If en■ alao asauaee tha.t 

(J.4') ParO arid Pb•I, 

then, c<•• b)-c, 

'b) Suppoee new that (J,4) hold• and alao, 

{

1) fer each ~E]a,b] and each xES, there exlata 11a P,.(x). 
be denoted P,\- I'-.>.- , 

1') P,\_,1~11a centlauoua for every AE]a,b) 
(:,.6) 11) for each ..\f~,b[ and each xES, there exlat.■ Uf P,.Cx), 

be deneted P>.+ )'➔ • 

U') P>.+•S➔ I 1• contlnuou■ for every .l.,!;a,b[. 

Ve •hall alway• uke the cenvontl••• 

which wUl 

which vlll 

Then, en■ can v■rlf.r the f■llew1ag foraulas1 

tr u I'~>. {,.. 1f r<A tPf_ 1t f~~ 
P,-Plt •P,\♦ ? . 1 P.., P.\_ •P,\_ Pii I P _ PAt •'At i;..- • 

A• u ,.,A , , A- u ,,.).l. t ,>.+ 11 r >.l. 

~tp.At.p>.tljtt•P(■111{.l.,f])+ I ~-~- .p,\-'ji-•P(atn{)f})-' 

fro■ which H follewe, 111 particular, that P,\+ and P).- are prejectlens er I . 

fer every ~E[a,b], Jy Prop.J,ta) and the for■ulas above, the f•llewlng aappings · 

(with the corresponding n■tations) are projection• of•• 
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Suppose that Cl• a lln-r aube~c• of I auch that, Ne14N {J,5), 

it al■• aatlafl•• 

(3,5•) P>._(C) CC and PM(C)C G, f'•r every ).£1_;a,b]. 

Then, lfe .. 111 deneh c(c,d}9p(c,d)(C) 1f atc<d(b and Cc~i•PcAI (c}. 

C(A+}.p{"+} (C}, C{A-}.p{~-} (c} lf AE[a,b). By Prop,3.tc}, U' A![a,b] we have 

(c,-i) 
C {A}-C {A-} xC{A4-} , and C -C{c4-}xC(c,d)xC{d-} 1f afo<dH, , w1th•ut auu.atng 

that (3.4'} holds. 

c) If I 1a an .{-b&rrelled lta er a barrelled lee ant\ PA 1l ➔ S are 

Haur co11ttnu•us ■-pp1ngs for ,\£(a,b], ut1efy1ng (3,4); {J.6} 1) and U}, 

the11 (J,6) 1'} and 11'} follolfs fro• th" 1apl1cat1on c1}~h) of Th.1,1 or 

2,3, lfhlla fro■ the 1■pl1cat1on. c 1}~e} of the sa■e theore■s and a little 

thought, one caa aho" that the aet of all PA• all PAt and all P>.- , with 

Af~,b), la equ1contlauoue, Ve vlll use these result• only ln Thaorea 3,ll''b}, 

ProposH.~ Lat IC be a lta, Ca Unear aubs~ce of Ii:, P>.11--Hi: 

llaear coatlnuous aappln«s for AE[a,b], and D• a eequenc• of bi,laaced. (non­

eapty} aubseta of C euch that n.+D.cn,..1 for every a, but such that none of 

the D 1a a 0-nghb ln C, a} If (3,4), {J,4'} a!ld (3.5) holds, then there la . . 
cE[a,b] and a sequ.,nce dn'i;,_,b]auch that at leaat one of the f'ollowlng con-

d l llona hold■ 1 

l} dn1c (1 •• dn 1a strlcUy lncreadng vlth Halt c) and n.11cC4 n,c} la not 

a 0-nghb ln c<4n•c) , for every ■ and n1 or 

11) dn!c (1 e, dn la atrlctl,/tecreas1n« wlth llalt c) and D,."G(c,dn) 1~ ~~t 
{c ,d ) r • 

a 0-nghb ln C n , tor evry • and n. 

b) I! {J.4), (3,6), {J,6'), (J,5) and (J,5') hold and lf, for each A([a,b], 

there 1a oo■a p {depending on A) :euch that DJ1C(A} 1a ·a 0-ng-hb hi C{A}, then . 

there la cE~,b] and a aequence dnf~,b] ·auch that at least one of the f•llo­

wlng condltlona hold• 

l) dnlc ~!ld D/C(dn,c) la not a 0-ngh_b 1n _c{dn,c) , f'or every• and n1 or 

11) dn!c and D,J'C(c,dn) 1a not a 0-nghb ln C(c,dn} , for every• and n. 

!!:£!!· a) Let e be the alddle polnt of [a,b]. Then, c..,c(a,b) • 

.,c(a,a)xe;(e,b), t.he first .. q••allty rtue to (J.1♦' ). By Pro11,J. ?.b), one or the 
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f•l1"111C condition• bold•• for -ch•• ».ncCa,e) 1• n■t a 0-111hb ln cCa,e), 

or, for each ■, D•nc(e,b) 1■ not a 0-aghb 1■ C(e,b). 17 lnductlen and eu•e­

quent eulxllvl■lOft et •"h interval ln twe equl pa.rte. one gete a decna■lng 

■equenc• •f lntervale [an,bn] contaln.S ln [a,b), •ho•• lnter■ectlen r■duc■■ 
tea elngl• polnt (call 1t c), ■uch that ».nc<an_•bn) 1■ not a 0-nghb ln 

c(Aa,bn) for an7 ■ and n. There are) po■■lbl• cu••• 
l) there b ■o■■ p for whloh a,•c, Then, c•an for all n~p and D•llc(c,bn) h 

(c,~) 
not a 0-n«hb ln C n for every■ and for every n~p. It 1• enough new to re-

label the polnte bn• 

11) there 1■ ■o■e p for whlch b,•c. Then, c•bn fer every nip and D.nc<an,c) 
(An,c) 

1■ not a 0-nghb ln C for evary ■ a-,d for every n~p. 

111) an<c<bn fer every n. Let J 1 be the aet of lntegera n auch that 
(a ,c) (a ,c) D.nc n l• net a 0-nghb ln C n • for an7 ■, and let J 2 be the aet •f 

n euch that DJ'G(c,bn) 1■ not a 0-nghb ln C(c,b")for a~y •• Since c<an,bn). 
(a ,c) (c,b) 

..C n ,i.C n • 1t follow■ fro■ Prop.J,2b) that J 1VJ2• ~. hence at least 

ene or the aet■ J 1, J2 1a 1nflnlle, and lt la enough to relabel the indices 

or that lnflnlte eet, throwing out lndlces whlch glve the sa■e polnt. 

b) Since Gp,} ,-C {A-},i.C{>.+} and DpllC{~J la a 0-nghb 1n Cp} for aoae 

p, lt fellow• that Dpnc{>,-} and DpllGp+} are 0-nghb ln the respective spaces, 

fer eo■• p. Apply part a) of thla Prop., redefining Pa•O a~ Pb~I, if needed. 

In case a)l) one u7 as■u■e dnf• for every n and in case a)ll) ene ■ay asauae 

dnfb for every n. 

If a)l) hold• wlth cfb or a)11) with c/a, we uy see that these 

atate■enta do net depend on the deflnttlona of Pa a'ld Pb' hence the7 hold 

fer thelr lnltlal def1nltlona, too, In the•• cases, elnce c<4n•c) ..C(du+}x 
...,. (c;-1 ) 
.-(dnf)xG{c-}' and C n haa a al■llar for■ula, it followa froa the lnltlal 

reaark and two appllcatlona of Prop,),2b), that one of the condltlono b)l) 

or b)U) holda, 

It a)l) holds with c•b, it lo enough to reaark that, with the re-
(d ,b) . 

detinltlon Pb•I, one has C n -cl{dn+},i.C(dn,b)JG{b}' and to apply th.en. 

Prop,),2b), to got b)l}, The ca~• ln which a)H) holrls wlt.h c•a \a proved 



■l■Uarly. ■ 
I 

Proposition J.8 Let. S \e • lta, C • llnear eubepace of S, PA•S-s 

cont.tnuoua projecttone for AEl!,.,b], aat.1afy1n~ (J.4); _ (J.6), (J.6'), (J.S) 

and (J.S'), and let F 'be a llnear eubepace of S auch that. CCF. SuppoH alao 

(J.9) C 
{

fer every xEI!, 1) 1t cE]a,b] and ij.(x)EC for all )'E~,e(,t.h"n P _(x)iF 

a"J 11) 1f c£[a,b[ and o-i;,Hx)EC for all /'i]c,b] ,then (I-Pc.Xx)o·. 

If x.i la a sequence vl th prepert.y .f."" 111 II: and lf there exist.a 

cE~,b] and a eequence d11 €[a,b] auch that, a) d11jc and •,/C(dn,c) fer e,Yery 

111 orb) d le and x EC( d ) for every 111 then B(f",x..)cr. 
n n c, n 

Proof. of caae a). Since C aat.iafi•• (),S), ve have 1j.,(xn)EC for 

"' 
all ff.(a,b] and all n. Let xEB(.("',x..)1 then x•~ _An•n• If fE[a,c[, t.hen t.~ 

re 1a p auch that r<dp hence f<d 11 tor all n➔ p, ac- that !j.(x..)ll; .. c(dn,c) • 

P/'(P0 _-Pdn.)(C).fo~ for all nlp, hence Pl"(x)-~ A11Pl'(xn}EC. By (J.9) 1), 

it fellows that Pc_(x)EF. Since a.i'C(d )' ve have xn•(P _-Pd )(x11 ), 
n,c c n• 

hence Pc_(xn)•x
11

, therefore Pc_(x)-x, ao that. xEF, 

The proef er case b) le alailar, • 

Proposition J,8' Let. 11:, r, C and PA be llke 1n last propoa1t.1on, 

but vit.h (J.4), (J,4'), (J.S) and 

{

for all x(ll:1 1) if cE]a , b) and P,.(x)f.C for all 14'-[a,c[,then Pc(x)H' 
(J,9') 

a,,J u) 1t cE~,b[ and. (I-!j.-)(x)EC for all fE]c,b],t.hen (I-Pc)(x)o•. 

Ir X.. 1• a sequence vith pnpert.y l~ 1n E and if there ex1ata 

cE~,b] a"4 a Hquence d
11

E[a,b] auch that, a) d
11

fc and. x
11
EC(d .. ,c) for all 111 

> l ( c ,d ) ( &"' ) 
or .b dn c and xnEC . " for all 111 then B,. •X.. er. 

~- AnalO!OUS to that or Prop.J.8. • 

Reiurk J.10 Let 1.,., «E[a,b], 'be lb and I• TT{1..,1 o<E[a,bJ}_. Ir 

x•(x.)EE and ~E(a,b], ve 4ef\ne P,1(x)-,-(1..,), 11here Y,c•X"' 1f ..,~,\ and 1 .. -0 

otherwise. It 1• clear then that P,\ ,li:-E 1s a co11t1nuoua project.lo~ for 

every ,\4:~,b), that (J,4), ().~) hold, Pb-.J, a'ld that vlth the convantien 

(J,6' ), we have P,\+•P~ for every ,\,[a,b). Whenever E 1s the product of a h­

■Uy l!-<.~E[a,b], vo shall con!!lder the projections P,1 defined above, which 

ve vUl call t.he ~'l(ln1c'!.!_ P,\ • In th\a cas~, l{).rp{~}(E) 1a cano'ltr.ally 
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la-rphlo \e ■A• f•r every AE~,\). 

Ib,on1 l,ll a) luppee• that •lther1 1) I l• a ••trl .. 'ble coapl•t• 

1u M4 •A•I-+■, AE~,\]01111u1111- P"JecUOM .. u.r,1ng c:,.a.). (:,.6) aiid 

(:,.6')eer z) S -~"'1,(E~ 0 'b)}, where the •..-•r• lt■ an4 the•,_. ~E[a,'b) are 

th■ c&l\onlcal PA<••• fteark :,.to 1 (:,.a.), (:,.6) and (:,.6•) autontlcall7 

held). Suppo■• further that C and rare l111ear ■u'bepacH ot I, •1th ccr, 

■uch that C e&t1■tl•• (:,.5), (:,.5•), (:,.9) a."'14 al■o 

(:,.u) C 1• 4HH 1n ,. 

(:,.1:,) C{A} l• u-JL (re■p. IL, -re■p. 'barrelled) tor every ~E[a,b]. 

Then, Fl• u-lL (re■p. IL, re■p. li&rrell.S), 

\) It, turthenor■, C • P and 

(:,.t)') C{.\} le 11--ultn'b.llL (r .. p. 111\n'b.lL, r-■p. ultrab.) fer all ~([a,b], 

then, r l• 11-ultn'b,JL (re■p. ultra'b.lL, r••P• ultra'b.). (See al■o 

the R•-rk ·:,.25, tor further lntoraatlon l" thl■ ca■e). 

Preor. a) I) Let ua pron tti• u-JL-nes■• 

It r were not 11-IL, there would ex1■t a ■equenoe •• ot clo■.S ba­

-J.a,io.S ■u'beete ot r ■uch that •••••cA_.1, vhtch conn r, 'but non• ot th■ 

•• would 'be a 0-ngh'b 111 r. 17 ().12), none or th• ••nc would 'be a 0-ngh'b ln 

C (otherwl••• the clo■ure ot •.nc ln r, vhlch l• contained ln ••• would 'be a 

0-n,h'b ln r). Call D••A.JIC. 17 (:,.i:,), tor each ~£[a,b] there ex1■h ■o■- p 

euch that Dl&{A} 1■ a 0-ngh'b 1n C{A} , hence by Prop.:,. 7b) there exleh 

oE~,b] and a ■equ■nce dnf:~ 1 b] such that o~e ot the concUtlon■ hold•• 

(),14) or n• n• 
{

1) dnfc and n.nc(d c) 1■ not a 0-n&h'b ln C(d c)• tor all ■ and n1 or 

U) 4n.lc an4 D.flC(c•,,tn) 1■ not a 0-ngh'b ln C(c,,t")• tor all ■ an4 n. 

~l!,l~• In cue (),14) 1), ther■ la a aeque11ce ,;.«c(dn,o) whlch ha■ 

property 1- ln I, ■uch that l(J•,xn) l■ a Banach dlek or I and euch that 

x.J.""a tor every n. In cu■ (J.t4) 11), there la a sequence Xu£C(c,~n) vhlch 

hae property J• ln I, euch that B(f•,xn) 1■ a Banach dl■k ot I and euch that 

XnfnA,., 

Then, 'by Prop.:,.~.•• have B(R"',xn)cr, eo that B(t•,Xn) la a Ba­

nach dl■k of r, conlahl11g all the Xn• By Prop.2.9'b), there 1a eoJH p such 
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th&t AP a\eorbe J(f'".xn)• Since •nfnAn fer every n. ve h&ve XnjnA
1 

fer •v.! 

ry n~p. •hlch le a contradlct1on. Hence, r 1• u-JL, aeau■ed the olat■• 

Proof of the cla1■, The proof 1• a little .different for -ch of 

the casee .1) and 2). 1)1 I aelrlzable coaplete. _Let Vk be a funda■ental 

aye tea of balal'lced 0-nghb_ 1n I, euch that Yk+VkCVk-l for every k>2, In the 

case (J,14) 1), elnce »nnc(d c) • Anne( ) 1• not a 0-nghb ln C(d ) f•r 
ft• dn,c n•c 

each n 0 there le ~EYrf"lC(dn,c) such that ~{ nAn. By Prop.2.15&); the eequan 

ce 'lt.n h&a property l"' ln I and B(j"",~) 111 a Banach dt"k ~f II:, The. case 

(J,14) 11) has a sl■Uar proof. 2)1 I~ lT[E..-•<l'l~,b]}. In the case (J,t4) 

1), a1nce "nnc(dn,c) 1a not a 0-nghb 1n C(dri;c) for each n, there 1e •n E 

C(dn,c) auch that ~¢ nAn for every n, :11nce dn1c and xlG(dn,c)' 1t follewe 

that, for every o/E~,b], J-c•f••x~ ,to} 1a f1n1te. By Prop,2,15b), t.he sequen­

ce xn h&s property 1~ 1n I and B(l~,xn) 1a a Banach disk of B, The case 

(J.14) 11) has a ft1■1lar proof, 

II) Proof of the BL-ness, 

If r were not BL, t.her• would exlet a sequence C• of _closed ac 

eubeete of r ·which covers r, such that c.cc.♦ 1 for every •.• but nene oC the 

c. being a 0-nghb ln r . If we take "•· - 2a-1c., then A +A ,2A -z"c c A 
• • • • ■+1 

and AP ts a 0-nghb lf and only .tr Cp le a 0-nghb, Hence 0 _ a al,.ilar proof aay 

be given, utilizing the corresponding condition (J,tJ), 

III) Proof of t.he barrellednesa, It la exactly the sa.,.e as that 

of I), ut111zlng the corresponding condlt1on of ().!))_and the re■ark that 

r la barrelled 1f and only lf, for each barrel T of r, lf we call A••2"r, 

then ao■e AP ls a 0-nghb ln r. 

b) I) Let us prove the u-ultrab,BL-nesa. 

Let"• be a sequence of balanced aeta of r which covers r, such 

that A••A•C A■+t for every • and, for each Banach d1ak B of r, there 1■ p 

such that AP absorbs B, Ve shall prove that there le q such that A
4
flc 1s a 

0-nghb ln C (without asau■iy_that G • F), ln al■ost the sa■e way as tn a)I), 

Suppose that none of the A.nc were a 0-nghb ln C, By(),\)'), for 

nch )(~,b] there la eo■e p such tt~t Apllc{),} 1a a 0-nghb tn Cp} hence, 



-346-

"1 Prop.).7'11), there exle\a c€~,-ii) an4 ·a Hq11ance 4
11

,[a,~J allOh ·that one of 

the conlllUen• l) or U) of (). 14) hol4a. Th.ft, · the a&11• olala of a)I) l• 

prov-4 111 exactlf the au• way. Then, l,y Prop.:,.8, a(g•.~)cr ao that a­

•Ce"",-,.) le a Banach 4l•k or r. ly hypothe•l•, there le p •uch that A1 abeorba 

•• whlch le a c011trallllctlon, elnce x11;nA, for every aJp. 

Bence, lf c-r. •• conclucle that A
41 

l• a 0-nghb ln r. 
II) and III) The proof• of th• ultrab.lL-ness and or ultnbomolo­

glcalnesa are related to that. or 11-•1ltrab.lL-ness ln th• saae way as those or 

IL-ness and 'barrelledness are to that or u-lL-n•••• 

!h!!!!!LlJ.1: Let I be a aetrlcable coaplete lts, P.,\tl-il, l£~,b] 

continuous projecllona, C and r linear eubepaces of I wllh CCP, aaUafylng 

(:,.4), (:,.-•), ().S). ().9') and (J.12), Then, a) Pl• 11-ILt b) lf, aoroover, 

c·-r, then r 1• 11-11ltrab,IIL. 

~. a) u-llL-neast Analogo11• to that or Th.).11 1 wlth the !ollo­

•lng 4lfferencea1 one applies Prop.).?a) lnalead or Prop.),?b), concluding 

that there l• c£~,bJ and a aeq11ence 4
11 

s11ch that 

t) i 
(dn,c) (d11 ,c) · 

. 1 dn c and D•flC ls not a 0-nghb ln C for any a and n 
().14') or · (c ,d ) (c,itn) 

. U) dn!c and D,f1C II l• not a 0-nghb ln C for any a and a. 
. · (d ,c) 

One preves then a slatlar clala, wlth xn belonging to C n er 
,.(c,411 ) 
v ln•te&d or C(dn,c) or C(c,dn)" ln exactly the ea■e way . Applying 

Prop.J.8' instead or Prop.).8, one concludes tl'lllt l(R•,x
11
)cr, an1 continues 

.. befen. 

b) u-ultrab.lL-ness1 lt l• analogous. 

Theo rt• ) 1 11'' Let I be a aetrhabls l ls, P,1 , C and F be u ln 

Th.),11 a!ld. i the co■plellon or 1!.(th~ projections P.111 ➔ 1! have then a uni­

que conllnuoua extension P,1 ,t-➔ t.) 

a) Supposa that (:,.4), (J.4'), ().5), (J,12) and the following hold• 

· {for all x,i, 1) lf c£]a,b) an1 ;,_.(x)t'C r~r all .,...r~,c[,then P (x)EF 
(:,,9•) a,.J 11) lf c,~ 0 b[ and (I-,})(x},c for all fE]c,b} then (I-Pc5(x),r. 

Then, r la u-BL. I(, •oreover, C-F, then r ls u-ultrab.BL. 

b) Suppeae th'lt ().4), ().5), ().S'), (:,.6), (:,.~•), (J.12), (J.tJ) 



-347-

and the fell••ln& cend1t1en hold1 

{

r~r all x£t1 1) 1f ·cE]a,b] aid Jl'(x);C for ail f'l[a,c[,then ;c_(x)E"f 
().9"~ ~ • . . . . . • 

anJ 11) 1f cE ~,b[ and (I-P1,J(x)EC for all pt]c,~then (I-Pc+Hx~f 

· (where °i•A- ,and P,\t denete the ~onlinueue_ extensions •f P,\- and '~•) 

Suppose alao that {PA •AE~,b]} le equlc.ontinuoue_ (which, "by lte-~k 

),:,C) le autoaatically verified if •ne assu■es that I le an [-barrelled lte 

or a 'barrelled lea). 

Then, a) F 111 u-llL (resp·. BL, resp. barnlled)1 h) 1f, aorener, 

~-r ·and (J.13') holds, then F 1• u~ultrab.BL (resp. ultrab.BL, ·resp. ultrab,). 

Preof. a) fro■ (J,4) one get~ 11111ediately P,1~•P,_.PA •P ■inP,P} ter 

all ~,fl~,b], which 1s (J,4) for i a...d P1 (3.9•) 111 (3.9•) fort and P1 
(J,S) and (3.12) are the aa■e for E and P, and for E and P. Apply then Th.3. 11• . . 
to I and P. 

b) As 1n a), fro■ (3.4) one gets the corresponding (3.4) for i and 

P, Since the eel of all P.\ 1s aqu1cont.1nuous, the sa■e happens to the eel of 

all ;,\, and since II: 1a den"ae 1n t, lt Collova froa (J.6) that th·• ·correepon- · 

dlng (3,6) for I and J also holds, It la clear that (3,5)," (3,5•), ·(3.12), 

(3,13) and (J,13') for I and Pare the sa■~ for i and P, and that (3.9-•) 

la (J,9) fer i and P. Apply then Th.),11 to i and P, • 
. . 

Re■•~ If Fla~ lin~ar aubspace of alts E auch that ·, ls 

ultrabornologlcal &.'l'i dense 1n l, _it does not .fol~ow 1n general. that Ela 

ultrabornological (co11para •1th Re■ark 1,01 see also Prop,S,?, under another . 

axio■atic). Suppose that Th.J,llb) were true without the hypothesis that 

,.,. Slnce, if condltlone (J.4),(3.5),(j,5• ),(3,6),(3. 6• ),(3,9),(3,12), 

(J.1)') are true for C ,r and I, they are also true for C ,fand I, provided 

,. - .. - -rcr and r h dense in F, it would follow that for every such r, F would be · 

ultrabernolo!ical, vhlch 111 a rather strong property, without appearance of 

bein& poaslble ln general, Thia explain• why the proof of Th.J,ltb) didn't · 

werk without the hypothesis c-r. However, one can circu■vent such a nuisance 

descrlbing precisely vhat klnd of spacer one vtll deal wlth, What ve d• in 

the Aequel 1A to describe the s■allest ltnear subcolpace of E which contains 
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P•f1'11tl9 ]1 16 Let I N • lte. C • llnear sullepace •f I and 

P.\ 11➔1. ,h:(.a.b] oonUnueua llnear •pplnge ■at1af7lng ().,). (),5). ().5• ), 

(),6) ant ().6' ). It Jl(I and a(c<•~'b, we aay that JI 1■ of ~I ln [c,cl] lf 

(lj. -P
0

)(J1)tC tor al~p([c.4[. and •f ~~ 111 ~,d] 1f (Pd-P,-)(J1)EC for all 

pi]c,d]. Ve denote '7 r(c) the {P-closure of G ln S (where (fl• the Ht of 

all P,1 ), whlch 1• deflne4 to ba the ■et of all JI£& for which there l■ eoae . 

d1Ylalon a-t.<t1 •••<\,•b of (a,b] (clependlng on J1) auch that P{tj}(J1)EC for 

j•0,1, ... ,11, and euch that ln each interval [tj_1,t}, J-1, .... n, JI la •f 

type c 1 er •f type c2 ( the type aa7 vary froa on• interval to the other). 

Proposition 31 17 Aeauae the corrlltlona of Def,),16 hold, ancl that 

r(C) ta th• f-cloaure of C ln •• Then, 

t) r(C) l• a linear subspace of I, such that CCP'(C) 

U) C la dense ln P'(C) 

lll) P'(C) satlsfles ().9) 

1v) P'(C) 1• the a"lllest linear subspace of S contalnlng c. for which ().9) holds. 

froo( (eket.ch of)t)In order to ahow that J1+7, F(C) when JI and 7 be­

long te 1(C), one ahould flrat verify that, a) lf JI la of t7pe C1 or C2 ln 

(c.it], then lt la of the aa11e t7p·e ln every subinterval of [c,d]1 b) 1f JI( 

r(c), then P{.\} (J1),c for all ~E[!L.11] 1 c) 1f JI and y are of th• eaH type ln 

[c,d] .then J1+y 1■ of that a&H type ln [c,4] 1 d) if JI and y are of dltrerant 

type• ln [c,d] and c(e<d, then JI and y are of the HIH type ln [c,e] and •f 

the s&11e type ( th• other one) in [e ,4] • 

11) It J1EP'(C) and a•t
0
< ••• <tn•b ls soae associated dlvlalon. then 

by Prop,).tc) one has 

().18) JI• E (Pt _ -Pt +)(x) + L P{tl(J1) • 
J-0 j+t j J-0 y 

where the aecond aua belonge to C. If JI 1• of t7pe c1 ln ~j,tj+1], one shows 

flrat that (lj.-Ptl)(x)£C. for all ,~-Jtj,tj+1[, S':.:_ce Ptj+,JJ1) • 

• 11• P~(J1), lt follow• th&t (Pt _-Pt,♦)(x)£ C , and the flrat aua be-
p--+t j+l-_, · j+t J 

longs to c. 

111) Ir x,1 a:td i;.Cx)fC for all f<c, c->nllidar the division ••c<b, 
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SinH (}-P • .)Pc_(x)•?(x)-P~(x)EC !orallp-<c, Pc_(x) 1• •! type c 1 in [a,c]. 

Since (P'b-Pf')Pc_(x)•OEC for. allf>c, Pc·_(x) 1■ of type c 2 1n _[c,'b]. J!oreover, 

P{c}pc_(x}•P{b}Pc_(x)-OEC and, ·u ono takes. eo■e fE]~,c[, •~ huo P[a}Pc_(x)• 

Pa+Cx)•Pa+CP,.(x})ec, hence _Pc_(x)£ P'(C}. · · · 
: . . . 

iv} Let P' 'be a linear eubepace of I containing C for which (J.9) 

hel~s, and let xEf(C), One h.as to show that xlF, By (J.18), it ls enough to 

sh•v that y•(Pt,t+-i--Pty)(x)Ef. Suppose x _·1s _or type c 1 i~ [tJ,t.t+- 1]. Ve ha­

ve Pl'(y)•OEC 1! f!tj a.nd Pt'(y)-('l'-Pt +Hx)£G if' tj<f<t,tt-t• Since P' ea.tis-
. j 

fies (J.9) ve have Pt _(:,)£ r. But Pt _(y)•y, hence ylf. · • 
,t+-1 _,t+-1 · 

Les11& J.19 Let bl and i 2 be tvo linear Ka.usdorff topologies on a Ve_£ 

tor space P', with c1ct2 , Ca linear ~ubspa.~e of;, nuch that C 1a denae _1n 

(r,r;2), and th.at the restrictions of'i, a~d r2 to C coincide, Then, ~ 1-G2, 

· ~- L.t ~. c~i1 F 1-(r,1';1) and r 2-(r,&2}: s ·1nc~ C 1a dense 1n r 2 , 

it 1a also dense in P'p hence the canonical inclusion 1 1 ,r 1 :::::>C ➔f2 , wh1ch 

la continuous by hypothesis; h.aa a (unique) contlnuou~ extension v 1,r1~J
2

• 

Conalder also the canonical ..appl.ngs 12 ,_F2-->f1 an:i 11f
2
~>;

2
, which 11:re CO.!! 

t1nuoua. Since v1,t2 and 1 are both l1n~ar continuous aapplngs fro■ r2 into . 
r 2 which leave each eleaent of C fixed and C is dense in r 2, •• aust have 

v 1• 1
2
-1, Since 12 1s a bijective 11apping and 1 the canonical inclusion, ve 

concN,le that the illa«e of v1 ls r
2

• Then, calling ,,.r1➔ F2 the aapplng de­

fined by w(x)•v1(x) for all xer1 , one has w-121, therefore 1;
1 

1a continuous 

and 12 la a topological 1soaorph1s■, ■ 

Corollary J,20 Let r be a lea, ,u the ultra'bornoleg1cal space asso­

ciated to P' a!Y.t Ca linear subspace of P', If T and · ,u 1nduce · the aa■e loj>O­

logy on C and C 1a dense 1n ru, then r.,u, hence F 1a ultnbornologic~l-. 
; t : 

·Theor~ Let I be a lea, PA1l➔ E, AE[ia,b], linear conl1nuou_a _ 

,.applnga, Ca linear subspace of 1 ·satlafying (J.4), (3,5), (J.5•-).. (J,6), 

().~'), F(C) th~ f-cloaure of C in S, and auppoae that 

(J,tr) clA} la ultnbornological for every ~l~,b}. 

Then, P'(C) la ultn'bomolog1cal 1n_each of the following caaeat t) 

Ii: la aetrtuble co•plete (aftlt lcs) I 2) I • Tf {,:-c' o.'l~, b]} , where the Et( are 
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lei• and the P). an \he canonical I.\. 

la!!!• le•rk tint that, by Prop.).17, r(c) aatl■fle• (J.9) and 

().12). Lei P(C)11 'be the ultra'lt. le■ an .. c1at.S to P(C) and Yan ac 0-ngh'lt 

ln r(o)11, that t■, Y 1• an ac ■et which alleorll■ all Janach dl■b of r(c). 

Sine■ all th• hypothNla of 1'h.).\1b) hold,·•lth the exception •f the oondl­

tloa c-r(c), •• concludH fro■ the ln1t1al part of the proof •f Th.).Ub) 

(which doe•n•t need ■uch hypothe■1■), that WIC l• a 0-nghb 1n C (with the 

top6lo«7 induced by P(C)). Thi■ ■ea11■ that F(C) and F(C)11 induce the eaae to­

polOQ enc. ly Cor.).20, lt reaa1n■ only to preve that C 1• dense ln P(C)11 

(we only know, by Prop.J.17, that C 1• den•• ln r(C)). 

Let xEP(C) and a•t0 < ••• <tn•b an a■aoclat.S d1v1a1on. Jy (J,18), lt 1• 

eneugh to ahow that fer each J, the ele■ent y-(Pt •Pt +)(11) 'belongs to the 
j+l. J 

clN11re o_r C ln F(C )11 • Ve will prove that only ln the case II la ot type C 1 

ln &3,tJ+1J, leaving to the reader the ca•• ot type c2 • Call for ■l■pllelty 

c-t3, d•tJ+l' ao that y-(Pd_·Pc+)(x). Sine• 11 1• or type c1 ln [c,d], 11e ha­

,,. (1;i-P
0

)(x)EC for all pl]c,d[, and ualng th• fact '{c}(x)lC one can ahev . 

alao that yf' • (~-Pc+)(x) 'belo114a to C, hence y • 11■ -,,. ., v1th y,.E_C for 
J'➔ ~- I 

fE]c,,d[. 

£1!1.!1 There la v4C, a sequence anEJc,d[ auch that anfd and a aequen• 
"" 

ce Xu E Cc ,:t) such thatl 1) y • w + L X,.. , U) th• sequence •n•Znx has 
an, n,.1 n 

property J"" ln S , arid 111) J(.l•,sn) 1a a llanch did: of I. 

Than, by Prop.J.8 va have l•l(r,sn)CF(C), hence r(c)1 1a a .Banach 

apace, vho■• non vUl be denoted by II II• Slnce slll, 11e hava ll1:nllH for all 

n, hence llx,..l~z-11, ao tha\ th• ••r1ea -f:.. xn la convergent to ao■e ele■ent 
n .. 1 

8 ln F(C)1 • Since the 1nclulllon 11P(C)1➔r(C)11 la cont1nuoua, 1t follova 

that euch aeries converges to 9 also ln 1(C)11
, and a fortlorl 1n r(c); a• by 

condltlon 1) a! the clai■, 6 •y-v. Since each partial su■ of that aeries be­

lenga ta C, thla shove that y-v belongs to the c losun or C ln F(C )11
, hence 

al•• y 'belongs lo that closure (becau■• vEC). 

!~.( ,2!_t.!le_cJ.a!•.a. 1) I aetrbabl• co~plete (and lea), Lat Yk be 

a ballla or cfoaed ac 0-n,i;hb 1n II:, vtth zvkcvk-t for all U2, an:i call 
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Vn • 2-nyn • then, Vn l• ala• a b&s1a of 0-ngh~ ln I, ani 4Vn - 2-n+Zyn C 

Vn-i for nl2. Si~c• y • lh ·. Yr , there ext'st. a ■equence 4n€Jc,11[ auch that 
I' ➔A-

dnfd and Y,. -yd E Vn for allf'E[dn;d[. Take xn • yd +t""1d and cn•2nxn • 
, n . n n 

then, xn£ V nc and s €. 2nv -v • ly Prep. 2.1.5■), en hu property 100 in I and 
n n n n 

B(J"' ,en) 1a a Banach disk of I:. Mow, ,...IL xn • ~ (yd -yd ) • Yd -yd , 
.., ~ ~ n+t n k+t 1 

hence the aerles J xn 1■ convergent (1n 1) to ( 11■ yr) -yd • y-yd , •• 
ii-;i µ ... J- 1 l 

if we taka W•yd ~ ve will h~ve wtC and the 1te■ 1) of the clai ■, On the ether 
l 

hand, ~•yd -yd •(P -P ' +)(x)-(Pd -P +)(x)-(P -Pd )(x), hence U' ife 
n+1 n dn+l c n c · dn+t n 

take an~Jdn-l 'dn[ for n~2 and a 1 ,]c,di(, then an1d and (Pd- -Pan♦ )(xn) • 

(Pd_-P8 ♦)(P4 -Pd )(x) • (Pd -Pd )(x) • ~ , hence xn£ C( d)" 
n n+1 n n+t n An• 

2) I• 1T{zo<1c(E~,b]}, (E-< being lea). Take dnE)c,d[ such that 

d 1d, and put ~-yd -yd and w•yd EC. As h1 case 1) one show■ that the 
n ~1 n 1 

1te■ 1) ef the clat■ holds a'ld that, tr we take an1:.Jdn-t'1n[ for ni2 and 

a 1 l)c,d 1[, then an1d and ·x £C( d)" Call nows •2nx • Then 1: €C( ) . 
n •n, n n n •n ,d 

an1, alnce anTd, we have J-<•fnlN11:~,'o) f1n1te for every •<€~,b]. By Prep. 

2.15b), & has property jl!I> 1n E and B(f~,s) 1s a Banach disk of E. I 
n n 

Re,...rk-Def1n1t1o~ Le~ E and C be as in Def. J.16. Then, it ta 

nsy te verify that P,\(•·(c))CF(C), 'AJF(C))CF(C) &"Id P>,,(F(C))C~'(C) for 

all ~t[a,b]. Moreover, F(C)(~} -C{AJ, for all A£[a,b]. Hence, one 11ay consider 

also F(F(C)) (the l?-closure of F(C) ln 1), which ts 1n general different 

fro11 r(c). More gene~lly, if we denote r 1(c)-r(c) an1 o( 1s any ordinal nUJl­

ber, we 11ay denote r"'(c)~F(F"·
1
(c)) 1f o( has antece.1ent <-1, a!'ld y°<(c) -

F( UF"(c)), if o( has no antece1ent. Of course, there exists the flrat erdlnal ,,., 
J such th1.t r'1+l(c)-r

1
(c) 1 this set vs vlll call the tetal IP-closure •f C 

in !. One has (r"(c)}c.\J -C{l} for every ~£e-,b] and every ordinal ot, 

Cerollary ).!£J If all the hypothesis of Th.),21 are sattafied, then 

F~(C) ts ultrabomolog1cal for every ordln•l nu,.ber ~. In particular, the t,2 

tal 6'-clesure of C 1n E le ultrabornologtcal (and also, by Th,).tl, u-ultrab. 

BL, prev1ded C(A} •re u-ultrab.BL, even when 1-1T1"). 

Ve glv• now a deflnltlon an~ soae results enly for reference (vithout 

proof) vhtch are a~alt>goue to Th.).lt (or, rather, to Cor.).2)) vhftn co?ldition 
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().9') 1• considered, 1netead of (3.9). 

Jefinltlon J, t6' Let I N a lte, . C a Unear subspace of I and 

PA 11--+I, ~E~;o], conUnuou• projection• Htiefy1111 ().4), (),4') and (J.5). 

Ve denote 'bJ r((c)) the 6' 1 -cloeure of C 1n I, . which le defined te be the 

set of all x(I for ~h1ch there 1• ao■e d1v1eion a•t0 < •• ,<t
11
•b euch that in 

each interval ~J-t•tj], j•t,, • • ,n, x 1• of type c1 or of type c 2• ly (3,5) 

it fellowe that P.\(C)CC for all ~{~,b], hence (3.4), (3.4') and (3.5) also 

hold• for C instead of I. Hence we u.y al■o consider the f• -clesure of C 

1n 'a', which 11111 bo denoted by r [C] • 

Proposition J.ti_: AssuRe the condition• ef Def.J.16' hold, Then, 

1) r((c)) 1• a l\near subspace of I auch that CCr{(c)) 

111) r((C)) satisfiflS (3.9•) 

tv) r((C)) 1• the saallest linear eubspa.c• of I containing C, sat1efy1n« (J. 9') 

In general, ~owever, C 1a not dense 1n r((c)), but r[c] sal1sf1es 1),H1), 

tv) •1th I replaced by C • and of eourse abo, 

11) Cl• dense 1n r[c]. 

A• ln (3.22). one ■ay define r"((c)) and r"[c] for every erJ1nal nu.!! 

ber a(, -.. well as the ~tal f:-cl~ of C 1n I and of C in C. 

It doeen't see■ lo be p~seible to get an adaptation of Th.3.21 in 

order to conclude that F [c) 1s ultrabornolog1cal when I 1a a ■etrizable co■-

plete lee a~ Ca subspace satisfyine: (J,4), (3,4') and (3.5). However, as a 

a1■ple consequence of Th.J. t1' one gets, 

Corollary ],Z]' Let I be a ■etr1zable co■plete lls, Ca linear subs­

pace, PA 11--+I linear continuous, ft&t1sfy1:,g ().4). (J.4') and ().5), Then, 

the total f •'-closures of C 1n I and 1n Care u-ultnb.lL. 

Re■ark ].~ When I 1a only a 11etr1u'ole .lea, sat\afying all the other 

cond1l1~n• of Th.3.21 and also 111th {r.l., >.E~,b]} equ1cont1nuous, then we iaay 

conclude that the 6>-closure of C 1n I 1a ultraborn,:,log1c~l, as well aa the 

iterated ,<-IP-closure and total O'-closure o'f C 1n i:.(whlch, 1n general, -Y 

be not contained 1n I). A ai ■Har reaark, ·correspo'1d1ng to Cor.J.2)' when E 

l• not co■plete, u.y also be for■ulAted. 



-353-

. . . 

Th.). 11b) holil ( w1 th C•F • •~ C PJ' ~ltrabornologlcd · for ~very AE[a. b] ). 

a) By Th.2.11. 1r F 1• an ultrab. lta and Y is an ac sul>.et of r. 

then a1)• a2) and a 3) are equivalent. that is, Y_i• a 0-nghb in F<==::> Y ab­

aerbe all Banach diab or F ~ Y absorbs all ac coapact subset.a of r ~ 

·v absorbs all null fast cenverient sequences or r. Aaauatng the hypethea1s 

of Th.J.Hb). let us aay_ tha.t a sequence xn 1a null o:'-rast convergent 1f 

there is cE~,b] and either a sequence dnjc with ~£F(dn•c) or dnJc v1th 

ic..iEF(c,dn) and U, aoroover, in the case I'! 1a Htrlzable coaplete and· 1e g1 

von a ba,iie of 0-nghb Vn 1n .E such that Vn+VnCVn-t for all nl2. one ala• 

haa ~EVn for all n. Of course, every null 6'-faat convergent eequence 1• 

null fa,it convergent. If one looks carefully at the proof of Th.J.ttb) in 

the ultrab. case. one sees · that, if V \e an ac subset of F, then V 1• a 0-

nghb ln F ~ Y ab!lorbe all null 6>-fast convergent sequences, 

b) Ae in the proof of the equivalence b1)<::>bz)~b3) of Th . 2,11. one 

aay also eee that, lf Hie a lea and · u,F-H le a linear aapplrl(!, then u le 

conttnuoue ~ u ,ups null f-fast convercSent sequnnces. tn bounded eeque.nces. 

c) If Fie a~ ultrab. lee, then f ha.a the final l\a1t topolO@:y given 

by the 11M&r ..app.lr18S 18 ,r8 --t r, where we _ ■ay choose_ B to run thro1J4!h 

e1 ther of the sets ~ 1, G3 2 or SJ• 0}
1 

being the set of all Banach dlsk.s 

of F, (B 2 the eel of all ac conipact sub!lete of F and (BJ t~e aet of ac closed 

hulla of all null fast convergent sequence• of r. If besides the hypothesis 

of Th.J.llb) one aleo aseuaes that F 1• ales. than the eaae happens when B 

run■ through (9 4 , the aet of .ae clo,ied hulls of all null IP-rut convergent 

eequencaa of r. 

As a final observation, which aay be useful in eoae applications. 

Propos1 tion ) 1 26 Let I be a lee, . PA ~I ➔ I continuous projection• 

saUafylng (:),I♦}, with convention (J,6' ). Let A.J,C be ■ubeete of [a,b], 

and let 1 1 be the ••l of all x!I such that, l) there exiat■ 11a p (x) for 
l'-l- f 

all A£AUC (where we convention the ex1etence and eq•Jaltty to O of such Hait 
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1t ~-a). 11) there exlate 11~ Pf(x) tor all ltllUC (wlth a ala1lar reaark), 
, ... i+ 

ant 111) 11■ Pf(x) • 11■ ~'f(x) • PA(x) tor all ~,c. Then, a) 11 1• a 11-,-~- ,.-,.. 
near euli9pace of I, auch that P.4(11)c11 fer all ~,~,b]s II) ln the cue I 

la aequentlally coaplete and the aet et all PA la equlcentlnueua, then 11 

1• a cloud aulxtpac-_ at I. 

froo(. Stralghttorvard, 'but boring. I 

Qi1stlon• ) 1 27 a) Under the hypotheal• ot Th.J.tta) (or of Th.J.tlb) 

1f needed), wlth the convenient (J,1)) or (),tJ'), can•• conclude that Fl• 

.l-barnlled? •-BL? SB? TB? UBL? 

b) Saae aa a). but for Th,),11'. 

c) Under the hypotheaia of Th,),21. with the oonvenlent (J,13•), can 

ene conclude that r(c) la ultrab.BL? u-ullrab.BL? Vlth the aaae (J.t)•) 

but without aasu■ing that I la a lea, can one conclude that F(C) l• ullra­

bomeloglcal? (the proof of Th,),21 doe■ nol aee■ lo be adaptable lo these 

cases). 

d) Under the hypolhes•a of Cor.).2)', can one conclude tha.t r[c] 

(or F((C))) la ultrab.? at least lf I la asauaed to be lea? 

4, IXAKPLES Of APPLICATION OF THE RESULTS Of /) 

1) I aelrl~able co■plete 

4) Subspaces of .("°( [a, b) .x) 

Lat .X be a Banach apace and I: •f"'( [a,b],x) the space of funct•ans 

f1 [a,b]-+ l which are boundr.l, wlth Ur 11 •11upfl~( t) II• t£ ~, b]} , and define 

PA1l➔ I by (PAf)(t)•f(t) lf u[a,A] , (P.4f)(t)•t(,X) it tE[.X,b), for uch 

~£~,b]. '!'hen, I:· 1■ a fuach apace and {PA1.\e~ 0 b]} 111 an equlcontinuous 

(because all with nor■ t) set ot linear projections. which eatisftes (J.'•), 

and Pb•I, 

If we iu.ke the convention (J,6'), then the set 11 of the eleaenta f 

of I for· which there exiata HJi ,,.r and 11■ P,:.f for all AE~, b] , . whtch 
f-+~- f--'♦ I 

by Prop.),26 la a clos~ 11ubsp1.ce of 1,: la the apace C( [a,b],x) of regulated 

funct1ona define-! on [a,b]wfth values in x,· while the aet l:z ot th1t eieaents 
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f of 1 1 for which th• above l1■1ts are equal to PJ,..f 1f ~l]a, lo] ·•rid euch that 

11 ■ P .. f • P8 f 1■ e1.aply C( [a,b],x), and _It:,, the eat of_ the eleaenta· •f s1 ,.-♦ , . 

for which the above lt■lte are equal to P,1f for all ~E~,b] 1• c.( a,b ,X), 

the ap&ce of the contlnuoue function■ which vanish .at the point a, 

fte-rk that, 1f fill' then (P,1- r)( t)•f( t) 1f tE:~,A[, (P.A- f)( t) • 

f(A-) • 11■ r(t) 1f H~,b), for every .>.t]a,b], while (i>,+ f)(t)•f (t) 1f 
f ➔A• " 

t€~.>.]. (P,1+r}(t)-r(H).t~r.r(t) lf tE]A,bL for ever.v ).E[a,b]. Hence, 

P{,1} (1:1) 1e lso119rphlc to XxX for ).E[a,b[ and to X for .>.-b, while Pf,1}(1:2 ) 

le lsoeorphlc to {o} for lt)a,b] and to X for >.-a, and P{.\} (E:,) 1a 1sHorph1c 

to {o} for >.E[a,b]. Of course, 11:1 , t:2 and I) aat1sf1ea (J.6), 

The only result■ applicable to I are Th.).11' and Cor.).2J', vhlle 

to 1 1, 12 a'ld I:, the Th.),11, Th,).21 a.nd Cor,J,2) are alao available, Kore­

ever, by the re11ark above, \f X 1a f1nite-d1aens1onal and C la any 11near 

aubspace of E1 (1•1,2,)) aat11'fy1ng (),5) and (:3,.5• ), then Cp} CP(AJ (El) ; 

hence C auto11at1call7 slltlaflea (J,tJ), (J.1)' ) and (J,t)"). The sue ha.ppens 

v1thout reatr1ct1on on X, 1f C ls a aubspace of E:,, Ve state below the for­

gu}at1on of Th.),11 and Th,J,21 for these. s~ces. 

Theore■ 4. t Let H be one ef the spsces t:2-c([a,b],X) or 13-c0
(~bJ.x), 

C a!ld F linear subspaces of H such that ccr, C 1s dense in F and, 

(:3,.5) P>.(c)cc f•r all AE[a,b] 

(::,,9) {for all· f£H1 1) if c E)ll
1

b) and P,.. fEC for all fE~,c[, then Pc;fEf 
a~J 11) 1f c ,[a,b( and \l-Pl')f£G for all .fE]c,'b], then (I-PcJfEF 

Then_, F 111 u-BL 1n each of the following cases, a) H-E:,1 'b) H•l2 and X 1s f1-

n1te-d111ens1onal1 c) H•Ez and [f(a)afEG} ts a u-BL subspace of X, If G-Ji', 

then r 1a u-ult.rab, BL in cases a), b) as 'before, and c') H-E2 and {r(a)1fEG} 

111 a u-ultrab, BL subspace of X, (s1■1lar results hold for BL-ness, barrell~ 

ness and for ultrab, BL-neas and ultra'bornolog1calnesa, vhen H•E2 and X la in 

f1nlte-d1■ensional, with the appropriate requ1re■ent on {f(a)1f(G}). 

Theore■ 4 , 2 Let H-.G( [a,b) ,X), C and F linear 1111bspace11 of H such that 

Ger~ C 1a dense 1n r and 1 



().9)fter all ftlh t.) lf cf)a1'1i) ant P,.r,c fer all ,-,[a,c[, then •c t£1 
. '\.i•~ U) lf o £~,'b[ and \l~)l)t,C f.er .all fE)c,IIJ, then (I-Pc+Jr,r 

().1)) {f(,A+)-t(>.)t ffC} an4 (r(A)-r(>.-)1 M,} an u-lL (rHp. JIL,resp. bar­
nll .. ) au'bepacH er l fer all M~,b]. 

Then, r 1• u-JL (reap. IL,resp. barrelled). Meroover, t.f c-r and 

().1)') the aul:epacea_ of l aent1oned ln (3.13) are u-ullrab.JL (reep, ulln.b, 

IL, rnp. ultnb.) for all lE[a, b], 

then, r 1• u-ullrab,BL (reap, ullrab.BL, reap, ultrab.), 

Theore■ 4~J Lel H be on• of the apace• 12 or 13 (aa 1n Th.4.l), C 

a linear aubspace of H, F(C) lhe f-closure of C in H (eee Def,),16) and au­

ppoH ltl'I. i I 

(:,,.5) PA(C)CC for all A![a,b), 

Th~n, F(C) le ullrabornol~1cal 1n· each of lhe follov1ng caaest a) H~I:,, 

11) H-12 and l 1a t1n1le d1Aene1onal, c) H-12 and {f(a), fEC} 1s an ultrabor­

nelo,:1cal subspace of l, 

Theore., 4,'! Let H..C( [a, b] ,X), C a l1noar a~bspaco of H, F(C) the 

d' -c losur• of C ln H am suppose lh& t 

(3,.5) nd (),S') PA(c)cc, P.l_(c)cc. PA,(c)cc for all ~E[a,b) 

().t)•) {rU+)-r(>.)1 rec} and (f(>.)-fP-)1 fEG} are ullrabomolog1cal 
aubapacH of X for all ~E(a,b], 

Then, F(G) 1• ultrabornolog1c~l. 

Ve will glve_nov a few concrete oxaNplea of ullnbomolog1cal subs­

pace• of C( (a, 11] ,l), The reader asi.y provide ION■ which are subspace~ of 

c([a,b),x) "bul not of c([a,11],x). 

Exu~l• 41 S a) As 1ued1ate consequences of Th,4,1, lhe follev1ng 

•paces are u-ullrab,IL, where H-C([a,b],X) and lhe eels ■enl1oned 1n each 

case depend on the function t, 

r1-{tEHt t has derlvalivo except at aost on a coun~blo set} 

;2•{r,H, f has derlv, ~xcepl at aost on a set of null ■easure} 

F3•{fi!:H1 f has derlv, exc, at ■ost ona sel contdne-1 1n a closed count. set} 

14-{fEH:r _has dorlv. of all orders except o~ a eel Hke ~those. ·of r3} 

15•(ttr41 t•(t)•O on the points where f has derlv, of' all ~rdns} ' . . 
(recall that, 1f . f",O _on an open 1nte~al J, then r 111 linear on J} 
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b) A• 1aaod1at•· con•equence• of Th,4,) (and Th,4,t). the- follew1n« · 

subspaces of H•C( [a,b],X) are ultrabornologtcal {and u-BL)t 

r6-fr£H1 r · hao der1v, exc. at aost on a so\ v1th a finite nu■ber of} 
l accuaulatton polr.ta 
(becauso r6 1a the f-closure of G6-[fiH1 f has der, exc.at aost on1 ) 

l a finite aet J 

r 1-{r£H1 f has der, of all ordera exc, on a set Uke those of r6} 
(because Fi 1s the f-closure of c7-{f£H1 f has der, of all orders 1) 

. exc, at aost on~ finite aetJ 

Fs•{rt1•71 r•(t)•O on the points where f has derlv, of all orders} 
(because F13 1s the ~ -closure of c1,r{f£H1 . f la plece'!lse linear}), 

It ls interesting to co■pare these exa•plea with x3 and x4 of Cor,1.4, 

which are not even barrelled, 

The next klrid of exaaples 1a related to integrable functions. 

Suppose that for each patr ·(a,b) of real nuabers with a(b,nz( [a,b]) 

la a vector space of X-valuetl func·ttons defined on [a,b] and I(a,b)' 

Y)1,( [a,bJ)----, X ls a linear a'lpping ( I(a,b)(f) wlll be called the ~ral 

off on [a,b] and also denoted by J! f, while the ele•ents f •f J1l( [a,b]) 

w1ll be called !.:111te,;ra.J!!! functions on [a,b) 1 we .ake the convention that 

every function 1a integrable on ~.a], and that J: f • 0), such tllllt 1 

l) 1! fl [a,b]--iX and cl~,b), then f£Y7l([a,b)) lf and only 1f 

flra,c]EY}Z([a,c]) a!ld rl~.~1:Y7l([!:,b]) and 1n this case 

J! f • J: fl[a,c] + J: rl~,b] • 

11) 1f f1 ~,b]--+X ls zero except at •ost on a finite set, then 

fEr7l( [a~b]) And J! f • 0, 

111) if fdll([a,b]) and r(t)-r.. rl~.t] for all H[a,b]. then fECO([a,b],x). 

iv) 1f Hr1t( (a,b]) and ~c<d~b, then 'Xr,, .tl rdQ ( [.,b]). 
(where X. E•ci.J denotes the character1'5trc foJnct1en of ~,d] ), 

. Let _then ("1th the notation of Hi)}, J~,b]'ni((a,b])➔ C0([a,b),X) 
be defined by J~,b](r)-1'. Of courae, J(!,b) b a Unear ..apping and, if 

I( [a,b],X) denotea the quot.lent of YJl([a,b]) by kerJ~,b]• we .aay consider 

the quotient. upping j,I([a,b]_,X)➔ C0([a,b],X). If, for each fEl'Jl([a,b]) 

we put. lllflll- llrll, lhen Ill Ill le a ee111nora on ni ( [a,b]) and its quotient 

nern, at.ill denoted by Ill Ill, !lakes I( [a,b],x} isometric, through J • t.o 
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• lla•r •11'-,-e• C ot C•( [a,'11],1). •• •-t• ., l tile -.11tvalanca clue •a­
\arat..a 'r f. 

Jt la clear tt.t, lf fdJt( [a,'11)), t.hn I',\ (l)-'1 <J5','lt] r)­

Jia.~l~,A) f), Ilene• P"(c)cc fn all .\,[,..•]. · 

Chm eucb u 1ntecral J, we aa:, U.t f• p,'11]~1 la J-lnl!Brabla 

Ill u,p l■u:ont ap1H ,_ (a,'11]) la -· .,, the f•ll•tac CUNI 

· a) , l~rJ, "l ([a,r)) for all,,[ •• •[. ua there ulata ,~ ( rl~.,.1 

<••ot.al il •.• ><r>>, 
'It) ·f fr., '111' nf. ( ~. IJ]) for •11 1EJ•.•l. -s tllare HS.ta 1\a f. f Ir ..... , · r-• !.I ,.-.at .,- .,-•., 

(alao clenotail Jla,ll)(r)). · · · · . 

I.at t.hn flt'( [a,'11)) ._ t.ba ..t el l-wal11..t r-u- 4af1Md °" 
~,'It] ■aeh tt.t there edat.a a dhla1-. ••t0 < ••• <t.•'lt ot f,i,'11] (4epend1aa on 

f) aueh lt.\ f Ir. t,.1 lo J-1nt•ra'bla la tho 1apre,-r a- for 1•1, •• •"• 
t•l-1 • V 

an4 define Jla 'lt)(f) • ?- J(\ t ·)Cr j, · · tJ ). . · 
' ~ t-1• l rt-t• . 

· Thn, rJl1( (a,'11)) and Jla,'11)• u a and 'It -1'1• Mt.laf:, the - eon-

1Ut.\eaa l), U), Ut), h), liat111 1i u a:atana1oe of I, Md t.he earrN,-l1"1C 

.,,1 ... J'~-~ ta an e:alenalon or '~--l· I.et • eall c
1 

the i .... ot , •• l!) • 

•Mcb ia a H'llllpac• or c
0
((a,1J],l) la-trlc to J 1([a,1J],x). Jt ta ... :, ta 

-.arlf:, U.t al Sa the f-c:loaura ot C 1■ C
0

( (a,11) ,X). le call JJf 1( [a 0 '1t]) 

the apace et tunct1ona which are CauchJ-l-lnty.ra'ltl• of \he fin\ order on 

[a,'11]. or •--n•• t.hl·a ,roc:e4un ay lie !tented, •• U.t tor .ch ordinal 

111m'bar II we gal the apace rJL"'( (a,'11]) of the functl- •hlch are Ca11elq-I-t11-

lMrabla of o:rdar r{ on Ea,1t], which •Ill correspond to _the ,-cloaUN of 

order ee of a. 

_ The thrN -t. iaport.ant exupln of 1ntegnla are t.he 11••""• t.he 

loc:hnar (which reducff t.o the l.abeacu•• whell l 1• • or C) aadl the lunvell 

(which reducff t.o the De11joJ-Porron, whe11 I 1• ■ or C) integral•• wtt.h t.ha 

_c•rr•ponUnc apacff of lntegralJla tuftetlon■• All of thea Mtl■f:, cond1Uona 

t), U), Ill) an4 h). I.at r,z O 'be the apace of tunetton■ t, ~.b]➔ I vhlch 

-.antah outalcl• a ■et. of null -un. In the c&ae of the loc:hner lftt.cral 

one hu Ole • lar J~,b] • 'ltut 111 the cu• of Rleaaftn or ICunvell lfttag.r'ala 



-359-

and for ao■e 1nf1n1te~1■enaional apace• I, the Ker}~.~ -y be not cen­

t&ined in Y'Ylo· Vh&t on~ always ha■ ls• t£ Ker /~,'b) ~ J: r/~,t] • 0 for all 

H[■ ,'b]. The noni Ill lllon I( [a,'b],x) in the ca.ea of the ICul"l'-weU integral 1• 

called the Alex1ewicz noni. 

Ve ■ay then consider the Cauchy-Rieunn, Cauchy-Bochner and Cauchy­

-Xunwell integrable functions of order~- The clasa of 1Cunwe11 integrable 

functions has the special property that lt co1nc1dea with the c·lai.s of Cau­

chy-1Curu1e1l integrable functions or order 1 (hence also of every order«). 

Ae an l■aedlate consequence of Th.J.11 and Th.J.21 we have, 

Theorn 4,6 . a) If X 1s a Banach apace, ni ( [a, b)) and I(a, b) defined 

for afb aa.Uafylng 1), 11), 111) and iv), and e< 1s any .ordinal nuaber ~1, 

then the nonaed space I"( [a, b] ,X) of Ca~chy-I-integrable functlona of order 

o<on [a,b] 1a ultrabornologlcal and u-BL, b) If, further■ore, q 1([a,b))- . 

tJl( [a,b]), then I( (a,b],X) 1a even u-ultrab.BL. 

!!,■pl~ a) The following spaces are u-ultrab,BL1 

r
9
- {t, f1 [a,b]-4 X 111 Kurzwe11-1ntegnble} 

(when X-ft or C, 19 la the space .of (cl&.~ses) Denjoy-Perron int.func.) 

r10-{r, f1 [a,b]~ R ls Denjoy-Khlntch1n integrable} 

b) The following spaces are ultrabomological and u-llL (for all 1(~1), 

r~
1
-{r, !1 (a,b]·➔ X ls Cauchy-Rle..ann integrable of order oe} 

F~2-{l, f1 [a,bl -➔ X 1s Cauchy-llochner lnte!!rable of order c} 
(when X-ft or C, Frz 1s the space of Cauchy-Lebesgue lnt,func, ord. o<) 

It 1• interesting to coapare r!2 (and also 1
9
), in the case X•R or C 

wtth the exa■ple r4 of Cor. 1 ,6, The space {:r, f1 (a, b]- II ls Lebesgue lnteg.} 

1a 1eo■otr1c to tho apace of absolutely continuous funct1on11 on [a,b] which 

vanish at the point a, which 111 a closed hyperplane of Y4 , hence it ls not 

even b.rrelled. 

Re■ark 4,8 In the case of r
9 

a!ld F10 (or, ■ore generally, of Th.4,6b), 

a sequence i,. 11111 be null IP-fast convergent 1f and only 1f lllrnlll<2-:1 for 

a.11 n and 1f there 1s cE[a,b] and a sequence dn such that either dnjc a!"ld 

fn•O outside [d,.,c) (that la, the integral of rn on every subinterval of 

[~,b] whlch I.a dbjnl.nt of ]dn,c[ is o) or dn!c and r.,-o oubl<!e [c,<tnl• 
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Then, ene -, appl7 ••-rk ).25. 

••-rk '•2 a) Th• exaapl• 1lven ln Reaark 2.7c} of a noned lee which 

la UJL 'but n•t u-lL ( (J1)1, wlth Cl<p<t) l• al■o, by Cor.z.t6 and Reurk 2.tJ&\ 

ultra'bornologlcal. 

b) In leaark ~-7•) exa•pl•• ••r• glven (the projective teneor preduct■ 

or tw■ lnflnlte-dl•enaional Banach ■paces) er non-coaplete neraed ultrabom•­

l9«lc■l apace• which are UIL but not u-BL (hence, not u-ultrab,BL). 

c) ExAaplee a) and b) of thl• Re-rk were probabl7 the ai•plest known• 

onea of non-co•plete ultrabornologlcal nor•ed epacee (but they are not u-BL). 

Ve believe th&t the ■ost natural . eu■plee of ■uch epaces are those glven ln 

lxaaple 4, S and 4. 7, 1'h1ch have the further ad van~• or 'belng u-lL (as a 

ooapeneatlon, we don't know wether they are UBL). 

1) Subspaces of a Kilbert apace 

Ve only aent1on that, lf a resolution of the ldentlty {E(.>.)a A(RJ 

on a Hilbert apace H ls glven a'ld lf one takes a hoaeoaorphisa y:R-+]0,1[ 

whlch le lncreaaln~, then lt le eno11&h to· call PA•!(f-1(A)) lf )E]o,1[, P0•0 

and P1-I, ln order to have a ra,U7 P.laH...,..,H, At:[o,ij, ·of contlnuoua prejec­

tlon• aatl■f71ng (J.4) and (J.6}, and vlth the convention (J,6') one haa 

PA+-PA for all ).Eft,,t), arid P1_-I. Thus, thee~• le ready for the appl1ca­

tl011 .C the theoreM of IJ, 

2) Subspaces of s-71{,:1(1 oce~. b~ , Ii:" lte 

1r·x-(x.,}, we put 1Tl(x)•x,1, so 1T>.al--¾IA 1e a linear continuous np­

plng,_ and . e~pp x • {CICtl_a, b] a x°',to}, Here• we take the canonical _P,l .(see Remark 

J.10) hence (J,4), <:,.6} and (J_,6') always hold. Moreover, P>,•P,1+, for all 

A-£~,b]. hence, 1f G satiafles (J,S) and (J.s') w~ have c{A} -C{,x-}. which 1e 

topologicall7 bo111orphle to the subspace of l,1 given by lT,.(c). The atateaenta 

ot Th.J,11 and Th.J,21 cannot be ll'JCh s1apllfled in the general case, but lt 

ca'I when we aaauae that lTA(C)-r,. for every Al~ 1 b], Then, C' ia den11e ln I 

and for xEI one has P,1 (x)EC~ ,,._ (x)EC, therefore ve get a 



Theor•• 4 1 \0 Let I - lT~ .. • at'((a,b~, where I" are lu, with th• cano- . 

nical P,\• Let C and F be linear subspace■ of I with CCI' and euppou th&t1 

(:, • .s) PA(c)cc for all XE[a,b] 

(4.11) llA(C) •I~, for all ~£[a,b] (hence. by (J • .S), &1110 (J • .S') holds) 

{

' x£1, 1) 1f cc]a,b] and r,..(x)£C for allfEC-,c[,then Pc_(x)E1 
(er, equivalently, Pc(x)Er) · 

(J,9) and . 
11) 1f c£[a,b[ and (1-P~)(x)EC for allpt},b],then (1-Pc+)(x)Er 

(er, equivalently, (1-Pc)(x)(F). 

Thenl a) F ls u-BL (resp. IL, resp. barrelled), provided the le are u-BL 

(resp. BL, resp. barrelled) fer aii ·o(E~,b]. b) If ve assume further th&t 

C•Y, then Y ls u-ultrab.BL (resp. ultrab.BL, resp. ultrab.) provldeJ the E" 

are of the respective type for every o(E[a,b). 

Theore111 4,12 Let I -lT~c• o<E~,b)J, vhere the K_,are ullra.borno­

leglcal lee, vlth the canonical P,\, and C be a llnear subsJ>lce of I eatis­

fylng (J.5) a:,d (4.tt). Irr 1a the 6'-clo1Sure of C 1n E, then r ts ultra­

bornolegical . 

l!xa1!£1~ a) The folloving subspace:, of s-lT{to(, o((e. b]} are u-ul­

tra.b.BL (resp. ultrab.BL, resp. ultrab.,resp. u-BL,resp. BL, resp. bilrrelled) 

provided every II:-< 1s of the respective typei 

Hl • {xi£, supp x 1s at aost countable} 

Hz• {xd:1 supp x 1s a 1111t of null 111eas~re} 

HJ• fxfEt supp x ls contained in a closed countable set} 

b) Tl:e folloving subspaces of I are ultra.bornolog1cal, provided every 

SI( 1s an ultrabornologlcal l csa 

H4 • fx£E1 supp x 111 at •ost a countable set with a finite nu~ber of} 
accW1ulallon points 

(that 1s, xE Ii:~ the derived set of su;,p x 1s fin1 te) 
(because H4 111 the 6'-closura of c4- {xEE1 supp x 111 finite} in 1) 

H5 • { x£E1 the derived eet of second-order of 11upp x 111 flnt°te} 
(becaus e H5 1s the fl -closure of H4) 

etc 

Ruark 4.14 It 1s vl!ll knovn th&t the s~ce Hi hi J.-ulln.bornolo­

glc&l, ultrab., /,-barrelled, barrelled, provided the I_. are ot the respec­

ttve type (these follovs fro~ Prop.2 of [5]) and thal c4 is 'bornolog1cal 
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vheca I" are llom•loelcal. 'but c,. la not \arnllecl even when l,c -a for all4(. 

It eo\114 lie eoHwhat eurprlel~ that 113• an4 -lnly 1,., an uUra'bomolegl­

cal (hence barrelled). ·d\le to th• ••aaln•a•• of th••• •paces, 

lie.ark i.,i, In the cue of Th.lt.,,'b), a uquenc• X. ln r •111 'be 

null f-fut co11vergent lf a~ oaly U' there l• c E ~. b] and a aequence dil 

&uch that elther dnfc and eupp x,. c}l.,c( er dn!c and aupp Xa c}:,4
11

(. 

lleMrk ),25 can then be applied, 

.5. S01DY4Y'S .UION 411D TD ULTRABOR!IOLOCIC4L LTS 

Solovay'a ax1oa aaserta that• •each subset of II 1• Lebesgue-ae&su­

rable•, Of oourae thla ax1oa l• lncona1atent •1th the (uncountable) ax1oa 

of choice 'but, u ■hevn 'by Solovay [16] • that ■tateaent cannot 'be dlaproved 

ln the ayetea zr+DC, where DC l■ a weakened fora of the axloa of cholce, 

which lapll•• the countable axloa of cholce. Hence, only by ~•an■ of the un~ 

countable uloa of cholce lt 1■ poaslble to construct & non-~eaaurable sub­

Ht of II, 

Let us denote Solovay'e axloa by S. The le■ ln •h1ch every sealnons 

le continuous were called good by Carnlrf§), and he proved that ln the aysteN 

ZF+DC+S every Frechet (or, even aore generally, every aequent1ally coaplet■ 

bomologlc&l) a~c• la a good apace. He also re..arked that, lf I 1■ a good 

■pace, 1' a lea and u11~r a linear aapplng, then u la continuous, thus tr1-

v1allzlng the closed graph theoreN, since lt supressea any closed graph 

· u■uaptlon when the departure space la & good space, In particular, every 

llnear functional on a good apace ls continuous. Froa the point of vlev of 

those who like to work wlth the ayste~ zrc (that la, with the (even uncoun­

table) axloa of choice), that result aeans that lt ls laposslble only wlthln 

the aystea zr+DC, wlthout appeal to the uncountable ax1o■ of choice, to cons­

truct• dlacontlnuou■ linear functional on a good spa.ca (thus, for instance, 

on a rrechet apace), 4a a coapensatlon, not every vector apace has an alge­

braic 'be.ale ln the ayatea zr+DC+S, 

Re11&rk that the def\nlt\on of good ap&cfta N■k~• sense ~lao for lts. 
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0.e et the Nill pur,-••• et thl■ f h te characterhe the .... ■,a­

ce• ln the eyet•■ ZP'+DC+S (within th• cl••• •t lte) aa th• ultra\omeloelcal 

lte. The proof le, 1n tact, ■o el■pl■, that It l■ difficult to underatand 

how Cam1r could have ■lased It, after having don■ all the hard work, Thus, 

the ultrabomologlcal le■ rlae In l■portance, ■Ince not only there l■ a very 

general clesed graph theore■ for ultrabomologlcal lee •• departure spaces 

ln the syete■ ZtC (It ls enough to take the e-vebbed spaces ef DeVtlde,for 

range spaces, which ls a large clas■ with several stability properties, In­

cluding every apace of Interest for practical analyet■), but the closed 

~raph theore■ beeo■es trivial for the■ In the syste• Zf+DC+S. 

Tro•..ru!~L we are assu•lry; the syste■ ZT+DC+S, unless the contrary 

ls explicitly stated, 

lle■ark 5, 1 a) ly the correspondence betvee!I aealnor■■ and certain 

ae absorbent subset.a of a vector space, It la clear that a lta ls a good apa­

ce If and only If every ac absorbent set 1• a 0-nghb. Thus, the good lea are 

those which have the finest le topology! 

'b) Let ua be precise about the •e,.nlng of ult..bornologlcal space, 

they are those vhieh aatl■fy condition a 1) of Th.2,11 (they uy be only lts), 

o) ly [6], every Banach apace le a good apace. 

d) In iJ •• never used the uncountable axlo■ of choice, hence tho■e 

result■ re■aln valld 1n the eyate■ ZT+DC, Therefore, the en■ples of f4 are 

ultr■bomologlcal ln the syste• Zf'+DC, and a fortlerl also In ZF+DC+S. 

frop .. 1t1on 5,2 A lta 1a good If and only 1f lt ls ultrabomeloglcal • 

.!'..!22!• a) Let I be an ultra'b. lt■ and Yan ac absorbent ■ubsat ■f I!, 

Let I be a Banach dlak of I, Then, la•la--t I la linear and l91(Y)•Ylls» la an 

ac absorbent. eu'bset of Ea• Since la ls Banach, hence a good space (lle■ark 

S,tc)), YflZa 1■ a 0-nghb In Ea (lleurk S,ta)) hence Y absorbs I, Since I la 

ultra'b., Y la a 0-ngh'b (lleurk S,l'b)}. 

'b) Let I 'be a good apace •~ Y an ac subset ot I vhlch absorbs eve­

ry Banach dlak, Then, Y la 1n particular absorbent, hence (lle■ark s.1a)) a 

0-~hb 1n IE, Thu11, IC le ultra'bornol~lcll.l. I 
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Copllan: 5,J L.t I be a lta. Then, I 1• ultrabomologleal 1f an4 

•nly lt, tor every le• r, ev■ry llnear upping u1l-+P 1• contlnuou■• 

Since Hahn-Banach•• theoN• doe■ not hold ln every le■, one ha■ t• 

lie careful with the 4eflnltlon of Plackey ■pace■, 

Deflnltlcwi ~.4 a) A le■ (1,r;) 1■ a Rackey apace lf there 1• not any 

le topology on I etrlctly finer than~. which ad■lta exactly th• •••e linear 
,conllnuouJI 
~onala a■ (1,C). b) Clven a le■ (1,~1) and a le topology , 2 on I, finer 

than i 1, •• uy that (E,r;2) 1■ the Kackey space asaoclated to (l,~1l 1r1 

1) (1,t2) la a Mackey ■paces 11) (E,t1) and (1,~2) have the aa•e continuous 

linear functienala. 

It 1• not clear lf every le■ adaita a Mackey apace aaaoclated to lt. 

However, every ultrab, lea (s,i) la a Mackey space, alnca, la the flneat 

le topolegy on I, 

Corollary 5,S Let (s,~1) be a lea, The follo•in& condltiona are 

■quhalent, 

a) every linear functional on (1,~1) le continuous, 

b) there exlsta the Mackey apace (!, ~2 ) aaaoclated to (r,r;1), and 
(E,~2) la ultrabornolc,«leal. 

P~. a):::::)b)• By hypothesla, (z,,1)•-s•, Let f 2 be the le topolo,:y 

on I whlch has as a ba~l• of 0-nahb the eat of all ac absorbent subsets; 

then, (1,~2) 1■ a good apace, hence a Mackey ■pace. Moreover, s• ::,(s,t2)•=:, 

:::,(r,t1)• ••••therefore (1,,2)• • 1• • (s,~
1
)•, ao that (E,i2) la the 

Plaekey apace associated to (1,i;). 

b)=}a)i l• trlvlal, by Cor, 5,J, I 

In the next reurk we point out ao•e facts (1n ZF+DC+S) whlch .ar■ 

false (hence unexpected) ln zrc. Part a)l) of it vae alrelldy Nde ln [6], 

for good ■paces. . 

Ro11ark 5,6 a) t) Let I be an ultrab, lea, r and C 0l1nau ilubspaces 

of I vhlch are algebraic eo•ple■ents. Then, rand· Care topological co■ple­

•ent■, hence closed ln I, and 11lt.rab, (ae q1,1ol1enta of 1), In fact, let·· 

P1l-+P be the llnear projection of I onto P vlth kernel C. Then, by Cor,5,J 
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P haa to be contlnuou■ ,therefor• I and rare topological co■ple■•nte ln I. 

11) It tollo••• 1n particular, that evaey t1n1t• or 1nf1n1te-countable cod1-

••na1onal subspace of an ultrab. le• I 1• cloaed in I and 1• ultrab.1 in the 

1nf1nlte-countable case, ■oreover, every a4ebra1c co■ple■ent 1• closed ln 

I, l• a topological coapleaent, and la 1soaorph1c to K(N) (alnca every coun­

table dlaenetonal ultrab. space 1e 1soaorph1c to k(N)). Hi) Aa a coneeque.!! 

ce, a aetrlzable ultrab. lee has no 1nf1nlte countable codlmenslonal subspace. 

lv) Therefore, an 1nflnlte-countabl■ dlaenelonal aubepace of a aetrlzable 

ultrab. lea haa no a~ebnlc co■pleaent. 

b) If I and r are ultrab. lcs and u1I➔ r 1a a linear lnjectlva aap­

plng such that u(E) 1• not topologically 1eoaorph1c to I, then u(I) h&a no 

a4ebra1c coapleaent 1n F. Otherwise, by a)1), u(I) would be ultrab. and 

both u1l---+u(I) and u-1au(I)---+ I should be cont1nuou11, hence I laoaorphlc 

to u(I). Thus, for instance, 11 (• J1
(N)) has no a4ebra1c coaplement ln J.2, 

alnca J1 with the topology induced by J2 1a not coaplete and a fort1or1 not 

1aoaorph1c_to 12• 

Analogously, 1f I and J" are ultrab. lea a?"ld ual--. F a linear aapp11'18 

auch that u(I) la not topologically laoaorphlc to a quotient of I (by a clo­

sed aubepaca), then u(I) ha• no a4ebralc cnapleaent ln r. 
c) It I la an ultrab. lcs and ls a proper, dense, flnlte or lnflnl­

te-countable codlaenalonal subspace of a lea F,then r la not ultrab., Other­

wise, alnce I has an a4ebraic coapleaent 1n r, I would be closed ln r by 

a)1), against the hypothesis, By the laportance of this result,•• state a 

particular case of lt aa a proposltlona 

Propoe1t!cm.._5.1. Let H be an ultrab. and dense proper subspace of a 

lee I. Let x ( 1--H, and r • H + sp(x) . Then, r le not ul trabornologlcal. 

Since ln ZP'+DC+S the class of lea wlth tha finest le topology collaR 

sea lnto the class of ultrab, lee, one could suppose th~t thte later one 

coul.,t collapse into the class of barrelled lea, at least vhen lntanected 

with the class of noraed spaces. Next Corollary shows that th1a ts not the 

case . 
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Corollap 518 Ther• .xl•te a nonud barrelled •pace whioh l• not 

ultra'bornologlcal (in Z,+DC+S). 

b'.22!• Tau S.-C( [a,b)) ant n..r1 of 1Cxa11ple 4.,5&) (with l-R), which 

la an u_ltrab, den•• eubspace of C( (a,b]) by lie.ark 5.td), By Balre'a theore■ 

or 'by Veleratraaa' ea11ple of a continuoua function without derivative at 

any polnt, H la a proper eubepace of•• So, 1f xf l'H and. l'•K+ep(x), I' 

cannot be ultrab, by Prop,5,?, But r la barrelled by Re11~rk 1,0, which holds 

also ln U+DC+S. I 

ReN.rk 519 Many n!?!l•ultrab. apacea constructed 1n the avste■ zrc 

cannot be constructed ln the svate11 zr+DC+S. ror lnota.nce, assu11ing zrc, as 

a particular case of a reault of YaMlvia [18], every 1nf1nlh dhens1onal 

Frechet apace has a dense t\yperplane which 1a not ultrab. (h1a proof relies 

heavily on the uncount.11.ble axio11 of choice), !y Reinark a)il) euch construe+ 

tion 1• 1■fO&alble 1n zr+DC+S, However, the sa11e question in the pos1t1ve 

case la not ao clear, 

"'1estlon S1 10 a) Ia every lee I which can be constructed and proved 

to be ultrab. in ZFC also constructible and ultrab, 1n ZF+DC+S? or at least• 

b) If a lea can be constructed in both ayate11a and proved to be ultrab. in 

zrc, la 1t also ultrab. 1n Z,+DC+S? 
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