Advances in Colloid and Interface Science 342 (2025) 103492

Contents lists available at ScienceDirect

Advances in Colloid and Interface Science

FI. SEVIER

journal homepage: www.elsevier.com/locate/cis

L))

Check for

A comprehensive review and trends in lubrication modelling | e

Suhaib Ardah ™", Francisco J. Profito ", Daniele Dini®

 Department of Mechanical Engineering, Imperial College London, London SW7 2AZ, UK
> Department of Mechanical Engineering, Polytechnic School of the University of Sao Paulo, Sao Paulo, Brazil

ARTICLE INFO ABSTRACT

Keywords:

Lubrication

Fluid-solid interactions
Multiscale modelling
Machine learning

Lubrication plays a pivotal role in modern society, given its significant economic and environmental implica-
tions, particularly in relation to friction, wear and the failure of moving mechanical systems. With recent
breakthroughs in computational architectures, the development of advanced simulation frameworks has been
greatly accelerated, facilitating the study of surfaces, lubricants and additives at unprecedented scales. However,
the inherently multiscale nature of lubricated contacts necessitates a delicate balance between computationally
efficient continuum descriptions and detailed atomistic accuracy for addressing the complex physiochemical
phenomena spanning vastly different spatiotemporal scales. This review explores the dilemma of modelling
inherently multiphysics tribological interactions, which drive the evolution of lubricated interfaces and shape
tribosystem performances across the scales as accurately and simultaneously as efficiently as possible. It critically
examines state-of-the-art modelling tools, their applications and limitations across spatiotemporal domains.
Moreover, the capacity for machine learning to aggregate extensive datasets, address multi-physical complexities
ranging from atomic dimensions to macroscopic scales and accelerate simulation workflows is explored, offering

transformative perspectives for the future of lubrication modelling.

1. Introduction

In the ever-evolving landscape of research, the science of rubbing
interfaces, encapsulated within the field of tribology, has witnessed
numerous advancements and continues to evolve across a plethora of
disciplines. The technological developments driven by the Industrial
Revolution [1] have shed light on the impact of friction and wear on a
myriad of engineering and natural systems, emphasising the importance
of a comprehensive understanding of the physiochemical phenomena
occurring at contacting interfaces. Tribological interactions play a crit-
ical role in everyday life and are ubiquitous in diverse systems [2],
ranging from biological applications, such as dental care [3], cartilage
rehydration [4] and blood circulation [5], to industrial applications,
such as transportation [6], energy [7] and nanomaterials [8]. Fig. 1 il-
lustrates the realm of applications featuring tribological interactions.

Conceptually, lubrication refers to the practice of controlling friction
and wear between interacting surfaces that engage in continuous rub-
bing by interposing a substance that facilitates their separation and
smooth movement. Although lubricants are commonly found in liquid
state and composed of base oils (e.g. mineral and synthetic oils) and
additives [22], they can also exist as gases (e.g. nitrogen and helium)
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mostly used in low load and high-speed contacts [23], and as solids (e.g.
graphite and polytetrafluoroethylene) in applications where conven-
tional fluid lubricants may not be as effective, such as in aerospace and
nuclear radiation environments [24]. When a lubricant is introduced
into the vicinity of sliding interfaces, it forms a thin, easily sheared film
that inhibits direct contact between the surfaces, thus enforcing fluid
friction in place of dry friction. This film also acts as a carrier, trans-
porting interfacial heat and undesired substances such as wear debris
and contaminants away from the contact region. The effectiveness of a
lubricating film is dictated by its ability to control the multiphysical
tribological interactions that occur in highly localised regions inside the
contact [25,26] (see Fig. 2A). These interactions govern not only the
evolution of the contacting surfaces but, ultimately, the performance
and lifespan of tribosystems. However, in many practical applications, it
is often impractical for a lubricant to ensure the complete separation of
the contacting interfaces due to the severity of the operating conditions
(e.g. high thermomechanical loads and low speed), the lubricant’s
constitutive behaviour governed by intermolecular forces, and the ad-
hesive forces driven by contact topography. Therefore, various lubri-
cation regimes can emerge, influenced by tribological interactions at the
macro-, micro- or nano-scale, either independently or collectively. In
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this context, numerical simulations play a critical role in predicting the
interplay between various multiscale and multiphysics phenomena,
such as fluid flow and cavitation, complex rheology, heat transfer and
thermal effects, asperity contact, surface wettability, adhesion and
percolation, all of which occurring simultaneously across different
length and time scales [25] (see Fig. 2A). Achieving a comprehensive
understanding of the underlying mechanisms governing friction, wear,
lubrication and failure at tribological interfaces can contribute to the
tailoring of innovative surface engineering technologies and advanced
materials and lubricants for more reliable and cost-effective tribosys-
tems [27,28].

The conception of rigorous mathematical formulations [24,29-32]
and the relatively low computational demand associated with approxi-
mating their solutions have catalysed the extensive utilisation of con-
tinuum mechanics-based models for simulating lubricated contacts over
large spatiotemporal scales. Such simulation modelling has been
implemented in academic codes using conventional discretisation
schemes [33-35] (e.g. Finite Difference Method, Finite Element Method
and Finite Volume Method) or in commercial and open-source software
packages based on the Computational Fluid Dynamics (CFD) approach
[36-39] (e.g. OpenFOAM, Ansys Fluent and COMSOL Multiphysics),
through which the behaviour of lubricated contacts can be elucidated.
Nevertheless, the breakdown of continuum theories at the micro- and
nano-scale levels [40,41] limits the applicability of continuum-based
predictions to long timescales and large length-scales. Consequently,
phenomena governed by atomic and molecular interactions, such as
complex rheology, wall-slip and tribofilm behaviour, microscale shock
waves and fluid-solid interactions, cannot be accurately modelled using
continuum-based modelling techniques. These limitations can be
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addressed by adopting atomic-scale simulations (e.g. molecular dy-
namics (MD), Monte Carlo (MC) and Density Functional Theory (DFT))
[42], which unravel the underlying atomistic and molecular interactions
to provide insights into the molecular origins of the macroscale behav-
iour of tribosystems [8]. Atomic-scale modelling techniques, facilitated
by open-source software packages such as the Large-scale Atomic/Mo-
lecular Massively Parallel Simulator (LAMMPS) [43], Vienna Ab initio
Simulation Package (VASP) [44] and QUANTUM opEn Source Package
for Research in Electronic Structure, Simulation, and Optimization
(ESPRESSO) [45], elucidate the dynamics and interactions of molecular
assemblies representative of nanoscale phenomena. For instance, MD
simulations [46] can be employed to examine the constitutive behaviour
of lubricant flow by tracking the trajectories of molecules confined
within a system based on Newton’s equations of motion and interatomic
potentials. Despite these advantages, atomistic simulations require high
computational demands and are limited to small length- and time-scales.
Therefore, they are incapable of accounting for heterogeneous processes
that occur in realistic, full-scale systems.

Fueled by the rapid growth in computational resources [47], multi-
scale modelling has emerged as a novel simulation strategy designed to
overcome the limitations associated with single-scale simulation
frameworks. Multiscale modelling is complementary in bridging the
expansive spatiotemporal scales of complex engineering systems
[48,49], thereby contributing to accelerating the development of fric-
tion reduction technologies for rubbing interfaces. This is achieved by
simulating macroscopic continuum models based on information, such
as surface roughness effects [50-53], film viscosity [54,55] and slip
length [56,57], obtained from finer-scale computational models, rather
than resorting on deterministic or empirical constitutive models [58].
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Fig. 1. A representative flavour of applications that feature tribological interactions evolving at contacting interfaces, including but not limited to, technological-,
biomedical-, ecological- and industrial-based tribosystems. The reader is referred to [9-21], beginning with “Augmented reality” and moving clockwise through the
references for an overview of the direct and indirect role of tribology in those applications.
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However, robust bridging algorithms and appropriate boundary condi-
tions [59] are fundamental to multiscale models as they govern the hi-
erarchical coupling of various single-scale sub-models. These algorithms
and boundary conditions collectively contribute to linking the gap be-
tween the various spatiotemporal phenomena in engineering systems.
Recent studies in other scientific disciplines [60-62] have advocated for
the synergistic integration of machine learning (ML) tools with scale-
bridging multiscale models. This harmonious approach can facilitate
automatic feedback between coarse- and fine-scale simulations, extract
relevant parameters for known physics-based problems, expedite the
solutions of ordinary and partial differential equations, and develop
robust models to predict atomistic trajectories efficiently. Nevertheless,
the success of ML models is intertwined with the quality, quantity and
relevance of data, as well as the complexity of the simulated system. This
reliance explains the relative scarcity of ML-integrated studies in the
field of tribological simulations [63-65].

This paper aims to review the current mathematical and computa-
tional modelling and simulation tools used to predict the interactions
that govern the tribological performance of lubricated interfaces across
the different spatiotemporal scales. The primary focus is on computa-
tional approaches, and while various other factors contribute to tribo-
logical behaviour, an in-depth exploration of these aspects falls beyond
the scope of this review. Instead, we highlight theoretical frameworks
and numerical methodologies that underpin the modelling of tribosys-
tems, providing a structured perspective on their predictive capabilities
and limitations. Additionally, we offer prospective views on integrating
machine learning models to address the challenges in modelling the
multiphysics and multiscale behaviour of tribosystems. Accordingly, the
remainder of the paper is structured as follows: a succinct background
on lubrication regimes is provided in Section 2, followed by a review of
state-of-the-art modelling techniques employed to uncover tribological
mechanisms at the macro-, micro-, and nano-scale levels in Section 3 —
Section 5, respectively. Building on this foundation, Section 6 discusses
the coupling strategies employed in multiscale models, while Section 7
explores the integration of machine learning algorithms in tribological
simulations. Finally, the paper concludes with concise remarks in Sec-
tion 8.
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2. Lubrication regimes

To introduce our overview of the mathematical and computational
modelling of lubricated interfaces, it is essential to establish a compre-
hensive understanding of the correlation between lubrication regimes
and operational and tribosystem conditions. The Stribeck curve, depic-
ted in Fig. 3A, portrays the different lubrication regimes—boundary,
mixed, and full-film lubrication—as a function of the dimensionless
Hersey number H = yU/W or film thickness ratio A = hy;, /0, where 7 is
the lubricant dynamic viscosity, U the surface velocity, W the applied
load, hy,i, the minimum lubricant film thickness, and ¢ the combined
standard deviation of the surface roughness. The Stribeck curve is a
fundamental tool for qualitatively understanding the lubrication re-
gimes, the transition in frictional behaviour between them, and their
dependence on the aforementioned operational and tribosystem
parameters.

2.1. Boundary lubrication

In the boundary lubrication (BL) regime, the total applied load is
carried by the surface asperities, and the friction behaviour is governed
by the interactions between these asperities and the composition and
kinetics of tribofilms attached to the surfaces [66,67]. Tribofilms are
thin molecular layers formed as a result of complex tribo-
mechanochemical interactions between lubricant molecules and sur-
face materials and roughness. This regime generally results in higher
friction forces compared to other lubrication regimes. Machine elements
operating under boundary lubrication often function at high loads and/
or low speeds, characterised by insufficient hydrodynamic film
separation.

2.2. Mixed lubrication

As the lubricant film thickness increases, it begins to fill the valleys of
the surface topographies, and the lubricant in these valleys can become
pressurised, partially supporting the applied load. The contact between
the asperity tips supports the remaining load, thus characterising the
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Fig. 2. Multiscale and multiphysics aspects of modelling tribosystems. (A) An overview of the physiochemical events that transpire at rubbing interfaces. The third
figure is reprinted from [25], with permission from Elsevier. (B) The hierarchical nature of lubricated contacts spanning different spatiotemporal scales.
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Fig. 3. Multiphysics and multiscale characteristics spanning the lubrication regimes. (A) A typical Stribeck curve illustrating the lubrication regimes and the
relationship between the friction coefficient and the dimensionless Hersey number H = »U/W or film thickness ratio 4 = hpin/0, which combine operational pa-
rameters, lubricant properties and surface roughness information. (B) A pictorial overview illustrating the variations in the frictional, asperity and hydrodynamical
effects of tribological interfaces with respect to the lubricant volume that inhibits the contact vicinity. (C) A schematic of the key factors that drive the evolution of
contacting interfaces under boundary, mixed and full-film lubrication regimes. This diagram highlights the critical roles of surface roughness and materials, tribofilm
composition and kinetics, lubricant rheology, contact geometry, surface deformations, applied load, surface velocities and thermal effects in determining the pre-

vailing lubrication regime and the associated frictional behaviour.

mixed lubrication (ML) regime [68]. Mixed lubrication is more preva-
lent at moderate operating speeds and loads or when more viscous films
are formed compared to boundary lubrication [69]. Friction forces in
this regime are governed by the properties of both the tribofilms and the
lubricant, and their magnitudes are lower than those of boundary
lubrication.

2.3. Full-film lubrication

A further increase in the lubricant film thickness, driven by higher
surface speeds and/or increased lubricant viscosity for a given load,
leads to a greater proportion of the applied load being carried by the
fluid film and a reduction in the load supported by the asperity contacts.
A sufficiently thick lubricant film completely separates the contact
bodies, resulting in a full-film lubrication regime subdivided into hy-
drodynamic or elastohydrodynamic regimes.

In hydrodynamic lubrication (HL), the hydrodynamic pressures are
insufficient to cause significant elastic deformation of the bounding
solids. This regime is commonly found in conformal contacts such as
piston skirts and piston rings—cylinder liner contacts, sliding bearings,
journal bearings, thrust bearings, and spherical bearings, among others.
It is characterised by lower friction coefficients compared to the mixed

lubrication regime, as portrayed in Fig. 3A. The film thickness and
frictional losses in the HL regime are mainly influenced by the lubricant
viscosity, contact geometry, surface velocities, and thermal effects
imposed by the operating conditions [24].

Conversely, elastohydrodynamic lubrication (EHL) involves fluid
pressures that are sufficiently high to induce significant elastic defor-
mation of the contacting surfaces, establishing a strong coupling be-
tween hydrodynamic pressures and fluid film thickness. Depending on
the contact geometry, load magnitude and mechanical properties of the
contact surfaces, the EHL regime can be subdivided into hard-EHL and
soft-EHL [31]. The hard-EHL regime is typically found in lubricated
counterformal contacts, such as line and point contacts involving surfaces
with high elastic modulus (e.g. metals). Examples of systems operating
under hard-EHL include rolling element bearings, gear tooth contacts
and cam-followers. In these cases, solid deformations occur mainly due
to the surface compression induced by the elevated fluid pressures (~ 0.5
GPa to 5 GPa) developed in the contact. These high pressures also
significantly influence lubricant rheology, particularly piezoviscous,
density-pressure and shear thinning behaviours, and so must be
considered for accurate predictions. In systems undergoing continuous
rubbing and operating under hard-EHL conditions, the separating film
thickness typically does not exceed 20 % of the average distortion of the
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surfaces [70]. In classical EHL, the central and minimum lubricant film
thicknesses are considered to be primarily governed by the lubricant
entrainment speed and rheological properties at the low-pressure contact
inlet. In contrast, friction is significantly affected by the lubricant sliding
speed, rheology and thermal effects within the contact region. For a
comprehensive assessment of classical hard-EHL, the reader is referred to
the detailed reviews by [71-73].

Recent research based on the quantitative EHL approach has revealed
that in real hard-EHL contacts, the minimum oil film thickness is gov-
erned not only by inlet lubricant rheology but also by the high-pressure
viscosity response and glass transition pressure of the lubricant [74,75].
Conversely, it was confirmed that the inlet lubricant low-pressure vis-
cosity predominantly influences the central film thickness; however, for
accurate central film thickness predictions, the maximum lubricant
pressure and the shear dependence of viscosity at the inlet should also be
considered [76]. Furthermore, results from quantitative EHL studies have
highlighted critical aspects affecting EHL friction. These include the
significance of lubricant viscoelasticity on traction, the effect of thermal
conductivity of coatings on EHL friction and the finding that the
maximum traction coefficient is not always a limiting stress. Addition-
ally, the assumed equivalence of a traction EHL curve to a flow curve
and the initial linear region of a traction curve have been scrutinised
[75].

The soft-EHL regime typically occurs in lubricated conformal contacts
and/or in systems involving surfaces with relatively low elastic modulus
(e.g. rubber, soft contacts). Even in conformal contacts with high elastic
modulus under moderate loads, significant solid deformations can occur
due to the global flexibility or compliance of the entire structure rather
than surface compression. In these cases, the lower load magnitudes
and, consequently, lower hydrodynamic pressures (< 0.5 GPa) make
changes in the lubricant rheology (mainly piezoviscous effects) less
prominent and sometimes negligible. More recently, the effect of vis-
cosity on the deformation behaviour of soft contacts has also been
incorporated in visco-elasto-hydrodynamic lubrication (VEHL) solvers
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[77,78]. Examples of lubrication systems operating under soft-EHL
include journal bearings, thrust bearings, elastomers and biomechanics
devices. In this regime, the lubricant film thickness and friction are
governed by the surface velocities, lubricant viscosity and thermal ef-
fects throughout the lubricated domain.

Notably, even under severe EHL conditions, the contact surfaces can
remain fully separated by a continuum lubricant film, with no asperity
contact (full-film EHL). However, the mixed-EHL regime is established if
asperity contact occurs under EHL conditions.

3. Full-film lubrication: Depicting the continuum behaviour

Simulation frameworks based either on the Navier-Stokes equations
or lower-dimensional Reynolds-type equations have proven effective in
providing satisfactory results of relevant physical phenomena occurring
in lubricated interfaces at the basis of the continuum mechanics theory.
However, the high computational cost and complexity of traditional
computational fluid dynamics (CFD) solvers, typically used to solve the
Navier-Stokes equations, have propelled the use of Reynolds-type
solvers, which offer a more computationally efficient approach to
evaluating thin film lubrication problems. This section presents the
fundamentals of Reynolds-type solvers, including the mathematical
models that describe the physics of lubricated contacts, as well as the
coupling strategies commonly used in the solution processes to account
for the interdependent interactions between lubricant film flow, struc-
tural deformation and interfacial heat transfer. Detailed derivations of
the governing equations, along with descriptions of the numerical
methods generally used to solve these equations, can be found in spe-
cialised textbooks [30-32,34,67,70,79-81]. A Cartesian coordinate
system Oxyz is adopted to represent the mathematical models, with Ox,
Oy and Oz axes corresponding to the longitudinal, transversal and ver-
tical directions, respectively, as illustrated in Fig. 4.
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Fig. 4. Modelling the macroscopic (or continuum) behaviour of lubricated interfaces, such as in mechanical ball bearings of vehicles, using coordinate trans-
formation, mesh generation techniques and discretisation methods to solve the governing equations numerically. These include, for example, the continuity and
momentum equations for fluid flow, as well as the energy equation to account for thermal effects.
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3.1. Lubricant film flow

The Reynolds lubrication equation is widely used to describe the
lubricant flow behaviour between lubricated interfaces, mainly due to
its lower computational cost and complexity compared to solving the
full Navier-Stokes equations [36,82]. The Reynolds equation is a lower-
dimensional, second-order partial differential equation that governs the
pressure distribution within thin lubricant films. The classical Reynolds
equation is derived from the Navier-Stokes momentum and continuity
equations, based on the following simplifying assumptions of the
lubrication theory [29-32,34,70,81]:

1. The fluid is assumed to be a continuum medium, and the
Navier-Stokes equations are applicable.

2. The lubricant film is continuous and fully separates the contact
surfaces.

3. The film thickness is much smaller than the other dimensions of
the contact. This fundamental assumption of the lubrication theory re-
sults in negligible pressure gradients across the film thickness.

4. The lubricant flow is assumed to be free of edges, and inertia
effects are negligible. This is due to the thin film characteristic of
lubricated contacts, which generally results in laminar flows with very
small Reynolds numbers, where slow viscous flow effects predominate.

5. Body forces are considered negligible.

6. No-slip condition is assumed at the fluid-solid interfaces.

7. The contact surfaces are considered perfectly smooth, without
roughness.

8. The lubricant properties are assumed constant across the film
thickness.

Given the surface contact kinematics vi(x,y,t) = [u1 vl]T and
Vo(x,y,t) = [ug vo]" in the x- and y-directions, the lubricant film
thickness h(x,y, t), the lubricant dynamic viscosity #(x,y, t) and density
p(x,y,t), the hydrodynamic pressure distribution within the lubricant
film can be described by the classical Reynolds equation, which in its
expanded and strong conservation forms is expressed as follows
[30-32,70,81].

9 (phs ap) L9 <ph3 ap> 0 [ph<u2+ul >} L0 {ph(vﬁvl)} _d(ph)

ox\12n0x ) " oy\12p0y ) ox 2 ay 2 o
@
d(ph
Vo([aVp) = Ve(I'eve) + %, @
Poiseuille Flow Couette Flow Squeeze
P10 _ .1 0 _fwtw) @) ]
Rt 0) o) O] v [ e
T
where p(x,y, t) denotes the hydrodynamic pressure, V() = {%) %} }
x

represents the gradient operator, /'y and I'. are the diffusivity and
convective matrices, respectively, and v, is the average surface velocity
vector.

Although the classical Reynolds equation (Eq. 2) effectively describes
the lubricant flow behaviour through narrow gaps, it does not properly
account for variations in the lubricant properties across the film thick-
ness. Nevertheless, these limitations have been addressed to extend the
applicability of Reynolds-based models to a broader range of lubrication
problems. The so-called generalised Reynolds equation (GRE) [83] ex-
tends the lubrication theory by incorporating thermohydrodynamic ef-
fects, allowing for variations in the lubricant properties, such as
viscosity and density, across the film thickness. Accordingly, the gener-
alised Reynolds equation can be expressed using the aforementioned
variables as follows [30,34,83,84]:
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The reader is referred to [85-87] for a thorough derivation of the
generalised Reynolds equation for non-Newtonian thermal elastohy-
drodynamic lubrication, which explicitly incorporates lubricant’s
rheological law into the formulation. Additionally, for a comprehensive
discussion on the derivations, validity and limitations of Reynolds-based
models, the reader is referred to [88-90].

3.2. Fluid-film cavitation

Cavitation is a critical phenomenon in fluid-film lubrication, char-
acterised by the rupture of the lubricant film when the hydrodynamic
pressure falls below the saturation pressure of dissolved gases or vapour
pressure of the lubricant [91,92]. Fluids generally cannot sustain the
tensile stresses associated with sub-ambient pressures, particularly in
lubrication systems where intense shear stresses and viscous dissipation
prevail. When pressure drops below the saturation limit of dissolved
gases (gaseous cavitation) or the vapour pressure of the lubricant
(vapour cavitation), the lubricant film breaks down, forming cavities
filled with a biphasic mixture of liquid and gas/vapour [93-95]. Cavi-
tation is initiated when tensile stresses exceed the fluid’s tensile
strength, resulting in nucleation of gas or vapour bubbles. These bubbles
can expand rapidly under continued low pressures and collapse violently
when local pressure is restored. This bubble collapse releases significant
localised energy, which can lead to high-impact micro-jets and shock
waves [94]. This phenomenon is more prevalent in fast transient tribo-
dynamic lubricated systems and can compromise the structural integrity
of contacting surfaces, leading to localised erosion, material pitting and
fatigue wear over time [96,97].

In tribological systems, cavitation can also occur under starved
lubrication conditions, where the available lubricant is insufficient to
maintain adequate surface separation, resulting in increased asperity
contact and wear [67]. This deficiency in lubrication intensifies friction
and wear and can promote surface damage due to the repeated collapse
of cavitation bubbles near the surfaces [98]. Furthermore, the presence
of cavitation alters the effective viscosity and density of the lubricant
and, consequently, the overall tribological performance of the system.
Beyond surface degradation, cavitation critically impacts the efficiency
and durability of lubricated machine components such as bearings, seals
and gears. Uncontrolled cavitation can accelerate wear and shorten
service life, often leading to premature failure. Therefore, accurately
predicting cavitation behaviour, including the evolution, size and spatial
distribution of cavitated zones, is vital. Mathematical models based on
mass conservation, coupled with advanced numerical methods, are
essential for simulating this phenomenon and gaining a more precise
understanding of the cavitation process [99]. This understanding is
essential for optimising tribosystem performances and designing sur-
faces to mitigate cavitation’s detrimental effects.

Before examining the mathematical models developed to address
hydrodynamic cavitation, it is important to recognise that fluid-film
cavitation can manifest in various forms, depending on the
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composition of the biphasic mixture within the cavities and the specific
conditions leading to the formation of ruptured zones [95,100]. In
lubrication systems, three main types of fluid-film cavitation are typi-
cally identified [95]:

1. Gaseous cavitation: Characterised by the presence of one or
more gas species dispersed within the biphasic mixture formed in the
cavitated regions. This biphasic mixture (gas bubble) develops mainly
due to the diffusion of gases previously dissolved in the liquid lubricant
when the fluid pressure drops below the saturation pressure of each gas
species. In some cases, gases from the atmospheric environment may
also contribute to forming the cavitation zone, a phenomenon known as
air entrainment or inlet suction [101,102]).

2. Pseudo-cavitation: This is a particular form of gaseous cavitation
that occurs when the biphasic mixture (gas bubble) expands due to
surrounding depressurisation without additional gas mass diffusion
from the liquid into the gas phase. In other words, the expansion hap-
pens without increased mass within the cavitation zones.

3. Vapour cavitation: This occurs due to thermodynamic non-
equilibrium effects when film pressure falls below the vapour pressure
of the lubricant at a given temperature. It is most likely to occur in
systems subject to fast transient conditions, leading to superficial dam-
age due to the high-frequency growth and collapse of cavitation bubbles.

As previously discussed, predicting hydrodynamic cavitation poses
significant challenges in the numerical solution of lubrication problems
due to the rupture of the lubricant film, which makes the conventional
Reynolds equation inadequate for capturing the cavitation zones. The
limitations of the Reynolds solution are evident in Sommerfeld’s model
[103], which permits the calculation of sub-ambient pressures and fails
to account for film rupture within the lubricated domain. This issue was
later addressed by Gilimbel’s model [104] (also known as the half-
Sommerfeld model), which only considers pressures equal to or
greater than a specified limit defined as cavitation pressure p.q. The
cavitation pressure p.q, represents either the saturation pressure of the
gases dissolved in the lubricant (in the case of gaseous cavitation) or the
vapour pressure of the lubricant (in the case of vapour cavitation). While
Glimbel’s approach effectively eliminates non-physical negative pres-
sures by setting them equal to p.4y, it does not enforce mass conservation
at the cavitation boundaries.

Subsequently, the Swift-Stieber model [105,106] was introduced
and has since been extensively used to address cavitation in lubrication
problems. The Swift-Stieber (or Reynolds) model assumes that pressure
gradients are zero at the cavitation boundaries, specifically at the
reformation ¢~ and rupture ¢* boundaries. Within the cavitation re-

gions ®°, pressures are considered constant and equal to the cavitation
pressure limit p.,,. These conditions can be mathematically expressed as
follows:

D =D in ®0~,
o @

—=0 on¢ andC",
on

where n denotes the unit vector normal to the cavitation boundaries.
Although the Swift-Stieber conditions provide more accurate pre-
dictions for cavitation, they ensure mass conservation only at the
rupture boundaries [107]. This limitation significantly affects the ac-
curacy of performance predictions in lubrication problems with textured
surfaces [108].

Jakobsson, Floberg, and Olsson (JFO) introduced a set of comple-
mentary boundary conditions for cavitation that ensures mass conser-
vation of lubricant flow throughout the entire lubricated domain,
including at both rupture and reformation cavitation boundaries
[109-111]. Since its introduction, the JFO cavitation model has been
widely adopted in lubrication modelling. The key assumptions made by
the authors are outlined as follows:

1. Within the cavitation regions, the pressure of the biphasic
mixture remains constant and equal to the cavitation pressure limit
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(Pcav) corresponding to the type of cavitation (gaseous or vapour cavi-
tation) being considered.

2. Within the cavitation regions, the liquid phase (lubricant) of the
biphasic mixture is transported in-between gas/vapour fingers that
extend across the entire film thickness.

3. At the cavitation boundaries, mass conservation is enforced by
imposing complementary boundary conditions, which must be applied
in conjunction with the solution of the Reynolds equation. These com-
plementary mass conservation conditions can be mathematically
expressed as [30]:

U, ph® dp _
ph(@— 1) (7 — Wn) 1—2’7 E = 07 (5)

where h denotes the film thickness, 6 represents the film fraction, which
corresponds to the ratio of liquid lubricant volume over the cavitation
regions, and n is the unit vector normal to the cavitation boundaries.
Additionally, U, and W, are the sliding and moving boundary velocities
in the normal direction n, respectively. Based on Eq. 5, when the fluid
film is broken down, the negative pressure gradient near the ruptured
boundaries (¢7) must be zero, indicating that ¢ is equal to one.
Conversely, when the film is reformed, the surrounding pressure
gradient is positive, leading to an expected discontinuity in both 6 and
the pressure gradient.

Nonetheless, implementing the JFO model encounters several prac-
tical limitations, including the high computational cost, convergence
issues and challenges in maintaining the numerical solution stability.
Additionally, predicting the locations of film rupture and reformation is
particularly difficult, as the cavitation boundaries are unknown a priori,
given the moving boundary problem characteristic of such a phenome-
non. Various cavitation models and algorithms have been developed to
address these challenges, aiming to integrate the JFO boundary condi-
tions with the Reynolds equation solution. One of the most widely used
models is the Elrod-Adams p — @ cavitation model [112-114]. This
model introduces an auxiliary variable, the film fraction 6, to account for
the ratio of liquid lubricant within the biphasic mixture formed by
cavitation. In this formulation, 6 is defined as 6 = p/p., where p, rep-
resents the density of the liquid lubricant at cavitation pressure. A
modified Reynolds equation can thus be expressed as follows:

a(6p.)

V'(rdvp) = V'[G(rcve + rclvl)] + ot 5 (6)
——— —
Poiseuille Couette —
Term Term S%lg;e:e
with the complementarity boundary conditions for cavitation:
_ o P>Pav — 6=1 in®",
P=Pe) (1 20V 20 = (p:pmv ~0<0<1 in2,

where © denotes the pressured regions within the lubricated domain,
while 0 < 6 < 1 indicates the breakdown of the lubricant film inside

the cavitated regions ®°, signifying the presence of a homogeneous
mixture of liquid and gases/vapours in those regions. A fully developed
lubricant film is achieved when & = 1. For a more detailed analysis of
the application and numerical implementation of the p — 6 Elrod-Adams
cavitation algorithm in conjunction with the solution of the (general-
ised) Reynolds equation for lubrication problems involving both
conformal and counterformal contacts, readers are referred to
[33,108,115].

Several other mass-conserving numerical algorithms have been
developed using finite difference methods [116,117], finite element
methods [118,119] and boundary element methods [120]. Vijayar-
aghavan and Keith Jr. [121,122] revamped the computational efficiency
of the Elrod algorithm [114] for implementing the JFO boundary con-
ditions by utilising the principle of constant bulk modulus compress-
ibility. Sahlin et al. [123] derived a modified Reynolds equation that
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accommodates arbitrary compressibility relations and cavitation, while
Bayada et al. [124] proposed a continuous complementarity formulation
using a two-scale approach. Giacopini et al. [125] introduced the dis-
cretised linear complementarity problem (LCP) formulation, and
Almgyvist et al. [126] developed an open-source algorithm for solving the
cavitation LCP formulation using Lemke’s pivoting algorithm [127] to
determine a solution in a finite number of iterative steps. Bayada [128]
also proposed two algorithms to solve a new cavitation model based on a
compressible Reynolds equation, where a barometric-isentropic
assumption is applied to derive the pressure-density relation. Wolos-
zynski et al. [129] later introduced the Fischer-Burmeister-Newton-
Schur (FBNS) algorithm, which reformulates the complementarity
problem into an unconstrained system of equations for enhanced
computational efficiency. Additionally, Brunetiere [130] presented a
finite element solution to a general formulation of the Reynolds equa-
tion for both liquid and gas lubrication, while Ransegnola et al. [131]
proposed a modification of the Elrod-Adams cavitation algorithm to
efficiently solve fluid film bearings, considering both gaseous and
vapour cavitation, without the need of a switch function.

3.3. Deformation of the contact surfaces

Addressing the fluid-structure interaction between hydrodynamic
pressures and solid deformations is indispensable for understanding the
tribological behaviour of lubricated contacts, especially in tribosystems
operating within the EHL regime. This interaction requires accurately
assessing the elastic deformations of the contacting surfaces induced by
the fluid pressures. As previously discussed, these displacements result
in significant variations in lubricant film thickness, thereby influencing
the overall lubrication performance of the system. Typically, the solid
deformation problem is modelled using approaches based on either the
half-space theory or finite element analysis, depending on the size of the
contact region relative to the dimensions of the contacting bodies and
the complexity of the geometric features and materials defining the
lubricating interfaces.

3.3.1. Elastic half-space solution

The Hertzian theory [132] can be regarded as the foundation of
practical contact mechanics, providing reliable predictions of deforma-
tion and stress distributions within and at the interface of counterformal
contacting solids [40,133]. The theory is based on a particular solution
to the general elastic half-space formulation, which assumes a semi-
ellipsoidal distribution of the interfacial pressure over an elliptic con-
tact area. Before exploring the classical solutions for interfacial dis-
placements in a general elastic half-space subjected to normal loads, it is
important to outline the following key assumptions of the Hertzian
theory [40,70]:

1. The materials in contact are homogeneous, isotropic and non-
conforming.

2. The contacting bodies are elastic and exhibit small strains;
hence, the theory of elasticity [134] may be applicable.

3. Thebodies in contact are assumed to be semi-infinite elastic half-
spaces, ie. the contact area and the extent of deformation are signifi-
cantly smaller than the geometrical dimensions of the contacting bodies.

4. Contact stress is caused by a load that is normal to the contact
tangent plane, implying the absence of any tangential forces between
the solids.

5. The surfaces are frictionless and have negligible roughness.

Accordingly, solutions based on the aforementioned Hertzian as-
sumptions within the framework of the elastic half-space theory are
commonly used to evaluate the normal surface displacements induced
by interfacial pressure distributions in elastic bodies. One example of
such a pressure-displacement relationship in three-dimensional elastic
half-space problems is given by the Boussinesq convolution integral
(also referred to as the Boussinesq-Cerruti potential function) [135],
expressed as follows:
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where v and E are the Poisson’s ratio and Young’s modulus of the half-
space material, respectively. The Boussinesq equation (Eq. 8) governs
the normal elastic displacement §(x,y) at the surface point (x,y) due to
the pressure distribution p(x',y’) over the area Q. Although this equation
primarily describes the displacement field in a three-dimensional elastic
half-space, as in point contacts, the Boussinesq convolution integral can
also be utilised to approximate the interfacial displacements in two-
dimensional line contacts by considering changes in contact geometry
and loading conditions [70]. The Flamant solution [136] is used to
calculate the normal elastic displacement 5(x) at the interface in line
contacts, where a pressure profile p(x) is applied over a line domain Q.
With respect to a reference point, x,, the Flamant equation is expressed
as follows:

5(x) = 2(1;:;2)/ In

In addition to the Boussinesq and Flamant solutions, several other
formulations have been developed within elasticity theory to address the
deformation of elastic half-space bodies under various loading condi-
tions. These include Mindlin’s solution [137], which accounts for sub-
surface loads in a half-space; Kelvin’s solution [138], applicable for
concentrated forces in infinite space; and the Papkovich-Neuber general
solution [139-141], which formulates the elasticity problem in terms of
harmonic functions.

Numerically evaluating the surface displacements by integrating the
previously mentioned pressure-displacement relationships (Eq. 8 and
Eq. 9) over the entire contact domain can be both computationally
demanding and time-consuming, especially when fine mesh grids are
used to discretize the contacting geometries. The direct summation (DS)
method is often employed to reduce this computational burden. In this
approach, nodal surface displacements are computed by multiplying a
matrix of influence coefficients (ICs) with the pressure distribution
vector or matrix for two-dimensional line and three-dimensional point
contact problems, respectively [142]. The influence coefficients, which
are derived from Green’s function for elastic half-space bodies, charac-
terise the surface displacement, stress and strain responses to a unit load
applied at a specific surface point. The accuracy of the IC matrix
approach is influenced by the mesh topology and the interpolation
method used to approximate the pressure distribution within each mesh
element. For instance, in EHL problems, depending on the required ac-
curacy [67,143], the hydrodynamic pressure can be interpolated using
constant (or zero-order polynomial) [144], piecewise bilinear (or first-
order polynomial) [145] or piecewise biquadratic (or second-order
polynomial) approximations [146].

In addition to the computationally intensive DS method, several
alternative numerical techniques have been proposed to efficiently
calculate surface elastic displacements, many of which are conceived by
exploiting the convolution properties of Eq. 8 and Eq. 9, especially in
densely discretised computational domains. These methods include the
multi-level multi-integration (MLMI) method [147], the differential
deflection method [148,149], the moving grid method (MGM) [150],
the conjugate gradient method (CGM) [151,152], the fast Fourier
transform (FFT) approach [153], discrete convolution and fast Fourier
transform (DC-FFT) [154], continuous convolution and Fourier trans-
form (CC-FT) [155], mixed discrete-continuous convolution with
duplicated padding and FFT (DCD-FFT) [156], discrete convolution,
continuous convolution, and FFT (DC-CC-FFT) [157] and the discrete-
continuous convolution with IC summation and FFT (DCS-FFT) [158],
among others. For detailed reviews on the performance of FFT-based
algorithms in solving contact mechanics problems involving pressure-

x—Xx|
X — x|

p(x)dx . ©)
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displacement convolution readers are referred to
[67,142,155,159].

Alternatively, pressure-induced elastic deformations can be evalu-
ated by solving the classical linear elasticity equations. These equations
provide a complete description of continuous linear elastic isotropic
materials based on the generalised Hooke’s constitutive law without
relying on the simplifying assumptions of half-space theory [34]. These

equations are given as follows [134]:

integrals,

V.6 =0, 6 =Ce(U), U=[6 6, &, (10)
where o represents the stress tensor, which describes the distribution of
internal forces within the deformed material. The constitutive tensor C
relates stresses to strains in the material, incorporating constitutive
properties such as Young’s modulus and Poisson’s ratio, which are
essential for determining the material’s response to applied loads. The
strain tensor & characterises the material’s deformation in terms of
relative displacement, while U denotes the spatial displacement vector,
with its components &, 8, and &, corresponding to displacements in the

x, y and z directions, respectively.

3.3.2. Finite element solution

Despite their widespread application in contact mechanics, elastic
half-space solutions are generally limited to interfacial problems where
the dimensions of the contact area are small compared to the overall size
of the contacting bodies. Consequently, these solutions become inade-
quate for assessing the structural deformations in lubricated conformal
contact bearings (e.g. journal and thrust bearings), where the entire
geometry of the system significantly influences the response. Further-
more, non-linear and rate-dependent material properties can also play a
critical role in compliant systems, such as in elastomers and biome-
chanical devices.

In practical applications, non-linear behaviour in solids can arise
from material or geometric non-linearity. Material non-linearity is
observed when the stress-strain relationship is not proportional, as in
hyper-elastic materials. More complex scenarios include rate-dependent
materials, such as viscoelastic materials, where the response depends on
the magnitude of applied stress and the rate at which it is applied. On the
other hand, geometric non-linearity occurs when a solid undergoes large
deformations, causing a significant difference between its undeformed
and deformed configurations. Under such conditions, using the unde-
formed geometry for expressing or solving the linear strain-
displacement or equilibrium equations is no longer appropriate,
requiring more advanced methodologies to account for the altered ge-
ometry and resulting stresses.

The structural problem associated with tribocontacts can be effec-
tively addressed using the Finite Element Method (FEM). In this
approach, the problem is reformulated into a system of simultaneous
algebraic equations, and a variational method is applied to approximate
the solution, following the principle of energy minimization [160]. This
enables the analysis of components with complex geometries, material
behaviours and boundary conditions in both static and dynamic sce-
narios. For linear materials, the numerical solution of the mathematical
problem is accomplished by solving the following system of ordinary
differential equations (ODEs), which arises from the FEM discretisation
of the governing equations [161]:

[M]{i} + [B]{u} + [K|{u} = {f}, an

where [M], [B] and [K] are the mass, damping and stiffness matrices of the
full FEM model of the bearing structure, respectively. The vectors {ii},
{u} and {u} are the nodal accelerations, velocities and displacements,
respectively, while {f} represents the applied nodal forces. These vector
quantities encompass all the three-dimensional degrees of freedom
(DOFs) for each node of the entire FEM model.

In elastohydrodynamic lubrication analysis, only the displacements
at the contact surfaces are needed to evaluate the tribological perfor-
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mance of the interface. Consequently, to minimise computational cost,
substructure (or super-element/condensation) techniques [162] are
commonly employed to reduce the full FEM model to an equivalent
system that retains only the degrees of freedom associated with the nodes
on the bearing surfaces. The reduced form of Eq. 11 can be expressed as:

o {ie |+ B+ ) = 07, 12)

where the subscript r denotes quantities corresponding to the reduced
system. It is important to notice that, unlike the sparse matrices of the
full FEM model, the matrices of the reduced system are fully populated
due to the inherent coupling of all degrees of freedom in substructure
systems (super-elements) [163]. Additionally, any boundary conditions
defined for the full FEM model are automatically incorporated and
enforced in the condensed model.

The substructure matrices can be generated as a pre-processing step
in commercial software packages, such as Abaqus, Ansys or COMSOL.
The nodal force vector of the reduced model can then be expressed in
terms of the hydrodynamic pressure distribution acting on the bearing
surface as follows:

{f:} = [Al{p}, 13)

where [A] is the total area matrix and {p} is the vector of the nodal
hydrodynamic pressures acting on the bearing surface. Substituting Eq.
13 into Eq. 12, one obtains:

i+ B+ ) = (A1) 14

The kinematic quantities in Eq. 14 are originally calculated with
respect to the global coordinate system of the full FEM model. However,
to correct the lubricant film thickness, such quantities have to be
determined relative to the local tribocontact reference system where the
fluid film geometry is described.

In bearing analysis, Eq. 14 represents a linear structural vibration
problem, with external loads resulting from the hydrodynamic pressure
distribution applied to the bearing surface. When both the gross rigid
body motion and the vibrational response of the bearing are coupled, the
floating frame of reference formulation (FFRF) for flexible multibody
dynamic systems (FMDS) is often used to describe the mechanical
behaviour of the system. In many applications, mechanical boundary
conditions in the FEM model are not clearly defined, and so the structure
is often treated as an unconstrained body. This introduces challenges in
the solution process due to the singularity of the stiffness matrix in free-
free systems. To address this issue, Component Mode Synthesis (CMS)
procedures, such as the Craig-Bampton method, are widely employed for
model order reduction, effectively eliminating the rigid body modes
from the FEM model [164-166].

3.4. Energy equation for the lubricant film

The dissipation of friction-induced energy as interfacial heat plays a
critical role in the tribological performance of systems, as thermal effects
significantly influence both lubricant chemistry and the thermo-
mechanical behaviour of contacting surfaces. As temperatures exceed
ambient levels, the average molecular motion and intermolecular dis-
tances in fluids tend to increase, resulting in greater molecular mo-
mentum and a reduction in intermolecular forces [42,167,168].
Consequently, fluid viscosity tends to decrease with increasing tem-
peratures, leading to a thinning of the lubricant film and an increased
risk of seizure within the clearance.

The temperature distribution within the lubricant film is governed by
the three-dimensional energy equation for compressible viscous fluids,
which in its strong conservation form can be expressed as follows
[30,32,34,79,169]:
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In this equation, T(x,y,z,t) represents the lubricant temperature,
while p(x,y,z,t), ¢,(x,y,2,t), k(x,y,2,t), p(x,y,2,t) and 5(x,y,z,t) denote
the lubricant density, thermal heat capacity, thermal conductivity,
thermal compressibility and dynamic viscosity, respectively. Addition-
ally, v(x,y,z,t):u(x,y,z,t)f+v(x,y,z,t)j+w(x,y,z,t)§ represents the
fluid velocity vector field, and g, corresponds to the rate of internal heat
generation within the lubricant film, resulting from various factors,
including viscous dissipation and interactions between surface
asperities.

In full three-dimensional thermohydrodynamic lubrication (THL)
problems, the fluid energy equation must be solved in conjunction with
the generalised Reynolds equation (Eq. 3). This approach accounts for
how temperature variations across the film thickness influence the
lubricant density and viscosity along that direction and, consequently,
the hydrodynamic pressure generation and viscous friction throughout
the contact.

3.5. Interfacial heat transfer

Incorporating accurate thermal boundary conditions is essential for
accurately modelling complex, real-world lubrication systems, particu-
larly for predicting the longevity of lubricated surfaces. The thermal
management efficiency of the lubricated system is governed by the
thermophysical properties of the contact interface, which dictate the
extent to which the frictional heat can be dissipated from the contact
region. In evaluating the thermal behaviour of tribosystems, numerical
solutions commonly rely on either fluid-solid interaction (FSI)-based
conjugate heat transfer models or the classical heat source method,
derived from the Carslaw-Jaeger integral formulation. In the following
analysis, subscripts s denote the lower (s =1) and upper (s = 2) surfaces
of the lubricated system.

3.5.1. Conjugate heat transfer model

Conjugate heat transfer (CHT) [170,171] refers to the simultaneous
heat transfer between a fluid and its surrounding solid, involving the
interaction of heat transfer processes in both mediums. This coupling of
conduction within the solid and convection within the fluid makes ac-
curate prediction of CHT essential for engineering applications where
these mechanisms are interdependent and vital to system performance.
Examples include heat exchangers, semiconductor cooling, automotive
thermal management and many other systems where heat exchange
between fluid and solid components directly impacts efficiency and
safety [172]. In lubrication modelling, computational CHT analysis
ensures the continuity of temperature and heat flow at the fluid-solid
interface. CHT addresses both fluid and solid heat transfer challenges
by facilitating the exchange of thermal boundary conditions based on
the thermal solutions computed within each domain, ensuring a more
comprehensive thermal analysis of the lubricated system [173,174].

Analogous to the thermal analysis of the entraining fluid described in
Eq. 15, the thermal behaviour of the bounding solids is assessed by
omitting the numerical terms related to heat generation within the
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solids. This simplification focuses on the conduction process, assuming
that heat generation is negligible. As a result, the temperature distri-
bution within the solid bodies is computed using the following equation:

a(pscps TS)

o + V- (pycp ¥sTs) =

V-(k;VT;), (16)
where p,, ¢, and k; represent the density, specific thermal capacity and
thermal conductivity of the contacting body (s), respectively. The term
vs denotes the velocity vector of the solid’s surface, defined as vs =
[us vs ws }T. This velocity matrix captures the spatial motion of the
solid surface in the coordinate directions.

A key factor influencing the accuracy of conjugate heat transfer so-
lutions is the choice of coupling algorithm utilised to capture the ther-
mal interaction between the fluid and structural solvers. This algorithm
ensures temperature and heat flux continuity at the fluid-solid domain
interfaces, which is critical for an accurate thermal prediction [175].
Numerically, this can be achieved using one of two primary approaches:
monolithic or partitioned techniques. In the monolithic approach, the
fluid and solid equations are solved simultaneously within a single,
unified computational framework. This strongly coupled method en-
sures a direct and fully integrated solution for the entire system, hence
improving consistency at the fluid-solid interface but often increasing
computational complexity. Alternatively, partitioned techniques tackle
the fluid and solid thermal problems separately, with the coupling
enforced at the interface through direct iterative schemes. In this
approach, the solvers pertaining to the fluid and solid domains are run
independently, and the solutions are exchanged iteratively at the
interface until convergence is achieved [175,176]. Although this
method allows for greater flexibility in handling complex systems and
leveraging specialised solvers for each domain, it may require more
computational effort to ensure accurate coupling across the interface.

3.5.2. Heat source integration solution

The surface heat source integral equation developed by Carslaw and
Jaeger [177,178] is commonly employed in lubrication modelling for
estimating the temperature distribution across the contacting surfaces.
Originally formulated to address problems involving infinite half-space
bodies, the Carslaw and Jaeger theory predicts the surface temperature
of the solid (s) at nodal position (x,y) due to a surface heat source
located at a different position (x',y’) [179]. Under transient conditions,
the temperature distribution can be evaluated as follows [67]:

7y t

Ty =T+ 4p,cp 1/ (mas) /// \/tft
R

xexp( m)dxdydt,

a7

where R = \/[x —xX —u(t—£)* +[y—y —vs(t—t)]? represents the
distance between the moving heat source point (x,y’), convected at
velocity, vs(x,y,t) = (us, vs) and the response point (x,y), Ty, is the body
bulk temperature, a5 = k; (pscpx)_1 is the thermal diffusivity of the solid
material and g quantifies the heat flux generated by the source at (x',y’)
at time t,. This formulation is analogous to Eq. 8, which is used to
predict surface elastic deformation under applied loads. Similarly,
calculating the temperature distribution using Eq. 17 can be computa-
tionally expensive, particularly when employing denser computational
grids, as the integral needs to be evaluated for each node across the
surface. To address this computational challenge, a variety of numerical
techniques have been developed to improve the efficiency of tempera-
ture rise calculations. Readers are referred to [180-183] for an overview
of the advanced numerical methods, such as the multi-level multi-inte-
gration (MLMI) and the fast Fourier transform (FFT)-based methods.
Furthermore, one-dimensional temperature solutions, mostly prev-
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alent for line contact problems, can be analysed using the one-
dimensional form of the transient Carslaw and Jaeger integration
model. This approach incorporates the same surface properties
described earlier and is expressed as:

1 t qs(x'7t')>< 7[x—x7—us(t—t')]2 s
T (x,t) =Ty, + e /0 /Q rard exp< dan(t—t) ) dx dt.
18)

It is worth mentioning that Eq. 18 assumes heat is transferred
perpendicularly into the surface interfaces. Therefore, its application is
limited to systems characterised by a high Peclet number (Pe > 5), where
the heat transfer perpendicular to the velocity of the heat source dom-
inates, and the lateral heat diffusion is negligible [67]. In other words,
under such conditions, heat only diffuses a short distance into the solid
during the time it takes for the surface to move through the heated zone
[36]. Therefore, for a given case where either surface is stationary, the
transient heat transfer solution may not apply, and instead, Johnson’s
steady-state model [40] is often employed. This model accounts for the
contribution of the heat flux from the fluid domain to a specific surface
element. The steady-state discretised form of the temperature distribu-
tion can be expressed as follows [35]:

Tx(xm) =Ty + anqsm,m

all n

19)

where g, is the heat flux from the fluid to the solid at a surface point n,
acting on an elementary area dx,dy,. Furthermore, S, , denotes the
influence coefficient matrix representing the effect of the heat flux at
point n, with coordinates (xn, y,,), on the nodal position m, with co-
ordinates (xm7 ym) [36]. The influence coefficient S, is evaluated as:

! dx' dy
e 7"5//%& X+ -y

(20)

using the numerical techniques discussed earlier in subsubsection 3.3.1
to capture the effects of the heat distribution across the surface.

3.5.3. Lubricant rheology

The utilisation of accurate constitutive laws to capture the contin-
uum behaviour of lubricants is crucial for predicting the performance of
tribological systems, as the rheological properties of lubricants (e.g
viscosity and density) are highly sensitive to the temperature, pressure
and shear rate conditions within the contact zone. For example, New-
tonian behaviour, which is characterised by a linear relationship be-
tween shear stress and shear rate, is typically valid at relatively low
shear rates. For pure mineral oils, this relationship holds for shear rates
up to approximately 10° s~1. However, this linear relationship breaks
down under high shear rates, especially in elastohydrodynamic lubri-
cation regimes, and the lubricant begins to exhibit non-Newtonian
behaviour. One of the most commonly observed non-Newtonian be-
haviours in lubricant oils is shear-thinning, where lubricant’s viscosity
decreases as the shear rate increases. This phenomenon occurs as the
internal structure of the lubricant, such as fluid particles or molecular
chains, undergoes reorganisation or “thinning” under stress, reducing
resistance to flow [22]. In lubricants that contain dissolved polymers,
such as multigrade oils commonly used in internal combustion engines,
high shear conditions cause the long, randomly oriented polymer chains
to align with the flow. This alignment reduces the internal resistance to
flow and consequently lowers the bulk viscosity of the lubricant. This
effect is particularly pronounced in oils formulated with viscosity index
(VD) improvers—polymeric additives designed to stabilise the oil’s vis-
cosity across a wide temperature range [184-186]. These polymers play
a key role in enabling multigrade oils to perform effectively under cold-
start and high-temperature conditions by stabilising viscosity fluctua-
tions. However, the polymers’ susceptibility to shear-thinning can
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reduce the lubricant film thickness, particularly under heavy load con-
ditions. This thinning of the lubricant film may compromise its ability to
protect against wear and surface damage, reducing the effectiveness of
the lubricant in preventing direct contact between surfaces.

Breakthroughs in experimental protocols [187,188] as well as
computing power [46,189] have been paramount in the development
and understanding of the EHL theory by deriving constitutive models
aimed at explicating the lubricant behaviour in elastohydrodynamic
(EHD) contacts. Molecular simulations have become a vital tool for
providing insights into the complex interactions of lubricant and addi-
tive molecules that influence the macroscopic performance of tribolog-
ical systems, as discussed later in Section 5. Classical EHL theory laid the
foundation for understanding thin film behaviour under high pressure
and shear, particularly in load-carrying capacity, friction and thermal
stability [190]. It also provides empirical tools [188,191-193], such as
pressure-viscosity relationships and film thickness equations, to predict
tribological performance without requiring extensive numerical simu-
lations. However, classical EHL has limitations in accurately represent-
ing piezoviscous behaviour and complex lubricants [194], particularly
with phenomena such as the super-Arrhenius pressure response [195].
These issues stem from assumptions such as the Newtonian inlet and
Eyring non-Newtonian behaviour, which oversimplify the system [196].
To overcome these limitations, the quantitative EHL approach has
emerged, incorporating advanced computational methods and experi-
mental data, such as viscosity-pressure measurements from high-
pressure viscometers [194,195,197]. This allows for more accurate
rheological models and performance predictions [75], accounting for
complex contact conditions like shear stress, thermal effects and surface
topography.

The extreme and complex conditions within EHD contacts make it
challenging to study lubricant behaviour, as experimental and compu-
tational resources are often limited. Additionally, the complex compo-
sition of lubricating fluids presents further challenges in fully
understanding lubrication performance. Glass transition [198] is an
important phenomenon which refers to the transition that a lubricant
undergoes from a fluid-like state to a more solid-like, glassy state trig-
gered under the extreme pressures and temperatures of EHL regimes.
Unlike conventional phase changes such as melting or freezing, which
entail a distinct change in state, the glass transition is gradual and
reversible, leading to a significant increase in viscosity [199,200]. As a
result, the lubricant behaves more like an elastic solid than a viscous
fluid [201], thus influencing its load-carrying capacity [202]. At the
molecular level, the high pressure during glass transition reduces the
mobility of lubricant molecules, decreasing their kinetic energy and
resulting in increased viscosity [203]. As the glass transition approaches,
the concept of “lubricant fragility” becomes important, as it measures
how quickly the viscosity increases with changes in temperature and
pressure [204,205]. A lubricant becomes more fragile as it nears the
glass transition, causing it to be more likely to undergo this transition at
the high pressures typical of EHL environments. In EHL applications,
understanding lubricant fragility is critical for designing lubricants and
additives that can perform under the severe conditions present in these
systems [205-207].

It is worth noting that, in addition to experimental data and physics-
based insights, machine learning (ML) techniques are garnering signif-
icant attention in advancing rheological studies within the context of
EHL. Machine learning offers several advantages in addressing intricate
problems, handling large datasets and providing valuable insights into
lubricant performance across various operating conditions [208]. By
deploying ML tools in tribological applications [209-211], researchers
can conduct detailed analyses of complex rheological behaviours, such
as viscoelasticity and thixotropy, which may be difficult to capture with
conventional methods. Moreover, ML can accelerate the development of
new lubricants by streamlining experimental processes, enabling faster
identification of optimal formulations and automating the entire rheo-
logical evaluation pipeline—from data acquisition and analysis to
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hypothesis validation and model creation. As discussed in more detail in
Section 7, ML has the potential to revolutionise the way rheological
properties are studied, enhancing both the efficiency and accuracy of
lubricant performance predictions under diverse conditions.

3.6. Multiphysics coupling

The inherent non-linearity of the governing equations, combined
with the interdependence of multiple physical phenomena governing
lubricated contacts, as shown in Fig. 5, entails the use of robust fluid-
solid interaction (FSI) coupling methods, which are the crux of any
continuum-based framework for accurately modelling the complex in-
teractions within tribosystems. In the mathematical modelling of
lubrication problems, FSI methods can be classified into two main cat-
egories, namely monolithic and partitioned approaches.

Monolithic (or full-system) approaches involve solving the flow and
structural equations simultaneously within a single coupling iteration,
often utilising implicit Newton-Raphson schemes. These methods have
been shown to offer excellent numerical stability and rapid convergence
rates, as demonstrated in several studies [212-215]. The strong coupling
in monolithic models ensures that information is consistently exchanged
between the fluid and structural domains, hence preventing the local-
ised loss of information when handling the hydrodynamic and structural
aspects separately [34]. Although such robust integration improves the
accuracy of the coupled solution, particularly in complex lubrication
scenarios, one of the main challenges of the monolithic approach is the
high computational cost associated with solving the system of equations,
primarily when tackling severe loading conditions. This is mainly due to
the need to invert a full (dense) Jacobian matrix, which grows in size
and complexity with the number of variables in the problem. For large-
scale or highly non-linear problems, this matrix inversion process can
become computationally expensive and resource-intensive, potentially
limiting the practical application of monolithic methods in cases where
real-time or large-scale simulations are required.

Unlike monolithic coupling techniques, partitioned (or sequential)
coupling methods solve the hydrodynamic and structural problems
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separately, i.e. there is no a priori explicit coupling between the fluid and
structure sub-models as in monolithic schemes. Instead, partitioned
methods require a coupling algorithm to link the fluid and structural
solvers, ergo ensuring that each subsystem is informed of the overall
behaviour of the coupled system. For example, inspired by FSI problems
beyond the tribological arena [216,217], the performances of Fixed
Point Gauss-Seidel Method (PGMF) and Point Gauss-Seidel Method with
Aitken Acceleration (PGMA) were assessed in [35] for solving heavily-
loaded EHL problems. These methods, as well as the Interface Quasi-
Newton Method with Inverse Jacobian from Least-Squares approxima-
tion (IQN-ILS), were also applied in [218] for simulating connecting-rod
bearings operating in mixed-EHL regimes. One of the key advantages of
partitioned methods is their ability to integrate specialised solvers for
the fluid and solid domains, enabling the integration of dedicated codes
within the coupling framework to address each subsystem indepen-
dently as “black-box” solvers. This can simplify the complexity of fluid-
structure interaction problems that involve a wide range of multiphysics
phenomena and reduce the computational cost of coupling iterations by
enhancing the convergence rates while maintaining solution accuracy.
Nevertheless, partitioned methods can suffer from slower convergence
compared to monolithic coupling schemes, particularly if the interaction
between the fluid and solid domains is strong. The readers are referred
to [216,217,219] for detailed analysis of these coupling algorithms and
their application in FSI problems. Additionally, Table 1 reports a non-
exhaustive list of numerical modelling techniques employing parti-
tioned FSI coupling to assess lubrication problems.

4. Mixed lubrication: The smaller-scale details that matter

Numerous (bio)mechanical components subject to severe contact
conditions—such as rolling bearings, gears, cam-followers, piston rings,
sliding bearings, seals and human joints—operate fully or partially
within the mixed lubrication regime. Reiterating on what was briefly
discussed in Section 2, the mixed lubrication regime is particularly
prevalent in systems operating under heavy loads, low speeds, elevated
temperatures, intense vibrations, or lubricated with low-viscosity fluids.

{ p — Hydrodyanmic pressure

0 — Lubricant fraction

Hydrodynamic
@ { h — Lubricant geometry
Structural
v — Fluid velocity field
Kinematics y — Fluid shear rate field
11 — Fluid dynamic viscoisty
p — Fluid density
Rheology k — Fluid conductivity
¢cp— Fluid thermal capacity
@ { T — Temperature
Thermal

Fig. 5. Architecture of the coupling framework for simulating the macroscopic, multiphysical fluid-solid interactions in lubricated contacts. The schematic illustrates
the interconnections between the hydrodynamic, structural, kinematic, rheology and thermal solvers (depicted as circles), with the required inputs and calculated
outputs for each solver shown as rounded rectangles, highlighting their interdependence.
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Table 1
A selective list of modelling algorithms that adopt partitioned and monolithic FSI coupling strategies for simulating the continuum behaviour of lubricated
tribosystems.
Category Sub-model Key features Reference
Partitioned  Straightforward Utilises Gauss-Seidel relaxation for the iterative solution of the Reynolds equation to compute hydrodynamic pressures [220]
based on a fixed film thickness distribution
Inverse Film thickness is computed inversely by solving the Reynolds equation, and the resulting pressures are obtained using a [221]
cubic approximation
Coupled differential The coupling of the FSI problem is achieved using a differential form of the deformation equation, derived from half-space ~ [222]
deflection theory
Multigrid Numerical solutions are attained using computational domains with varying mesh densities, improving convergence rates  [223]
by targeting error wavelength decay
Line relaxation A hybrid relaxation method often integrated into multigrid solvers, alternating between Jacobi and Gauss-Seidel based on ~ [224]
local flow conditions and addressing multiple points along a grid line simultaneously
Progressive mesh Mesh densities are progressively refined from coarse to fine, starting with initial guesses on a coarse grid that are used to [225]
densification improve solution accuracy on finer grids
Semi-system Diagonal dominance in the coefficient matrix is achieved by treating the film thickness in Couette flow term as a function of ~ [146]
unknown nodal pressures and influence coefficient matrix
Interface Quasi-Newton Accelerates convergence using a quasi-Newton method with a least-squares approximation of the inverse Jacobian [218]
Aitken relaxation Dynamically varies the under-relaxation parameter in a coupling iteration according to the results of the previous iterations [218]
Monolithic ~ Full-system Coupling between hydrodynamic and structural effects is achieved by solving the system of equations within a single [226]
framework
Homotopy Adopts the “continuation” process, whereby one problem is deformed into another by the continuous variation of a single [227]

parameter for generating a convergent series solution for nonlinear systems

In mixed lubrication, the lubricant film thickness is insufficient to
completely separate the surface asperities, often resulting in the coex-
istence of confined lubricant films and direct asperity contacts, which
together support the applied load, as per Fig. 6. Given that in this regime
the average lubricant film thickness is comparable to the surface
roughness, it is crucial to consider the influence of surface topography
on assessing the tribological performance, integrity and longevity of the
contact interfaces. Consequently, an in-depth comprehension of the
mechanisms that govern mixed lubrication is paramount for achieving
efficient, reliable and optimised engineering components.

The interaction between lubricant hydrodynamic action and asperity
contact in modelling mixed lubrication regime presents challenges due
to the increased geometric complexity introduced by surface topog-
raphy. This added complexity significantly raises the computational
effort required to resolve small-scale surface features accurately.
Moreover, capturing such intricate geometric details using the afore-
mentioned modelling and solution approaches is often impractical in
most engineering applications, as their underlying smooth surface
assumption limits their applicability to full-film lubrication regimes. In
recent decades, significant progress has been made in developing
mathematical models and numerical methods for predicting the mixed
lubrication behaviour between rough surfaces. The following sections
briefly survey the most commonly used modelling approaches for
assessing mixed lubrication in tribosystems. While a comprehensive
review of specific topics is beyond the scope of this work, readers are
encouraged to consult the following references for a thorough overview
of rough contact mechanics [26,158,229-232], mixed lubrication
[233-235] and numerical methods for handling rough and textured
surfaces [236,237]. Broadly, the most common approaches used for
modelling fluid flow and rough contact in mixed lubrication include
statistical or stochastic methods that account for the randomness of
surface roughness, multiscale techniques such as averaging and ho-
mogenisation methods that capture phenomena across different scales,
and deterministic approaches that provide precise predictions from the
microscale. The timeline in Fig. 7 depicts the various models developed
over the past 60 years to address mixed lubrication problems.

4.1. Statistical and multiscale modelling

The following sections outline the statistical and averaging/ho-
mogenisation methods often employed to model hydrodynamic and
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rough contact effects in mixed lubrication.

4.1.1. Lubricant film flow between rough surfaces

In mixed lubrication, the influence of the microscopic roughness
scale on lubrication is often incorporated into the macroscopic govern-
ing equations through specific coefficients. These coefficients,
commonly referred to as flow factors or homogenisation coefficients,
translate the microscopic effects of lubricant flow into macroscopic
models. The determination of these coefficients and the specific
formulation of the macroscopic governing equations depend on the
chosen modelling approach.

Early studies on the effect of surface roughness on hydrodynamic
flow [241-243,299,300] applied stochastic process theory to lubrication
problems, treating lubricant film thickness in the presence of roughness
as a stochastic process. This approach led to the derivation of a sto-
chastic Reynolds equation for the mean (or expected) film pressure.
Subsequently, Patir and Cheng [50,51] introduced a pioneering average
flow model widely recognised for its capacity to account for realistic
three-dimensional surface topographies in lubrication analysis. This
model locally averages lubricant flow at the microscopic roughness
scale, yielding an averaged Reynolds equation expressed in terms of flow
factors, which correct pressure- and shear-driven flows to incorporate
the influence of roughness on the macroscopic scale. These flow factors
are calculated a priori by deterministically solving the mixed lubrication
problem at the microscale on a statistical ensemble of rough surface cells
for specific roughness patterns. In their original work, Patir and Cheng
provided expressions for the pressure and shear flow factors for surfaces
with Gaussian distribution, which have since been widely applied in
mixed lubrication analysis. Their model provides reasonably accurate
average pressure distributions for isotropic and orthotropic surface to-
pographies. However, limitations in tackling crossflow in anisotropic
surfaces were later addressed by subsequent studies [113,301], which
proposed an extended generalised tensorial form of the average flow
model. Other averaging methods, such as the volume averaging method,
which combines spatial and temporal averaging, have been devised to
account for unlubricated contact areas and more accurate boundary
conditions in flow factor calculations [302]. Further refinements to the
average flow model have included cavitation effects [264], surface
contact [303,304] and the combined influence of elastic deformation,
inter-asperity cavitation and thermal effects [305].

Applying homogenisation theory to modelling fluid flow between
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Fig. 6. Contact of lubricated rough surfaces. (A) Schematic diagram of mixed lubrication regime in circular point contact [67]. (B) Deterministic mixed lubrication
solution for a circular point contact, illustrating the hydrodynamically lubricated and asperity contact areas. Reprinted from [228], with permission from Sage

Publications.

rough surfaces has proven effective in deriving homogenised Reynolds
equations within a rigorous mathematical framework, thus providing
more accurate predictions for surfaces with arbitrary roughness. This
approach has been deployed by various studies, including those by
Bayada et al. [251,252,306], Buscaglia et al. [261] and Almgqvist et al.
[53,272,307], each of which has derived a different form of the homo-
genised Reynolds equation depending on the topography (smooth or
rough) and kinematic conditions (stationary or non-stationary) of the
contacting surfaces. Based on mathematical principles for evaluating
partial differential equations with rapidly oscillating coefficients [308],
homogenisation methods applied to lubrication problems commonly
adopt a two-scale description of the confined film geometry. Short-
length and time-scale effects induced by surface roughness are evalu-
ated at the local microscale, while the homogenised Reynolds equation
governs the global macroscale behaviour. In addition to providing a
rigorous mathematical framework for deriving the homogenised Rey-
nolds equation, homogenisation methods establish more appropriate
boundary conditions for solving the microscopic problem, ensuring a
more accurate determination of homogenisation coefficients for arbi-
trary roughness patterns [309]. This eliminates the empirical charac-
teristics of local flow corrections in Patir and Cheng’s model, making
homogenisation methods a valuable tool for enhancing the accuracy of
mixed lubrication analysis and providing a robust framework for
assessing fluid flow in lubricated interfaces.

Rom et al. [310] conducted a comprehensive comparison between
the homogenisation method and Patir and Cheng’s average flow model,
two of the most commonly used approaches for modelling the lubricant
flow in mixed lubrication. The study revealed that the inaccurate
boundary conditions used in Patir and Cheng’s model for solving the
microscale problem led to significant deviations in averaged pressure
distributions for non-symmetric surface patterns, whereas results for
symmetric patterns closely matched those obtained using the homoge-
nisation method. The authors also emphasised a key advantage of the
homogenisation technique—its ability to upscale average pressure so-
lutions to retrieve microscale information—resulting in more accurate
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predictions of performance parameters such as peak pressure and fric-
tion for both symmetric and non-symmetric patterns. Additionally, the
study noted that the homogenisation approach is not limited to periodic
roughness and can be extended using reiterated homogenisation
[273,311], offering a computationally efficient strategy for evaluating
rough and textured surfaces. Given these advantages and minimal
additional computational effort and complexity, the homogenisation
method is recommended as the preferred approach for handling surface
topographies with arbitrary patterns. An important development in this
field has been the contribution provided by Persson and co-workers,
who have used Persson’s contact mechanics theory [258] and the 2D
Bruggeman effective medium theory to derive analytical expressions for
the fluid flow factors describing the fluid flow, and for the frictional
shear stress factors to compute frictional shear stress at asperities [312].
The proposed homogenisation theory was shown to describe the tran-
sition from the hydrodynamic lubrication to the boundary lubrication
regime occurring in soft contacts [313], enabling the consistent calcu-
lation of both asperity-asperity and asperity—fluid interactions and their
effects on the average fluid flow and solid contact mechanics at the
interface, also in the presence of surface anisotropy.

Moreover, Fourt and Arghir [279] conducted a comparative analysis
of the homogenisation approach and a multiscale method inspired by
studies on pressure-driven flow in porous media with irregular perme-
ability [314,315]. To evaluate the solution of the compressible Reynolds
equation, the authors extended the multiscale method to incorporate the
Couette flow term (or wedge-term), hence enabling the implicit
modelling of all length scales (i.e. full contact and roughness scales)
without relying on the periodicity assumption required by the homog-
enisation approach for short-length scales (i.e. roughness pattern).
Despite both approaches exhibiting comparable numerical accuracy and
computational efficiency, the authors suggested that the proposed
multiscale model may be particularly effective for integrating additional
nonlinear effects, such as sporadic asperity contacts or the presence of
temperature fields.

More recently, Pattnayak and Arghir [316] introduced a set of
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Fig. 7. A timeline depicting the seminal key advances in tackling mixed lubrication regimes using statistical, multiscale and deterministic modelling approaches. For
statistical models, the following hydrodynamic and asperity contact modelling approaches are listed, denoted in blue and red, respectively: Archard [238],
Greenwood & Williamson [239], Tzeng & Saibel [240], Christensen [241-243], Greenwoood & Tripp [244], Whitehouse & Archard [245], Nayak [246], Onion &
Archard [247], Bush et al. [248], Fuller & Tabor [249], Patir & Cheng [50,511, Chang et al. [250], Bayada [251,252], Majumdar & Bhushan [253,254], Jai [255],
Lee & Ren [256], Zhao et al. [257], Persson et al. [258-260], Buscaglia [261,262,263], Harp & Salant [264,265], Kogut & Etsion [266,267], Jackson & Green
[268,269], Ciavarella et al. [270,271], Almqvist [53,272,273,274], Kim & Cho [275], Fatu et al. [276], Hu et al. [277], Yuan et al. [278], Fourt & Arghir [279],
Hansen et al. [280]. For deterministic modes, the following coupled mixed lubrication and asperity contact modelling approaches are listed, denoted in blue and red,
respectively: Anderson et al. [281], Francis [282], Conry et al. [283], Lubrecht et al. [284], Ren & Lee [150,256], Ju & Farris [153], Tian & Bhushan [285], Hu & Zhu
[286-288], Jiang et al. [289], Polonsky & Keer [152], Campana & Miiser [290], Chen et al. [156,291], Li & Chen [292,293], Putignano et al. [294], Profito et al.
[295], Miiser et al. [26], Brunetiere & Francisco [296], Wang et al. [158], Ghanbarzadeh et al. [297], Geng et al. [298].

normalised homogenisation coefficients, analogous to Patir and Cheng’s
flow factors, for modelling mixed and full-film lubrication regimes for
rough and running-in flat surfaces. A modified Greenwood and Wil-
liamson rough contact model was employed to account for inter-asperity
interactions. Artificial Gaussian isotropic and non-isotropic rough sur-
faces were characterised using a height distribution function (HDF) and
a Gaussian auto-correlation function (ACF) [317], while running-in
surfaces were modelled with a Weibull HDF and an exponential ACF
[318] to better replicate real surface engineering properties. Through
numerical tests on various surface types, the authors demonstrated the
effectiveness of the proposed normalised coefficients compared to the
originally proposed Patir and Cheng’s flow factors. Based on these
findings, they proposed curve-fitted equations to efficiently incorporate
Gaussian roughness effects into the solution of the global homogenised
Reynolds equation.

Since the applied load in the mixed lubrication regime is supported
by both the lubricant film and surface asperities, statistical rough con-
tact models or stiffness contact curves derived from deterministic cal-
culations are often employed to estimate the corresponding average
asperity contact pressures. This is particularly true when either aver-
aging/homogenisation or multiscale methods are used to compute the
average hydrodynamic pressures, as will be subsequently reviewed.
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4.1.2. Contact between rough surfaces

Modelling the contact mechanics of rough surfaces presents signifi-
cant challenges due to the presence of microscopic irregularities in
surface topographies. The renowned statistical modelling framework
proposed by Greenwood and Williamson (GW) [239] characterises
surface roughness as an ensemble of spherical asperities with equal radii
of curvature and randomly distributed heights. This approach extends
the classical elastic Hertzian theory for an individual asperity to a sta-
tistical aggregation of asperities with a prescribed height distribution;
however, at least in its original form, it does not correctly describe
contact mechanics because of the neglect of the long-range elastic
coupling between the asperity contact regions. Over the years, several
refinements have been made to the elastic asperity-based GW model
[244-249,270,271,319-321]. Among these, the Greenwood and Tripp
(GT) model offers an improved approach by considering paraboloidal
asperities and accounting for non-aligned interactions between asper-
ities. Furthermore, various statistical models have been developed to
account for elastoplastic deformation in dry rough contacts. Notable
models include the Chang-Etsion-Bogy (CEB) model [250], which in-
tegrates plastic deformation into the GW framework based on volume
conservation, and the Zhao-Maietta-Chang (ZMC) model [257], which
provides an analytical formulation describing the transition between
elastic and plastic asperity deformations. Additionally, the Kogut-Etsion
(KE) [266,267] and the Jackson-Green (JG) models [268,269] utilise
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finite element analysis to develop elastoplastic models for individual
asperities and subsequently extend them to an ensemble of statistically
distributed asperities following the GW framework. As mentioned
above, alternative methods based on the Persson’s theory [258] can be
adopted to obtain an accurate representation of interactions of asperities
across the scales, which also overcome some of original GW limitations.
Readers are referred to [229,230,232,322,323] for extensive reviews of
rough contact modelling approaches applied to stochastically distrib-
uted asperities in modelling mixed lubrication regimes.

Most of the statistical and multiscale models outlined above pri-
marily capture the overall influence of local hydrodynamic and asperity
contact effects. This compromises the accuracy of resolving localised
flow and asperity contact interactions, vital for evaluating lubrication
breakdown and surface failures in complex engineering topographies.
Nevertheless, statistical and multiscale models offer a computationally
efficient and time-effective framework for analysing lubricated rough
surfaces.

4.2. Deterministic modelling

Although averaging and homogenisation methods can effectively
capture the influence of surface topography on the macroscopic
behaviour of rough lubricated surfaces by predicting the average hy-
drodynamic and asperity contact pressure distributions, they often fail
to provide detailed insights into local variations in critical quantities.
These include high localised fluid and contact pressures, stress fields,
minimum film thickness and flash temperatures, which are vital for
predicting and precluding lubrication breakdown and failure mecha-
nisms. In recent decades, advancements in computational power and
numerical techniques have enabled the development of deterministic
methods for modelling mixed lubrication problems. These methods
incorporate a full-scale representation of the microscopic geometry of
surface topography into the governing equations, therefore offering a
detailed analysis of lubrication and microcontact phenomena by
simultaneously solving the hydrodynamic and asperity contact problems
within a unified framework. However, this modelling approach de-
mands significantly higher computational effort due to the fine mesh
resolution needed to represent microscale features accurately.

It is important to note that averaging or homogenisation models rely
on separate deterministic models to compute the flow factors or ho-
mogenisation coefficients for specific surface topographies. Therefore,
deterministic mixed lubrication models are essential for accurate mixed
lubrication analysis. They provide a detailed understanding of the
microscopic interactions and flow characteristics that averaging or ho-
mogenisation models alone cannot capture. This underscores the critical
role of deterministic models in improving the accuracy and reliability of
mixed lubrication performance predictions in engineering applications.

4.2.1. Full deterministic Mixed lubrication modelling

Prior to the rapid advancements in computational power, early
deterministic solutions primarily focused on steady-state conditions,
addressing artificially generated surface irregularities such as dimples,
semicircular bumps and sinusoidal waviness [324-328]. These methods
were later expanded to include analyses of measured surface topogra-
phies [329,330]. Jiang et al. [289] introduced a pioneering determin-
istic transient mixed lubrication model for point contact applied with
actual engineering surfaces. Their approach employed a partitioned
solution strategy in which hydrodynamic and asperity contact pressures
were calculated separately and updated in a sequential iterative process.
The Reynolds equation governing fluid pressure was solved using a
multigrid method, while an FFT-based procedure was used to evaluate
asperity contact pressures in contact areas [158]. Building upon this
work, Hu and Zhu [286-288] developed a fully coupled unified frame-
work that improved convergence and stability by simultaneously solving
lubricated and asperity contact regions within a single system of equa-
tions. This unified model enabled the simulation of the transitions from
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full-film and mixed lubrication to boundary lubrication and dry contact
under various roughness patterns and operating parameters. Fig. 6B il-
lustrates the results obtained using this framework for a circular contact,
distinguishing between hydrodynamically lubricated and asperity con-
tact areas. Subsequent extensions of Hu and Zhu’s model incorporated
additional phenomena, such as thermal effects, elastoplasticity, inter-
asperity cavitation and starvation [67]. Moreover, numerical and
computational enhancements, including discrete convolution and FFT
(DC-FFT) [142], differential strategy [331] and progressive mesh
densification techniques [332], further improved the model’s efficiency
and accuracy. While initial concerns were raised regarding the numer-
ical implementation and accuracy of the unified framework, these issues
were adequately addressed, reinforcing its robustness and applicability
in mixed lubrication analysis [225].

Deterministic mixed lubrication simulations have also been used to
investigate the hydrodynamic pressure generation between parallel
rough surfaces, a phenomenon not fully explained by classical lubrica-
tion theory based on the Reynolds equation but observed experimentally
for many years. Inspired by Li and Chen’s [292,293] scaling-based
methodology for efficiently incorporating deterministic simulation re-
sults into full-cycle engine simulations of piston ring-cylinder liner
conjunctions, Profito et al. [295] developed a deterministic mixed
lubrication model for Twin Land Oil Control Rings (TLOCRs). This
model is based on quasi-static simultaneous solutions of the microscale
hydrodynamic and asperity contact problems, accounting for inter-
asperity cavitation using mass-conserving models. The outer lands of
the TLOCR were assumed flat and sliding parallel to measured cylinder
liner surfaces, both before and after wear. The model predicted signifi-
cant hydrodynamic load capacity due to fluid pressure build-up around
asperities and honing grooves. Results indicated that, under mixed
lubrication conditions, worn surfaces generated higher average hydro-
dynamic load capacity and reduced asperity contact compared to un-
worn surfaces. This was attributed to the smoothing of plateau regions
and reduced asperity curvature from wear, which facilitated lubricant
flow across the surface.

More recently, Brunetiere and Francisco [296] utilised a mixed
lubrication model based on an asperity-based contact model for inves-
tigating the hydrodynamic pressure build-up between parallel rough
surfaces in mechanical seals. They identified the transverse pumping
mechanism as the source of the fluid pressure build-up, resulting from
the combined effect of local lateral lubricant flow induced by surface
roughness, which must be counterbalanced by additional pressure flows
to maintain mass flow conservation of the lubricant at the interface.
Their study underscores the critical role of surface roughness in influ-
encing lubricant flow and pressure generation in mechanical seals.

Wang et al. [333] later developed a deterministic model for parallel
rough surfaces, building on Hu and Zhu’s unified approach, which
incorporated effects not considered in Brunetiere and Francisco’s model.
Their model incorporated the asperity interactions and the influence of
fluid pressure on asperity deformation (micro-EHL effect). The study
demonstrated that the micro-EHL effect at the roughness scale is a
crucial mechanism influencing fluid pressure build-up between parallel
rough surfaces. This development highlights the importance of consid-
ering the interaction between asperities and fluid pressures to model and
understand lubrication phenomena at the roughness scale accurately.

Furthermore, Geng et al. [298] proposed a deterministic mixed
lubrication framework incorporating a mass-conserving cavitation
model for simulating rough, parallel surfaces. The model employs a
trained neural network for predicting contact pressure solutions and a
modified form of Archard’s equation for capturing the wear evolution of
surfaces operating under running-in conditions. The model’s accuracy
was validated against experimental results for various wear conditions,
while the contact pressure predictions showcased the robustness of the
trained neural network. The study also highlighted the importance of
considering the elastic deformation of rough surfaces when modelling
heavily loaded contacts using computationally efficient algorithms.
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4.2.2. Deterministic asperity contact modelling

While deterministically coupled models enable detailed simulations
of boundary and mixed lubrication regimes, the development of ad-hoc
algorithms for complex contact mechanics problems provides the flexi-
bility to integrate different models for hydrodynamic and asperity
contact calculations using robust numerical schemes. Such an approach
can leverage the strengths of both statistical and deterministic methods,
offering a more comprehensive understanding of tribological phenom-
ena. Deterministic simulations facilitate the assessment of localised ef-
fects associated with microscopic surface features, while statistical and
multiscale models capture the macroscopic influence of surface rough-
ness on lubrication behaviour. An example is the interactive
deterministic-statistical modelling approach [334-336], which com-
bines macroscale average lubrication analysis with microscale deter-
ministic asperity contact simulations. Due to this scale integration, it is
often referred to as the macro-micro approach [67]. The following
provides a flavour of key deterministic approaches used in modelling the
contact mechanics of rough surfaces and their applications in tribosys-
tem studies.

Deterministic solutions based on the half-space theory can be
adopted to evaluate rough surface displacements and stresses under
traction forces. Assuming small deformations and large contact radii
relative to contact size, the half-space theory [40] utilises influence
functions to model displacement as a convolution of traction and cor-
responding influence functions (or Green’s functions) [337]. Classical
pressure-displacement relations include the Boussinesq-Cerruti [135]
and Flamant solutions [136] for plane stress/strain conditions, while
other models such as the Tripp [338] and Westergaard [339] solutions
tackle periodic continuum problems. Advances in computational per-
formances have catalysed the development of a plethora of numerical
methods that efficiently handle such convolutions. In addition to Fran-
cis’ [282], Lai and Cheng’s [340] as well as Webster and Sayles’ [341]
models, Ren and Lee [150,256] proposed a moving grid method (MGM)
that reduces memory usage by exploiting grid uniformity and symmetry.
Brandt and Lubrecht [284] introduced the multi-level multi-integration
(MLMI) method for simulating realistic rough surfaces while lowering
the computational complexity from ¢(N?) down to ¢(NInN) by
leveraging kernel decay, where N denotes the number of computational
mesh points. Tian and Bhushan [285] proposed the conjugate gradient
method (CGM) for simulating rough surface contacts using quadratic
programming, and was later enhanced by Fast Fourier Transform (FFT)
methods such as those proposed by Nogi and Kato [151] in addition to
Polonsky and Keer [152]. FFT-based algorithms have since gained
popularity in tribology for efficiently solving convolution integrals by
transforming the equations from the spatial to the frequency domain
[67]. Furthermore, Liu et al. [154] addressed the FFT periodicity errors
with the Discrete Convolution and Fast Fourier Transform (DC-FFT)
method by zero-padding of the domain in order to avoid periodicity
artifacts. Wang et al. [142] deduced in a comparative study that the DC-
FFT method is approximately five times faster than the MLMI technique
and much faster than the DS method for evaluating surface elastic
deformation. The readers are referred to [67,155,158] for further details
on FFT-based algorithms for analysing tribological interactions.

The boundary element method (BEM) [342,343], which transforms
governing differential equations into boundary integral equations over
the surface or boundary of a domain, significantly improves the
computational efficiency of contact problems as displacement and stress
approximations are limited to the boundaries of the domain rather than
the bulk of the contacting bodies. The application of BEM in studying
contact problems was outlined by Anderson et al. [281] for assessing
smooth contacting bodies and was later followed by numerous in-
vestigations which focused on the contact of rough surfaces
[337,343,344]. Putignano et al. [294] developed a BEM-based numer-
ical model based on a non-uniform adaptive meshing scheme for eval-
uating the elastic contact solution between rough surfaces, whereby
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mesh refinement was carried out in regions characterised by high
magnitudes of stress and strain gradients for enhancing the computa-
tional efficiency and accuracy. The developed model was subsequently
employed to investigate the influence of roughness properties on con-
tacting behaviour. A linear relationship was observed between the real
contact area and pressure for low squeezing pressures, with a propor-
tionality coefficient of “2” falling between the predictions of Persson’s
and BGT models [345]. These linear relationships were lost when as-
perities with large curvatures were brought into contact under high
loads. The authors also demonstrated that, while the ratio of true contact
area to dimensionless pressure varied for different Hurst exponents, the
RMS gradient, and not the Hurst exponent, influenced the proportion-
ality coefficient. In a later study [346], a similar effect for the cut-off
wavelength was obtained, i.e. the influence of the cut-off wave-vector
on the contact area ratio was indeed through the RMS gradient. More-
over, the same conclusion was held true in the non-linear range of
contact area evolution. The authors suggested that discrepancies in
other studies [347,348] could stem from insufficient mesh refinement at
the contact boundaries or an inadequate number of mesh points per
contact area (in uniform grids), therefore raising questions regarding the
convergence of the solutions in those cases. The readers are referred to
[25,231,337] for an extensive review of BEM and its utilisation for
tackling contact mechanics problems.

The geometric flexibility offered by the finite element method (FEM)
[349-352] has catapulted its implementation for examining contact
problems, whereby materials constitutive behaviour can be described
using infinitesimal or finite strain formulations. In FEM, an explicit
relation between the strain and the stress can be prescribed, either
within infinitesimal or finite strain formulations, thus allowing for
arbitrary constitutive material models to be considered, starting from
simple linear elasticity up to complex crystal plasticity. The application
of FEM to tribological problems involves the discretisation of the vol-
umes of contacting bodies and an appropriate treatment of their contact
interactions [25]. The arbitrariness of material models, as well as the
geometries of contacting solids and their heterogeneity that can be
attained in the treatment of contact interfaces, makes this method a
multipurpose engineering tool. For example, Hyun et al. [347] applied
FEM to analyse frictionless, non-adhesive contacts between self-affine
fractal surfaces with roughness incorporated down to the discretisa-
tion scale. A wide range of parameters, such as the roughness amplitude,
the roughness exponent and the Poisson’s ratio, were examined, and the
average load carried by the rough surfaces was investigated. Further-
more, FEM was also utilised in tackling rough contact problems per-
taining to viscoelastic materials. Wriggers and Reinelt [353] proposed a
finite element model in which a rough surface was decomposed into a
limited number of harmonic functions with different wavelengths and
amplitudes. The effects of hysteresis and adhesion were considered, and
a fair agreement was obtained compared with experiments. However,
the authors were able to capture only a small range of roughness due to
the extremely high computational efforts involved. Despite the recog-
nition that the FEM has gained as a result of its diverse application and
accuracy in exploring various material behaviours [354], FEM requires
significant storage space and suffers from instabilities in the conver-
gence of the iterative solution.

The Green’s function molecular dynamics (GFMD) [26,355] is a
widely used approach for tackling contact mechanics problems through
molecular dynamics. Campana and Miiser [290] proposed the GFMD,
replacing a semi-infinite, harmonic solid with a single layer of atom for
computational efficiency. By simulating real surfaces and artificially
generated surfaces, the results revealed Gaussian-tailed stress distribu-
tions for random surfaces and exponential-tailed ones for experimental
surfaces [356]. However, the true contact area was largely unaffected by
this difference, with a proportionality coefficient (x) of around 2, lying
between Persson’s and BGT’s models. Almqvist et al. [357] further
investigated GFMD, showing that the real contact area was proportional
to the squeezing pressure at low loads, while interfacial separation



S. Ardah et al.

depended logarithmically on applied force. Three numerical methods,
namely BEM, GFMD and smart-block classical MD, were employed in the
study. Despite the good agreement that was achieved in comparison
with Persson’s prediction for high loads, the rather small size system
used in the computations yielded finite size effect for large separations.
This was also investigated by Pastewka et al. [358] using GFMD to study
contact stiffness, finding it linear with squeezing pressure over a large
range of loading conditions, contrary to the power law trend presented
by Pohrt and Popov [359]. Furthermore, Prodanov et al. [360] sys-
tematically studied the influence of thermodynamic, fractal and con-
tinuum corrections on the relative contact area and mean gap using
GFMD, finding the continuum and fractal corrections to be most sig-
nificant vis-a-vis the contact area. To achieve convergence in the solu-
tion, fine discretisation and a smaller wavelength range were required
for small and large Hurst exponents, respectively. Nonetheless, finite
size and discretisation had minimal effects for large Hurst exponents and
low pressure, while systems characterised by small Hurst exponents
required much finer grids under high pressure. In addition, the authors
suggested incorporating the RMS gradient into the dimensionless pres-
sure representation, a practice that was adopted in other studies
[361,362].

Recently, an interesting multi-scale coupling method has been pro-
posed by Bonari and co-workers [363,364], which integrates the FEM at
the macroscale and the BEM at the microscale to accurately solve con-
tact mechanics problems. This approach leverages FEM for modelling
the overall macroscopic geometry while using BEM for incorporating the
mechanical response governed by rough surfaces at the microscopic
scale. This procedure overcomes the classical limitations of applying
FEM and BEM separately while allowing alternative macroscale contact
mechanics formulations to be as well invoked, e.g. mortar methods.

4.3. Interfacial boundary slippage

One of the key assumptions underlying the Generalised Equations of
the Mechanics of Viscous Thin Films (i.e. Reynolds equation) [30] is the
well-known no-slip boundary condition, which assumes that the wall
and the adhering fluid are both travelling at the same velocity. In other
words, the fluid layer is stationary relative to the surface motion.
Although being a universally accepted approximation for modelling
macroscopic engineering problems, there exist circumstances in which
the no-slip condition may portray implausible interpretations of the
microscopic lubricant behaviour. Intermolecular forces, such as van der
Waals, electrostatic and steric interactions, can significantly influence
fluid dynamics at the microscale, particularly in lubrication regimes
where molecular-level effects become pronounced. These factors can
alter the lubricant film thickness, the boundary slip behaviour and the
stability of thin lubricant layers, notably in the presence of flexible or
deformable interfaces. Although a detailed discussion of these effects is
beyond the scope of this review, they are recognised as important factors
in the lubrication modelling of confined systems. For example,
numerous experimental [365-368] and theoretical [56,57,369] studies
have highlighted the inherent limitations of the no-slip condition for
predicting the overall lubrication system behaviour, especially for hydro
(oleo)phobic surfaces [370]. In such scenarios, intermolecular forces
reduce fluid-wall adhesion, thus enhancing boundary slippage and
altering the effective viscosity near the solid interfaces. Their impact is
further influenced by surface texture [371], liquid molecule polarity
[372], wettability [373] and contact angle [374]. Furthermore, these
forces can contribute to interface deformation in flexible and soft in-
terfaces, influencing load-carrying capacity and tribological perfor-
mances. While these effects may be negligible in some macroscopic
lubrication models, their role in micro- and nano-scale lubrication is
critical and warrants considerations in specific applications.

Increasing attention has been devoted towards addressing the im-
pacts of interfacial slippage effects on tribosystem performances through
robust and universal algorithms. An example is the Navier slip length
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model [375-377], which assumes a linear relationship between the slip
velocity of the fluid layer adjacent to the surface and the tangential shear
rate, expressed as:

v, = — o, 21
where ¢ = (dv/0z) is the surface shear stress and 2 = b/5, with b being
the Navier slip length coefficient. This coefficient indicates a hypo-
thetical distance below the fluid-solid interface at which the no-slip
condition holds. Despite advances in refining the slip length relation-
ship [378,379], the Navier model lacks a predictive framework for the
slip length based on system parameters [380] and assumes slippage
occurs in an unpredictive manner [381].

Alternatively, the Tresca slip model [382,383] (or critical shear
stress model), akin to the critical shear stress model in solid mechanics
[384], entails the initiation of interfacial slip only when the surface
shear stress o reaches a critical value 6,4 [385]. Hence, this restricts the
materialisation of slippage throughout the domain, as opposed to the
aforementioned Navier slip condition. The Tresca model is mathemati-
cally expressed as [385]:
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with 4 > 0. To overcome the drawbacks of the Navier slip model, Spikes
and Granick [386] proposed the double parameter slip (DPS) model by
incorporating the critical shear stress criterion into the Navier slip
model. This was later applied in [387] for analysing one-dimensional

bearings using a mass-conserving cavitation model. The DPS model
defines interfacial velocity as follows [385]:
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5. Learning from the smaller Scales

Since the introduction of the hard-sphere model for liquid dynamics
[388,389], and with advancements in computational resources, molec-
ular simulations have been instrumental in revealing the nanoscale
physiochemical mechanisms driving processes across various scientific
disciplines. These simulations play a vital role in modelling tribosys-
tems, enabling the assessment of transport-related physical quantities
that impact both macroscopic and microscopic interfacial behaviours.
Two foundational techniques in molecular simulations are the Monte
Carlo (MC) [390] and Molecular Dynamics (MD) [42] methods,
employing statistical and deterministic modelling approaches, respec-
tively. However, MD is widely employed for simulating tribological in-
teractions induced by fluid flow behaviour [42,391]. MD simulations
solve atomic trajectories by applying Newton’s equations of motion to
atom ensembles over a series of short time steps using finite difference
methods [391], thus providing critical dynamic information such as
molecular positions, velocities, and accelerations. The accuracy of MD
simulations heavily depends on the force fields [392], which define the
intermolecular and intramolecular interactions between atoms, as well
as the thermostat method [393], which regulates heat dissipation near
contact interfaces during shear processes [59]. This section explores
how MD simulations can be leveraged to enhance the precision of con-
tinuum lubrication models by incorporating data from smaller spatio-
temporal scales. Additionally, it highlights how MD can address
continuum breakdown at the atomic level to revamp the macro- and
micro-scale modelling of lubricated contacts. The readers are referred to
[42,59,394-396] for further insights into MD simulations and their
applications.
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5.1. From molecular outputs to continuum inputs

Predicting lubricant behaviour under extreme conditions, such as
those in EHL regimes, remains a contentious challenge in tribology.
While continuum models offer powerful computational tools for simu-
lating the frictional behaviour in tribological contacts, they are con-
strained by assumptions related to lubricant rheology and flow
boundary conditions. The difficulty in validating these assumptions
arises from the extreme pressure and shear rate conditions within
lubricated contacts, or “buried interfaces”, which are difficult to inves-
tigate experimentally. Over the past decade, MD simulations have
become increasingly valuable for elucidating the atomistic and molec-
ular mechanisms at play under such severe conditions, providing
essential insights for scaling up to larger models. Recent MD simulations
have demonstrated strong quantitative agreement with experimental
friction and viscosity measurements, highlighting their potential to
inform and complement macroscale models, either on their own or
through multiscale coupling approaches [46,391,397]. This capability is
particularly valuable for conditions relevant to machine components,
where replicating the exact contact conditions in experiments is often
infeasible due to uncontrollable factors such as shear heating and
interfacial slip.

Expanding on the precise modelling of lubricant rheological behav-
iour, MD simulations have recently offered key insights into the re-
lationships between applied pressure, shear rates, and lubricant
responses, encompassing both the fluid’s structural and phase behaviour
as well as its interactions with surfaces. These findings have also been
closely tied to relevant molecular structures. Precise viscosity mea-
surements under high-pressure conditions are essential for predicting
macroscale phenomena, EHL film thickness and friction [188,197,398].
In the inlet region, where pressures range from 10 to 100 MPa, viscosity
is a key determinant of film thickness, whereas viscous effects govern
EHL friction in the contact centre, where pressures exceed 1 GPa. Ad-
vances in computational power, the development of highly parallelized
simulation software and improvements in force field accuracy have
positioned non-equilibrium molecular dynamics (NEMD) simulations as
powerful tools for predicting the high-pressure viscosity of lubricant
molecules [391]. Over the past two decades, bulk NEMD simulations
have been extensively employed to study fluids operating under high
pressure and shear conditions. For instance, McCabe et al. [399] and Liu
et al. [400] used NEMD simulations to examine the pressure-dependent
viscosity of 9-octylheptadecane and 1-decene trimer. While the New-
tonian viscosity was underestimated due to the united atoms (UA) force
fields, the pressure-viscosity coefficient (@) showed strong agreement
with experimental data. The accuracy of any MD simulation is highly
contingent on the force field applied, making the selection and rigorous
testing of force fields critical prior to conducting production simulations
[401]. Predicting viscosity index (VI) and a values for new molecules is a
valuable application of NEMD, as these properties are crucial for
enhancing EHL performances [402].

Non-equilibrium molecular dynamics simulations have also been
employed to examine the validity of the Eyring [403] and Carreau [404]
shear thinning models, both of which are frequently applied in EHL
predictions. Bair and colleagues [405] compared NEMD simulations
with the high-pressure viscosity of a molecular lubricant (squalane)
obtained from a rheometer. Although the experimental and simulation
data spanned several orders of magnitude in shear rate, they converged
onto a single time-temperature superposition master curve, which was
successfully fitted using the power-law Carreau model [404]. Similarly,
Liu and co-workers [400] utilised the Carreau model to describe the
shear thinning behaviour of squalane and various poly-alpha-olefin
(PAO) molecules, correlating shear thinning with molecular conforma-
tional changes, quantified through the radius of gyration. Recent bulk
NEMD simulations by Jadhao and Robbins [406] revealed that the
Carreau model more accurately describes viscosity-shear rate behaviour
at lower pressures, whereas the Eyring model offers a better fit at higher
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pressures. Furthermore, the “incremental viscosity” described by the
Eyring model, measured for Lennard-Jones fluids using a ‘shear-kick’
NEMD method, has been identified as a special case of the Carreau
model [407].

A key assumption in bulk NEMD simulations is that the fluid de-
velops a linear velocity profile between sliding surfaces. However, de-
viations from this Couette flow behaviour often occur under nano-
confinement, where phase transitions such as vitrification or crystalli-
zation, along with significant viscosity increases, can cause shear to
localise at the confining surfaces or within the fluid itself [408]. Robbins
and Smith [409] suggested that high pressures may trigger phase tran-
sitions similar to those observed in relatively thicker EHL films (= 100
nm) [188]. For more than half a century, nonlinear flow has been
invoked to explain experimental findings on EHL regimes [410,411],
though direct experimental evidence has been elusive for realistic lu-
bricants. Confined NEMD simulations, however, have captured this
behaviour with increasing complexity. Comprehensive NEMD studies of
atomic fluids under EHL conditions have revealed a transition from
Couette flow to various forms of shear localisation with rising pressures
[412-414]. These include central localisation (CL), where the outer
regions of the fluid move with the confining surfaces while the central
region undergoes shear, and plug slip (PS), where the outer layers shear
and the central region remains unsheared. More recently, NEMD simu-
lations of molecular systems have demonstrated similar behaviours
[415-417].

The EHL friction coefficients obtained from these NEMD simulations
closely aligned with extrapolations at lower shear rates [415,417], as
illustrated in Fig. 3.3 from [59]. This figure illustrates the variation in
friction with logarithmic shear rate for two molecular fluids:
2,6,10,15,19,23-hexamethyl-tetracosane (squalane) and 2,3-dimethyl-
2-[(3-methylbicyclo[2.2.1]hept-2-yl)methyl]bicyclo[2.2.1]heptane
(DM2H). Squalane, which is a linear Cy4 alkane with six methyl
branches, is frequently used as a model lubricant designed to minimise
friction, whereas DM2H is a rigid bicyclic molecule engineered to pro-
duce high friction, particularly in traction drives [418]. In Fig. 3.3a-i,
the friction coefficient of squalane rises logarithmically with shear rate
and also increases with pressure [415], a behaviour commonly seen in
both experimental studies and NEMD simulations under EHL conditions
[188]. Notably, the slope of the friction coefficient with logarithmic
shear rate decreases as pressure increases, similar to observations in
NEMD simulations of binary atomic Lennard-Jones fluids [413]. At very
high shear rates, the friction coefficient of squalane at 0.5 GPa surpasses
that at 2.0 GPa, a phenomenon also reported in studies on Lennard-
Jones fluids [414].

Molecular dynamics and non-equilibrium molecular dynamics sim-
ulations have been instrumental not only in understanding fluid prop-
erties but also in elucidating the behaviour of solid materials under
extreme conditions [8,25,41,419,420]. This is particularly important for
tribological systems, where a deep understanding of wear, surface
deformation and fluid-solid interface interactions is crucial for
addressing lubrication challenges. These simulations bridge the gap
between atomic-scale mechanisms and macroscopic tribosystem per-
formances by providing vital insights into the mechanical response of
the contacting surfaces, such as elasticity, hardness and adhesion,
mainly due to applied stresses, contact pressures and shearing forces.
For example, Pastewka and Robbins [421] highlighted the importance
of atomic-scale roughness effects in analysing friction and adhesion,
thus influencing the macroscopic contact behaviour of heavily loaded
contacts. Furthermore, various studies such as those conducted by Mo
et al. [422], Aghababaei et al. [423], Eder and co-workers [424,425]
and Sha et al. [426] have provided key fundamental understanding of
how nanoscale friction, adhesive wear mechanisms and hardness
properties at the atomic scale influence friction and wear. These insights
are invaluable for improving the performance and durability of mate-
rials in lubrication systems, where atomic interactions play a pivotal
role.
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The study of phase transformations in materials under lubrication
conditions [46,413,415,427] has been pivotal to understanding how
atomic-level changes impact the performances of lubrication systems.
Molecular dynamics, in particular, have provided valuable insights into
how stresses, temperature fluctuations, and contact pressures influence
material properties and lubrication efficiency under high-pressure and
high-shear environments. For example, Vandenhaute et al. [428]
employed large-scale MD simulations to investigate phase transitions in
metal-organic frameworks (MOFs) under mechanical stress, revealing
that structural phase changes in confined systems like porous materials
significantly impact their tribological performance and durability under
cyclic loading. Additionally, MD simulations have demonstrated the
critical role of temperature-induced phase transitions in lubricants, such
as in phase change materials (PCMs) [427] like paraffin waxes, which
undergo solid-liquid transitions as they absorb or release heat, and can
accordingly help regulate temperature but can also influence lubricant
performances under high temperatures. Furthermore, MD simulations
are also advancing nanotribology, aiding in the development of next-
generation lubricants that offer greater durability, reduced wear and
improved energy efficiency [429,430]. Berman et al. [431] used MD
simulations to show that graphene nanoscrolls, when paired with
diamond-like carbon, achieved macroscale superlubricity by forming
incommensurate contact. Similarly, Li et al. [432] explored cooperative
lubrication in graphene-water systems, showing that graphene helps
relieve lateral stress while enhancing the rolling behaviour of water
molecules, leading to improved lubrication performances. These studies
underscore the indispensable role of atomic-scale simulations in un-
derstanding phase transformations and their effects on tribological
properties, thus driving innovations in lubricant design and enhanced
mechanical performance.

Incorporating atomic-scale insights from MD and NEMD simulations
into continuum-based models enhances the predictive accuracy of
lubrication performances, particularly in systems governed by interfa-
cial behaviour, such as in thin film or boundary lubrication regimes.
These simulations reveal detailed atomic-level interactions, such as fluid
structuring, layering and slip behaviour, which are difficult to capture
relying solely on continuum methods [59,433]. For example, Thompson
and Robbins [408] employed MD models to examine the slip behaviour
and fluid dynamics at the fluid-solid interface under shear, revealing
how slip length can vary with shear rate and interaction strength, thus
providing critical data for refining high-pressure lubrication models.
Additionally, Wang et al. [434] investigated the impact of surface
wettability and roughness on lubrication performance through MD
simulations, demonstrating the influence of fluid layering and interfa-
cial slip behaviour on frictional forces. More recently, Zheng et al. [435]
explored the merits of nanoparticle lubricant additives in improving
surface separation and promoting friction reduction through the in-
teractions that transpire between the nanoparticles, lubricant film and
contacting surfaces.

5.2. Capturing chemical and physical phenomena via first-principle and
MD models

Deploying first-principle methods in conjunction with MD simula-
tions provides a highly detailed perspective on the chemical and phys-
ical mechanisms underpinning lubrication performances. First-principle
approaches rooted in quantum mechanics [436,437], such as density
functional theory (DFT), offer comprehensive insights into the electronic
structures and chemical interactions occurring between lubricant mol-
ecules and surfaces, which are crucial for predicting material behaviour
under a range of operational conditions. By complementing these
methods, MD simulations capture the dynamic behaviour of molecules
over time, thus allowing for real-time observations of key tribological
phenomena, such as friction, wear and lubrication performances at the
molecular level. Integrating these two approaches-DFT for precise
chemical bonding analysis and MD for modelling physical
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dynamics—facilitates bridging the gap between atomic-scale interactions
and macroscopic tribological outcomes. In addition to advancing our
understanding of tribological interactions, such consolidation plays a
pivotal role in guiding the development of next-generation lubricants
with optimised performances tailored to specific operational demands.

Integrating first-principle methods (e.g. DFT) with MD simulations
provides a powerful framework for understanding the adsorption and
dissociation of lubricant additives on solid surfaces. For example, Loehlé
and Righi [438] used DFT calculations to investigate the tribochemistry
of organophosphorus additives, revealing how the formation of iron
phosphide tribofilms can significantly reduce friction and enhance wear
protection. Moreover, the complementary role of MD models in expli-
cating the dynamic behaviour of additives was explored by Hu et al.
[439] in examining the role of nanoparticles in improving the load-
carrying capacity of lubricant through the formation of protective
layers on surfaces, ergo extending the lifespan of lubricated components.

Another arena where first-principle methods and MD simulations
excel is providing a detailed understanding of the tensile forces acting on
molecular bonds under compression and shear in lubrication systems.
DFT offers a quantum-level perspective on the behaviour of molecular
bonds by leveraging the precise electron distribution, especially in ad-
ditives like zinc dialkyldithiophosphate (ZDDP) [440,441]. Zhang et al.
[442] explored the significance of electron migration mechanisms on
bismuthyl bromide (BiOBr) surfaces, demonstrating through DFT
modelling how this affects the material’s photocatalytic efficiency and
the generation of reactive species like hydroxyl radicals. In addition, the
study revealed how effective electron migration towards oxygen mole-
cules can result in more electrons being diffused into electron-rich sites
via electron density differences. On the other hand, MD simulations
elucidate the mechanical behaviour of molecules under dynamic con-
ditions like shear and compression. For example, Wei et al. [443]
applied MD simulations in studying the impact of grain boundary defects
on the tribological properties of molybdenum disulfide (MoS;) during
scratching processes. Their findings revealed that the combined pushing
and interlocking actions between the diamond tip and MoS, atoms result
in a lower critical breaking load for grain boundary defect-containing
MoS, compared to the indentation process. This combination of DFT
for electron dynamics and MD for mechanical behaviour offers a deep
multiscale understanding of how additives and materials perform under
extreme lubrication conditions, bridging the gap between atomic-scale
phenomena and macroscopic tribological performance.

6. Spatiotemporal data extraction

Thus far, it is clear that a wide range of physicochemical interactions
across multiple spatiotemporal scales shapes the intricate and hierar-
chical nature of lubrication problems. As previously noted, the relatively
low computational cost and high efficiency of continuum models hinge
on the constitutive laws governing fluid behaviour and the boundary
conditions representing the physical constraints of lubrication systems.
Conversely, atomistic modelling faces challenges despite its capacity to
capture detailed atomic configurations and molecular trajectories due to
its high computational demands and limitations in accessible time and
length scales. Multiscale modelling, particularly in the context of
lubricated interfaces, addresses these challenges by bridging multiple
single-scale models to unify the characterisation of phenomena span-
ning vast length- and time scales. However, developing and deploying
multiscale and multiphysics models remains complex, requiring inter-
disciplinary expertise and a deep understanding of key factors, such as
the identification of relevant spatiotemporal scales, the selection of
appropriate sub-models for each scale and the integration of these sub-
models into a coherent multiscale framework [444]. At the heart of this
integration is the implementation of robust coupling methods that could
facilitate the exchange of information across multiple scales. These
multiscale models can be broadly categorised into concurrent or hier-
archical schemes, each offering distinct strategies for addressing the
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multiscale response of lubrication systems.

Domain decomposition is a widely used concurrent molecular-
continuum coupling technique [445-447], particularly effective in
solving multiphysics problems across large computational domains
[448-451]. This method partitions the global domain into multiple sub-
domains [452], where discrete molecular-scale and continuum-scale
problems are solved simultaneously. The communication between
these sub-domains occurs through the exchange of information via an
overlap or “defect” region, which acts as a communication layer for
ensuring the on-the-fly data exchange. In fluid dynamics, for instance,
the defect region serves as an interface between flow regimes where
continuum assumptions break down, such as at the solid-liquid or liquid-
vapour interfaces, or a moving shock wave between fast and slow
moving fluid [59]. Although advancements have enabled domain
decomposition to overcome the challenges related to inaccessible scales,
its application at smaller scales often requires short time steps [46].
Achieving robust coupling between MD and CFD sub-solvers is partic-
ularly challenging as it entails balancing the behaviour of continuum
region with the accurate evolution of the interfaces [453]. Therefore,
selecting the appropriate boundary conditions, averaging methods,
constraint algorithms, domain termination and particle insertion is
critical for developing accurate concurrently coupled models [454].
Readers can refer to [447,455-457] for an in-depth overview of the
application of domain decomposition and the associated challenges and
remedies.

Unlike domain decomposition, hierarchical (or sequential) coupling
methods offer an alternative approach in multiscale modelling by
eliminating the need for directly coupling solvers or overlapping various
sub-domains. Instead, hierarchical coupling relies on the sequential
simulation of molecular and continuum models [458], whereby
molecular-scale information, critical for describing physiochemical
properties, is firstly evaluated “offline” and subsequently integrated into
continuum models that portray component-scale phenomena. For
example, complex boundary conditions, such as slip conditions, can be
derived and utilised in continuum-based models (e.g. Reynolds equa-
tion) by parameterising macroscopic models using microscopic data
[55,455]. Another approach based on the sequential coupling technique
is embedded (or heterogeneous) coupling, whereby the macroscopic
solver operates over the entire simulation domain, while microscopic
solvers are strategically employed in specific regions to provide local
enhancements where more detail is required. This overcomes the limi-
tations of parameterisation, especially for vast parameter spaces or in
scenarios where tabulating data is impractical [59,455]. While hierar-
chical multiscale simulations offer computational efficiency by embed-
ding fine-scale models within coarse-scale frameworks, they may still
encounter information loss when transferring data between scales
[459]. Readers are encouraged to consult comprehensive reviews such
as [455,457] for detailed information on hierarchical coupling methods.

7. Application of machine learning in lubrication

The yearning desire for powerful and cost-efficient computational
tools, driven by the exponential rise in data, has accelerated the devel-
opment of novel techniques broadly encapsulated under the term
“artificial intelligence”. These tools process vast amounts of data by
leveraging computational and experimental (stochastic) frameworks
[460]. Analogous to data mining and data binning techniques, machine
learning (ML) algorithms identify and exploit low-dimensional feature
spaces within large datasets to predict, classify and extract valuable,
interpretable information [208,461], whereby their integration has
been transformative across a wide range of scientific disciplines
[62,462-467]. The training process of ML models can be categorised
into supervised learning [468], unsupervised learning [469], semi-
supervised learning [470] and reinforcement learning [471]. The
readers are referred to [472,473] for an in-depth analysis of the afore-
mentioned learning techniques. In the field of lubrication modelling, ML

21

Advances in Colloid and Interface Science 342 (2025) 103492

techniques have emerged as critical tools for analysing, predicting and
optimising tribosystem performance, facilitating the development of
more efficient and cost-effective lubricant formulations and surface
materials [63-65].

Synonymous with how biological neurons function in the human
brain [474,475], Artificial Neural Networks (ANNs) [476] are a class of
deep learning algorithms consisting of interconnected nodes (hidden
layers) that process and relay input signals through weighted connec-
tions. These weights are adjusted to minimise prediction errors and
enhance model accuracy. The predictive power of ANN models, partic-
ularly in tribological applications [477,478], is governed by the un-
derlying data analysis and network architecture, which can be refined
using specialised training algorithms [479,480]. A recent advancement
in the field is the introduction of Physics-Informed Neural Networks
(PINNs) [481-483], which have garnered significant attention for
embedding physics-based conservation laws directly into neural net-
works. Unlike traditional discretisation methods, PINNs can solve
complex nonlinear partial differential equations (PDEs) by utilising
automatic differentiation [484], enabling accurate computation of de-
rivative terms essential for engineering applications [485-488]. More-
over, PINNs provide a mesh-free approach to solving PDEs by
incorporating equations and constraints into the network’s loss function,
making them particularly useful for problems pertaining to lubrication
systems, where conservation laws such as the Reynolds equation are
critical [489]. Beyond ANNs and PINNs, a variety of machine learning
models have been applied in tribological solutions, such as Convolu-
tional Neural Networks (CNNs) [490], Support Vector Machines (SVMs)
[491], and K-Nearest Neighbor (KNN) [492], along with numerous
ensemble models [64,65,209]. The integration of machine learning
within multiphysics simulations has led to the emergence of “intelligent
models” that are capable of addressing ill-posed problems and leveraging
the underlying physics expressed by partial differential equations, as
portrayed in Fig. 8. These intelligent models hold significant promise for
advancing the development of more efficient solutions in tribological
systems.

Despite the promising advantages of ML models, their uptake in
lubrication modelling—especially at the atomistic scale-has been gradual
[64,65,494]. This is largely due to the complex physiochemical in-
teractions evolving within contacting interfaces, which traditional
regression models may struggle to capture accurately. Furthermore,
integrating ML models presents several challenges, mainly involving the
need for large-scale, high-quality datasets derived from MD computa-
tions and experiments, which are vital for the effective training of ML
models, yet can be resource-intensive to generate. Moreover, ensuring
the interpretability of ML models is essential, as the “black-box™ nature
of some approaches may hinder their application for diagnosing lubri-
cation failures. Nevertheless, the development of synergies between ML
and MD provides major prospects for advancing tribosystem modelling,
such as evaluating MD trajectories [495], accelerating DFT calculations
[496] and improving force-field computations [464], and ultimately
building extensive databases for wear predictions [497], as well as
enhancing nonlinear phenomena for creating scale-bridging frameworks
[496,498,499]. Hybrid models that integrate data-driven ML ap-
proaches along with physics-based models can blend the predictive ca-
pabilities of ML with the reliability of fundamental physics, such as
conservation laws and thermodynamic constraints, substantially
revamping the interpretability of ML projections.

Furthermore, interdisciplinary collaborations can play a key role in
realising the full potential of ML in tribological applications. The
effective integration of such tools into atomistic-scale simulations
through collaborative efforts of researchers from tribology, materials
science and computer science can accelerate the development and
application of the aforementioned “intelligent models” to address the
lubrication-related challenges linked with wear prediction, lubricant
performance and failure mechanism. For instance, ML algorithms can
progressively replace the traditional trial-and-error approaches in the
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prediction and formation of new combinations of base oils, additives and
nanoparticles [62,211,461,500-502]. Kajita et al. [493] autonomously
examined a wide range of molecular configurations in lubricant oils by
combining MD calculations with Monte Carlo Tree Search (MCTS), a
decision-making technique applied in areas such as game theory and
artificial intelligence [503,504]. The integration of MCTS with rapid
evaluations acquired through MD simulations enables a rigorous
assessment of the potential stability and functionality of newly designed
molecules, hence facilitating the autonomous discovery of optimal mo-
lecular structures and properties as well as extensive molecular design
spaces. As a consequence of this interdisciplinary synergy, an iterative
feedback loop can be created involving modellers contributing atomistic
simulation data while experimentalists validate these predictions
through real-world testing. This approach has already yielded advanced
lubricants, such as nanoparticle-enhanced and bio-based formulations,
that offer enhanced wear resistance, reduced friction and improved
sustainability [505-509], ergo driving the development of eco-friendly
solutions for lubrication systems.
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8. Future perspectives

This paper comprehensively reviews the current state of the art in
lubrication modelling across various scales and applications. Based on
this assessment, several emerging trends can be identified and sum-
marised below.

Significant progress has been made over the past decades in devel-
oping simulation frameworks for modelling the different lubrication
regimes. However, a consistent need remains for computationally effi-
cient deterministic mixed lubrication models that incorporate various
multiphysics and synergistic microscale phenomena within a unified
simulation framework. These phenomena include micro-TEHL, inter-
asperity cavitation, thermal effects, wall-slip, tribochemistry and tribo-
film kinetics, wear, inhomogeneous and nonlinear material behaviour,
triboelectric effects, and percolation, among others. Such a framework
would serve multiple purposes: (1) enhancing the understanding of the
underlying interfacial multiphysics interactions, (2) calculating ho-
mogenisation coefficients for different surface topographies and inter-
facial conditions, and (3) bridging molecular/atomic and continuum-
scale phenomena. Making this framework accessible online would
further facilitate collaborations within the tribology community.
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The adoption of advanced tribological models as a design tool inte-
grated into standard engineering practice can be achieved by coupling
lubrication and contact mechanics simulation frameworks with multi-
physics software, such as COMSOL Multiphysics, ANSYS, Abaqus,
OpenFOAM, MOOSE, and other commercial and open-source platforms.
This integration is essential for accurately accounting for tribological
phenomena in complex multibody and multiphysics engineering sys-
tems. It enables the assessment of specific design elements (e.g. complex
geometric features, unusual structural materials, and surface finishes)
and more realistic boundary and operational conditions (e.g. constraint
characteristics, transient and vibrational effects, and intricate heat
transfer behaviour) that influence tribosystem performance. Developing
fast and stable partitioned coupling techniques is an effective strategy
for integrating optimised codes, treating each physical phenomenon
separately as a “black-box” solver, which is ideal for creating modular
coupled schemes.

Furthermore, using multiscale methods should be facilitated through
shared platforms and the development of modular packages and li-
braries. These methods should also be extended to account for the in-
fluence of surface roughness and other topographic features at the meso-
and macro-scopic scales. For instance, the effects of surface micro-
textures could be considered in an averaged manner using flow factors
or homogenisation coefficients, allowing for the investigation of
textured surface performance in large lubricated domains without the
need for high mesh resolutions to discretize textures. Homogenisation
and other multiscale methods could also be employed to capture the
influence of additional microscopic tribological phenomena, such as
thermal effects, triboelectricity, and tribofilm evolution, on the macro-
scopic scale. This methodology would enhance the predictive accuracy
of tribosystem models, enabling the design and optimisation of more
efficient and reliable engineering systems.

Integrating multiscale modelling with artificial intelligence (AI)
methods, such as Physics-Informed Neural Networks (PINNSs), is essen-
tial for understanding and optimising tribological systems in complex
engineering applications. This approach involves the development of
simulation frameworks that efficiently couple multiphysics models
across different scales, including hybrid strategies that merge molecular
dynamics with continuum-scale modelling. These frameworks provide a
powerful tool for analysing the influence of atomic, molecular and
microscopic interfacial phenomena on macroscopic systems, thereby
enhancing predictive accuracy and design optimisation. Moreover, data-
driven techniques can play a significant role in developing reduced-
order lubrication and contact mechanics models that efficiently incor-
porate tribological phenomena into the simulation of larger multibody
engineering systems. This integration not only reduces computational
costs but also supports system performance and reliability optimisation.

Addressing the inherent uncertainties in tribological systems and
improving performance predictions requires the application of uncer-
tainty quantification methods and the development of lubrication,
contact mechanics and wear models based on governing equations with
spatiotemporal stochastic parameters. These models can account for
uncertainties in design parameters (e.g. gross geometry, clearances,
tolerances, surface waviness and roughness), material and lubricant
properties (e.g. structural compliance, surface hardness, elastic modulus,
viscosity and tribofilm behaviour), boundary conditions and operating
conditions (e.g. applied loads and kinematics). Such models can be
particularly relevant for analysing lubricated systems subjected to sto-
chastic excitations, such as the main bearings and gearbox bearings of
wind turbines, where the randomness of wind conditions influences
loads and kinematics. Furthermore, uncertainty quantification methods
and stochastic models can be employed to assess the evolution of
tribological performance of engineering systems over time, considering
factors such as lubricant degradation and surface wear.

Hybrid modelling approaches offer a promising strategy for
improving the accuracy and computational efficiency of tribological
simulations. Due to the high accuracy required for predicting surface
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interactions in modern engineering systems, traditional single-scale
computational methods often underperform in capturing the intricate
behaviour of rough surfaces without incurring prohibitive computa-
tional costs. Hybrid models combine the computational speed of
asperity-based models with the detailed accuracy of half-space/BEM and
FEM techniques, enabling large-scale simulations of rough surface in-
teractions while capturing complex stress distributions, deformation
patterns, and nonlinear material behaviours through localised FEM or
reduced-order models. These approaches are particularly advantageous
for applications such as wear prediction, mixed lubrication, and rolling/
sliding contacts, leading to more accurate and computationally efficient
tribological simulations. This hybrid framework provides a promising
direction for developing advanced simulation tools that balance
computational cost with high precision, fostering innovations in the
design and optimisation of engineering components in industries such as
automotive and aerospace.

Despite the increasing prominence of simulation tools in modern
engineering system design and optimisation, a multidisciplinary
approach that integrates various advanced methodologies is essential for
addressing the complexities of real-world systems. Combining physics-
based models, AI algorithms, and experimental data can create more
robust, reliable, and adaptive frameworks. Leveraging the precision of
physics-based models for stress, deformation and material interactions,
alongside the computational efficiency and predictive capabilities of Al,
will enable real-time predictive maintenance and failure analysis. Such
hybrid models, continuously refined and validated through experi-
mental data, are expected to advance areas such as wear prediction,
lubrication optimisation, and system failure diagnostics. This multidis-
ciplinary approach will significantly benefit automotive, aerospace, and
manufacturing industries by enhancing mechanical system perfor-
mance, reducing unplanned downtime, and promoting sustainability
through more efficient resource utilisation.

Determining critical parameters for improving the predictive capa-
bilities of lubrication models, such as friction coefficients, wear rates,
and surface roughness, remains a challenge due to the complexity of
tribological systems and the large-scale interactions occurring at in-
terfaces. Inverse problem modelling techniques offer a promising solu-
tion by enabling more accurate and efficient parameter estimation based
on real-world experimental data. As real-time experimental data from
advanced sensors and testing equipment become increasingly available,
inverse modelling techniques will facilitate continuous updates and re-
finements to tribological models, thereby improving predictions related
to wear, lubrication film behaviour, and surface interactions.

In addition to mechanical systems, lubrication-based modelling
techniques can be revamped, tailored, and deployed to address the
unique challenges confronted across various industries to optimise
lubrication, wear, and surface interactions in other engineering systems.
For instance, modelling the interactions in hydrogen-rich environments,
such as hydrogen fuel cell systems, using MD simulations and FEM can
provide insights into how lubricants and tribofilms behave under the
influence of hydrogen. As hydrogen diffusion into metal surfaces leads to
hydrogen embrittlement and negative impacts on the solid mechanical
properties, the developed modelling tools can improve the material se-
lection and lubricant formulation to prevent wear and failure. Another
arena that can be explored is the energy sector, particularly wind tur-
bines that operate in high-load and low-speed conditions where bearing
and gearbox wear are major concerns. Elastohydrodynamic and mixed
lubrication models can simulate asperity contact effects and lubricant
film formation, thus extending turbine life and improving reliability
under extreme operational conditions through optimal lubrication
strategies. Referring to the trends above, advanced inverse problem
modelling techniques can be employed to estimate key tribological pa-
rameters based on operational data, enabling real-time optimisation of
lubrication protocols. Another research domain that can be analysed
using the developed tools is the transportation sector, specifically elec-
tric and hybrid vehicles (EVs). High-speed transmissions require precise
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modelling of lubricant rheology under extreme shear rates and tem-
peratures, while nanofluid-enhanced lubricants—which incorporate
nanoparticles like graphene or molybdenum disulfide (MoS;)—are
gaining traction for their ability to reduce wear and improve thermal
management. Further challenges pertaining to electrical environments
can be introduced, such as electromigration and electrical discharge,
which are responsible for the degradation of lubricants and surfaces. As
a result, multiscale simulations can help predict how these factors affect
lubricant performance, while machine learning models can aid in en-
gineering lubricant formulations for such specific conditions. Finally,
yet importantly, synovial fluid is vital as a lubricant in biomedical ap-
plications, notably in developing biojoints and soft-contact systems. The
unique behaviour exhibited by synovial fluid (i.e. both viscoelastic and
shear-thinning) requires accurate modelling to replicate the mechanics
of natural joints. Accordingly, finite element analysis and multiscale bio-
mechanical models can be implemented to predict wear on joint im-
plants, assess the longevity of bio-compatible coatings and evaluate in-
teractions between soft tissues and implant surfaces under various
loading conditions. This approach can accelerate the development of
implants for reducing friction, preventing wear and extending the life-
span of artificial joints.
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