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Abstract
In this paper we consider equations of the type i+ fy(2)i + fo(x)3* + g(z) = 0 and
study their gqualitative behavior from the point of view of oscillation and periodicity of the

solutions.

1. Introduction

In [1] and [2). Utz establishes sufficient conditions for existence of periodic solutions

for equations of the types
F+f(2)2 +g(z)=0

and

T4 Q(x)+g(x) =0.

In this paper. working with the non-usual positive definite function

v ” 1
Vailt, i 1 et d
#(.y) /o as? + fs+1 ‘+/° glu)du

we establish sufficient conditions for existence of periodic solutions for the equation
i+ [ix)i+ f2(x)it 4 g(x) =0

and. also, sufficient conditions for solutions to be oscillating.
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2. The Positive Definite Function Va.a.

Auxilliary Lemmas.

isfying
) R in R satish)
Throughout this work we assume f;, f, and g as functions of

the following conditions:
2) fi. f2 and g are of class C;
b) 79(z) > 0 for 2 #0;
I 9(a) = 400 = 7% g(x)
Let a,€R. with a > 0. We indicate by €, the following open e
Das=R? if §? _4q < 0,

' . 2_4020
ﬂo.s={(:.y)enf|y>p,] if >0 and B° —4a

and

? _ 4020,
Qo.a={<r.y)en’|y<p,} if <0 and 3’ 4o

where
B e —ﬂ—m.
py = —ﬂ+2+42 and pr = ——__20_—‘_—

Consider the positive definite function

Vas:fas—R

given by

r
. » s )du .
; = —ds+ [ glu
Vos(z,y) = /o as? 4 Bs + 1d"’ ,/o

.es A1)
curves
. . ’ ] closed
It can be easily verified that the level curves of 1, 5 are al

"..,3(1.0) 18

d that

strictly increased in [0, +oci. v, ,(Io‘y“,
For 32

7 1% AT gL
=40 < 0, as = R? and. for each (1¢,yo) € R*. 1o 4

1 ; aspect
15 a4 closed cyrye For 87 _ 44 > 0. such curves show the following asp
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™

A

(=4
R
o

s, AL

The equation

i+ fy(z)F + fa(2)E +9(x) =0 (2.1)

1s equivalent 1o the system
{ sy s (2.1)
y=-hlzy - falz)y’ - gl7).

nsures existence and uniqueness of solution for (2.2)- The condition

The condition (a) e
It can be immediately

b
) ensures that (0.0) is the only point of equilibrium for (2.2)-

verifi 4 g
rified that the derivative of Vs relative to the system (2.2) 1s:

W g y*[By(7) - f:(z)]+v’lay(r)— fa(x) (2.3)
ay’ + By +1

We observe V), g(r.y) has the same sign of v [Bg(x) — filx)] + vlagl() - f2(2)),

be y :
cause ay’+ Jy+1>0 on 0,5

We also shall consider the positive definite function

2 F
Wir,y)= -1{2— + / g(u)du. (I,y) € R?.
o

whos - ;
se derivative relative to the system (2.2) is

Wir.y) = - falz) + ¥ H():

It can be easily verified that the level curves of 117 are all closed curves and Wi(z,0)

18 stri i
stricth increasing i [0, +0c.
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i - 2 that,
Lemma 1. Assume there are b > 0, a>0 and f <0, with f? —4a <0, such that

forall r >,
Si(z) 2 Bg(z) and fy(z) 2 ag(z).

. Then,
Let 4(t) = (2(1).4(t)) be the solution of (2.2), so that 7to) = (by1), »1 >0 en
there is 1, > to such that

v(ty) = (2,,0), 1, >b.

Proof.

K={(z.y)eR* |z 2b y20 and V,p(z,y) < L},

where [ = Vos(b.yo). with v < yo.

From i(t,) = vi > 0. it follows there is 1; >ty so that
H(t)ER, to<t<t,

ly point
On the other hand, being (t) > 0 on the half plane y > 0 and (0,0) the only poin

of equilibrium. there must exist ty > t; such that

Wty) ¢ K.

t, = max{u >1,|(t) € K. ty <t < u).
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From hypothesis and from (2.3) it follows

Vas(2(1) S0, to<t<t
Because V, g(y(to)) = Vo a(b.yy) < L, it follows that V, s(7(t))) < L. So, 1(t)) does
not belong to the arc given by

r2b y>20 and V,s(r.y)=L.

Because 7(t) >0 onthe y > 0 half planc. it follows

-

Ath) = (2,.0). 73> 0b.

Remark 1. The lemma 1 remains valid if the hypothesis: “there are b> 0, a >0 and
8 <0. with 8% —4a < 0. such that. for all z > b.

fi(x) > Bg(r) and fa(r) > ag(z)"
is replaced by: “there is b > 0 such that. for all > b, fy(z) >0 and fo(r) 20" In
this case, we work with the positive definite function W given in (2.4).

In a similar way. we can demonstrate the following lemmas.

Lemma 2. Assume there are b >0, a >0 and A >0, with A% —4a >0, such that,
for all = > b.

hila) 2 Bg(x) and  fa(z) < ag(a).
Let 5(t) = (2(1),y(1)) be the solution of (2.2) such that y(to) = (,.0), with 1, >b.
Let 7> 71, L=V, 3(x;.0) and

KN={zrveR" |z2b y<0 and V,4(r,y) <L}

Then. thereis t, > t, such that

()€ N, 1y <t <ty

and (1) = (b.yz). with p; <y < 0.

-0+ +/p*-4a

2a

where p,

]
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Lemma 3. Assume there arc ¢ <0, a <0 and f >0, with §% -~ 4a < 0, such that,
forall z <a,

fi(z) 2 Bg(z) and fy(7) < ag(x).

Let v(t) = (z(t),y(t)) be the solution of (2.2), so that 4(ty) = (a, vi), with y;, <0

Then, there is t) > to such that +(,) = (13,0), with z; < a.

Remark 2. The lemma 3 remains valid if the hypothesis: “there are a <0, a > 0 and
B >0, with ? —4a < 0. such that, forall z <a. fy(x) 2 Bg(r) and f3(r) < og(r)”
is replaced by: “there is a < 0 such that, for all r <a, f,(z) >0 and fy(r) < 0"

Before presenting the next lemmas, we observe if a < 0 thereis r > 0 such that.

for all (70,y¢). with |r¢| <7 and |y| < r,
Vostz,y) = Vas(z,y)

is a closed curve. and 1}, 5(z,0) is strictly increasing in [0,r]. We, also. observe that

the equation
dy 9(7)
2= —fitr) -ty - £
T y
does not admit vertical asymptote: consequently, the system (2.2) does not admit it too

Lemma 4. Assumne there are » >0, a <0 and 8 > 0 such that. for 0 < r <r,
filz) < Bg(r) and  fr(1) 2 ag(x).

Let 4(t) = (x(1),y(t)) be the solution of (2.2) so that 7(tg) = (7,.0). 2, > 0. Then.

there is t, > t, such that (t;) = (0.y;). with y, <0

Lemma 5. Assume there are r < 0. a <0 and 8 < 0 such that. for » < r < 0.

filz) < Bglr) and fi2(7) < ag(r)
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Let 7(t) = (z(t),y(t)) be the solution of (2.2), so that Y(to) = (,,0), 7, < 0. Then,

there is t, > t, such that

2th) =(0,1), with y, > 0.

3. Sufficient Conditions for Oscillating Solutions
A solution z(t) of equation (2.1) is oscillating if thers is a sequence (t,)n>1 tending

monotonically to +oo such that x(t,) =0 for n > 1.

Theorem 1. Suppose f;, f; and g satisfy the conditions a), b) and c) of the previous
section. Assume, also, that the following conditions are satisfied:
1) There are b >0, a >0 and A <0, with B2 —4a < 0, such that, for all
z 2b;
fi(z) 2 Bg(z) and  fa(x) > ag(x)
or

there is b > 0 such that, for all = > b,
fil) 20 and fa(x) 2 0;

2) There are a <0, a3 >0 and gy > 0. with A% — 4a3 < 0 such that, for all
TS a;

fi(x) 2 Bag(x) and fr(x) < asg(x)

or

there is a < 0 such that. for all r < a,
filz) 20 and  fy(r) <0;
3) There are ry >0, a; <0 and #; >0 such that. for 0 < 7 < ry,

Nilx) € Big(x) and  fa2(x) > ayg(z):
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4) There arc rp <0, a2 <0 and B; <0 such that, for r; <z <0,
fi(z) € Pag(z) and  fi(z) < @29(2).
Then, any non-trivial solution of the equation (2.1) will be oscillating.

Proof.
Let 7(t) = (x(1),y(t)) be a solution of (2.2) such that

¥(to) = (70,0), =z > 0.

There is. from hypotheses 2-3 and lemmas 3-4, a smallest t;, > to such that
(t) = (1,,0), =, <0.

There is, from hypotheses 1-4 and lemmas 1-5, a smallest t; > t; such that
Y(t3) = (12.0), x2 > 0.

So. any non-trivial solution of (2.1) is oscillating.

A special situation occurs when f,(7) = ag(z) for some a > 0, as the next theorem

shows.

Theorem 2. Suppose f; and g satisfy the conditions a), b) and c) of the previous
section. Assume, also, that the following conditions are satisfied:

1) Thereis a > 0 such that, for all zr,
fa(x) = ag(x):
2) Thereis g€ R. with 3% - 4a < 0. such that

filr) > Bg(z), = #0;



=275~

3) There are r >0 and B, > 0 such that, for 0 < lr] < r,

fHi(x) € Byg(x).

Then, any non-trivial solution z(t) of the equation (2.1) will be oscillating and

7(t) = (z(t),z(t)) approaches to the origin as { — +oc.

Proof.

It is enough to obscrve that

(Bg(z) — filx)] ,

oslr.y) = d y#0.
Vas(r.y) oy + By +1 y°<0. for 2 #0 and y #

to get to the conclusions that any solution of (2.2) approaches to the origin when t — +0c.
Based in hypothesis 3, we conclude that every solution starting at (z9,0), 7o > 0, crosses
the negative y half-axis and every solution starting at (r;,0). 1, < 0, crosses the positive

v half-axis. Therefore, all non-trivial solutions of (2.1) will be oscillating. |

Remark 3. If, in theorem 2, the hypothesis #? —4a < 0 in 2)is replaced by 8% —4a > 0,
we can assert only that any non-trivial solution passing by (r9,y¢) € €2,.5 is oscillating

and approaches to the origin as t — +oc.
Example 1. Consider the equation
T+ (AJ'? + fdr)r + aril+1=0

where 6§ >0,a >0 and A are given. We have
a) If =0 and 57 --4a <0, then every non-trivial solution is periodic. If ¢ =0 and
A% - 4a 2 0. then every non-trivial solution passing by (19, y0) € N0, 5 1s periodic.
b) If 6 >0 and #*-4a > 0, then evey non-trivial solution is oscillating and (x(t). 1(t))
approaches to the origin when t — 400, If 4 >0 and A% —4a > 0, then every
non-trivial solution x(t) passing by (x9,y0) € §24.5 is oscillating and (x(t). (1))

approaches to the origin when t — 4oc.
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Solution.

a) It is enough to observe that
VO.B(J'»V) =0, (z,y) € Nap

and V, 5(7,y) = V5 s(70,¥0) is a closed curve for all (ro,y,) € R? if A? - 4a <0,
and is a closed curve for all (z4,y) € Qop if B2 —40 > 0.
b) We have
627 4+ B > Bx, 2 #0

and thereis r >0 and £, > 0 such that
b2 4 Br < Bylz], O < |zl <.
The conclusion follows from theorem 2 and remark 3.

4. Sufficient Conditions for Existence of Periodic Solutions

Theorem 3. Suppose that f,, f, and ¢ satisfy the conditons a), b) and ¢) of the
section 2. Assume. also. that the following conditions are satisfied:

1) There are b > 0. « >0 and 8 > 0. with f? — 4a > 0. such that. for all
z 2> b
Nilz) 2 Bg(x) and 0 < fy(r) < agla);
2) There are a < 0. o, >0 and B, > 0, with A} — 4a, < 0. such that. for all
z.< a.

fi(x) 2 Big(z) and  fy(7r) < a,g(x)

or

there is a < 0 such that. for all r < a,

ilr)20 and fa(r) <0,
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3) The origin (0,0) is repulsive.

Then the equation (2.1) admits at least one non-trivial periodic solution.

Proof.
Theorem 1 ensures that any non-trivial solution of the equation (2.1) is oscillating.
From lemma 2 and hypothesis 1, every solution of (2.2) starting at (b,yo), wyo > 0,

crosses again the straight line z = b at a point (b,y,). with p, < y, < 0. where

-8+ /F—4a

P = 23 y
| |
|
R S1A ! N
CHAN ZE i
' e ) e - e %D
e ,
[}
From the theorem of Poincaré-Bendixson, the equation will admit at least one periodic
solution. ]

Remark 4. It can be immediately verified that a sufficient condition for that the origin

(0,0) be repulsive is f,(0) < 0 and (0,0) a local center of the system

r=y
y=-ha)y’ - ()
The condition zg(z) > 0. x # 0 ensures that (0,0) is a local center for the system

above (see [1]). So, f,(0) < 0 is a sufficient condition for the origin to be repulsive.

Remark 5. If f;(2) = ag(2), 7 € R. for some a > 0, then the following condition is

sufficient for (0.0) to be repulsive. thereis r > 0 and B; € R such that. for 0 < |z| < r,

filx) < Pag(x).

Remark 6. The theorem 3 remains valid if the hypothesis 1 and 2 are replaced. respec-

tively. by
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1') Thereare b> 0, a >0 and B <0, with §’~4a < 0, such that, for all
z20b,
fi(z) 2 Bg(z) and  fa(z) 2 ag(z)

or

there is b > 0 such that, for all r > b,
fi(z) 20 and fr(x) 20;

2') There are a <0, a; >0 and f§, <0, with B} —4a, > 0, such that, for all

r<a,

fi(z) 2 Big(z) and ayg(z) < fa(z) < 0.
Example 2. Consider the equation
i+ P(r)i+ari’+z2=0

where a >0, P(z) = Yinoarz*, n>2, 620 >0, a2 <0 if ap =0, and ao <0. It
follows immediately from theorem 3 and remark 5 that the equation admits at least one

non-trivial periodic solution.
Example 3. Consider the equation
i+(2% -1+ (P +2-1)i"+2"=0.

Let fi(z)=2°~1, fa(z) =2 4+z—1 and g(z)=z>. We have
1) fi(z) > 3g(z) and 0 < fo(z) < g(x) for 7 >4, with f2—4a >0 (f=3 and
a=1)
2) fi(z) 20 and f(r) <0 for z < -1;
3) £,(0) < 0.

From theorem 3 and remark 4, the equation admits at least one non-trivial periodic

solution.
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Example 4. From theorem 3 and remark 4, it follows immediately that the equation
P+(ef-2i+(2*-22-1)i’+1° =0
admits at least one non-trivial periodic solution.

Remark 7. The hypothesis 2, in theorem 3, can be weakened. Let y = y(x) be the

solution of

= ~fi(z) - falaly - 2
vy

passing by (b, p;), where

- -B+ /P -4a

2a !
being a and 4 as in hypothesis 1. Assume that such solution crosses the straight line
T = a at the point (a,y;), with y, < p,. Then, there will be a < 7o < b such that

¥(70) = py and, for a <1 < x4, y(7) < p;. So,for a <z <z,

& < 110 - (=) + '—’,f,—f% .

Let A >0 be such that, for a < r < b,

A3 i) + ",’( I" and A3 |fy(x)].

Then, for a < z < 7,

i'4+A|;5A.
dr

It follows that

di lchl] S ACAI
Ly

and therefore
xo
Y(zo)e?™® — y(a)eA < / Aertdz,

Hence

~¥(a) < (= + 1)eeme) )
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and, therefore,
-y(a) < (=g + 1)) ),

Then, the hypothesis 2 can be replaced by:

2,) Thereis a < 0 such that, for every z € [c,a],

fHi(z)20 and fr(z) <0
where
W(a,r))=W(c,0)=1L

with ry <0 and |ry| 2 (—py + 1)eA®=*) — 1, being, for every z € [a.}],

A2 fil= )|+"|" I and A2 fa2)] .

0
1

-
-
'
’
(
8
|
& -_——

- e - - -

st LT

Wix,y)=L, <= -—=|r,

Or by:
23) There aré a € 0, ai>0 and ﬁ| » 0, with 5} =40y <0, such that, for every

2 € |c.a),
filz) 2 Big(z) and fa(z) < ayg(x)

where

V'I By (a' 4] ) - Vﬁl NN (C, 0)
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with r, <0 and |ry| > (—py + 1)eAb=e) being, for every z € [c,a],

A2 Ifi(2)+ 17% and A2 |fy(s)).

Example 5. The equation

= 3 2 1., 1,.2

T4 (" +132% 4+ 27 - 4—)z+(z-— z)z +z=0
admits at least one non-trivial periodic solution.

Solution.

Let fi(z)=2"+13224+2r -1, fy(z)=2~1 and g(z)=1.
We have

1) fi(z) > Bg(x) and fa(z) < ag(x), for z > b, where S =2, a=1 and b= 1
So, f?—4a =0 and p, = —1.

2)) fi(z) 20 and fa(z) <0, for every 7 € [c,a], where ¢ = -12 and a = -}_
Let A=2 So, A> Ijl(r)|+'s;,(,—:':')I and A 2 |fy(z)|, for a <z <b Let
1
r1 > 0 such that

2

2
3+ % - % (W(e,0) = W(a,r,)).

~

Thus, |ry] 2 (=p; + 1)eAt=*) — 1.
3) fi(0) <.

From theorem 3 and remark 7 the equation admits at least one non-trivial periodic

solution.
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