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Abstract 

In thi., papcr wt cousidcr cqu.aiions of the typr i + fi ( r )i+ fi(r )i2 + g(x) = 0 and 

.1tudy their qualitatrn, beha,,ior from the point of view of 0.,cillation and pcriodicity of the 

.1olution.•. 

1. Introduction 

In [l] and [2]. Utz establishes sufficienr conditions for existence of periodic solutions 

for equations of the types 
:i+ f(r)i2 + g(x) = 0 
and 

i+Q(i)+g(:r)=O. 

In this paper , working with the non-usual positive definite function 

,·0,11(:r, v)= 1) 2 s ds + 1· g(u)du 
o a., + fJs + 1 o 

we establish ,mfficient condit ions for existence of periodir solut ions for the equation 

i+ !1\r)i + h(:r)i2 + g(:r) = 0 

and. also, sufficient conditions for solutions to h<· oscillating. 
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2. The P01;itlve Deftnite Functlon Vo,6• 

A uxilliary Lemmas. in R ,atisfying 
Throughout this work we assumt /1, /, and g u function, of R 

the following conditions: 

a) /1, h and g are of class C1; 

b) xg(x) > 0 for :r-;/ O; 

c) s: g(x) = +oo = J
0
-00 g(x). 

-en set: Let a, /J E R. with a> 0. We indicate by 110.6 the followiug 01 

na.a = R2 if /J2 - 4a < 0, 

, 4 > 0 2 } 1·c a > O and 13- - 0 - Oa.!i={(.r,y)ER IY>P1 µ 

and 

J·r ,2 < 0 and fJ2 - 4o ~ 0, l1o.a = {(x,y) E R2 I 11 < P2} µ 

where 

-/3 + ...//32 - 4a P1 = 
2a and 

-fi - ../132 - 4o 
P1 = 2o 

Consider the positive definite function 

given by 

\ • {' 3 ds + r g( u )du , 
'o.a(x,v)=Jo 0-'2+fJs+1 t; idthBI 

d . p·eS BI 
are all close cu It ean be eesily verified t ha: the leve] curves of l-;, _., 

\~ a(r.OJ is strictly incretosed in jO. +oc] . _ r .,(10,11°
1 

yl - o . .,... 3
1 

(xo,llol E R2- l'o r1(J'. r or · -4o < 0. 00_11 == R2 and for each 

· l f ]lowiuf?, n~p<'ft 
15 

a c osed rurve. For :31 - 40 ? O. such curves show tiif 0 



fJ<O 

y = PI 

The equa t ion 

x+ fi(x)i- + .fz(x)i2 + g(x) = 0 

II== P2 

(21) 

15 cquinileut to the sysrern 

{ ~=~fi(x)y-fi(x)y1-g(x) 

The condit ion ( a) ensures existcnce and uniqueness of solution for (2.2). The condition 

b) ensures that ( 0. 0) is the only point of equilibriwn for (2.2). It can be immediately 

(2.1) 

verified that the derivarive of V0,P relatin to the syiatem (2.2) is: 

y3!/Jg(x) - fi(x)) + Y2log(r)- fi(x)] 
oy2 + {,y + 1 

We observe l\,
8
(x.y) has the sarne sign of i/[/Jg(r)- fi(x)) + 1/!og(r)- h(x)}, 

(2.3) 
l'.,.11(.T.y) = 

because ay2 + ]y + 1 > 0 on no /l· 

\Ve also shall consider the positi\'e dcfiuite function 

y
2 1' Ii' ( r, y) = - + g( u )du, 
2 0 

(x,y)ER2
• 

(2.4) 

whose derivat ive relat ive to th" sysicm (2.2) i~ 

. • 3 2 H(x.y) = -jy h(.T) + !I fi(x)). 

It can be easily verified that the level cup·es of lr are all elosed eurves and H' (x, 0) 

i5 st · J rrrt ' mcreasing 1n (0, +oo(. 
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Lemma 1. Assume there are 6 > 0, a > O and /J < O, with fJ' - 4o < 0, such that , 
for aJI r? b, 

/1(z) ~ /Jg(:r) and f1(z) ~ og(z). 

Let 1(t) = (z(t),v(t)) be tht> solution of (2.2), &0 that -y(t0) = (b, lf1 ), lf1 > 0. Then, 

there is t 1 > to such that 

Proof. 

Let 

l{ = {(r. 11) E R1 I :r ~ b. 11? 0 and l~.,(:r, 11) $ L}. 

where L = l~.8(/,.yo). with 1/1 < 1/0· 

From :r(lo) = y1 > 0. it follows there is t2 > t0 so t hat 

On the other hand, being :.r(t) > O on the half plane II> 0 and (0,0) the only point 

of equilibrium. there musr exisi l.1 > t2 such that 

t 1 = rnax { u > tu 11' ( t) E h.. to S t S u ) . 
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From hypothesis and from (2.3) it follows 

l'o,6(-y(t)) $ 0, fo $I$ 11. 

Because V0,6(-y(t0)) = l'0,6(b, I/i)< L, it follows that V0_6(,,(t1 }) < L. So, ')'(11) does 

not belong to the are givcn by 

:r? b, 11 ~ 0 and \~_p(:r,!I) = L 

Because .i-( t) > 0 on the y > 0 half planc, it Iollows ~ 

Re mark 1. The lernma l rcmains valid if the hypot hesis: "there are b> 0, a > 0 and 

i3 < 0. with 132 - 4a < 0. such that . for all ;c~ b. 

fi(J)? /ig(:r) and h(:r)? og(:c)" 

is replaced by: "there is b> O such that. for all :r? b, fi(:r}? 0 and h(:r) 2'. O". In 

this case, we work with the positive definire funcrion W given in (2.4). 

In a similar way. we can demonstrate the following lemmas. 

Lemma 2. Assume there are b> O. a > O and f3 > O, with t,2 - 4o ~ 0, such that. 

for all :r ~ b. 

Ji(J)? /3g(:r) and h(:r) :5 og(:r). 

Let 1(t)=(:r(tl,11(t)) bethesolutionof(2.2)suchthat -y(t0)=(:r,,0), with :r, >b. 

Let :r2 > :r1, L = \'0.11(:r1.0l and 

1\· = {(:r. !ll E R1 I :c? b. v S O and \·~.a(:r, y) :S L}. 

Then. there is t 1 > 10 such that 

-,(t l E /\·. to S t S t,. 
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Lemma 3. Assume there are a < 0. o < 0 and fJ > 0, with /J2 - 4a < 0, such that , 
for all r $ a, 

/1(:r) ~ /Jg(:r) and h(r) $ og(r). 

Let 1(t) = (:r(t),y(t)) be the solution of (2.2), 110 that i(t0) = (a,11i), with y1 < 0. 

Then, there is t1 > to such that 1(ti):: (r2,0), with z2 < a. 

Remark 2. The Iemrna 3 remains valid if the hypor hesis: .. there are a < 0, a > O and 

fJ>O, with /J2-4a<0. suchtbat.forall :r$a. f1(r)~tJ9(r) and h(r)~og(r)' 

is replaced by: "there ii; o < 0 such that , for all r $ o, /1(:r) ~ 0 and h(r) ~ o·· 
Before presenting the next lemrnas. we observe if a < 0 there is r > 0 such that. 

for all ( .ro, Yo ). wit h !J·o I ~ r and IYo I ~ r, 

is a closed curve. and l ~.d( x. 0) is atrictly increasing in !O, r]. We. also, observe that 

the equation 
dy g(r) 
- = -f.(r)-h(r)y - - 
d.r y 

does not adrnit vertical esymptote: consequent ly, the systern (2.2\ does not admit it too. 

Lemma 4. Assume there are ,. > 0. o < 0 and /3 > 0 such t hat . for O < ;r < r. 

/i(:r) ~ /Jg(r) and /i(.r) ~ og(r). 

Let ,(t) = (r(t),y(t)) be the solurion of(2.2J so t hat ,(to)= (r,.0). J1 > 0. Th.-11. 

there is t1 > t0 such that 1(11) = (0. y1 ). with !11 < 0 

Lemma 5. Assurne t herr an- r < 0. o < 0 and 8 < 0 such t hnr , for , < r < 0. 

/dn ~ /3g(r) and h(r) $ ag(r). 
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Let -y(t) = (.r(t),11lf)} be the solution of (2.2), so that -y(t0) = (.r1,0), .r1 < 0. Then, 

there is t1 > t0 such that 

-y(ti) = (0, 11i), with 111 > 0. 

3. Sufflcient Condirions for Oscillaring Solutions 

A solution x( t) of equation ( 2.1) is oscillating if ther,e is a sequence ( t" )n 2'.• tending 

monotonically to +oo such that x(tn) = 0 for n 2: 1. 

Theorem I. Suppose /i, h and g satisfy the conditions a), b) and c) of the previous 

section. Assume, also, that the following conditions are satisfied: 

1) There are b > 0, o > 0 and (3 < 0, with (32 - 4o < 0, such that, for all 

x c b, 

or 

there is b > 0 such that , for all x ~ b, 

/i(r) 2'- 0 and h(:r) 2'- O; 

2) There are a < 0, o3 > O and /JJ > 0. with /Ji - 4o3 < 0 such that. for all 

x$ a, 

or 

there is a < 0 such that. for all r :5 "· 

/i(r) 2: 0 h1H1 /i(:r) :5 O; 

3) There are r1 > 0, o1 < 0 and 81 > 0 such that, for O < x< r1, 
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4) There are r2 < 0, 02 < 0 and /J,< 0 1ucl1 that, for r2 < :r < 0, 

Then, any non-trivial solution of the equation (2.1) will be oscillating. 

Proof. 

Let --,(t) = (.r(t),y(t)) be a solution of (2.2) such that 

"/(to)= (.ro,0), xo > 0. 

There is. from hypot heses 2-3 and lemmas 3-4, a smallest t1 > to such that 

There is, from hypot heses 1-4 and lemmas 1-5, a smallest t2 > t1 such that 

So. any non-trivial solutiou of (2.1) is oscillating. • 

A special situation occurs when J,(:r) = og(.r) for sorne a> 0, as the next theorem 

shows. 

Theorem 2. Suppose /1 and g sarisfy the conditions a), b) and c) of the previous 

section. Assume, also, that the following conditions are satisfied: 

I) There is o > 0 such that, for all .r. 

2) There is /3 E R. with B2 - 4o < 0. such that 

fi I r) > 8g( T ), ,. r/- O; 
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3) There are r > 0 and fJ1 > 0 such that, for O < lrl < r, 

Then, any non-rrivial solution x(t) of the equation (2.1) will be oscillating and 

1(t) = (x(t),x(t)) appronches to the origin as t-+ +oo. 

Proof. 

It i~ enough t o obscrve that 

\" (J.1/) = lt1g(r)- /.(I)] 2 < 0 
o,d . ay2+Jy+1 Y . for r -/ 0 and y -/ 0. 

to get to the conclusions that any solution of (2.2) approaches to the origin when t -+ +oo. 

Based in hypothesis 3, we conclude that every solution st arting at (x0, 0), xo > 0, crosses 

the negative !/ half-axis 11.11d every solut ion starting at (Ii, 0). r1 < 0, crosses the positive 

!/ half-axis. Therefore. all non-t.rivial solutions of (2.1) will be oscillating • 
Remark 3. If, in theorcm 2, the hypothesis {12 -4o < 0 in 2) is replaced by i32 -4o ~ 0. 
we can assert only that any non-trivial solution passing by (ro,1/o) E fl0.6 is oscillating 

and epproaches to the origin as t -+ +oe. 

Example I. Considcr the equation 

T + (/IJ2 + ffr)j- + Oii-2 + .T = 0 

where 6 ~ 0, o > 0 and /3 are given We have 

a) If 6 = 0 and !31 -- 4o < 0, thcn every non-trivial solution is periodic. If 6 = 0 and 

/J1 - 4o ~ 0. t hen every non-rrivial solution passing by {Io, 1/o) E flo.6 is periodic. 

b) If 6 > 0 and /31 - 4o >. 0, then evey non-trivial solution is oscillating and (x(t). i(t)) 

approaches to the origin when t - +oo. If /, > O and {32 - 4o ~ 0, thcn every 

non-tri,·ial solutiou r(t) passing by (x0,y0) E flo.6 is oscillating and (r(t).i-(1)) 

approache5 to thi:- origin when t _, +oc. 
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Solution. 

a) It is enough to observe that 

and l'o,.,(.r,y)=l'o,6(.ro,l/o) isaclosedcurveforall (.ro,l/o)E R2 if /J2-4o <0, 

and is a closed curve for all (x0, l/o) E 00_19 if /J2 - 4o 2: 0. 

b) We have 

6x2 + /Jx > /J.r, x j 0 

and there is r > 0 1111d fJ, > 0 such that 

6:r:2 + /3x < /Jd.rl, 0 < [r] < r. 

The conclusion follows from theorern 2 and remark 3. 

4, Sufflcient Conditions for Existence of Periodic Solutions 

Theorem 3. Suppose rhar /1, h and g satisfy the conditons a), b) and c) of the 

section 2. Assume. also. that the following conditions are sarisfied: 

1) There are b > 0. c, > 0 and 8 > 0. with {32 - 4o 2: 0. such that. for all 

x 2: b. 

/1(J) 2: /Jg(.r) and O 5 h(.r) :S o:g(,·); 

2) There are a < 0. o 1 > 0 and /J1 > 0, with /Jl - 4o 1 < 0. such that. for all 

x :Sa. 

or 

there is a < 0 such t hat , for 11II .r :S a. 

/i(.r)?: 0 and /i(.r) :S 0; 
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3) The origin (0, 0) is repulsive, 

Then the equation (2.1) admits at least one non-trivial periodic solution. 

Proof. 

Theorcm 1 ensures that 11.IlY non-trivial solution of the equat ion (2.1) is osci!lating. 

From lernrna 2 and hypothesis 1. every solution of (2.2) starting at _ ( b, y0 }, y0 > 0, 

crosses again the straight line :r = b at a point (b, y1 ). wirh p1 < y1 < 0. where 
-/3 + j/31 - 4o 

P1 = 23 

From the theorem of Poincare-Bendixson, the equation will admit at least 01w periodic 

solution. • 
Remark 4. It can be immediarely verified that a sufficient condition for that the origin 

(0,0) be r epulsive is /i(O) < 0 and (0.0) a local center of the systern 

{ 
:r = !I 
y==-h(:r)y2-g(:r). 

The condition :rg(:r) > 0. :r # 0 ensures that (O, 0) is II local center for the systern 

above (see [I]). So, f1(0) < 0 is a sufficient condition for the origin to be repulsive. 

Remark 5. If h(J·) = og(i). :r E R. for some a> 0, then the following condition is 

sufficicnt for ( 0. 0) to be repulsivc. there i~ r > 0 and /32 E R such th111. for O < IJ·I < r, 

Remark 6. The theorem 3 remains valid if the hypothesis 1 and 2 are replaced. respec­ 

tively, by 



l') Tbm l&lt b> D, o > 0 ADd /J< 0, with /J2 - 4o < 0, auch that, for all 

z 2: b, 
/1(z) 2:: /lg(z) and /,(z) 2:: ag(z) 

or 

there is I> > 0 auch that, for all :r 2: b, 

J.(:r) ~ 0 and /,(:r) ~ O; 

2') There are a< 0, o1 > 0 and /31 < 0, with /J~ - 401 ~ 0, auch that, for all 

:r $ a. 

fi(z) ~ /J1g(z) and 019(.:r) $ /,(.:r) $ 0. 

Example 2. Consider the equation 

i+ P(:r)i + ori2 + .:r = 0 

where o > 0, P(:r) = E!:o atzt, n~ 2, a,,.> 0, a,< 0 if ao = 0, and ao $ 0. It 

follows immediately from theorem 3 and remark 6 that the equation admits at least one 

non-trivial periodic solution. 

Example 3. Consider the equation 

z + (:r6 - l)i + (r1 + .:r - l)i-2 + .:ra = 0. 

Let /1(:r) = :r6 -1, /,(z) = x3 + z - l and g(:r) = z6• We have 

1) /1(.:r)~3g(z) and 0$/,(.:r)$g(:c) for .:r~-4. with /J2-4o >0 (P=3 and 

Q = 1); 
2) /1(.:r) ~ 0 and h(z) $ 0 for z $ -1; 

3) /1(0) < 0. 

From theorem 3 and remark 4, the equation admits at least one non-trivial periodic 

solution. 
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Example 4. From theorem 3 and rernark 4, it follows immediately that the equation 

i+ (e8 - 2)i + (z3 - z2 - l)i2 + z3 = 0 

admits at Ieast one non-trivial periodic aolution. 

Remark 7. The hypothesis 2, in theorern ~. can be weakened. Let II = y(.r) be the 

solution of 

dy g(r) - = -fi(x)- h(x)y - - 
dx II 

passing by ( b, p1 ), where 

-fJ+ ~ 
P1 = 2o ' 

being a and /3 as in hypothesis I. Assume that such solution crosses the straight line 

x= a at the point (a,y2), with 112 < p1• Then, there will be a< x0 5 b such that 

11(.ro)=p1 and,for a:Sx<xo, y(x)<P1· So,for a5x5xo, 

d11 lg(x )I 
dx 5 lf1(x)l - lh(z)h1 + IPil 

Let A > 0 be such that, for a 5 .r 5 b, 

A~ 1/i(.r)I + l~~~~I and A~ lh(z)I. 

Then, for a 5 x 5 xo, 
dy 
d:r + Ay 5 A. 

It follows that 

and therefore 

Hence 
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and, therefore, 

Then, the bypothesis 2 can be replaced by: 

21) There is a < 0 such that, for every :r E (c, a), 

where 

H'(a, r1) = W(c, 0) = L1 

with r1 < 0 and lr1I ~ (-P1 + l)eA<•-•> -1, being, for every :r E (a.b]. 

A~ l/1(:r)I + 1~;:tl and A~ l/2(z)I. 

'b c---,----r=---+---t----+=-------­ i 
I 
\ 
\ - - - -y = P1 

' I 
W(x,y)=L: .. J__ -- r1 
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with r1 < 0 and lri I~ (-p1 + l}e"1'-•1 - l, being, for every z e (c,a), 

A? lf1(z)I + 't~:I and A~ 1/,(z)I. 

Example 6. The equation 

fi:+ (x3 + 13r2 + 2r - ! )i+ (:r - ! )i2 + :z: = 0 
4 4 

admits at least one non-trivial periodic solution. 

Solution. 

Let /1(x)=x3+13r2+2r-¼, J,(r)=x-¼ and g(r)=x. 

We have 

1) f1(x)? /3g(:r) and /,(x) :5 og(r), for x~ b, where /J= 2, o = l and b=¼­ 
So, /J2 - 4o = 0 and P1 = -1. 

2i) /1(x)? 0 and /,(x) :5 0, for every x E (c,a), where c= -12 and a=-¼­ 

Let A= 2. So, A? l/1(x)I + l~;~t' and A? 1/,(:r)I, for a :5 :r :5 b. Let 
r1 > 0 such that 

r2 a2 c2 j+ 2-= 2 (W(c,O) = W(a,ri)). 

Thus, lri I ~ ( -p1 + l )eAl•-•l _ l. 

From theorem 3 and remark 7 the equation admits at least one non-trivial periodic 

solution. 
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