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Abstract 

In this paper, we consider the estimation of the slope parameter fJ of a simple structural 
linear regression model when the reliability ratio (Fuller, 1987) is considered to be known. 
By making use of an orthogonal transformation of the unknown parameters, the maximum 
likelihood estimator of fJ and its asymptotic distribution are derived. Likelihood ratio 
statistics based on the profile and conditional profile likelihoods are proposed. An exact 
marginal posterior distribution of /J, which is shown to be a t--distribution is obtained. 
Results of a s~all Monte Carlo study are also reported. 

(1) 

1. Introduction 

"The clMsical structural simple linear regression model is defined by the e<iuations 

Y, =s,, +e,, 
X, = z, +u1:, 

Y1: = /Jz1: 

where e,1:, u.r, and .:r.r, are independent and normally distributed with means zero and 
variances"!,"! and"!, respectively, that is, e1: ~ N(O,D!), 111: ~ N{O,D!) and z1: ~ 
N(µ.,, u! ), k = 1, ... , n. Extensive bibliographies on the structural and functional simple 
regression models are given in Kendall and Stuart (1961) and Fuller (1987). The main idea 
behind the equations (1) is that z 1, •.• ,Zn are not obserVt>d directly and the estimation 
has to be based on (Xi,Yj), ... ,(X.,Y,.). Let X = (X,, ... ,X,.)' and Y = (lj, .... l'n)'. 
Examples of practical situations where the %1: are not observed directly are provided in 
Fuller (1967). An interesting situation is the case where zt is the amount of nitrogen in 
the so_il ·and YI: is the yield of a certain cereal. Values for X,1: in this case can only be 
determined by laboratory analysis and are only estimates of the true z1: values. 

From the previous assumptions, it follows that the joint distribution of (X1:, Y1:) is 
bivariate normal, that is, 

(2) . 

Bayesian estimation of /J when the ratio.\= u!/u! is known andµ., = 0 is considered in 
Lindley and El-Sayad (1968). Likelihood based inferences are considered in Fuller (1987) 
~d Wong (1989). In the present paper, we assume that the reliability ratio, 

(3) 
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is known. As pointed out by Fuller ( 1987), there are great number of situations, particularly 

in psychology, sociology and survey sampling where kir is so well estimated that it may 

be treated as being known. Table 1.1.1 in Fuller (1987) describes values of kir for several , 

. variables. For example, measurement error is about 15% of the observed variation for 

inco~e. By considering kir as known, we may write 

where k = (1- kir)/kz. Hence, the covariance matrix in (2) may be v.Titten as 

(4) 

In Section 2, we consider an orthogonal parametrization {Cox and Reid, 1987) of the 

unknown parameters which simplifies considerably the task of deriving the maximum like­
lihood estimators and approximate confidence intervals for /J. Likelihood ratio statistics 

based on the profile and on the conditional profile likelihood (Cox and Reid, 1987) are also 
coniaidered. Additionally, we perform a small Monte Carlo study in order to illustrate the 
performance of the confidence intervals based on the asymptotic distribution of the maxi­

mum likelihood estimator of /3 and also on the profile and conditional profile likelihoods. 
A conditional model which yields an exact confidence interval for /3 is proposed in Section 
3. In Section 4 we consider the noninformative Jeffrey's priors for the unknown orthogo­
nal parameters and show that the marginal posterior distribution of /3 is at-distribution 
centered about the maximum likelihood estimator. Thus, exact inference for /3 can also be 

based on this posterior distribution. · 

2. The Orthogonal Transformation 

It follows from (2) and (3) that the log of the likelihood function of the unknown 
paran:ieters /3, u! and u: is proportional to 

w ft 

n ( ) } { 2 2 2) ~ l -2log D - 2D (/3 (71r + (7e L)Xi - µz) 
i=l 

(5) 
ft n 

- 2u! }:(X; - /Jz )(~ - /Jpz) + u!(k + 1) }:(s,; - Pµz) 2
}, 

ial i=l 

where 
D = l:J37u! + {l: + l)u!u!. 

The main interest in the present paper is to make inferences about the slope parameter 
/3, considering the other unknown parameters as nuisance parameters. It is not an easy 
task to find the maximum likelihood estimators of the unknown parameters by using the 
likelihood (5). · The likelihood equations are quite complicated to solve. Moreover, the 
asymptotic: distribution of the maximum likelihood estimators are also hard to deal with 
since the 3x3 Fisher information matrix is not diagonal. Bayesian inference about the 
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. 
parameter fJ has to penomed numerically or by means of approximations. One can use, 
for example, the Laplace method for integrals. As pointed out by Cox and Reid (1987), 
inference about /J is typically simplified by a.n orthogonal parametrization, where fJ is 
orthogonal to para.meters lo e >.1 • After computing the elements of the Fisher information 
matrix needed for finding the orthogonal parametrization (/J, ).0 , >.1 ); we arrive at the 
following differential equations: 

dc,2 dc,2 • 
(1 + 1:2 )o-! dP + k(k + l){J2<T! d; = -2k(k + 1).Bo-: 

and 

k(k + 1),820-! ;} + [2k.82 D + o-!(k + 1)2
];; = -2,83k2<1:. 

One solution to this ~t of differential equations gives the one to .one transformation 

{6) { 
>.o = (k + l)u~ + k>.1 {J2

, 

>-1 = u:. 
Therefore, it follows from (5) that _the log of the likelihood function in the new parametriza­
tion is proportional to 

(7) 

i•l i=l 

After some algebraic manipulations, we arrive at the following maximum likelihood esti­
mators: 

(8) 

(9) 

and 

where 

ii- E::.1 (X; - µ.,)Y; + µ,.(k + 1) E7=l Y; 
- rl:TS~ + 2µ., E~=1(X; - µ,.) + n(k + l)µ~ 

E7.,1{X; - l-lz)Y; + t" E:=I Y; 

).c, = kzP2 B": - 2P E: .. 1(X; - µ,.)(Y; - µ,.P) + t; Er=l(Y; - µ,.P)2 
n 

' k.,S-: 
"1 = --, n 

II 

S! = L(X; - µ.,)2. 
•-1 
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In the particu1ar case where µs = 0, it follows from (8) that 

(10) 

Fuller (1987) suggested, in ft. more general situation, an estimator similar to (10), based 
on unbiasedness grounds. It can be easily verified that iJ is a consistent estimator of /J. 
Moreover, after some algebraic manipulations, it follows thft.t the per observation Fisher 
information matrix in the new parametrization is given by · 

(11) 

0 
J 

uf 
0 

0 ) 0 . 
.A,+( f!-)' 

.Ao 

Thus, an·approximate (1 - o) level confidence interval for /J is given by 

(12) (/J- Zo 

where z0 denotes the upper o/2 point for the standard normal distribution. Furthermore, 
it follows that the profile likelihood, 1,(P), of the parameter /J is 

(13) 

where 

(14) 
~o(P) = ksP2S! - 2f1 L~= 1(X; - µ~)_(Y; - fJµ.,) + t; E~..,1(}'; - flµ.,) 2 

n 

For testing the hypothesis fJ = Po I we may use the likelihood ratio statistic, which is 
based on the profile likelihood above and is given by 

(15) 

v.·here l,(iJ) and l,(f10 ) are the profile likelihood (13) computed at the maximum likelihood 
estimator iJ and at Po, respectively. Thus, a 1 - o level confidence interval for fJ can be 
obtained from W < x~(o), where x?(o) denotes the upper o level pf9bability point for a 
cm-squared variate with one degree of freedom. • 

The conditional profile likelihood function (Cox and Reid, 1987) of the p81'ameter /J, 
lc(P), is · 

(16) 
(n -, 2) -

lc(/J) oc - -
2

-log(..\o(P)), 
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where -\o(.8) is given in (14). Thus, we can obtain confidence intervals for fJ by using the 
conditional likelihood ratio statistic 

as considered with the statistic W, given in (15). 
H µ,. is unknown, we may replace it by its consistent estimator X = E7=J Xi/n. If n 

is large or moderate, resulting inferences based on the above procedures (withµ,. replaced 
by X) a.re close to the case whereµ,. is known. This fact is illustrated in the simulation 
study that follows. 

Tables 1 a.nd 2 below present the results of a Monte Carlo study based on 500 simulated 
samples generated according to model (1) with <:r! =1.0, /J =1.0 and 4.0, k,. =3/4, 1/2 and 
1/3, and µ,.=0 and 2.0. We took o =0.10. Table 1 shows that the approximate confidence 
interval for {J, given in (12), is better for µz =0 than forµ,. =2.0. Furthermore, in this last 
CMe the coverage frequencies are below 80% for k,,=1/2 and 1/3. As expected, the results 
a.re better for n =50. The profile likehood based limits, /2 and 13 perform quite well; both· : · 
present coverage probabilities above 90% for µz =2.0. The limits based on the conditional 
likelihood ratio statistic (Is) have the same performance in all the entries of the table for · 
µ,. ==0. The coverage probabiliti~ for unknown µ,. and n =50 a.re quite similar. 

I 

Table 1. Relative frequencies (xl000) where the confidence 
intervals {11, 12 and [3) covers /3 = 1.0 

• • I . -. 
•.-,1• •••l/3 •••l/J • .. ,,. •. •l/3 •• •l/J 

•.-0 •,.-2 •.-0 •.._•a • -o • •a • -0 . _, • •0 • •2 • •O .. .. -2 . . . • 
••l 

11 .,. , .. l&O 721 141 &01 ... lS& 122 ,oo U& &00 

n 156 ,o 172 H& 170 1000 17& ,,. H2 ,n ... HI 

u .,. 9H 101 ... 10& 1000 9U He too IH n• 1000 

.. so 

11 t02 ... ,u 754 .,. &40 90I 170 .,. HI 902 &00 

n 902 ,so 902 ... 112 1000 ,u tH too tH 902 1000 

u tOI 954 tu ... HO 1000 tll 170 to& .,. to• 1000 

••SO 
•• unknolll'I 

11 IH IH IS& 7H 140 !HI ,OJ U& .,, ua 741 , .. 
12 HJ ,u ,o, tH tll 1000 tOI ts& ,u ,u fll ... 
u toa ,,, no ... U2 1000 tl& H& !Ill ... u, HI 

(11 : given by (12); 12 : based on (13); Is based on (16)) 

Table 2 presents in its first entry the mean values of iJ !or n =10 and n =50. Note 
the closeness of these values to /J, which is better achieved forµ,. known and n =50, as 
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expected. The second entry corresponds to the coefficient oC variation oC P, which is always 
lower for fJ=4.0. Further, when n =50, its values for knownµ., are close to the case where 
µ., (unknown) is estimated by X. The last entry oC the table presents the mean size oC 
t'he 500 simulated intervals 11 , as given in (12). The largest intervals were always.obtained 
for pz=O, with kz=l/2,1/3 and fJ =4.0. This behaviour WM expected, since the variance 
o( /J, given by the Fisher information matrix, is directly proportional to fJ and inversely 
proportional to µ.,. 

Table 2. Mean value of {J, coefficient of variation of P and 
mean size of / 1 , based on 500 simulated samples 

I• l . -. 
k••J/C 1.-1n 1.-11> k• •J/4 k• •1/a k• •1/> 

t1
1
•o .... , • -o • •2 • •O 11_•2 --.-o •.•2 .. _.o • •2 • •0 · . •> • • • • 

••10 
0.tH O.Ht 1.on 0,Hl 1.0)5 1.001 4,001 ,.110 J.tH ,.,,, ,.011 •• 051 

(JOI) OIi) (511) (111) (HI) (1'1) (221) (131) 1•011 (111) ,, .. , (101) 

O.tOJ 0.456 1.111 O,JH 2.954 o.n, 2.49' 1,246 C.275 o.,,, 6 . )2& o. , .. 
••50 

0.995 1.004 0.'90 o.,n o.,u O. H$ 1.00) J.990 ,.,u 4.006 J , tH 4.001 

[UI) I 711 (211) ( II) (4111 ( II) ( II) ( SI) (161) ( 51) (UI) 1 n1 

0.407 0 . 210 0 . 101 O, ltl l,]10 0 , 151 1,101 o.too l,'57 0 , 471 2,151 o.»o 

• • unkr\own 

... ,o o.,,, 1.00J 0.,11 1.001 o. ,o, 1.00, J,961 4,001 J,UO ,.on J.575 4 , 030 

(121) In) 12n1 I n1 (UI) (101) 1111 I II) (1711 ( 71) (261) ( 11) 
◄ ~ 

0,JH 0.2.25 0.110 O,lH 1. uo o. u, l,09' 0,599 l.&76 0.479 2.uo 0,JJJ 

3. A Conditional Model 

By using the orthogonal transformation (6), it follows that the joint distribution of 
(Y., X;) is bivariate normal with mean vector and covariance matrix given, respectively, 
by 

Then, the conditional distribution of Y; given X; is 

N{/JZ;; k.,-\o ), 

where 
Z; = µz + kz(X; - µ.,), 

I • 
i = 1, ... , n. After some algebraic manipulations it follows that the likelihood estimators 
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of fJ and of .\o (given X) are given by 

(17) 

Since 
~ k.,..\o 

Var(.BIX] = }:? z~' 
t=J l 

it follows that an exact 1-a- level conditional confidence interval for /3 is given by 

{18) I:7-1 (Y; - PZ,)2) 
(n - 1) E:':1 Zl ' 

where t,. is the upper o/2 point for the standard t distribution. A confidence interval 
similar to (18) was derived by Rodrigues and Cordani ( 1989). 

4. A Bayesian Analysis 

· As will be seen belo~, the orthogonal tran!ormation (6) simplifies considerably the 
task of finding the exact marginal posterior <listribution of the parameter ,8. We assign a 
uniform improper prior for p. Given P, we assign the Jeffrey's noninformative prior for 
(..\0 ,..\1). From the Fisher information matrix (11), the Jeffreys1·noninforma.tive prioc for 
(..\o, ..\1) is 

1 
p(..\.,>.1!/J)oc lo-\1' 

Therefore, the joint ·posterior density of (/J,..\0 ,..\1 ) is proportional to 

{19) 

1 n . 1 n 2 1 fJ2 2 2 
<rr)!!.,t:lezp{-2..\ (k + 1) E<X; - µ.,) }exp{-2.\o [k + 1 L(X; - µ.,) 

0 1 1 •"'I isl ' ·. 
n a 

- 2/3 E(X; - µ.,)(Y; - pµ.,) + (k + 1) E<Y; - /3µ.,) 2
)}. 

is:1 is:J 

Integrating (19) over (.\o, ..\1 ), we arrive at the marginal posterior density of P, which is 

(20) 

f:P " p(/3IX, Y) ex { k + 1 })X; - µ.,) 2 

• •=I 
• n 

- 2/3 L(X; - µ.,)(Y; - {Jµ.,) + (k + 1) E<Y; - /Jµ.,)2}-f. 
~l - ~I 

After some rearrangements, we can write the posterior density (20) as 

(21) CP- P)2 -t p(PIX, Y) cx {l + (n _ l)E} , 

7 . 



where 

Thus, according to (21), it follows that the posterior distribution of /J is at-distribution 

with n -1 degrees of freedom, centered at the maximum likelihood estimator iJ and with 

variance given by 
(n -1) 

Var(PIY,X] = (n-J)t. 

In the particular case where µ,: = 0, we have 

r: ~ n:~,,,, x1 Ei,,,, Yi2 
- <E;",,,1 x;Y;)2l 

- (n - l)A·HEi:=1 Xl)2 . 

Bayesian inference for /J may also ·be obtained by using the conditional model of Section 

3. By considering the noninformative prior 

. l 
p({J, ~o) ex ~o, 

it. can be shown that the posterior marginal distribution of fJ is again a t-distribution with 

n - l degrees of freedom and centered at /3 given in ( 17). The posterior variance is given 

by 

where >.0 is given in (17). 

5. Final Discussion 

The mrun object of the present paper is to estimate the regression parameter fJ under 

the structural linear regression model (2) considering the reliability ratio k., and the mean 

µ., as known parameters. Ifµ"' is unknown, it was sugested to replace it by the sample mean 

.Y, which is a consistente estimat.or ofµ,:, For large or moderate n, inferences about P when 

µ"' is known and when it is replaced by X are typically close. But, the method of obtruning 

an orthogonal parametrization in which fJ is orthogonal to the remaining parameters can 

be· extended to include µ,:. It can be shown after some algebraic manipulations that to 

ha,·e an orthogonal parametrization with µ 6 , u~ and a; as unkno:,vn parameters, we need 

~o and ~l as given by (6) and also ).2 given by the equation 

-\2Jl + k 

Then fJ is orthogonal to (,\0 ,,\11 -\2), Unfortunately, in this new parametrization, the 

likelihood equations are complicated to solve and we haven't yet found explicit solutions for 
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the maximum likelihood estimators. Thus, the problem considered in this paper (with µr· 
unknown) is a situation where an explicit solution is possible for the differential equations, 
but, explicit solutions for the likelihood equations are yet to be found. 
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