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Abstract

In this paper, we consider the estimation of the slope parameter g of a simple structural
linear regression model when the reliability ratio (Fuller, 1987) is considered to be known.
By making use of an orthogonal transformation of the unknown parameters, the maximum
likelihood estimator of A and its asymptotic distribution are derived. Likelihood ratio
statistics based on the profile and conditional profile likelihoods are proposed. An exact
marginal posterior distribution of 8, which is shown to be a t—distribution is obtained.
Results of a small Monte Carlo study are also reported.

1. Introduction

"The classical structural simple linear regression model is defined by the equations

Yi =y + e,
(1) Xi=zrtu,
vi = Bz

where €, ux and z; are independent and normally distributed with means zero and
variances 0, o2 and o2, respectively, that is, ex ~ N(0,02), uy ~ N(0,02) and z; ~
N{ps,02), k = 1,...,n. Extensive bibliographies on the structural and functional simple
regression models are given in Kendall and Stuart (1961) and Fuller (1987). The main idea
behind the equations (1) is that z;,...,z, are not observed directly and the estimation
has to be based on (X, 1),...,(Xa,Y5). Let X = (X;,...,X,) and Y = (}},.... V).
Examples of practical situations where the z; are not observed directly are provided in
Fuller (1987). An interesting situation is the case where z; is the amount of nitrogen in
the soil and y; is the yield of a certain cereal. Values for X, in this case can only be
determined by laboratory analysis and are only estimates of the true z; values.

From the previous assumptions, it follows that the joint distribution of (X;,Y%) is
bivariate normal, that is,

@ () ()T )

Bayesian estimation of 8 when the ratio A = ¢2/0? is known and g, = 0 is considered in
Lindley and El-Sayad (1968). Likelihood based inferences are considered in Fuller (1987)
and Wong (1989). In the present paper, we assume that the reliability ratio,
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(3) kl = 1 02 + as +
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is known. As pointed out by Fuller (1987), there are great number of situations, particularly
in psychology, sociology and survey sampling where k, is so well estimated that it may
be treated as being known. Table 1.1.1 in Fuller (1987) describes values of k, for several
_variables. For example, measurement error is about 15% of the observed variation for
income. By considering k. as known, we may write

ol = ko?,

where k = (1 = k;)/k.. Hence, the covariance matrix in (2} may be written as

f*o? + o? Bo?
@ ( fo? (k+1)az>'

In Section 2, we consider an orthogonal parametrization (Cox and Reid, 1987) of the
unknown parameters which simplifies considerably the task of deriving the maximum like-
Lhood estimators and approximate confidence intervals for 8. Likelihood ratio statistics
based on the profile and on the conditional profile likelihood (Cox and Reid, 1987) are also
considered. Additionally, we perform a small Monte Carlo study in order to illustrate the
performance of the confidence intervals based on the asymptotic distribution of the maxi-
mum likelihood estimator of § and also on the profile and conditional profile likelihoods.
A conditional model which yields an exact confidence interval for 8 is proposed in Section
3. In Section 4 we consider the noninformative Jeffrey’s priors for the unknown orthogo-
nal parameters and show that the marginal posterior distribution of # is a t—distribution
centered about the maximum likelihood estimator. Thus, exact inference for # can also be
based on this posterior distribution. ‘

2. The Orthogonal Transformation

It follows from (2) and (3) that the log of the likelihood function of the unknown
parameters 8, 02 and o? is proportional to
i 1 -
2.2, 2
~3log(D)~ 55 (B0} + o,)g(x.- - )’
(5) n 7 n
=202 Y (X — pe)Yi - Bue) + 02k +1) > (3 — Buc)),

=1 =1

where
D = kf%et + (k + 1)o3al.

The main interest in the present paper is to make inferences about the slope parameter
B, considering the other unknown parameters as nuisance parameters. It is not an easy
task to find the maximum likelihood estimators of the unknown parameters by using the
likelihood (5).  The likelihood equations are quite complicated to solve. Moreover, the
asymptotic distribution of the maximum likelihood estimators are also hard to deal with
since the 3x3 Fisher information matrix is not diagonal. Bayesian inference about the
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parameter S has to perfomed numerically or by means of approximations. One can use,
for example, the Laplace method for integrals. As pointed out by Cox and Reid (1987),
inference about 8 is typically simplified by an orthogonal parametrization, where g is
orthogonal to parameters A e A;. After computing the elements of the Fisher information
matrix needed for finding the orthogonal parametrization (8, Ao, A1), we arrive at the
following differential equations:

2 2
Jdos Jdo?

(1+K)o! T k(k +1)8%08 e ~2k(k + 1)Ba®
and : d&o? do?
k(k + 1)ﬂ’-a:7‘;; +[2kB2D + o¥(k + 1)’]7‘:9£ = -2

One solution to this set of differential equations gives the one to one transformation

©) {Ao=(k+1)af+kA,B’,

— oy
/\1 =0,.

Therefore, it follows from (5) that the log of the likelihood function in the new parametriza-
tion is proportional to

n 1 (ho+ MBA?)
-Elog(x.oxl)_ 2’\01\1{ k+1 §(xl-“)2
=280 Y (Xi — p)Ys — Bpe) + Mk +1) D (¥i - Bu.)?).

=1 =1

@)

After some algebraic manipulations, we arrive at the following maximum likelihood esti-
mators:
ﬁ= E?zl(xi-i‘x)yi"'l‘:(k‘*'l) E?z] Y:
TS + 20 0Ly (Xi — pa) + mlk + 1)
) S (Ki- eVt BTV,
k(524255 T (Ko~ pe) +0(§2))

kzﬁzsz = 2B Z:;l(xi 4 Fl)(l,l' = I‘:B) + El: E:;l(}’l i ”83)2

Q) So = -
and
:\l = kzsz,
n
where 5
53 = (Xi - F:)z-



In the particular case where g, = 0, it follows from (8) that

(10) f= —_—-—sz_"f;,

Fuller (1987) suggested, in a more general situation, an estimator similar to (10), based
on unbiasedness grounds. It can be easily verified that p is a consistent estimator of 8.
Moreover, after some algebraic manipulations, it follows that the per observatnon Fisher
information matrix in the new parametrization is given by

2—}3 0 0

(11) 0 -z—f\ly 0
2
0 0 h+§f‘)

Thus, an'approximate (1 — a) level confidence interval for f is given by

- _L_ 2 __é_“___
(12) B st @m0

where z, denotes the upper a/2 point for the standard normal distribution. Furthermore,
it follows that the profile likelihood, I,(8), of the parameter g is

(13) 1,(8) o — 3 log(o(8)),
where

k:ﬂ’53 -2p Z?=1(Xi il Fr)(Yi - ﬂl‘z) + Fl: 2?:1(}:' -‘ﬁ“:)z.

‘'n

(14)  Ao(B) =

For testing the hypothesis 8 = By, we may use the likelihood ratio statistic, whxch is
based on the profile likelihood above and is given by

(15) W= Z{Ip(ﬂ) = p(ﬂo)}a

where l,(ﬂ) and [,(8,) are the profile likelihood (13) computed at the maximum likelihood
estimator § and at ﬁ.,, respectively. Thus, a 1 — a level confidence interval for 8 can be
obtained from W < x?(a), where x3(a) denotes the upper a level probability point for a
chi-squared variate with one degree of freedom. . .

The conditional profile likelihood function (Cox and Reid, 1987) of the parameter 3,
1(B), is

(n-72)
2

(16) 1(B) x - log(e(B)),




where Ao(8) is given in (14). Thus, we can obtain confidence intervals for B by using the
conditional likelihood ratio statistic

W, = 2{1,:(3) T Ic(ﬂ.,)},

as considered with the statistic W, given in (15).

If y, is unknown, we may replace it by its consistent estimator X = Y"1, Xi/n. If n
is large or moderate, resulting inferences based on the above procedures (with u. replaced
by X ) are close to the case where p. is known. This fact is illustrated in the simulation
study that follows.

Tables 1 and 2 below present the results of 2 Monte Carlo study based on 500 simulated
samples generated according to model (1) with 02 =1.0, # =1.0 and 4.0, k, =3/4, 1/2 and
1/3, and p.=0 and 2.0. We took a =0.10. Table 1 shows that the approximate confidence
interval for 8, given in (12), is better for 1, =0 than for y; =2.0. Furthermore, in this last
case the coverage frequencies are below 80% for k.=1/2 and 1/3. As expected, the results
are better for n =50. The profile likehood based limits, I; and I; perform quite well; both " -
present coverage probabilities above 90% for p, =2.0. The limits based on the conditional
likelihood ratio statistic (/3) have the same performance in all the entries of the table for
pz =0. The coverage probabilities for unknown y, and n =50 are quite similar.

Table 1. Relative frequencies (x1000) where the confidence
intervals (I, I, and I3) covers § = 1.0

L =4

il-g,q, k_=31/2 k_w=1/3 k_=3)/4 k_=)/2 k=173

920 | =2 |v=0 |ve2 | =0 |u=2 | s=0 [p=2 |20 |[p=2 |p=D [u =2
X 1 x ¥ 3 1 3 x

Ael
1n [ b1 796 860 728 48 (1] ] [ 213 756 823 700 836 00
12 LELY 942 872 286 870 |1000 876 24 862 92 (2] 738
I3 (E]] 968 208 994 9206 | 1000 913 254 %00 296 914 |l000

I3 202 a4 52 754 [ 31} 840 906 870 894 749 02 s00
12 902 250 902 998 BR2 |31000 12 256 200 26 902 |1000

13 208 254 212 98 290 |31000 18 970 206 996 908 1000

»_ UNKNOWN
a=30

1 s ass 856 714 (11 ] $69 902 836 852 622 748 4“3
12 92 72 904 34 918 |1000 906 | 93¢ ?1s "6 18 993

13 202 74 910 L 11 222 | 1000 216 966 s18 288 924 L 11}

(I: given by (12); Ip: based on (13); I5 based on (16))

Table 2 presents in its first entry the mean values of B for n =10 and n =50. Note
the closeness of these values to £, which is better achieved for u, known and n =50, as
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expected. The second entry corresponds to the coefficient of variation of B, which is always
lower for 8=4.0. Further, when n =50, its values for known u, are close to the case where
pz (unknown) is estimated by X. The last entry of the table presents the mean size of
the 500 simulated intervals I;, as given in (12). The largest intervals were always obtained
for p2=0, with k;=1/2,1/3 and 8 =4.0. This behaviour was expected, since the variance
- of B, given by the Fisher information matrix, is directly proportional to # and inversely
proportional to p;.

Table 2. Mean value of 3, coefficient of variation of 4 and
mean size of I;, based on 500 simulated samples

[N ’= &

ﬁ‘-’/‘ II-I./: l. =173 k=374 k, =1/2 k. »1/3

y=0 vl-: u.-o ul-z ":'° ...: .‘.o .l.a y=0 | =2 ,‘-o .I.:

n=10 f -
0.999/0.909(1.032/0.997/1.035/1.0084.001|3.980(3.999(3.995/4.032|4.0%5)

€308) | (28%) | (STR) | (1B%) | (98%) | (20%) | (22%) | (13%) | (40%) | (218) | (548} (208)
0.903|0.4%6(1.811/0.398(2,954(0.316(2.496(/1.246(4¢.275(0.979(6.326/0.6%¢

n=50
0.995/1.004|0.990/0.957)0.996[0.99514.003/3.990/3.964/4.006)3.999|4.001

(33%) (¢ 78} (23%) | ( 8%) | (€2%) | ( #8)|( 8% | ( 53) | (36%) | ( 5¥) | (22%)|( 5%}
0.407(0.220(0.901/0.291|1.310(0.151§1.102/0.600(1.957|0.472/2.8%6|0.330

vy unknown

0.996|1.003/0.971/1.008/0.909/1.00913.967/4.001(/3.850|4.025|3.575|4.030
(22%) | ¢ a%) | (268) | ( o8) | (a2v) [ (200) Q¢ 8%) | ¢ 58) | 270) | ¢ TN) | (26®) | ( 7¥)
0.398/0.225(0.760/0,196|1.120/0.153]1.099(0.599(1.876/0.479(2.430/0.333

3. A Conditional Model

By using the orthogonal transformation (6), it follows that the joint distribution of
(Y;, X;) is bivariate normal with mean vector and covariance matrix given, respectively,

by
Bus: ) ( Ag+2; 8% B )
d E+1 1 :
( s ) EEL AL @
Then, the conditional distribution of ¥; given X is
N{BZi;k:20),

where

Zi = pe + k(X — ps),

i =1,...,n. After some algebraic manipulations it follows that the likelihood estimators
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of 8 and of A (given X) are given by

- o ZiY; . 1 - )
a7 B= ZE:‘—Z,‘ and b = == (Vi - BZ:.
=1 T =
Since i
Var[ﬁ]X] = =l

?=l le,

it follows that an exact 1-a level conditional confidence interval for g is given by

Lim(i=BZ:f 5, [TEYi - B2
-y 22" T (n-1) T, 22

where ¢, is the upper a/2 point for the standard t distribution. A confidence interval
similar to (18) was derived by Rodrigues and Cordani (1989},

(18) (E = tc ): |

4. A Bayesian Analysis

* As will be seen below, the orthogonal tranformation (6) simplifies considerably the
task of finding the exact marginal posterior distribution of the parameter 8. We assign a
uniform improper prior for 8. Given 8, we assign the Jeffrey’s noninformative prior for
(A0, A;). From the Fisher information matrix (11), the Jeffreys" noninformative prior for
(Ao, M) i8 -

1
Pos M1f) o -
Therefore, the joint posterior density of (8,A0,A1) is proportional to

1 .3 . 1 n 1 ﬁz 2
(m)"#e:}’{‘rdk 1) ;(X.' ¥ ﬂx)z}czp{—m[m Z;(Xi — )

~ 283 (Xi— p)(¥i — Bps) + (k+1) Y_(Yi = Buc )} -

=1 =]

(19)

Integrating (19) over (Ag, A1), we arrive at the marginal posterior density of 8, which is

POIX,Y) o (20 30— a)?
(20) fo & u
=28 (Xi— p)Yi = Bus) + (k+1) D _(Yi— Bu )1

i=1 =1
After some rearrangements, we can write the pesterior density (20) as
(8- 5y

(21) ABIX,Y) o {14 225011,
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where

2 }72 (E.n.‘(x -“‘)Y'+E‘ E:‘-! Y')z
=l DE (X--n.)’+2 T (Xi—p)4n(fe)?

(n = 1)’“’(2.-—10{ 4 2““‘ E,:](Xt —ug)+ n( )2)
Thus, according to (21), it follows that the posterior distribution of 8 is a t—distribution

with n — 1 degrees of freedom, centered at the maximum likelihood estimator B and with
variance given by

Var[BIY, X] = gz

In the particular case where u; = 0, we have

{Et- X2 El- Y2 (Et—‘lx},')z}
(n - DR X7)°

Bayesian inference for 8 may also be obtained by using the conditional model of Section
3. By considering the noninformative prior

P(B.AO) X ls

it can be shown that the posterior marginal distribution of f is again a t—distribution with
n — 1 degrees of freedom and centered at B given in (17). The posterior variance is given
by

(Y- Bz
R T v

where X is given in (17).
5. Final Discussion

The main object of the present paper is to estimate the regression parameter § under
the structural linear regression mode) (2) considering the reliability ratio k; and the mean
#z 8s known parameters. If . is unknown, it was sugested to replace it by the sample mean
X, which is a consistente estimator of y,. For large or moderate n, inferences about B when
4z is known and when it is replaced by X are typically close. But, the method of obtaining
an orthogonal parametrization in which § is orthogonal to the remaining parameters can
be extended to include u.. It can be shown after some algebraic manipulations that to
have an orthogonal parametrization with u,, 02 and ¢? as unknown parameters, we need
Xg and }; as given by (6) and also A; given by the equation o

= AVl+k
T Ve + BPRRN,

Then B is orthogonal to (Ag,A;,A2). Unfortunately, in this new parametrization, the
likelihood equations are complicated to solve and we haven’t yet found explicit solutions for
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the maximum likelihood estimators. Thus, the problem considered in this paper (with u;
unknown) is a situation where an explicit solution is possible for the differential equations,
but, explicit solutions for the likelihood equations are yet to be found.
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