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I. Preliminaries and statement of the main result

Let C be the Banach space of all continuous pathsv:[-l,o]*Rn
with respect to the norm [j¢]| = max{|p(®)],-1 < © < 0}, where |[-]
is the Euclidean norm in R". For a continuous function x:[to—l 5
t°+A)+Rn, A>0, and a real number t in [to,t°+A), we write Xy " to
denote the element in C given by xt(e) = x(t+0), -1 < 6 < 0;then,
the function t € [to,A) kb x, € C is continuous.

We call a retarged functional differential equation a rela-

tion of the form
(1,0) x(t) = f(xt)

where £f: C + R” is a continuous function (e [RAJL

An important example is given by the integrodifferential

equation

0
%(t) = Fx(t),x(t-1)) - j a(-0)g(x(t+0))ae
-1

where F: RUxR™sR™ , g: R™R" and a:[0,1]+R are continuous

functions.

For technical reasons, we will suppose that f is continuous-

ly differentiable and that [|ffl, = max{sup|£(9)|,sup|[Df(p) ||} is fi-
. PEC 9€EC
nite, where |[Df(g)|| = sup{|Df{e)y|:|v] = 1}.

‘Equation (1,0) defines the semigroup solution (S(t))t>o-'the

flow — on C by

S(tlg=x. , t>20, p€C
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where x is the solution of (1,0) in [0, +w) which starts in p, i.
e., x, = ¢ or x(8) = ¢(6), for all € in [-1,0]. We know that
S(t): C + C is continuously differentiable, S(t+s)=S(t)S(s) ° for
all t,s > 0, S(0) = identity of C and also that for‘any fixed (]

in ¢, and any ¥ in C, 1lim [-g—(s(t)qaglw = ¢ in C.
t+0 ¢

Let W1’2 be the subset of all functions ¢: [—1,0] + RrP ab-

solutely continuous on [-1,0] such that ¢ € L, i.e. 11@“L =
0 ... ., )i/2

Il p(0)|“de < @, With respect to the norm l]q:||1'2=

| 2 . (0 . 1202 1,2, . .
p(0)]° + |pte)|“ae , W is a Hilbert space and the in-
1

1,2 1,2 .

clusion W + C is continuous. We know that W °° is invariant
under the flow (S(t))t>° and that S(t): w1'2 -+ wl'2 remains con-

tinuously differentiable.

Later, we will suppose that the function 9 = 0 in C is an
equilibrium point of Equation (1,0), that is, £(0) = 0, which at-
tracts its small neighborhoods. We know that there exist positive
constant K and a such that th(v)ﬂ < K e ¢l for a11 t >0 and
all ¢ in a sufficiently -smalil neighborhood of 0. The above estimate is
obtained (see [Ha]) by considering the linearized variational

equation about ¥ = 0: y(t) = £'(0)y, .

Let (Q.F,P) be a probability space and let w(t):o+R", t > O,
be the Brownian motion in R"”. We remember [F-W] that: 12)w(0)=0;
22) w is continuous in t € [0,») with probability 1; 32) w has

stationary independent increments; 42) for each t > 0 and each

2
borelian A c R” we have P{w(t) € A} = j : e-lxl /2% ax.
Aviw t

Let us consider the perturbed stochastic differential equa-

tion
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(1,¢) R%(t) = f(xg) +ewlit), t >0

for which a solution through ¢ € C at time t = O is meant a con-
tinuous random varieble X¢(t,w), t > -1, w € 0 such that XE(Q,U)-
9(©) (with probability one) for all 6 €[-1,0] and such that for

all t > 0, we have

t
x€(t) = p(0) + I f(x:)ds + ¢ wit)
0

also with probability one.

We know that, for each ¢ € C, there exists one and only one
solution of Equation (1,e) through ¢ defined for all t > O. We

will prove that:

I.1. Proposition - Given an interval [0,T1 and a function @ € C,

then, during the time interval [O.T] , the solution X%(t) of
equation (1,e) through ¢ at time t = O very likely follows the
solution of Equation (1,0) through ¢ at time t = 0; more precise-

ly, for apy 6§ > O,
lim P { sup [XE(t) - x(t)} > & } =0

e+0 te[-1,1]

or, eguivalently,
lim P up _ [XS - x| > § p= O.
€0 {tEtO, e s Y

Proof: It is easy to see that
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€ 1 € .
g = xl < Bl [ OG- xgllas + elwterl,

so, Oronwall's inequality implies that

Tlell,
e

"x: = Xt" <e sup _ |w(t)].

te[o, 1]

»

Using the classical inequality (see [F.W])

_cz/gz
P<{ sup elw(t)] >n )< C, e
0<t<T

we find that

e IXE - xol > 8 et
sup X, - x > £C, e
O<t<T t t 1

for appropriate constants C1 e C2 : this last inequality clearly

implies the conclusion of our proposition.

In order to estimate the probability that a solution x: of
the Equation (1,¢) belongs to a neighborhood of a fixed. path
{x(t), T <t < Tzl, we introduce the action functional associated
to the random process X: and a quasipotential extending Freidlin

and Wentzell's construction for perturbed vector fields[see F-W].

Associated to the Brownian motion there is an action func-

tional

S: c['rl,'rz] + [0,=) i

defined by
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T

2
sty) = 3 [ 7 I3(e) | %
#y

if y € Hl'z[Tl.Tz] and S(y) = + otherwise.

In a similar way as Freidlin and Wentzell do for vector fields,
let us define the normalized action functional associated to the

process x: by

P
2
1 : 2
s (y) = 5 |y¢t) - £(y, )|“at
TT, Y T2 jrl Y &

Without loss of generality, we can assume that either T; = 0

and Tz > 0 or T2 = 1 and Tl < 0.

Let us denote by Py the distance between two continuous fung

tions x and y in c[-1,T]:

Pp (x,y) = max [x(t)-y(t)]
te[-1,7] _

and, for ¢ c c[-1,T], let us define:
Pp(x,®) = inf{pp(x,y): y € ¢}.

The following is an extension of a theorem of Freidlin and

Wentzell, which we will use many times:

-

1.2. Theorem - Let x°(¢) be a solution of the perturbed equation

(1,e). rhen, given T > 1, 6§ >0, B > O and s, > O we have:

(a) There exists €, > O such that for all ¢ € (0.:0) the inegual-

ity
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Piog(xS(p)-v) < 8} 2 exp{-e *(s(y)+8))

nolds for a1l 9 € W2 and y € W2[-1,7] such that Yo" 9 and

s(y) < s,

(b) There exists €, > 0 such that for a1l £.€ (0,e,), all sE[p,qJ

and all o € Hl'z, ve have

P{o,(x(9),0(s,9) > 8} < expl-e"2(5-8))
vhere ®(s,9) = {y € Wl'z[-l,Tﬂ: Yo = ¢ and S(y) < s}.

The quasipotential of Equation (1,0) with respect to the

origin O in wie2 is, by definition, the functional

- & . 1,2 - =
v(0,9) = inf{Sqy ry(y):fy <7y, YEW  “[T)-1,T,] vy ~0.v =0}

It is clear that Vv(0,¢) > O for all ¢ € w2 and that v(0,9)
is continuous in ¢; moreover, if 0 is an-equilibrium of equétion

(1,0), then Vv(0,0) = 0.

The name quasipotential comes from the fact that for gradient
systems in R", x(t) = -grad U (x(t)), with O as an attractor, the
quasipotential is twice the potential U, if we stay in the basin

of the attractor.

The following theorem, as in the non retarded case, studies
the exit from a domain contained in the basin of an attracting

equilibrium.



8 .
1.3. Theorem - let O be an asymptotically stable equilibrium of
Equation (1,0) and let Dcwl'zbe a bounded connected open
neighborhood of O, the closure of which admits a Go-nejghbo;hood

DGo contained in the basin of 0. Llet us suppose also that D and
56 are strictly contracted by the flow of the nonperturbed BYs-
tem. Let us suppose, moreover, that there exists a unique point

L € 3D minimizing the guasipotential V(0,9) on 3D.

Then, for any & > O and 211 ¢ € D we have:
lim p_{]|x%¢ - < 6} =1
1im eo(IXCe - ol <

vhere 1 _ = inf{t > 0: x: € aD}.

Before proving the above theorem, we will study the extremals

of the action functional.

I1. The action functicnal

We will restrict ourselves to random perturbations of equa-

tions of the following type:
(2.1) x(t) = f(xt)
where f: C + R" is given by

(4]
flo) = F(g(0),p(-1)) - j a(-8)g(e(0))de.
-1

We suppose.that F: R”

x R? 4 R" and g: " » R" are bounded
¢! functions with bounded derivatives and that a: [0,1] + & is of

class C2.



The perturbed equation is
(2.3) RE(t) = £(x5) + € w(t)

The corresponding action functional is

-

1 (7. o 2
Sop(Y) =s(y) =5 Iolv(t)-r(v(t).v(t-l))oj a(-0)g(y(t(8))ae) dat.
' -1

We want to minimize S on the following class:

M= {y € c[-1,1) nw'2[0,1]: v_ = 9. vy = )

where ¢ and ; are given functions.
It is clear that we have to assume T > 1.
I1.1. Proposition - A necessary condition for Yy € M to minimize S

on ! is that Y satisfies the following Fuler-legrange eqgua-

tion (2.4):

& nin (0140 r(r (0, v(e=10) | "B ()4 [ F (r(e1) v (o)) Bt o)

'y

0
-[g'(y(t))]' I a{-0)H(y)(t-0)ae = 0
-1

where

i 0
H(y)(t) = v(£)-F(y(t),y(t-1)) + j a(-0)g(y(t+0))de
-1

(the star indicates the matrix transposition).
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Recall that Yy = @ and Yp = ; and observe that the equation
above which is retarded and advanced in time, is, as matter of fact, a
second order integro-differential equation. 1In spite of the fact
that we do not know "a priori" that y has first and second deri-
vatives in [0,T-1], we remark that the function H(y)(t) is abso-
lutely continuous in [0,T-1] and é% H(v(+)) € L,[0,7-1]. Later

on we will show that y is c? in [0,7-1].

Proof. Let h € C? [0.T-1] such that h(0) = h(T-1) = 0 and put

h(6) = 0, 6 € [-1,0] and n(t) = 0, t € [T-1,T). We know that if

a

vy €EM is a local minimum for V then a S(y+\h)

= 0 for all h
A=0

as above.

Let us make explicit this condition:

T
4 .

= S(y+Ah) = H* ( )(t)[h(t)-D F(y(t),y(t-1))h{t) -
ax lx=o '[o Y DRRR

. 0
- DZP(y(t).y(t-l))h(t—l) + I a(—e)g'(v(t+e))h(t-3)de]dt.
-1

Since ho = hpy = 0 and after using integration by parts arnd inver-

sion of the two integrals we obtain the following expression:

g-§(7+kh) = JT-I H*(y)(t) + J't[m(y)(s)n Fly(s),y(s-1)) +
L lx-o 0 0 e 1

0
+ H'(y)(sol)DZF(y(sd).y(s)) - J a(-E))H"'(y)(s-e)de.g'(y(s))}ds}ﬁ(t)dt
-1 ]

Since h is arbitrary, the result follows from Du-Bois-Reymond's

lemmz (see [A)) which says that if ¢:[a,b] - R® is continuous



11
b
and if I o*(t)h(t)dt = 0 for all ¢! functions h:[a,b] = R" such
a

that h(a) = h(b) = 0, then ¢ is constant on [a,b].

We have then, for all t € [O,T-l]:

t
He () (2) 4 [ [ (v) (8)D,F(¥(8), v(8=1)) 48 (1) (s41)D,F (1 (841D, y(s))
1 > .

0
- I a(-e)H'(y)(s-e)de.g'(y(s))]ds = constant.
-1

Since_the integrand belongs to L2[0,T-1] it follows that
H*(y) (t) is absolutély continuous on [0,T-1]. If we transpose the
expression obtained after computing the derivate of the last
equality we get the following Euler-Lagrange equation which holds

for y, almost everywhere in [O.T-l]:

2 1 +[p Pty (e), ¥ (e-1) | BN (04 [ F (1) (o0 B (e
* .0
= [g'(y(t))] j a{-€)H(y)}(t-€)ad® = 0 as claimed..
-1

Let us now consider the existence of an absolute minimum for
S in the class M, which will imply the existence of solution for

the equation (2.4) with boundary condition y, = ¢ and yp = -

Let u = inf{s(y): vy € M} > 0 and (y_ ) ... & minimizing se-
quence of elements in M, that is, S(y,) - v as m -+ =, without

loss of generality we may assume S(y ) < S(yy).
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11.2. Proposition - There exists a subsequence, also denoted by
(Ym)mGN , which converges uniformly in [O.T-IJ to a func-

tion Y € M such that S(Y) = u.

Proof. The idea is to show that M is compact in C[O,Tﬂ and that S
D002

is lower semi-continuous on M.

We start observing that there exist constants a and B such

that o > 0 and

0 2
3 [TalO) Py ) ygte-1) + [ at-0)gly,(ts0))a0|- 2
-1
2
alin0)|” - 8.
This implies that
s 2
-BT + a Iolym(t)l dt < s(y,) < A
and then
. A+BT 1/2
Ilvr.,,ll,,2 <B= [—Ln ) for all m.
By Cauchy-Schwarz inequality we have:
t t 2 |1/2
3 3 i/2
\Ym(t)-vm(s) < ljslym(s) o1 dslg Jslym(s)i ds |e-s!

and we are able to conclude that (o) men

quence in C[0,T-1]. Again, by the same inequality we obtain:

is an equicontinuous se-
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t .
hm(t)lslv(O)l + folym(s)lol as < lo(0)]| + B.7Y/2

and (ym) is a bounded sequence in c[o,'r]. By the Theorem of
Ascoli and Arzela, there exists a subsequence of (ym) which con-
verges uniformely to a function Y€ C[O.T-]]; extend Y to [—1,'1‘] by
70 = ¢ and ;T = 9 . To show that Y is absolutely continuous in
[0,’1‘-1] we consider a chain of inequalities obtained by using the
Cauchy-Schwarz inequality for integrals and sums., For any numbers

5;.t; € [0,T-1], i=1,...,k, such that 8] <1< By <ty <. <5 <ty

we have
k k r t. 1/2
1/2 i - 2
Z I\rm(ti)-ym(si)l < z Iti-sil “ yp(s) | ds] <
i=1 i=1 83
x VIS " Lz
< z Iti - sil Z J |ym(s)| ds <
i=1 i=1 %
K 1/2
<B z lt;-s;1 d -u
i=]

Passing to the limit as m + =« we obtain

X x /2
Z Iyt - Y(s;)l < B Z lts-s;l ’
i=1 _ i=1

so Y is absolutely continuous on [0,T-1].

To prove y € LZ[O,T—I] take t € (0,T-1) and choose h>0 small

enough such that [t.t+h] c [O,T-l].
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Using again Cauchy-Schwarz inequality we have

vy (ten) -y (0) |2

h

< %f; I glteu) |2 6u

1f we integrate between O and (T-1-h) and by inversion in the
order of integration one obtains

T-1-h 2

h [,T-1-h _ )
dt < J J lYm(t+u)| du
0 0

Ym(t+h)-7m(t)

h

and since the last term is bounded by Bz. we pass to the limit as
m -+ =« and see that, for all 1 < T-1 and h > 0 sufficiently small,

we have

2

x(ean)-v(t) | g¢ ¢ B2,

Jo

Since y is absolutely continuous in [O.T-l], we use Fatou's

theorem and obtain
T o
J [y(t) ]2 at < B2.
o -
But 1 < T-1 arbitrary implies Yy € L,[0,T-1] ana |y|l, < B.
2

Let us show now that y  converges weakly to y on [o,7-1], in

the sense that, for each V € L2 [O,T-l], we have lim I1,=0. where
mro
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-1
In = Io (v, (t) = Y(t))*y(t)at|.

Given € > 0 and ¢ € L, [O,T-I], we can find a polynomial
p(t) such that

T=-1
[, Tpto) - w2 ax < e,

Choose m, such that, for m > m,, we have

€
BR

sup |y (t) - (v} <
O<t<T-1 ™ Y

1l
where [pll, = J'o I5(t)|at.
Then

T-1 L T-1 L
1< jo (r (£)-¥(t))*p(t)at |+ jo (Y (£)=Y(£))* (¢(t)-p(e))ae|.

Using integration by parts and Cauchy-Schwarz inequality we

get:

T-1 = ..
Jo (rg (8)-¥(£)) "plerat

*. "*m = ;"Lz “w-P“Lz

80

T-1
1< sup |y (t) - y(v)| Ip(t)|at + 2Be
= ( 0<t<T-1 Tm Io
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and finally, I_ < (1+2B)e which shows that 1lim I = O.

mew

To conclude, let us prove that the absolute minimum y of S

is achieved in Y.
Let us introduce the following abreviations:
i 0
o = Flyg(t),y (t-1) - ‘[1 a(-8)g(y_ (t+0))do
= — — 0 i
£ = F(3(t),3(t-1))- [ a(-0)g(7(t+0))a0.
=1

We already know that fm converges to f uniformly on [O,T].

We have:

S(y,) = S(Y) +

(8]0

T -
IO(|im -f 12 -1y - £ |Dae

T .
] I — —
+ 3 IO (ly - fml2 - |y - f|2)dt
T - e 55 S
— 1 A =2 = o -
= 5(y) + E Io IYm - yl at + Io (y - fm)t(ym - Y)dt
T - = =
+3 J (f -T-27"¢, - Pat

Therefore

il T | & Eiz -
S(y,) 2 s(y) - jo (v - £) (y, - ylat

T o _
-%IO (f, - £ - 2Y) (£ - flat

Since these last integrals tend to zero as m goes to +w, we

’

get S(Y) = u.



17

III. Proof of Theorem 1.2

In this section, following Freidlin and Wentzell's approach

[F-w], we will decompose the proof of Theorem 1.2 into a series

of lemmas.

-

II1.1. Lemma - Let F be a compact subset of C and T, 8§ positive

numbers. Then, there exist 56>° and B>0 such that

p{ sup_|IX£(9) = x, (o)) 2 6 }5 exp {-¢”2p)
O<t<T

for any ¢ € F and any € > 0, ¢ < Ege

Proof : Let ¢ € F fixed and define:
Glg) = {y € c[-1,T]): Yo = 9. pply.x(@)) 2 6},

Recall that pT(y,x(v)) = sup Jy(t)-x(t,q)]. ‘\\
~1<t<T

Since G(¢) is closed and F is compact we see that

v Glop)
QEF

is closed in C.

We know that the infimum 4@ of S(Y) for «y € zr G(o) is
'l L4
achieved.

Since S(y) vanishes only on the solution of Equation (1,0),

it is clear that @ > O.
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For each @' < d, let us consider the set
Ov(d') - {y € ¢c[-1,7]): Y, = @ and s(y) < 4'}.

It is compact and disjoint of u G(g); therefore, the distance
QPEF
between OP(d') and v G(p) is a positive number §'.
QEF

Now, for any Y, >0, we have for any € and ¢ € F:

Plog(X(9).x(9)) 2 8) = PIx“(9) € Glo))

Ia

E s '
Plog(x (v).ov(d )) > &'}

A

exp{-¢”%(a' - Y0}
Taking B = 4' - Yy s this proves the lemma.

11I.2. Lemma - Let us suppose that O is an asymptotically stable
equilibrium of Eguation (1,0). Let D be a bounded
connected open set, whose closure D is contained in the basin of

attraction of O, Moreover, let us suppose that the flow ¢t of

Eguation (1,0) satisfies:
$.(D) € D

for all t > 0.

Then for any fixed a > O such that the ball Bu(O) is con-

tained in D, we have:
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-

(a) There exist positive constants a and To such that

S(y) > a(T « T )

for any T > T, and any Y € c{-1,7] satisfying Y, € D\B(0, a)
for t € [0,T]. -

(b) There exist positive constants ¢ and To such that, for any

€ >0 small enough and any 9 € ;\Bu(O) we have

e _{¢

-2
oltq > T} & expl-e “(T-T,).c}

. . €
for any T > T_, where { inf{t: Xe g\ Bu(O)}.

Proof: (a) We take a' < a such that any solution of Equation (1,0)

which starts in Ba,(o) never leaves BG(O).

For a given ¢ € D let T(a,p) be the first instant t at which
we have xt(v) € Eu.(o). It is clear that T(a,p) < =. Let us see
that T(ua,9) is upper semicontinuous with respect to ¢: giveﬁ €>0
we have xT(a,v)+c(¢) € B,.(0); therefore we can take r > 0 small
enough in order to guarantee that Br(xT(u,Q)+e) c B,.(0); using
the continuity of the solution with respect to the initial con-
ditions, we can find a positive number § such that |xtﬂh-xt(v)|< 4
for all o € B,(0) and all t € [o.T(a.9) + €]: therefore ,
xT(u,¢)+c($) € B(XT(a.v)+e (9).r) so that T(a,9) < T (a,9) + ¢,
which proves the upper semicontinuity of T{a,¢) with respect to

Q-

Let D, be the closure of the image of D by the flow of Equa-

tion (1.0) after the time 1; since D; is compact, there exists
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To =] NX{T(B.@): Q € Dl) < »,

It is clear that any solution of Eguatiom (1.1) which starts

at @ € D is in Ba.(o) after the time To*

We consider the closed subset C, of C[-I,To] given by

o

n, =

CTo = {y:[-1,7)] + R™: v, € D\ B (0) for a11 t € [0,T ]} . The
action functional Sor_ assumes on Cp its infimum which is a posi

o o
tive number: in fact, if not, we would have a solution of Eq.
(1.0) in C; , which contradicts the definition of T,- Therefore,

o
there exists a constants A > 0 such that S, (y) > A for - all
(o]

vy € C,. .
To

Let T > T, let [T/To] be the integer part of T/T,, and let

v: [-1,T)] + R such that g '€ D\ B (0) for all t € [0,T). Then,

T
=—IT

To [To] @ T

Sop(Y) = % < J S B +J Ii(t)-f(yt)lzdt

o]
T T
=—|-1|T =={1op
) [

\
T A
2A+ ...+ A=A ) 32~ (T -1T)

ARG

-

= a(T - To)

where a = %— . Which proves Lemma III.2.(a).
o

(b) We can assume that & < % . Let A = A(§8) and Ty = To(86) the

constants obtained in the proof of part (a) above for the set
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D = 36 and the neighborhood Bu/2(°>' Therefore, if 7:[-1.1‘0(6)] -r"

satisfies Y, € Dy \ Bulz(o) then S°To(6) > Ag-

For ¢ € D, the functions of the set

%(AG) = {y: [-1.T°(6)] + R": Yo =9 so'ro(s)h) < Ag)

reach BG/Z(O) or leave D, during the interval of time [O,TO(G)].
Suppose [, > T (8).

From the above assertion, we have
€
p (x*,0 (A.)) > &
oTo(G) M A

because Xi €D\ B,(0) for all t in [O,TO(G)].
Hence, for any sufficiently smll ¢ > O and any ¢ € D we have

the set inclusion

{w € N 8o > To()) c {w € 22 p g (6)(X:.0v(l6)) 2> §)
o

so that, for any 8 > O,
€
Polty > To(8)) < Bylogy (5)(X%.05(Ag)) 2 63
) -2
< exp {-¢ (A6 -B)}.

Now,
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Pq(‘a > (n+1)T°] - ch {;“ > To]

{t, >nT,) "o

< sup P, {¢_ > T ]
J yep v @ e
{:a > nTo}

-2

< exp{-¢ “(A; - B)}

{cu > nTo}
. - Pw{ca > nTo)anP(’c-z(A6 - 8)}

and by induction

Pty > T) < poig, > [r/r )T}

(r/7.]
(pv{‘a > T}

iA

[r/7,)
< [:zg Pw{ca > TO}]

(1/7,]

A

[exp {-e-z(A6 -B)}]

- < exp{-¢ %(T - T,).c}

AG-B

where ¢ =
o

I11.3. Lemma -~ {a) There exists a positive constant L such

for any g € N1'2

hood of O in Wi'2 ,

., which concludes the proof of Lemma III.2.(b).

in a sufficiently small neighbour

we can find a T > O and a path YEW1‘2[-1,Tﬂ



23

satisfying y = 0, Y, -'; and S (v} < Lﬂ;"wl'z .

(b) Given y € Wl'z[-l,Ta satisfying Y, = 0 and Yo = ¢ given in

w1,2' there exists a constant K > O such that for any ;IEWI'z

sufficiently near of 3 in the space Wl'z , we can find a path

Y € w1'2[-1,T] verifying the conditions: ?o = 0, ?T = ;1 and

SOT(?) < sor(Y) + K“GI - 3“‘”1,2 .

Proof: (a) We take T > 1 arbitrary. Let vy: [-1.7]+R” be defined

by y(t) = 0 for t € [-1,0], y(t) = tg(-1) for t € [0,T-1]
and y(t) = 9(t-T) for t € [T-1,7]. Then, [Iv.ll, < l[oll, for any
t+ € [o,T].

Now,

1 .
— 2
1 e(-1) _
SOT(Y) = ZJ I -1 f(Yt) dt

T

— 2 ~
+ % J le(t-T) - f(yt)l dat
T-1
T L 5
5-—3—- [9(-1112 » |f(1t)|2dt + ol -
T-1 o 2

Since, £{(0) = 0 and lf(Yt)l < If!1"7t“~ < lfl]“;". and
Pl < 1oC-12| + llé’lle , we can write:

1 2) 1=(-1112 2y1212
Sop(Y) < [—1:_—1 + 2T|fl1) [o(-1)]< + (1+2-r|£|1)|~v|,,2

and, since we can suppose |o 1.2 <1,
w ’
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soT(Y) £ Lu¢"w1'2

where L = max {E%I + 2Tufu§ , 1 4 2Tufu§} ; this finishes the

proof.
(b) Let 7 be defined by: y(t) = 0 for t € [-1,0] ,

9, (-1)-p(-1)
F(t) = y(t) + 2————— ¢t for t € [0,7-1], ana
T-1

F(t) = §(t-T) for ¢ € [r-1,1].

Then, [T, - Yol £ I, - Tl < leg (1) = SC-D o Jigy - @y

and
Sopl®) - S p(v) =
T L]
= % J )=y () +£ 0y )-£(F ), ¥ () #y(t) -
0
£(y,) - fy,) ) at
.l_ 8_'. 2 = < | <2 c\
<3 [lh Yip 63, f‘*:)"x.z] (lIY"Lz*lI?lﬁL2+llf(Yt)llz+llf(vt)l2}
We have the estimates:
(i) H#-;HLz < Klﬂal-aﬂwllz where K, = max {l,i%i} H
(i) TIEREICRY (J’Tlf(' ) - £(y,)]%a ]”2
Yo )L Y - Y — Y t £
t e i, o t t

T 1/2 - 2
[IO lflg lYt—Ytli dt) iKzll‘Pl < ?uwllz H
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where K, = [, (z . —‘—]

T-1
Wi Wy, < Wl + Iviys Ik, & 1931, 5 -
G eI, < Dl + KI5 3l -

From these estimates and supposing H$1-$" 1.2 <1, we get
w ’
the final estimate

Sor(¥) = Sop(v) < Klley - ol 5
1 .
where K = E(Kl + Kz).(K1 + K, + 2”Y"L2 + znf(Yt)"Lz)'

Suppose we have the conditions of Lemma I1III.2 and suppose

also that the quasipotential V(¢) verifies the condition:
there exists a unique ;5 € 3D such that V(;o)-min(v(;):EEBD}.

For any given § > O, define 4 as the positive number

é = min{V(g): ¢ € 3D, |l - vo"wl,z 2 €} - vig,).

We choose u > 0 , u < S EE—— , where K and L. are the

5 max{K,L}
constants given by Lemma 1I.3, such that ,Bu(0) ¢ D. Let us denote

T

by §° the sphere with center O and radius r.

Following F-W, we consider the following sequence of Markov

. L €
times: v, = 0, o, = inf {t > o0 X

x$ € apusY?),..., o = inf{t > & xE €Y},

€ s¥}, T, = inf{t > 0,:

Tpey = infit > gz x{ € D v s¥/2;.
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I11.4. Lemma ~ For any given ¢>0 sufficiently small, we have, for

all ¢ € Sulzz

(a) P {xt € 2D} > exp{-e %(v(g,) + 0,454)}).
T o
(b) pv{x,“1 € aD\B,(9,)) < expl-¢"2(V(g,) + 0,550)).
Proof: (a) we take 61 out of D such that u;l - ol 1.2 £ % and
w ’

choose initially, using the fact that ;o is a minimum
point of V on 9D, a path 7(1) € wl’z[-l,Tl] + Rr" such that

Y () = 0 for t € [-1.0], 7;1) = 9, and S_q (1)) < (7,140,054,
1 1

Using Lemma III.3 (b), we can find a path ?‘1) € W;'2b4.73]+ﬂn

such that ?‘1)(t) = 0 for t € [-1,0], ?.ﬁ.l) - ;l and
1

' Sor, 1) < V@) + 0.1 a.

Let t, = max{t > O: 7(1)(t) € s¥) and 1et v, = Til). Denote
2(2) ¢ 1,2 -(2) s
by ¥ € W' [-I'Tl'tll the path given by Y () = ¥, (¢) for

t € [-1.0] and ?(2)(t) = 7(1)(t-t1) for t € [O,Tz], where T,=T)-t;.

Then, s°72 2y ¢ V(g,) + 0,1 d.

By Lemma II1.3.(a), we can find a path ;‘3) € wl'z[—l,TB]

~(3 3 o
such that yé ) . o, 143) ¥ lp1 and soTB(y(a)) < 0,2 d; by the same

argument, for each ¢ € S“/2 , we can find a path 7(4)ew1'2[-1,w4]

such that 7(4) = 0, 7(4) = § and S (7(4)) < 0,1 4@, where § is
o T4 oT4

defined by §(0) = ¢(-1-8), 8 € [-1,0].

We construct now the path YQ € wl'z[—l,Tﬂ where T = T;+T,+Ty

by Y¥(t) = ?““('r4 -1-1) for t € [-1,0], Yy¥(t) = 7(3)(t) for
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t € [o,T3], v¥(t) = 7(2)(t-T3) for t € Er3,r3+T2] and finally,

(1 =
Y?(t) = v )(t-T3-T2) for t € [Tz+r3,TJ. Then, yg = 9, ng =%

and
Sor(1¥) < v(g,) + 0,4 a.

We choose now §' < min{ %,dist(al,ab)}. We know that [F-V]

there exists an £>0 such that for any ¢ € S“/2 we have

P sup [xE(e)-yP(t) < &'} > ex -e~2(v(y )+0,454d)
@ {;e[-l.mi Y P Yo

Since

{w € N x: € SD} > {w € 2: sup Ix‘(t) - Yw(t)|< 6"
1 te(-1.7]
it results
€ . f -2 -
P <X € D) > exp {-¢ “(V(g ) + 0,45d)
o Y1 2 1 °

which concludes the proof.

(b) as in [F-v] define 1(s*/2 u D) = inf {£>0: Xt € s*/2y ap}

Then, 1(s*/2 u D) < 1, and

x‘(11.0.¢) = x":('t(sul2 v 3D).O.X€(0°.0.¢)).

Now, for any ¢ € s%/2 there exists % € s¥ such that
[
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{w € Q: x‘(tl.o.v) € BD\BG(ED)} =
- {m € N2 x‘(x(s“’2 v 3D),0,9) € an\as(io)} ;

then, P {(x¢ € 3D\B,(9.)) < sup Pa{x"® € aD\B,(9.)} .
‘P{H 8% [ = Zesv | 1(sMuap) B

We majorize this last quantity. First, note that for any T

we have: the set

€ n: x© € aD\B,(9.)
{w 1(s"/2uap) L) }

is contained in the union {m € N 1(5“’2 u 9D) > T and

x© € aD\B (9. )} v <w € Q: 1(5"’2 u aD) < T and
1(Sulzu aD) §' %o 5
x€ € aD\B(9.)} ;
1(s¥/2 y 3p) 8%

therefore

P. {x€ € \B (7.0} < Pa <1(5"2 v 3D}> T} +
o { 1(s¥/2 oD) ORE 2

Pe {1(8"’2 u #D)< T and Xx©

€ D\B (9. )} -
1(s¥/2  ap) bie }

By Lemma III.3.(b), these exist constants c > 0 and T, such

that for any ¢ > O small enough and any ¢ € sY we have
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Pa {c6 > T} < exp {-c-z.c}

where {g = inf {t: x: 4 D\BG(O)} ; Bince 1(5"/2 v aD) g Ls we

have also
{we Q: 1(8"/2 v oD) >‘r}c{ue Q: L >'r}

and

= P {'I(Su/2 v 3D) > T} < exp{-e'zc} .

Making ¢ = V(;o) + d we can write

P {1(5“/2 u 3D) > T} < exp {-e'z(v(Ea) + d)} .

Let now K be the closure of the u/2 - neighbourhood of
BD\BG(EO). We prove that no path y € Wl‘z[-l.T] such “that
Yo = o € s” and action SoT(y) < V(;o) + 0,65d reaches K. 1In fact,
suppose by contradiction that there exists ty € [O,T], such that
Y, € K. Then, s (v) £ Vv(g,) + 0,65d. By Lemma III.3.(a), we

1

can construct a path 1(1) € wl'z[o,Tl] such that yél)- o, Y;l)- @
1

(1) =
and S (v ) < Lig| < 0,2d.
oT1 w1,2 |
Let Y be the path gi@en by y(t)=0 for te[-1,0], 7(t)-y(1)(t)
for te[0,T;] and y(t)=y(t-T,) for t €[r,,Ty+ty]. Then, 7, = 0,
Y =y, €K and
t1+Tl tl

so(T1+tp(Y) < V(vo) + 0,85d.
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By Lemma III.3.(b), we can find a path 7 € W'?[0,T,+t,]

such that ?o = 0, ?tl‘Tl = P € 30\86(30) (for ¥ in the open ball

Bulz(ytl)) and such that so(T1+t1)(7) Sso(T1+tQ(Y) + Kﬂw-ytluwlzz

= V(g,) + 0,854 + xuw-ytlu < vig,) + 0,950.

‘Now, this implies that V(§) ¢ V(;o) + 0,954 which is not

possible by the definition of the number 4 since ¥ € 3D\86(3°).

Therefore, all the paths y in the set v 3 06(V(¢°) + 0,65d)

P€ES
satisfy

dist(y, . BD\BG(;O)) 2 %

and then

2 €
P. {t(s*/2 u ap) < T.X
@ { 1(s¥/2y3p)

€ aD\BG(GO)} <
e {dist(x°.¢$(V($6) + 0,65d)) 2> % }-

This last gquantity is, by Theorem 1,1, 1less or equal to

exp {-e 2(V(5_) + 0,650 - 0,054) if ¢ is small enough.

Collecting the estimates above we can assert that, for any

% € sY, we have:

' € = =2 (=
P@ {?1(5"/2uab)e aD\BG(vo)} < exp {-c (V(¢o)+d)}
+ exp {_E-Z(v(Eg) + O,Gd{}g exp {fc-z(V(so) + 0,55d)} -

which finishes the proof.
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Let us proof now Theorem I.2.

It follows from Lemma III.4 that for any ¢ € su/2 and ¢ > 0

small enough:

(*)

0

¢{¥11 € aD\BG(¢o?} exp {-e'ztv(Eo) + 0,55d))

< L]
{ } " exp {-e"2(v(y,) + 0,454))
P, <X € D
9 T

Let v be the minimum integer n for which Z € 3D , where

Z = xi . Then, for any € S“/2 :

n
- - -
P, {ux?c - q;oll >4 } = p‘p {zv € BD\BG(Q)O)} C

and, since the set {w € Q: Z,(w) (@) € 30\86(30)}15 equal to the union

U {w € n: v(u)-n,zn € BD\BG(EO)] ., we can write
n=1

Pz, € D\Bg(F))} =) P {v=n,z; € aD\B((F,))
n=1

-y J ey, (21 € D\Bs(F1
n=l “A_ n

where A, = {w € Q: 2, € s“/zl___,zn-1 = Su/?)-

From the inequality (*), we have
P {Z_ € 3D\B,(9.)} < z P, {z,€2D).exp{-e 2.0,1d)
"V § %77 2 2,11 * !
A .

n=1 n
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- z Pw{v-n}.exp{-c-zo.ld}
n=1

- exp{-c-zo.l.d}.
It follows that, for € =+ O, we have

c —
B {HXTC Pl 2 8 } -0

for any ¢ € s"/2, Now, for any ¢ € D:

S : e 4/2,, 4pyae®
Pq,{llxtc Wl 2 8 } Py {""Te voll 2 8.1(s¥/%u ) 1}

€ _9% u/2 €
PQ{IIXTc 9ol > 6,7(s" “vap)c 1 }

Therefore, the probability l”‘p {che - EOH > } is less than
1

€ w€ = € u/2
P_{x €y + P_<|xE -5 || > &.% €s .
it { 1(s%/243p) } 5 { 1€ 0 T "Ta(s¥/ 2uap)

The first probability of this sum, by Lemma III.1l, tends to

zexro as ¢ » 0, for any ¢ € S“/z. Also,

€ - € p/2 X
Bo {le1c -9l 28, xx(s“/%ame s }

- |P Ix€_ - ol > 6
ch { TC o
A

x(s“/zuao)
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where A = {x° /2 € S“/2
1(s¥/ “yap)

and this last integral is < exp(-s'z.o,ld) . which also goes to

zero as € » 0,

This finishes the proof of the Theorem.

IV. Example

Let us apply the foregoing results to the problem of exit
from a domain attracted to O, in the case of the dynamical system

defined by the scalar linear retarded differential difference

equation:
(4.0) x(t) = -x(t-b).

we know [Ha] that the condition 0 < b < 7 is a necessary and
sufficient condition to ensure that O is an asymptotically stable
equijibrium of Eq. (4.0); in fact, this condition is eguivalent

to assume that all roots of the characteristic equation

verify Rel < 0.

The action functional corresponding to equation (4.0) is given

by

o 2
(4.1) Syl - 1 J (&(t) + y(t-b)] at
=7
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and the Euler-Lagrange equations for the extremals of S are given

by
(4.2.1)  3(t) + y(t-b) = H(t) , t € (-T,b)
(4.2.2) #(t) - B(t+d) = 0, t € (-T,0]

We will compute the quasipotential of eqguation (4.1) with

respect to the origin.
As noted before we may suppose that T = e,

Equation (4.2.2) is an advanced difference-differential equa-
tion, which becomes a retarded equation by performing the change
of independent variable t » -t. Therefore, by [B-T] , given
v € Lz[-b,o], and £ € R , we can solve (4.2.2) to find a wunique
function H: (-m,bJ + R which satisfies: 12) H(b+0) = y(0) for
almost all © € [-b,O]; 2¢) H(O) = §; 32) H ie absolutely contin-

uous on (-=,0], and, 4°) for almost all t in (-=,0)], A(t)=H(t+b).

With H = H(t,f,¢) so determined, we solve Eq. (4.2.1) in
(-=,0] with initial condition v__=0. We get a function y: (-=,+b] =R

which is absolutely continuous on (-0,0].

Of course, y depends upon ¥ and £ ; the relations

(4.3) =9, 9E€ wi-2

allow us determine Y and { uniguely in function of g. In fact,

from the variation of constants formula [Ha], we have
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t
(4.4) y(t) = j X(t-s)H(s,y,[)ds , t € (-=,b] ,

where X is the fundamental solution:

X(t) = -X(t-b) , t > 0
X{(0) = 1

X(t) = 0, t <0 .

Given y € L,, let J(t) be the solution of J(t) = -J(t-b) '
t >0, J(O0) = 0O, Jo = V , where ¥ is defined by U(0) = y(-b-86)
for all © € [-b,0].

It is easy to see that

0
J(t) = j X(t+u)yp(u)du , t > 0
-b :

and that

H(t,¢,E) = X(-t)E + J(-t) , t € (-=,0).

By equation (4.2.1) we have for t € [-b,0]:

. t-b 0
V(D) = jle-b) + [ X(t-b-s)[X(-S)E . X(-S*u)w(u)du]dt

- ~b

orx

o 0 @
(4.5) y(0)=¢(0) + j X(t+0)X(t)def + I [ I

x(t+9)x(t+u)dt]w(u)du
-b -6 .

Define the function a(®), 8 € [-b,0], by
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ato) = r x(t-8)X{t)dt.
0

Then, we can write equation (4.4) as

. ) 0
(4.6) v(e) = l(0) + a(o)f + J al-10-u])v(u)du
-b

Letting t = 0 in equation (4.4), we get

0
(4.7) o(~-b) = a(0)g + I a(u)y(u)du.
b

Since a(0) > 0, we can solve Eq. (4.7) for { so that

tion (4.6) can be written as

0
(4.8)  w(0) = §0) + 28 4(p) + [ k(o,wlu(ulau
-b

where K(8,u) = a(-|e-ul|) - & S(S)u 5

We now compute the function a(9).

It follows from the definition that

equa-

a(o) = —J' X(t-6)x(t)dt = J' X(t-6-b)X(t)dt = a(-b-€).
0 0

Therefore, 8(p) = -a(@) and there exist constante c; and ¢

such that

a(6) = €y cos © + c, sen O.

From the equation a(0) = a(-b-0) it follows that

2
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a(e) = 2L0) . (g-p)

cosB
where B = % - % .

Now, a(-b) = j X(t+b)Xx(t)de -% 80 that
0

a(0) « Lt sen b and finally

2 cos b

a{g) = 1+ senb cos(6-8).

2 cos b cos B

Also, the kernel K(©,u) has the expression

K(g,u) = - Sosli+b)senu . . . <

cos b

A
(o]
A
c
Ia

o

K(O,u) = - Sos(u+b)sen ©

o™ for -b<uc<©c<o0.
Equation (4.8) now becomes
e
. s(¢-2 €
(4.9) (o) = pe) - S92LE=2) oy, - J sen 2 cos(u+b)¥(ulau
-b
-0
, - Egéiglglsen u Y(u)du.
/g Cos b

We prove now that 1 is not an eigenvalue of the operator k

defined by

0
(k ¥)(6) -_|' K(©,u)y(u)du.
-b
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Suppose that k¢ = y. Then,
v(0) = 0 and ¢(-b) =0 and © + 2¢ = O.

Hence, ¥(8) = ¢, cos Y2 0 + c, sen Y2 o.

The condition y(0) = 0 implies €, =0 and the condition

Vv(-b) = 0 implies that c, = 0. Hence, v £ 0.

Since the operator k is compact, and 1 £ o(k) equation (4.9)
has a unique solution ¥ for each ¢ € wie2,

L J
We now compute the quasipotential relative to the origin.

From what has been proved above, the quasipotential V(g) is

' given by

b
V(p) = %j [¥(t) + y(t-b)|2ae

where y(t) = x{-t), where x(t) is the solution of x(t) = -x(t-b),
t >0, X, = ©. In fact, Yb =9 and vy__ = 0 and vy saticsfies the

variational equations (4.2.1) and (4.2.2).
1 (™ e 2
we have V(g) = 3 [ [x(t) - x(rsp)|%ax,

-b

vie) = 3 [ [k 1%ar - [ i(ox(eemae + 3 [ x|
-b -b b

o o
-1 J' I3ty [2ae + 4 Iolx(t-b)lzdt
-b

- [x(t)x(t+b)|_b ’Ib x(t)x(t+blat]+ %Ib | x(t+b) | 2at
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P 2 1 (© 2
= 5[ |e(6)] a0 - 5 J' [e(8)]“de + 9(0)p(-Db).
-b -b
From the Cauchy-Schwarz inequality one can prove that, if

b € (0,1/2), then

Vig) 2 [% - b) Il@llf,g

which shows that /N is a norm on w1'2, equivalent to the natural

norm.

If we take D as the open ball with respect to the norm vV ,
with center c and radius R, where ¢ and R are positive constants,

€ < R, then, theorem 1.2 can be applied to the pertubed system

x(t) = - x{t-b) + ¢ wit).

2

In fact, the minimum of V(@) on 3D = {¢ € wie2, V(g-c) = Rzl

is achieved only at the point ¢ = R + cC.
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