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I, Preliminaries and statement of the main result 

Let C be the Banach space of all continuous paths q,: (-1, O]-+Rn 

with respect to the norm ll'PII • max{lq,(8)1,-1 ~ 8 ~ .. O}, where 1• 1 
is the Euclidean norm in Rn. For a continuous function x:[t -1, 

0 

t
0

+A)-+Rn, A>O, and a real number tin [t ,t +A), we write xt · to 
0 0 , 

denote the element in C given by xt(e) • x(t+e), -1 ~ e ~ O;then, 

the function t E [t
0

,A) ~ xt EC is continuous. 

We call a retarded functional differential equation a rela­

tion of the form 

where f: C -+ IRn is a continuous function (1.1 4 [~ll.)). 

An ' important example is given by the 

equation 

integrodifferential 

J
o 

i(t) • F(x(t),x(t-1)) - a(-9)g(x(t+9))d0 
-1 

where F: RnxRn-+Rn, g: Rn-+Rn and a:[0,1]-+R 

functions. 

are continuous 

For technical reasons, we will suppose that f is continuous­

ly differential)le and that llfll 1 • max{supjf(q,)j,supl!Df(q,)11) is fi-
• q,EC q,EC 

nite,where l!Df(q,)11 • sup{lof.(q,)1J,l:ll"1II • l}. 

Equation (l,O) defines the semigroup solution (S(t))t20-the 

flow - on C by 
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where xis the solution of (1,0) in Lo.tm) which starts inf, i. 

e., x
0 
•, or x(S) • q,(8), for all e in [-1,0]. We know that 

S(t): C -+ p is continuously differentiable, S(t+s)•S(t)S(s) · for 

all t,s ~ 0, S(O) • identity of C and also that for any fixed q, 

in C, and any ljl in C, lim [~S(t)cpJ ljl • ljl in C. 
t+O . 'j 

Let wl,2 be the subset of all functions q,: [-1, o] + Rn ab-

solutely continuous on [-1,0] such that ci> e L2 i.e. ll ci>IIL ., 
2 

( 0 )1'' J
1 

l~<e> l2ae < m. With respect to the norm hll1, 2 ., 

[ 
2 Jo . 2 ] 1/2 1 2 lcp(O)I + 

1 
lq,(e)I d0 , W' is a Hilbert space and the in-

clusion w1 • 2
-+ C is continuous. We know that w1 • 2 is invariant 

under the flow (S(t))tzO and that S(t): w1 • 2
-+ w1 • 2 remains con­

tinuously differentiable. 

Later, we will suppose that the function q, s O in C is an 

equilibrium point of Equation (1,0), that is, f(O) c 0, which at­

tracts its small neighborhoods. We know that there exist positive 

constant Kand a such that Hxt{q,}U ~ K e-atuq,H for all t 2~ and 

all q, in a sufficiently small neighborhood of o. 'lhe aoova estimate is 

obtained (see [Ha]) by considering the linearized 

equation about W • 0: y(t) • f'(O)yt. 

variational 

Let (n,F,P) be a probability space and let w(t):n+Rn, t ~ 0, 
I 

be the Brownian motion in Rn. We remember [F-w] that: 12)w{O)•O; 

22) w is continuous int E [O,m) with probability l; 32} w has 

stationary independent increments; 42) for each t > 0 and each 

borelian Ac Rn we have P{w(t) EA}• J --1- e-lxl
2
/ 2t dx. 

A/'2i'"t 
Let us consider the perturbed stochastic differential equa-

tion 
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(1,t) xc<t). fCX~) + c wCt>, t, o 

for which a solution through, EC at time t • 0 is meant a con­

tinuous rendom variable xt(t,w), t ~ -1, w En sueh that xt(~.~)• 

,ce) (with probability one) for all 8 E[-1,0] end such that for 

all t 2 0, we have 

elso with probability one. 

We know that, for each, E c, there exists one and only one 

solution of Equation (1,£) through, defined for all t 2 o. We 

will prove that: 

I.l. Proposition - Given an interval [o,T] end a function, E ·c, 
then, during the tiae i~t~rval [o,T] , the solution X£(t) of 

equation (1,£) through, at ti•e t • 0 very likely follows th• 

solution of Equation (1,0) through, at tiae t • 0; •ore precise­

ly, for any 6 > 0, 

lim P { sup IX£(t) - x(t)I > 6} • 0 
t-+0 tE [-1,T] 

or, equivalently, 

Proof: It is easy to see that 



so, Gronwall's inequality implies that 

sup lw(t) I , 
tE [o,T] 

Using the classical inequality (see [F.w]) 

P { sup c lw(t)I 
O<t<T 

we find that 

for appropriate constants c1 e c2 ; this last inequality clearly 

implies the conclusion of our proposition. 

In order to estimate the probability that a solution of 

the Equation (l,c) belongs to a neighborhood of a fixed . path 

{x(t), T1 ~ t ~ T2}. we•introduce the action functional associated 

to the random process X~ and a quasipotential extending Freidlin 

and Wentzell's construction for perturbed vector fields[see F-w]. 

Associated to the Brownian motion there is an action 

tional 

defined by 

func-
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In a similar way as Freidlin and Wentzell do for vector fields, 

let us define the normalized action functional associated to the 

process x~ by 

Without loss of generality, we can assume that either r1 • 0 

and T2 > 0 or T2 •land Tl< 0. 

Let us denote by pT the distance between two continuous fun£ 

tions x and yin c[~l,T]: 

PT (x,y) • max lx(t)-y(t)I 
tE[-1,T] 

and, fort c c[-1,T], let us define: 

The following is an extension of a theorem of Freidlin and 

Wentzell, which we will use many times: 

I.2. Theorem - Let X£(f) be a solution of the perturbed equation 

(l,E). rben, given T > 1, 6 > O, S > 0 and B > 0 we have: 
0 

(a) There e~i•t• £0 > 0 such that for all EE (0,£0 ) the inequal-

1 t11 
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P{pT(x'C,)-y) < 6) J: exp{-r-2(S(y)+8)) 

holds tor all' E w1•2 and y E w1•2[-1,T] such that y
0 

• • and 

S(y) s_ s
0 

Cb) There exista E
0 

> 0 such that tor au E ,€ (0, t
0

), all eE [o,aJ 

and all, E w1•2, ~• have 

The quasipot•ntiaJ of Equation (1,0) with respect 

origin O in w1 • 2 is, by definition, the functional 

to the 

It is clear that V(o,,) 2 0 for all, E w1 • 2 and that V(O,,) 

is continuous in,. moreover, if O is an·equilibrium of equation 

(l,O), then V(O,O) • O. 

The name quasipotential comes from the feet that for gradient 

systems in Rn, x(t) • -grad U (x(t)), with O es an attractor, the 

quasipotential is twice the potential U, if we stay in the basin 

of the attractor. 

The following theorem, as in the non retarded case, studies 

the exit from a domain contained in the basin of an 

equ i 1i br i um. 

attracting 
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I.3. Theorem - £et O be •n ••v•ptotjc•llv stable equilibrium of 

Equ•tion (l,O) and let ocw1• 2 be • bounded connected open 

neighborhood ot a, the cJo•ure of which adaits a 60-neighborhood 

D6
0 

contained in the basin of O. Let us suppose also that D and 

0
6 

are •trictly contracted bU the tlow of the nonperturbed •ys­

tl■ • £et ua auppose, ■oreover, that there e~i,ts a unique pojnt 

•o E ao aini•izing the qu•sipotenti•l v(o,,> OD ao. 

Then, tor any 6 > 0 •nd all f ED we have: 

where~£• inf{t > 0: X~ E ao}. 

Before proving the above theorem, we will etudy the extremal& 

of the action functional. 

II. The action functional 

We ~ill restrict ourselves to random perturbations of e~ua­

tions of the following type: 

(2.1) 

where f: C ➔ R" is given by 

I
o 

f(~> • F(~(o).~(-1)) - a(-e)g{~Ce))de. 

-1 

We suppose that F: Rn x R" ➔ Rn and g: Rn ➔ Rn are bounded 

c1 functions with bounded derivatives and that a: [0,1) ➔ R is of 

class c2 • 
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The perturbed equation is 

( 2. 3) 

The corresponding action functional is 

Tl O 12 SoT(y) • S(y) ·½ J y{t)-F(y(t),y(t-l))+J a(-8)g(y(t(8))d9 dt. 
0 . -1 

We want to minimize Son the following class: 

where~ and~ are given functions. 

It is clear that we have to assume T ~ 1. 

11.1. Proposition - A nece•••r~ condition ror y E ii to ~ini■ir• S 

on~ is that y aatiafi•• th• rollowing Euler-L•grang• equa-

d~ H ( y) ( t) + [o1 F ( 1 ( t) , y ( t-1) ) ] •H ( y) ( t) + [ D2F ( Y ( t+ 1), Y ( t.) )rH(y)(t+l) . 
-[g• (y(t)) t J° a(-0)H(y) (t-8)d8 • 0 

-1 

where 

J
o 

H(y)(t) • y(t)-F(y(t),y(t-1)) + a(-8)g(y(t+8))d8 
-1 

(the star indicates the matrix transposition). 
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Recall that y
0 

• t and yT • f and observe that the equation ­

above which is retarded and advanced in time, is, as matter of fact, a 

second order integro-differential equation. In spite of the fact 

that. we do not know "a priori" that y has first and second deri-

vatives in [O,T-1), we remark that the function H(y)(t) is abso-

lutely continuous in [0,T-1] and d~ H(y( •)) E L2 [0,T·1]. Later 

on we will show that y is c2 in [O,T-1]. 

~- Leth E c1 [o,T-1] such that h(O) • h(T-l) • 0 and put 

h(8) • O, 8 E [-1,0] and h(t) • 0, t E [T-1,T]. We kno1o that if 

ye~ is a local minimum for V then gA s(y+Ah) I • 0 for all h 
A•O 

as above. 

Let us make explicit this condition: 

- D2F(y(t},y(t-l))h(t-l) + J0
a(-0)g'(y(t+0))h(t-~)de]at. 

-l 

Since h
0 

• hT • 0 and after using integration by parts ar.= inver­

sion of the two integrals we obtain the following expression: 

+ H•(y)(s+l)D2F(y(s+l),y(s)) - J°a(-0)H*(-y)(s-0)d0.g'(-y(s))]ds}h(t)dt 

-l 

Since his arbitrary, the result follows from Du-Bois-Reymond's 

lemm~ ( see [A] ) which says that if t:[a,b] ➔ Rn is continuous 
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b 

and if Ja t•(t)~(t)dt • 0 for all c1 functions h:[a,b] • Rn such 

that h(a) • h(b) • 0, then tis constant on [a,b}. 

We have then, for all t E [0,T-1]: 

H*(y)(t)+ Jt[H•(y)(s)D1F(y(s),y(s-l))+H*(y)(s+l)D2F(y(s+l),y(s)) 
0 ,. . 

-J0 
a(-e)H•(y)(s-8)d8.g'(y(s))]ds • constant. 

-1 

Since _the integrand belongs to L2 [o,T-1] it follows that 

H*(y)(t) is absolutely continuous on [o,T-1]. If we transpose the 

expression obtained after computing the derivate of the last 

equality we get the following Euler-Lagrange equation which holds 

for y, almost everywhere in [O,T-1]: 

- [g• (y(t)) r JO a{-8)H(y) ( t-8)d8 • 0 as claimed --
-1 • 

Let us now consider the existence of an absolute minimum for 

Sin the class ii, which will imply the existence of solution for 

the equation (2.4) with boundary condition y
0 

••and YT••• 

Let \.I - inf{S(y): y E M} > 0 and (ym)mEN a minimizing se-

quence of elements in JI, that is, S(ym) -+ \.I as m ... •• Without 

loss of generality we may assume S(ym) ~ s<r1 >. 
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II.2. Proposition - fhere exi•t• • subsequence, •lso denoted by 

(ym)aiEN , which converges uniforaJu in [O,T-1] to• func­

tion y EU such th•t S(y) • µ. 

Proof. The idea is to show that Mis compact in c[O,T] and that S -
is lower semi-continuous on M. 

We start observing that there exist constants a and 6 such 

that a> 0 ond 

I 

a 
1

2 
½ y•(t)-F(ym(t),ym(t-1)) + J o(-e)g(ym(t+8))d0 . z 

-1 

alia1<t> l2 - a. 

This iaiplies that 

and then 

for all m. 

By Cauchy-Schwarz inequality we hove: 

ond we are able to conclude thot (ym)mEN is on equicontinuous se­

quence in c[o,T: 1]. Again, by the same inequality we obtain: 
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t . 

IYm(t)l~l,<o> I + J ltm<s> l •l da ~ l,Co)I + B.T112 
0 

and (ym} is a bounded sequence in c[o,T]. By the Theorem of 
Ascoli and Arzela, there exists a subsequence of (ym) which con­
verges uniformely to a function y e c[o,T-1); extend y to (-1,T] by 

Y
0 
•, and YT•~, To show that y is absolutely continuous in 

[O,T-1] we consider a chain of inequalities obtained by using the 
Cauchy-Schwarz inequality for integrals and sums. For any numbers 

si,ti E [O,T-1), i•l, •• • ,k, such that s 1 < t 1< s 2 < t 2 < ••• < sk < tk 
we have 

so 

k 

l ym(ti)-ym(si)I ~ L 
i•l 

Passing to the limit as m ➔ •we obtain 

y is absolutely continuous on [O,T-1]. 

To prove ye L2 [o,T-1] take t E (O,T-1) and choose h>O small 

enough such that [t,t+h] c [o,T-1]. 
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Using again Cauchy-Schwarz inequality we have 

If we integrate between O and (T-1-h) and by inversion in the 

order of integration one obtains 

I' dt < 

and since the last term is bounded by B2, we pass to the limit as 

11 ~ -. and see that, for all 't < T-1 and h > 0 sufficiently small, 

we have 

1

2 
y(t+h)-y(t) 

h 

Since y is absolutely continuous in [o,T-1], we use Fatou's 

theorem and obtain 

.:.. 
But 't < T-1 arbitrary implies y E L2 [o,T-1] and IIYIIL ~ B. 

2 

. 
Let us show now that Ym converges weakly toy on [0,T-1], in 

~ 

the sense that, for each~ E L2 [O,T-1], we have lim Im•O, ~here 
JR-+ID 



I • m 

lS 

T-1 

J (ym(t) - ~(t))*♦(t)dt. 
0 

Given£> 0 and+ E L2 [o,T-1], we can find a polynomial 

p(t) such that 

get: 

so 

T-1 J lp(t) - ~(t) l 2 dt < 
0 

2 
E • 

Choose m0 such that, form 2 m
0

, we have 

Then 

sup 
O~t~T-1 

Using integration by parts and Cauchy-Schwarz inequality ve 

I < m-
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and finally, Im s (1+2B)c which &hows that 

To conclude, let u& pro~e that the absolute minimum µ of S 

ia achieved in y. 

Let us introduce the following abreviations: 

I
o 

f • F(y(t},y(t-1)}- a(-8)g(y(t+8}}d8. 
-1 

We already know that fm converges to f uniformly on [D,T]. 

We have: 

+ 1. JT • 2 JT . 
• s(y) Ir - YI dt + (y - f )*(y - y)dt 

2 0 m 
0 

m m 

+ l JT (f - I - 2 y) * ( fm - f)dt 
2 0 m 

Therefore 

Since these last integrals tend to zero as m goes to +m, we 

get S(y) • 1,1. 
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III, Proof of Theorem I,2 

In this section, following Freidlin and Wentzell'& approach 

[r-w], we will decompose the proof of Theorem I.2 into a series 

of lemmas. 

111.l, Lemma - Let F be a compact s~~set ot C and T, 6 positive 

numbers. Then, there exist £0>0 and 8>0 such that 

tor any~ E F and any£> 0, £ < £
0

, 

Proof: Let, E F fixed and define: 

Recall that pT(y,x(~)) • sup !y(t)-x(t,q,)I. 
-l~t~T 

Since G(~) is closed and Fis compact we see that 

is closed in C. 

We know that the infimum 

achieved. 

d of S(Y) for y E . u G(q,) 
q,EF 

is 

Since S(y) vanishes only on the solution of Equation (1,0), 

it is clear that d > 0. 
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For each d' < d, let us consider the set 

I~ is compact and disjoint of u G(f); therefore, the distance 
tEF 

between t,(d') and u G(f) is a positive number 6'. 
tEF 

Now, for any r1 > 0, we have for any£ and, E F: 

Taking B • d' - y1 , this proves the lemma. 

111.2. Lemma - Let us suppose that O js an asymptotically stable 

equilibrium of Equation (l,0). Let D be a bounded 

connected open set, whose closure Eis contained in the basjn of 

attraction of O. Moreover, let us Euppose that the flow +t of 

Equation (1,0) satisfies: 

ror aJJ t > O. 

Tbea tor any fixed a> 0 such that the ball Ba(O) is 

taiaed ia D, we have: 

con-
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for any T > T0 and any y E c[-1,T] ••tisfying Yt E D\B(O,a) 

for t E [o,T]. 

(b) There exi•t po•1tive constants c and T
0 

such that, tor anv 

£ > 0 small enough and any cp E D\Ba(O) we haYe 

Proof: (a) We take a'< a such that any solution of Equation (1,0) 

which starts in Ba 1 (0) never leaves Ba(O). 

For a given cp E D let T{a,cp) be the· first instant t at which 

we have xt(cp) E Ba 1 (0). It is clear that T(a,cp) < •· Let us see 

that T(a,cp) is upper semicontinuous with respect to~: given c>O 

we have xT(a,cp)+c(cp) E Ba,(O); therefore we can taker > 0 small 

enough in order to guarantee that Br(xT(a,cp)+c> c Ba,(O): using 

the continuity of the solution with respect to the initial con­

ditions, we can find a positive number 6 such that lxt('i)-xt{cp)j < r 

therefore, 

x (;) E B(x (m) r) so that T(a,;) _< T (a,ffl) + c, 
T(a,cp)+c T T(a,cp)+c T • T T 

which proves the upper semicontinuity of T(a,cp) with respect to 

cp. 

Let D1 be the closure of the image of D by the flow of Equa­

tion (l.O) after the time l; since D1 is compact, there exists 
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It is clear that any solution of Equation (1.1) which starts 

at, ED is in B
11

,(0) after the time T
0

• 

We consider the closed subset CT of c[-1,T
0

] given by 
0 

CT -h: [-1, T
0

) ➔ Rn: Yt ED\ Bll(O) for all t E [o,TJ} . The 
0 

action functional S0 T assumes on CT its infimum which is a posi 
0 0 

tive number: in fact, if not, we would have a solution of Eq. 

(1.0) in CT , which contradicts the definition of T
0

• Therefore, 
0 

there exists a constants A> 0 such that S
0

T (y) ~ A 
0 

for · all 

Let T > T
0

, let [T/T0 ) be the integer part of T/T0 , and let 

y: [-1,T) • Rn such that Yt ED\ B
0

(0) for all t E [o,T]. Then, 

. .?. A + 

• a(T - T) 
0 

where a•~ , which proves Lemma III.2.(a). 
0 

(b) We can assume that 6 < ! . Let A• A(6) and T
0 

• T
0

(6) the 

constants obtained in the proof of part (a) above for the set 
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D • i>6 and the neighborhood Bu/2(0). Therefore, if y: [-1,T
0
(0) • Rn 

satisfies Yt E 06 \ Ba12co) then S0 T
0

( 6) > A6 • 

For~€ D, the functions of the set 

reach Ba/ 2 (0) or leave 0 6 during the interval of time [O,T
0

(6)]. 

From the above assertion, we have 

Hence, for any sufficiently small t > 0 and any~ ED ~e have 

the set inclusion 

so that, for any S > 0, 

Now, 
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F9{tu > (n+l)T0 } • J 
~tu > nT0 } 

-2 exp{-£ (A6 - B)} 

and by induction 

where C • 
A 6 - 8 

[T/T
0

] 

< (Pq;{tQ > T0 }) 

~ (sup Plj,{,;
0 

> T 0 }) 

~·ED 

[T/T;l 

• which concludes the proof of Lemma III.2.(b). 

III.3. Lemma - (a) There exists• positive const•nt L such that, 

for •ny i E w1• 2 in• sufficiently saall neighbO~£ 

1 2 ' hood of ·O in W' • we can find a T > 0 and a path 
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(b) c;jven y E w1 • 2 [-1,T] •atj•fyjng y
0 

• 0 and yT • q> gjven in 

1 2 - l 2 W' , there exists• constant K > 0 such that tor any , 1ew' 
sufficjently near of i in the space w1•2 , we can find · a path 

y E w1 • 2 [-1,T] verifying the condition•: y
0 

• 0, YT• 'i1 and 

Proof: (a) We take T > l arbitrary. Let y: [-1,T] .. Rn be defined 

by y(t) • 0 for t E [-1,0], y(t) • ti(-1) for t E [o,T-1] 

and -y(t) • i<t-T) for t E [T-1,T]. Then, lhtll• 5- Ifill. for any 

t E [O,T]. · 

Now, 

T 

+ ½ J 1,<t-T) 
T-1 

J
T • 2 

< - 1- l,<-ll 12 ♦ lf(yt) 1
2dt ♦ l~IL • 

- T-1 2 
0 

Since, f(O) • 0 and lf(yt) I ~ ltl 1 11Ytll• 5- ltl 1 11,II. and 

Ifill..,~ li(-1) I + 11,nL , we can write: 
2 . 

and, since we can suppos9e llcpll 1 2 < l , w • • 
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where L • ... {.:, + 2TUfll~, l + 2Tl\f\l~} this finishes the 

proof. 

(b) Let y be defined by: y(t) • O for t E [-1,0) , 

and 

(i) 

t1(-l)-°i(-l) 
y(t) • y(t) + -=----- • t for t E [o,T-1], and 

T-l 

y(t) • i 1 (t-T) for t E [T-1,T]. 

. . 
Then, Uit - Ytll.,.i lli1 - •11 • .i lq,1 (-1) -i(-1)1 + lli1 - illL

2 

T 

• ½ J
0 

( ~Ct)-y(t)+f(yt)-f(yt).~Ct)+;(t)- · 

We have the estimates: 



25 

where JC2 • fitll1 • (2 + -T~l). 

From these estimates and supposing ll'i1-'illw1 , 2 < 1, 

the final estimate 

• 

where 

we get 

Suppose we have the conditions of Lemma III.2 and suppose 

also that the quasipotential V(~) verifies the condition: 

there exists a unique 'i
0 

E 3D such that V(i
0

)•min{v(i>:'iE3D}. 

For any given 6 > 0, defined as the positive number . 

We choose p > 0, p < d , where JC and L are 
5 max{JC,L} 

constants given by LemllB II.3, such that.Bp(O) c D. Let us denote 

by Sr the sphere with ce.nter O and radius r. 

Following r-w, we consider the following sequence of Markov 

· f · { c E u} • f{ times: t
0 

• o, o
0 

• in . t > t
0

: Xt S , t 1 • in t > ~0 : 

c E a u/21 ' f{ t • Xe E sU} xt D u s , ... , on • in t > n. t , 

,.n+l • inf{t > an: x~ E ao u sU/ 2}. 
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III.4. !&!!!mA - Tor •ny given £>0 •ulticieatlM •••ll, ~e h•ve, tor , 

•JJ cp E Sµ/ 2 : 

(a) 

(b) 

.fLQQt: (a) We take 'i1 out of D such that 11~1 - 'illwl, 2 ~ * and 

choose initially, using the fact that i
0 

is a minimum 

point of Von an, a path y(l) E w1• 2[-l,T1] ➔ Rn such that 

y(l)(t) • 0 fort E [-1,0], y?> • i
0 

and S
0

T (y(l)) ~ V(i
0

)+0,05d. 
l l 

Using Lemma III.J (b), we can find a path y(l) E w1• 2[-1,T1
]--Rn 

auch that y(l)(t) - 0 fort E [-1,0], yil) - ~l and 
1· 

Let t 1 • max{t > 0: y(l)(t) ESµ} and let ~l • y~l). Denote 
1 

by y< 2 ) E ~1 • 2 [-1,T1-t1) the path given by y< 2)(t) • ~1 (t) for 

t. E [-1,0] and y< 2 )(t) • y(l)(t-t
1

) fort E [o,T2
], \o1here T2

•T1-t1 • 

Then, 

By Lel!lt:la III.3.(a), 

such that y~J) • o, y~3) 
, 3 

we can find a path y(J) E w1 • 2 [-1,T3] 

•~land S
0

T (y(J)) S 0,2 d; by the same 
3 

argument, for each cp E sµ/ 2 , 

such that y~4 ) • 0, y~4 ) • i and S (y( 4 )) s 0,1 d, where ~ is 
4 oT4 

defined by i(0) • cp(-1-0), 0 E [-1,0]. 

We construct now the path yf E w1• 2 [-1,T] where T • T1+T2+T3 

by y'P(t) • y< 4 >cT4 - l - t) forte [-1,0], y'P(t) • y< 3>(t) for 
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t E [O,T3], y'(t) • y< 2>ct-T3) fort E [T3,T3+T2] and 

y4P(t) • y(l)(t-T3-T2) fort E [T2+T3,T]. Then, y: • cp, 

ond 

finally, 

yep - cp 
Tq, l 

We choose now 6' < min{ *,dist(i1,ao)}. We know that [F-v] 

there exists an £> .0 such that for any q, E s~12 we have 

Since 

it results 

which concludes the proof. 

(b) As in [F-v] define t(s~12 u ao) • inf {t>O: x~ E s~12 · u 3D} 

Then, t(S~/ 2 u 30) ~ t 1 and 

Now, for any cp E sµ/ 2 there e~ists ~ESµ such that 
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then, 

We majorize this last quantity. First, note that for any T 

we have: the set 

{w ED: Xe 
't(sll12uan) 

E an\B6Ci0 >} 

is contained in the union {w En: 't(sll12 u ao) > T and 

Xe E ao\B6 (~0 >} u {w E D: ·r(Sµ/2 u an> < T and 
't(S\J/2u an> 

therefore 

By Lemma III.3.(b), these exist constants c > 0 and T
0 

such 

that for any c > 0 small enough and any~ E slJ we have 
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where t 6 •inf{,, x: .f( D\e6(o)} since ,<s•12 u ao) ·~ t 6 we 

have also 

and 

Making c • v<,
0

) + d we can write 

Let now K be the closure of the µ/2 - neighbourhooo of 

such · that 

Y • m Esµ and actions T(y) < V(~) + 0,65d reaches K. In fact, 0 T O - 0 

suppose by contradiction that there exists t 1 E [o,T], such that 

Yt EK. Then, S
0

t (y) ~ V(~
0

) + 0,65d. By Lemma III.3.(a), ~e 
l l 

can construct a path y(l) E w1 • 2 [o,T
1

] such that y(l). o, y~1 >. ~ 
o l 

and 5
0

T (y(l)) ~ LUiH 1 2 ~ 0,2d. 
l W • 

Let y be the path given by y(t)•O for tE[-1,0], y(t)•y(l)(t) 

for tE [o, T1] and y(t)•y(t-T1 ) for t E [Tl'Tl +t1]. Then, Yo - o, 
y • y EK and 

t1+T1 tl 
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By Lemma III.J.(b), we can find a path y E w1•2[o,T1+t1] 

such that y
0 

• O, yt +T • ~ E ao\B6(i
0

) (for; in the open ball 
1 1 

Bµ/ 2(yt )) and such that so(T +t )Ci) ~so(T +t f~) • Kttt-yt tt 1 2 
1 1 l l 1 lW~ 

• v<,0 > • 0,85d • 1eh-Yt II ~ V(t
0

) • 0,95d. 
1 

Now, this implies that v(;) ~ v<,
0

) + 0,95d which is not 

possible by the definition of the number d since f E 3D\B6(i
0
). 

Therefore, all the paths yin the set u •,-Cv(cp
0

) + 0,65d) 
q,ESll 

&atisfy 

and then 

This last quantity is, by Theorem 1,1, less or equal to 

exp {-c-2 (v(~
0

) + 0,6Sd - O,OSd) if c is small enough. 

Collecting the estimates above we can assert that, for any 

cp E sll, we have: 

which finishes the proof. 
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Let us proof now Theorem 1.2. 

It follows from Lemma III,4 that for any f E sP12 and c > O 

small enough: 

(*) 
exp {-c- 2 (vCi

0
) + 0,55d)} P~ x~

1 
e ao\e6<,0 > 

e, {x,
1 
e an} 

~------------
{-c-2(v<io> + 0,4Sd)} exp 

Let v be the minimum integer n for which 

Then, for any E sµ/ 2 

where 

and, since the set {w € '2: zv(w) (w) € ao\a6 (i
0

)} is equal to the union 

u {w En: v(w)•n,Zn E ao\B6(i
0
)) , we can write 

n•l 

"" 
Pi{z" E ao\a6Ci0 )} • L P9{v•n,zn E ao\B~(~0 )} 

n•l 

.. 
-r J 
n•l A n 

From the inequality(*), we have 

.., 
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-2 • exp{-£ 0,1.d}. 

It follows that, for c ~ 0, we have 

P {11x£ cp 't£ - i 0 II ~ 6} ~ 0 

for any q, E s'IJl2• Now, for any q, ED: 

p {nx£ 
cp 'tE - 'II 0 1. 6 } - P, {nx:c - ; II 0 

1. 6,·ds'1Jl2u ao)•t} 

P c;,{nx:c - i 0 II ~ 6,'t(Su/2uaD)< tc} 

Therefore, the probability P {nxt - i II > 6} is less than 
Ip 'tt 0 

The first probability of this sum, by Lemma 111.1, tends to 

zero as £ ~ 0, for any cp E 5ul2 • Also, 
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where 

and this last integral is~ exp{-t-2.0,ld} , which also goes to 

zero as c-+ O. 

This finishes the proof of the Theorem. 

IV. Example 

Let us apply the foregoing results to the problem of exit 

from a domain attracted to O, in the case of the dynamical system 

defined by the scalar linear retarded 

equation: 

(4.0) x(t) • -x(t-b). 

differential difference 

~e know (Ha] that the condition O < b <½is a necessary and 

sufficient condition to ensure that O is an asymptotically ~table 

equilibrium of Eq. (4.0); in fact, this condition is eq\;ivalent 

to assuce that all roots of the characteristic equation 

l + e-lb • 0 

verify Rel< O. 

The action functional corresponding to equation (4.0) is given 

by 

( 4. l) 
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and the Euler-Lagrange equations for the extremals of Sare given 

by 

(4.2.1) y(t) + y(t-b) • H(t) , t E (-T,b) 

(4.2.2) A(t) - H(t+b) • 0, t E (-T,O] 

We will compute the quasipotential of equation (4.1) 

respect to the origin. 

As noted before we may suppose that T • •· 

with 

Equation (4.2.2) is an advanced difference-differential equa­

tion. which becomes a retarded equation by performing the change 

of independent variable t ~ -t. Therefore, by [B-T] given 

w E L2 [-b,O]. and t E ~, we can solve (4.2.2) to find a unique 

function H: (-m,b] ➔ ~which satisfies: l!) H(b+0) • w(0) for 

almost all e E [-b,0]; 2!) H(O) • (; J!) Hi~ absolutely contin­

uous on (-m,O], and, 4!) for almost all t in (-m,O], H(t)•H(t+b). 

With H • H(t,(,w) so determined, we solve Eq. (4.2.1) in 

(-•,O] ~ith initial condition ,·_=O. ~ get a function y: C-•,+b]-+R 

which is absolutely continuous on (-•,OJ. 

(4.3) 

Of course, y depends upon~ and (; the relations 

E Wl,2 
Yb • q, , q, 

allow us determine wand ( uniquely in function of q,. 

from the variation of constants formula [Ha], we have 

In fact, 
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(4.4) J
t 

y(t) • X(t-&)H(s,~.t)ds, t E (-•,b] , --
where Xis the fundamental solution: 

X(t) • -X(t-b) , t > 0 

X(O) • l 

X(t) • 0, t < 0. 

Given~ E L2, let J(t) be the solution of j(t) • -J(t-b) 

t > 0, J(O) • 0, J
0 

•~,where i is defined by i(8) • ~(-b-8) 

for all e E [-b, o] . 

It is easy to see that 

0 
J(t) • J X(t+u)~(u)du, t > 0 

-b 

and that 

By equation (4.2.1) we have fort€ [-b,O): 

t-b [ JO ] w(t-b) • i(t-b) + j X(t-b-S) X(-S)t + X(-S+u)~(u)du dt 
-• -b 

or 

(4.5) w(0}•~(0) + fmx(t+O)X(t)dtt + J0
[ s• X(t+8)X(t~u)dt]~(u)d~ 

-0 -b -8 

Define the function a(e), e E [-b,O], by 
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a(8_) • ( X(t-8)X(t)dt. 
0 

Then, we can write equation (4.4) as 

{ 4. 6) 
0 

~(e) • ,<e) + a(8)t + f a(-le-ul)~(u)du 
-b 

Letting t • O in equation (4.4), we get 

(4.7) 

Since a(O) > 0, we can solve Eq. (4.7) fort so that equa­

tion (4.6) can be written as 

(4.8) ~(e) • ~(e) + =~~l ~(-b) + J° K(8,u)w(u)du 
-b 

where K(8,u) • a(-le-ul> - a(e)a(u) 
a(O) 

Ke now compute the function a(e). 

lt follows from the definition that 

a(e) - - 1· X(t-S)X(t)dt - s· X(t-8-b)X(t)dt - a(-b-6). 
. 0 0 

Therefore, a(~)• -a(e) and there exist constante c1 and c 2 
such that 

a(8) • c 1 cos 8 + c 2 sen 8. 

From the equation A(e) = a(-b-0) it follows that 



a(e) • tl2l. cos(8-S) cos8 
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where S • ¼ - ~. 

(4.9) 

00 

Now, a(-b) • J X(t+b)X(t)dt • ½ so that 
0 

a(O) • 1 + sen b and finally 
2 CO& b 

a(e) • 1 + sen b 
cos(e-a). 

2 cos b cos S 

Also, . the kernel K(0,u) has the expression 

K(e,u) • - cos( i: +b)sen u for b 8 O cos b - ~ ~ u ~ 

K(8,u) • - cos(u+b)sen e for b El O cos b - .S. u .!. ~ " 

Equation (4.8) no~ beco~es 

w(8) • 9(£) - c~~~~f S) ~(-b) - J~ ~~~ ~ cos(u+b)~(u)du 

-b 

-r 8 

cos(El+b)sen u w(u)du. 
cos b 

We prove now that 1 is not an eigenvalue of the operator k 

defined by 

0 
(k ~)(S) • J K(8,u)~(u)du. 

-b 
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Suppose that k+ • +• Then, 

~(0) • 0 and • ~(-b) • O and ~ + 2~ • o. 

Hence, ~(~) • c 1 cos 12 8 + c 2 sen 12 8. 

The condition t(O) • 0 implies e 1 • 0 and the condition 

;(-b) • 0 implies that c 2 • O. Hence, ~ E O. 

Since the operator k is compact, and 1 1 a(k) equation (4.9) 

has a unique solution~ for each, E w1 • 2 • 

• 
We now compute the quasipotential relative to the origin. 

From what has been proved above, the quasipotential v(,) is 

given by 

--
l2Jb 2 vc,, l~(t) ♦ y(t-b)I dt 

~here y(t) • x(-t), where x(t) is the solution of i(t} • -x(t-b), 

t > O, x
0 

• i. In fact, Yb•, and Y_m • 0 and y sati~fies the 

variational equations (4.2.1) and (4.2.2). 

-12 Jm 2 We have vc,> • lx(t) - x(t+b)I dt, 

-b 
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From the Cauchy-Schwarz inequality one can prove that, if 

be (O,l/2), then 

which shows that ./V is a norm on w1 • 2 , equivalent to the natural 

norm. 

If we take Das , the open ball with respect to the norm Iv, 
with center c and radius R, where c and Rare positive constants, 

c < R, then, theorem I.2 can be applied to the pertubed system 

x(t) • - x(t-b) + c w(t). 

is achieved only at the point~• R + c. 
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