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HEREDIT ARY CROSSED PRODUCT ORDERS 

H. MERKLEN 

In this paper one deals with crossed product orders A of 
the following form: Let .91' be a Dedekind domain with 
quotient field ff and Sf a semisimple, commutative, algebra 
of finite dimension over ff. Let 5;7 be a finite subgroup of 
the group of automorphisms of 'if? whose fixed subalgebra 
is ff, and Iet A0 be an .91'-order in 'dt', which is '.9"-stable. 
Then, if [I] is an element of the second cohomology group 
H2( 5;1, U(A0)), our order is A= Ll(f, A0, ~). One is interested 
in the set of all rnaximal orders in .s,/ = L1(t, '6', '.9") which 
contain A and also in all hereditary orders in JY which con­ 
tain A. In particular, one is interested in knowing sufficient 
conditions for Jl itself to be hereditary. This Iast question 
is answered by Theorem 1, and the other, more general 
question, is succesively reduced to the classical complete case 
(i,e., when .91' is a local complete Dedekind domain and '6' is 
a Galois field extension of ff with group '.9"), to the totally 
ramified case (i.e., when, furthermore, 'iff'/.§Tis totally ramified) 
and, finally, to the wildly ramified case. 

1. Introduction. In general, we use in this paper the terrnino­ 
logy of l3 j. With .t3i? we denote a Dedekind domain whose field of 
quotients is .7. .s/ will be a separable 7-algebra and '6 a finite 
dimensional, semisimple, commutative subalgebra of ..SV. We denote 
with o/ a finite subgroup of the group of automorphisms of g'. 

Let _qg be a commutative ring with identity and :t· a finite 
group of authomorpbisms of .':?!J. Tben the group of units of G1, U(.9:35), 
is a G-module. Let f be a factor systern: lll E H2('JJ', U(.cJl)). Then 
we define the ring Ll(f, .9!J, ;27) as a free .~-module with basis {t.}(a E ½-·), 
for which a multiplication rule is given by means of: 

(ot.)(cU = 11c"f(a, -r)t,,: (b, c E .·2'"; a, -r E 1//) 
and extended by additivity. 

DEFINITION 1. Given Z\ a finite dimensional, commutative, 
sernisimple .._7-algebra, and a finite subgroup 1;,· ofthe automorphisms 
of 27 such that the fixed subalgebra of 6 under the action of :?;" 
is ff: Z' •· -== y-; w say that ,_r:/ is a crossed product of 1;,' over Z' 
when .W is isornorphic to the . .:7-algebra J(f, 3", '.?;-'), for some factor 
system f corresponding to an elem nt of H2(:C, U(o')). 

DEFINITION 2. We say that the -~-order ii is a crossed product 
of :0-· over . In when: ,10 is an .'./2?-order in r5', when the fixed subalgebra 
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of c5 under the action of ;i:;,. is .Y: when 110 is stable under ~' and 
when 11 is isomorphic to Lf(f, /10, x;·), for some factor system f corres­ 
ponding to an element of H2(z,·, U(//0)). 

In the case of Definition 1 we usually allow ourselves to write 
.'.'/ = .J(f, 2/, ;?; ), and A = Lf(f, A0, :C-') in the case of Definition 2. In 
both cases it is possible to assume, without loss of generality, that 
f is normalized, which we will do unless it is otherwise stated. If 
.!'/ = .d(f, 27, x;,), one can introduce crossed product orders in V by 
merely taking an gf,l-order A0 in 6' which is ~-stable and such that 
f('.V', :(,) c U(//0), and forming Lf(f, //0, '(,') within .S'/. What we mean 
by this is the following: If .sV = i/(f, (f, :r;;. ), there is a basis { t0} 
((J E ~) of the 2"-module .,(',/ such that Ct:t0)(t)t,) = r,tJ"f((J, r)t., and, if 
1 is the identity of 27, t1 = 1, the identity of . r,r. Such a basis 
will be called a naiural 2"-basis for ,_ . In a similar way, we have 
a natural A0-basis for a crossed product order A. In these cases each 
(J E .?;' coincides with the restriction to 0· (resp. //0) of the conjugation 
by t0• Now, if .. <V is such a crossed product with such a natural 
§7-basis, given an -~-order 11.0 in ff, which is ~-stable and such 
that f(~, _<?;,') c U(;Jo) it is enough to form A = Loe ., Aoto = EBoE ~ lloto 
to have a crossed product order in .:'/ which is isomorphic to 
J(f, Ao, x;- ). 

Also, given a crossed product order 11 = i/(f, 1/0, ~C- ), it is an order r 
in a crossed product algebra of the form J(f, Z', :C- ), which is obtained 
as the usual algebraic container: .:'/ = ff ®.,,. 11. 

It is an easy exercise to prove that a crossed product algebra 
is centrally sirnple, and hence separable (cf. r2l). If .;. is a crossed 
product, let Z;(i = 1, · · ·, m) be the simple components of 3", and 
1 = e1 + · · · + e,n the corresponding decornposition into primitive 
orthogonal idempotents. The requirement that c,'" = .Y- in Definition 
1 irnplies that :2;· operates transitively on {e11 •• ·, e.}. Each 8", is a 
field, which is Galois over ._9e, with Galois group ,'.),.-;' = Stab~(e;), and 
each pair ?.;-7,, Z\ is a pair of fields conjugate with respect to y. 
Sometimes, by abuse of lang uage, we say that 27'1 is Galois over 57 
with group .'.Jr 1• If 1t denotes the order of z.·, the dimension of 2· 
over ,.:;;r and the rank of .s-/ over r5' are both equal to 1t, while the 
dimension of .S>/ over .ST is n2• It may be noted (which is also 
easily proven) that ?,:' is a maximal commutative subalgebra of ,_ ,. 

We will refer to the case in which %' is simple (i.e., when it is 
a field) by saying that we have a classiccd croesod product aloebra 
or a classical croseed. pvod uct: order. 

2. Hereditary crossecl pcod uct o cclccs, 
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THEOREM 1. Let /j/! be a local complete Dedekind doma·in with 
fieui of quotients ./. If the extension ?::J.7 is tamely rosnified 
and if /10 is the maximal /}{:-order .Q in Z", then A = .d(f, /10, ~·) is 
a hereditary order and, moreouer, a principal hcreditary orde» 
(for the defin'ition of it, see f 6'1). 

This result, which is essentially equivalent to a theorem of 
S. Williamson (cf. I 51), is, in a more general form, a corollary of 
Proposition 1, except for the part that affirrns that the hereditary 
order is principal. We give a direct and easy proof , based on 
S. Williamson's result. 

Proo], By calling f, the function c,·f and .0,< the algebra c,,,"/c,, 
we have tha t ·-"~ is a crossed prod uc t Ll( f,, 'Zf" .'J!';) tha t is a classical 
crossed product. If we call A, the .~-order e,lleu we see that it is 
a classical crossed product order Ll(f,, /10,, .X~) in ,J:/;', where 1l0l is the 
YP-order eJJ0 in the field g',. 

According to S. Williamson's result, 11, is principal hereditary 
if ~Js;r is tamely ramified. In this case, the radical of A,, ..A/:., is 
of the form: . /; = 1r,A" where 1rl is a prime element of /101 (and, 
hence, 1r, generates the radical of 110" which is its unique maximal 
ideal). Let ll, = 1, a., ... , (Jm be a systern of representatives of the 
cosets ll1U;;, of .cc-modulo Pc:9 = .~ such that ll1(e,) = e,, and then 
define 1r to be the element of A0 obtained by: 

,n 

1[ = L, ll,(1r1) • 
i= l 

Let ./V be the radical of A. Theorem 1 will be proved if we succeed 
in showing that J//'= n A = A1r. The second equality is clear, in 
view of the definition of 1r. It follows readily from Nakayama's 
lemma that 1r!L c. J. To prove the reverse inclusion, we form the 
quotient 

11 - _._ -- ;1' 
n:1I 

which is in an obvious way of the form 

(bars denoting objects modulo rr), and show that rad (ii)= 0. 

But here we notice at once that (ii\= (7-:), where the lef t-hand 
side means e1//,e1 and the right-hand side means :l,/(1r,1J,) = ,IJ f ,'. 
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Hence, if, is semisimple. Now, if we express elements of ifo as the 
corresponding sums of their projections into the simple components, 
an arbitrary element 3 in rad (if) is of the form 

i,o 

and a direct calculation shows that (for each i, j)t.;--1e,Je"l"i is equal to 
0 because it is an element of rad (X) n X1 c rad (A1). It follows that 
all the a,,a are 0, so that J = 0. 

2. Reduction to the Ioca l case. In this section we assume .9P 
is a local Dedekind domain and we keep the preceeding notations 
and conventions. We assume further that 110 is equal to the sum 
of its simple components (meaning tha t all the idempotents e, are 
elements of 110). 

Let us be given a crossed product order A= Ll(f, 110, '.:?") in the 
crossed product algebra . .W = Ll(f, Z', .~). We considerar a A-ideal, 
, ff'; i.e., a full ~-lattice in such that A./'/ c. // and.// A c . .//. 
In particular, ~ // may be any order containing A. We define, , 4; = 
e
1
, /Ze1• It is immediate then that . 4; = . /J! n . .0,-{. 

LEMMA 1. We have: 

o,-:- 

Proof. It is clear that . ~ is a A0-module (left and rig ht). Next, 
given an element ;t: of , ff'; we have throug h a direct computation 
that 

so that elements: 

are in . /l; and are such that 

r = 'v t r..t -1 
(°', ~ Ojt"',IJ Oj ~ 

,,1 

This shows that , /Z c 11. #;A c. ff'; which gives the desired result. 

Note. For this result one does not need to assume that ,<;P, is 
local. 

PROPOSITION 1. Let .. F be the set of all Jl-ideals in , r / and J~ 
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the set of-all 11,-ideals in ,_w.;. We introduce the following mappings: 

R: y- - ,fi; R(,_,//) = , ii; . 
S: ,fi - . Y; SC ;,fi)= A, ~A. 

Then. R and S are inverse bijections and have the following pro­ 
perties: 

( i ) <-'// c .;« = R(~ //) c R(~I?''). 
(ii) I' E . f is an orde« if and only 'if R(T) is an order. 
(iii) If r E JT is an order, ihen. .2? is a I'-ideal if and only 

if R(.2?) 'is an R(T)-ideal. In particular, rad (R(I')) = R(rad (I')), 
rad (S(T)) = S(rad (I')). 

(iv) r E ,.f is a maximal (resp. hereditary) orde» if and only 
if R(I') is a maximal (resp. hereditary) order. 

Proof. (i) clear. (ii) If r is an order containing A, it is clear 
that I't is a finitely generated YP-module which is a ring containing 
11.1 and, hence generates ~W:- under §. Conversely, if r1 is an order 
in . 1 containing A,, S(T,) :::> S(Ai) = A, whence S(I'1) is a finitely 
generated .~-module containing A. Its closure under multiplication 
follows from: AI'1Al1.l\A = AI'1e1Ae1I'1A = .AI'1A1I'1A = AI'1A. (iii) If 
.2? is a T-ideal, I' .2? = .2? I' = .2? implies: T1-<e'i = e1Te1e1.2?e1 c 
e1I' .0"e1 = -2"; and, similarly, .2!;,I'1 c .sf;. The converse is equally 
easy. (iv) Let r be a hereditary order containing A and let us call 
/V the radical of r. We also introduce: 

and ,, // ;-1 = {~: E '>/,.h,J'Yi,-'c r1}. Then, there exist two finite families: 
X1, lJ1, such that r.1 E A/", tJ, E .,v-1 and L. t)1l1 = 1. It follows that the 
elements ta;1eqr.1e1 are in A~, and the elements e1tJ,e0ta, in A~-1• It follows 
easily that.5i-1.A~ = 1'1• This suffices to say that .A~ is a projective 
T1-module, which is a necessary and sufficient condition for an order 
(in the local case) to be hereditary. Conversely, if I'1 is hereditary 
(that is, if A~-1 

• ..//~ = T,) it follows: Jl.A~-tA· AA~A = A.A,,-;, -1Jl1Jf/;A = 
IL/v;-1.,.f~A = Jlf'/1. = J', which is enough to guarantee that tis here­ 
ditary. 

Note. The assumption that .<31? is local is used only in the proof 
of part (iv) in the preceeding theorern. 

COROLLARY. Let !10 = .Q, the unique maximal order in the com­ 
mutative algebra '6'. Thcn. the follow'ing propositions are equivalent: 

( i ) A is hereditary for eve1·11 factor system f; 
( i i ) if f = 1, ii is hered,itary; 
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(iii) 6'1 is a tamely ramified extens·ion of y-: 
If, furthermore, the reeidue class field of 110, is perfcct , th n tlic 
propositions above are equivalent to the following: 

(ii)' There exist« a factor system f such. that :I is hcnditm·y. 

Proof'. (i) implies (ii), and (ii) implies tha t J(l, Z', :?;')l is he­ 
reditary which, by S. Williamson's results (cf. J 51) implies (iii). Ag ain. 
by S. Williamson's results, (iii) implies that Jl, is hereditary, which 
implies (i). (ii)' implies that Ll(f, ?,', _'(:;.·), is hereditary for ome f. 
Then, if J/01 has a perfect residue class field, by Haradas re ults 
(cf. [I I), (iii) follows from (ii)'. Clearly, (i) implies (ii)'. 

Remark on the possibility of an effect iuc cornputation of the 
Schur index. Let . A be a local complete Dedekind do main and let 
us assume that Z',/J is tamely ramified. We are g oing to bow 
how, using only the information contained in the data for the definition 
of A as a crossed product order, it is possible to compute the Schur 
index of both s/ and . r-/i (which, as it turns out, are equal to each 
other). 

Let us work first under the simplifying assumption that \Ve are 
in the classical case: ,_o/ = ,JYi'", 2;' = a,. The centrally imple alg-ebra 
,s,,/ can be viewed as a matrix algebra of degree f, say, over a 
division algebra 0. Since A is a principal hereditary order, it is a 
block order corresponding to a matrix of the form: 

0 · · · /. · · · · · · · 0 
1 0 · · · · · · · · · 0 
1 1 0 · · · · · · 0 

1 1 1···1 0 

whose blocks are all of the same size (r x r, say) (cf. l3 I, Ch. IX, 8 2). 
In r 5 I, S. Williamson has proved tha t if t is the number of blocks 
(and, hence f = rt) then t can be computed as the order of the con- 
ductor group of lfl, H,11 which depend nly on lfl. 

It is well known that .C/f has a u nique maximal ord r D with a 
unique maximal ideal . ( and that the chur index of . (which i::;. 
by definition, the square rooL of the , .,.--:dimcnsion of ~r), ,~, i qual 
to the dimension of ~- = !J;,,,(:- over .. .,..- . A'/rad (.A?). LeL u::; 
introduce the notation f, for the residue class d g r e f ·; over 

Then we can look at the quotient !T ,/j, I · in Lwo diff r nt ways. 
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uarnely as a direct sum of 1t = (:0-·: 1) copies of 6---; = .Q/rad (.Q) and 
as the direct sum of "residue matrix blocks" which arises when we 
compute the quotienL sLarting from the general form of the matrices 
in A. A cornputation of the y-:dimension of ;[ from each point of 
view gives: 

tts = n], 
fr m which we get tha t: 

t: = f •. 
Then, we obtain the desired result in the form of the formula: 

If we proceed, for the general case, in a similar way, we get 
that the Schur index of .__0/ is equal to the Schur index of .J\~. 

Remarl on the reduciion. to the com.plete case. Assume once 
ag ain that . .A is a local Dedekind domain. Questions regarding the 
hereditarity or maximality of orders in .:/ containing A can be 
reduced to the same questions concerning orders in J>/ containing 
the completion A of A. However, the completion s?, of a classical 
crossed product Jv. = fl(f, g', ~) is in general no longer a classical 
crossed product, but rather a crossed product in the sense of our 
Defmition 1 (see Proposition 1. 4 of l5]). More precisely, ..... w = 
LJC, i, '1/') where i = Z,1 EB · · · EB cf. and the ffi denote the com­ 
pletions of 2/ at each of the prime ideals .9; lying over the prime 
ideal of .7. The rest of the paper is devoted to reducing the study 
of 11 in .;:v to the local complete case, namely to the study of A, in 
. "/i= il(f,, C:,, ;:::,) where --~ denotes the decomposition group of ,. 

3. Reduction to the tota Ily ra mified case. Throughout this 
se tion we keep our g neral notations but we assume that .<:A? is a 
local cornple te D d kind ring and that 'r~'/.:/- is a Galois extension 
with Galois group :r,..'. 

We fix a normal subgroup ,:Jc · of :0- and call .,,; ' the fixed field 
of ,'/i:' so that r~'/ / is Galois with gr up ,'Jr · and r/'/y- is Galois 
with group :'j, I )r. 

W U8C the following nata tions: 
1r is a prim 1 m nt of .·4?, so that rad (.,,1?) = 1r .. AJ . 
. f .d/7r.'#. 
1/0 ~ Jlo n / -- S2 - tbe maximal . AJ-order m .,,;~ 
.// D ® . 110. 



398 I-I. MERKLEN 

6 ' = y @_,- g' . 
~.- = y ®,- ,__w. 
A,,, = Q @,,. A. 
a1 = 1, a2, • • ·, a"' are representatives of the cosets of ,'?'-modulo 

,~; or of the elemen ts of .'?'/, /t'; 
We assume that .s« is identified to the subalgebra 1 (8) .sv of 

LEMMA 2. If .!r/.9- is an wnro/m.ified. extension, then Jl/ is 
equal to the sum of its simple components. 

Proo], The :;;---=algebra .:X' ®r c5' is semisimple and it coutains 
in an obvious way the semisimple y--::.algebra 7 ®, .J? and both 
have the same primitive orthogonal idempotents. Let (tJ;)(i. = 1, ... , in) 
be an ~-basis of .Q and let ii be the discriminant of this ba is. 
The standard decomposition of a tensor product of ff-extensions: 
Yt"" ®/ Y. where 2 /ST is separable, throug h the chinese remainder 
theorem allows for a direct computation of the irreducible idempoten ts 
c,. In our case, one obtains: 

l)~ I . . . I)~_'_~ 1 0 t:J:'! I 
... l)~i' 

l)~' 1 ... l)~-'-7' 0 1)~~71 . .. ~:~/-t 
1 m 

l)~' l)~_'_, 1 l)~~-l l):/ (8) l), e, = ~~ . . . ... v ii i=l 
l)~i+l l)~-'-i1 0 l)~~t' l)~: / l ... . .. 

l)~"' .. • t{''.'i O l)~_;'.', • • • l):,"' 

Now, if .!"!?/ff is unramified, ii is a unit and the lemma follows. 

The group ~ may be considered as a g roup of automorphisrns 
of the semisimple commutative ff-algebra 27 .... , provided that we 
define the action of a E o/ in ?.J'... by establishing that (r (8) \))0 = 
X 0 tJ° (X E ~ I) E ~. a E :C). On the other hand, the factor system c 

may be viewed as a factor system f: V x ~, -+ 8"... (by ideutifyiug 
each f(a, r) with 1 ® f(a, r)). If we do this, we can state: 

LEMMA 3. .s:/ • 'i.'! a croesed product J(f, ;:~ ,.. , -~ ·). 

Proof. Straightforward. 

We introduce the following sets: 
r is the set of all orders /' in . rv: • which contain 1/ and verif y 
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the following condition: 
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for each. element: l in I' there is a representation of the [orni 

( * ) 

( with ro, E .Q, !; E ,S' /) sucli that each 1 (8) t:1 is also an element of I'. 

C)' is the set of all orders in ,J:/' which contain A. 
Next, we consider the following two functions: 

P:O' &'' 
P(I ') = Q @.,. J' =: r' 
I: O'' -o 
I(!')= r n .s:./. 

Theo we have: 

PROPOSITION 2. P and I are order preserving bijections, inoerses 
of each oiher, 

If, furthermore, .~ /Y is an unramified. extension, the following 
dicigrarn is commutative: 

&'~ 

}/i I"'~ 
O n,J Jib &. 

)"" 11/{ 
&''' 

tohere R and S are the mappings which uiere fritroduced in the 
Proposition 1, applied to the case in. which .s>/ is .5Y i-· and, thus, 
.;,~ is (. ,. \ =: . o/.,, =: LJ(f I r')t x ,'.}f~ f:i, .7'.c'). If follows that CJ'. ... 
( the image of ('J' • und r R) is the set of all .<2:-orders in .. 0/,. 
toliich. contain 

Furtl: +more, in. tni» lait r silual·ion both P and I carry heredita1·11 
ord r« ini her ditan1 orti rs. 

P1·0 f. Mo ·t of th pr of i direct. For example, to prove that 
/1 I -- ib, w take /' E O' and form .Q ® ., (F n .sV), which has to 
b sh wn is equal to /'. Ii i obviously contained in 1'. But also, 
1 f ·1 E r, a cording to ("'), we can write it in the form: L.1 to, (8) F.1, 
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with each 1@ r., belonging to / ·. But this actually means that each 
1 @r., belongs to J' n .,0/', whence 'YE .Q ® . (['n."/). The fact that 
the other composite, JoP, is the identity of ('J' goes as follows: Let 
/' E O; then T' c (110, @/')n. rv. Now, if 'Y is in the latter order 
and if h1, is an .'A?-basis of .Q, then there are elements r., in I' such 
that 'Y = ~, lu,@ ;i.:, = 1@ r. (with r. 'in .. C'/). Then, if a, are elements 
of . 'i' such that 1 = ~ 1 a,h1,, it follows tha t air. = ;i.:, E r, which implies 
that r. = ~i lu,r., E /'. 

In the case tha t '/, /.Y- is unramified, according to Lemrna 1, 
.J/ is the sum of its simple components and we can apply Propositiou 
1 to our situation in which .:/" plays the role of , 3/, and I the 
role of J/. 

As for the statement on the behavior of P and I in this unramified 
case, we proceed as follows. Let . /\ .. / · , be the radicals of /' and 
P(/') = f' " and let 

. v-1={r.E."/h:. I·cJ'),(. J'") '=(;i.:E."/ It 1·•cr·). 
We claim that. / · • = P(. I ) = : f) ® ... I: In fact, ,// · is n-nilpotent 
(meaning that for some integer m,. I ·ni c 11:/'), so that .Q ® .. A · is 
11:-nilpotent too and hence !J®, . I ·c.,/ ·'. On the other hand, the 
assumption that / /Y- is unramified forces .Q/n:~Q to be a separable 
extension of Y- and from this it follows readily tha t r "/( Q n ® . / ") 
is semisimple, and hence that . / · • c Q ® , .. v: 

It is then easy to see that also (. / ·*t1 = P(. I·-[)=: .Q@ .. J·'. 
Now, if f' is hereditary, we have. / · ·1./V = r, from which it follows 
that (._//'")-1·.,//" = /'' which says that f'+- is heredi tar y. Con­ 
versely, if J'" is hereditary, (. / · ·) '. . I ·' = r,, and then we have 
also that J//'-'.A/' = I', or that /' is hereditary. This completes 
the proof. 

Let us remark before proceeding any further that the aJgebra 
,_r::>/,, = Lf(f !Pc' x ,'./t:; C:, ,?c') is a crossed product of the "1/'-algebra 
2; and either ;/ .... or any other <::i'-order in ~ ,,.. is at the sarne time 
an order over the Dedekind ring .Q = 110,,. Also, it is impor tai t to 
keep in mind that questions of maximality or hereditarity for lements 
of 0,,, are the same independently that one considers them as . ,1'­ 
orders or as D-orders. 

Let 0~ be the family of all orders in r which are inva riant 
under .1;-, i.e., the set of all orders J' in r". for which it is tr u L11aL. 

t') t,, I(_ I' (Va C ,'.-:,. ) 

and let us introduce the following two fun .tions: 
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J: r'' C"~ 
J(! ) = r n . 0/, 
p: (?'', C)' 

p(/') = !'.I= 11/',1. 

401 

Then we have: 

PROPOSITION 3. JoP is the ident'ity nuxp of C"~ and, for eacli J' 
m C)', p(J(J')) is the minimum of the element.s of ("' whose under J 
is J(I'). 

If / /.Y- is umro.mified, th following diagrams are commutative: 

("' ('J'" 
P/ I ;/ r / r /R c /s 
)~ l "" \ p~ 

r.- o~ 

IJ,nd therefore 0~ = C, and both bijections p and J preserve here­ 
dita,1·1; orders. 

Proof . It is clear that J is a mapping from g into 0~, because 
. , /, is invariant under ;?;-'. It is also easy to see that, for r in 
O~, r'Jl = 2,01't0, from which one obtains readily that p(T') is an 
element of O. The staternents about the composites J0p and p0J 
are proved straigbtforwardly. 

Let us assurne that '/0/.Y- is unrarnifi d and let us take /' in 
/Y. 'I'h n R(P(I ')) is the set f all l m nts of the form 

~ IU1~1,,t0 
1,rJ 

s h Lha t 

' ~:,,,t., E / ' , ~ ~rnt,, -= 0 
1,,: • 

I or a ll i. But thi m ans xactly Lhat R(P(/')) = J(/'), which is the 
commutativi ty of th fir t diag ram. On the other hand, if I' is in 
/' , it n tains ,I , that: 
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J(S(r)) = ((.Q@ ,,.A)I'(.Q@ ./J)) n ,;/ = (Q@ .AAI' A)) n .w 
and the order on the right contains p (J') = ill'Jl. Conversely, an 
element !. of J(S(T)) can be written in the form: 

r. = ~ h\ @ l)1 = 1 @ 5 
i 

(hl1, an -~-basis of Q; lJ1 E. ll'Jl = p(r); z E .S)/) . 

If a1 are elements of .<;f? such that 1 = L',1 \u1a1 we obtain at once 
that t)1 = a1z so that z = L',1 hl1t)1 E p(I'). This proves the commutativity 
of the second diagram. The rest follows because of Proposition 2. 

CoROLLARY. Let . .Y be the incrtia group of 2;' /.:,,r and Z:, =: .:2 
the inertia field, and let us assume that the order A0 contains D = 
110, = .Q, (the inertia ring of the maximal .<;f!-order in 2?). Theti 
the laitice O of orders in .S/ is ieomorph.ic to the lattice of .0- 
ordors in .,o/,. The isomorphism preserves hereditary orders. Hcnc , 
the study of ordei» containing the crossed product .1 = 1l(f, 110, ~-) 

is reduced to the study of ordcrs containing A, = .d(f, . /0, ._F), ci 

claseical crossed product order corresponding to a Galois exteneion 
2: /.2? which is totally ramified. In particular, if 2? ;:;;,- is an 
inertial extension and .!10 is the maximal .'A?-order in '6', ihen. .1 = 
i!(f, Ao, :27) is a maeimal order in . :';r. I This last statement has be n 
proved by Auslander and Goldman (see Th. A.12 and Prop . 7 .l of 
The Brauer g roup of a commutative ring). l 

4. Reduction to the wilclly rernified case. In I 21 we introdu ed 
in a first approach the idea of a noncommutative crossed produ . 
For the time being, we write below an ad-hoc definition which 
suffices for the purposes of the present paper. 

Let .!/ be a ring , .0 an Y-algebra and 0' a finite group. Give · 
a mapping cp: g - Aut (.0) such that: 

(a) 91 = ib., 
(b) cp0rp,if>;;/ E In Aut (.-2") , 

we define the two mappings: 
- - 

a: 17 x :'/ In Aut (/d) 

(a, -r) a •.• 
f. ,;;. /.. 'l'.'->U('/.') .. / ' . / . ) 

(a, -r) - > f(a, -r) 

by the conditions: 
( i ) r/>o<fao = a •. ,rp., 
(ii) an,/r.) - f(a, -r)~f(a, -r) I ('v'a, l E G, v~: ,' // ). 
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Let {ta}(a E :C) be any set in 1 - 1 correspondence with ~ and 
le t .. rv. be the free ,0-module with basis {ta}. Then the rules: 

( i ) tao = ipo(o )ta, 
(ii) tat, = f(a, r)tac (a, YE~,:/; l1 E .c;Jf) 

define a multiplication in .__0/ which makes it into an ...1/-algebra. 
Tbis algebra will be denoted by .d(rp, .G1, :27). 

DEFINITION 3. If .Y - is any field and .9J is a finite dimensional 
J---::algebra, any algebra .. ,/j which is isomorphic to one of the form 
J(9, @, y;:) discussed above, will be called a (noncommutative) crossed 
product of 0' over //./. If r is an a-order in ,q; which is in­ 
variant under each of the 9/s any order I' which is isomorphic to 
J(9, r, o/) will be called a (noncomutative) crossed product of ;C 
over J'. (For more details s e I 21, § 6.) 

'I'he proof of the following result is fairly direct, but rather 
long. It is written in details in 121. 

LEMMA 4 (Maschke's thcorem). Let 5T be any field. and .p its 
characteristic and let .0 = iJ(,p, -~ g;) be a crossed product .sT­ 
aloebra: Then, if +> docs not divide the order of §5', we have: 

.9/ is semisimple = .iJ is semisimple ; 

.91 is separable ,qg is separable . 

For the remaining of this section we go back to the notations 
of § 3. The situation of Proposition 3 provides us with an example 
of noncommutative crossed product algebra and an exarnple of non­ 
commutative crossed product order, which is actually the main justi­ 
fication for the introduction of this idea in the present paper. 

Let us make . 0:/~ play the role of . .-;J35, and ?7 I ,,5-'c' the role of 
?;. Let us choose a set of representatives of :O' in :27, and let, in 
g n ral, a be the r pr s ntativ of th coset o E :if. Let </J be the 
mapping which s nd a h o E ;?,,-' to the autornorphism of .SY"r which 
is conjugation by t0• Then . <\/ i a crossed product L1(rp, .S/,, :J;'j.Yc'). 
In a similar way, A is a cross d product order: A= L1(1, A,, ?J' /;;Ye'), 
and, mor g nera lly, for ca h /' ("}'', p(l') - AI'A-= il(rp, T, ;e/:;i."'). 

Pn ro ITJON -1. If uio cluiraciwieiic of.'/ docs not d·ividc the 
ortler of ?;' - ':Cr'/ '),; w' have: 

l. For oacli r E O', rad (p(r)) ==- rad (r)·p(l'); 
2. r E O'. i.c; h reditary if and only if p(F') is hercditary; 
3. V/' E (""', if J(/') -is h r"dilary, then I' is hercditary. 
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Note. This proposition applies in the case that '<5'/..SF is totally 
ramified when X" = '/2:1, the first ramification group. In this case , 
.s:/,,. = .s,(, 

1 
= ll(f l-r;p1 x .0{},, z·, .r;f?i) is a r-algebra, where r is the 

ramification field of %/Y--_ The extension '6/r is wildly namified. 
Thus, this proposition provides a reduction for our study to the 
wildly ramified case. 

Proof. 1. Let . / · be the radical of /' and let 

1 ·f A(,.f.. 1/' <: ·; ' , . ) ./, = LJ y,, . ' , '/ < /(' • 

Then ./V' is a two-sided ideal of p(J') and, by Nakayama's lemma, 
A 'c rad (p(J')). On the other hand, 

p(r)j./f/' = Ll(<P, r, 'C/r'./t' ')/il(<P,. 1 ,·~v/,<;;;·) ~ J(cfi, f'/. 1; ½//Jf. ') , 

where, for each ii E G/H, qi,, is the passage to the quotient /'/~ / · of 
the automorphism if>; of /'. Then, by Maschke's theorem, p(] )/. f ., 
is semisimple, whence rad (p(T)) = . / ' = , / · · p(T') =: p(. f '). 

2. Let I' E &~ be hereditary. Then there are element l-:1 E. / : 
t.; E A/'-1 such that Li l,;l,1 = 1. It follows from 1 that t:1 E p (. / ·), 
t.: E p(JVtt, so that p(J') is hereditary. 

Now let p(I') be hereditary and let fa:1) be an .0-basis of p(. / ') 
and ;i;; be elements of p(. /v)-1 such tha t Li x:r., = 1. We can w ri te 
each r,, in the form l)it;, where {tJJ is an .q?-basis of A: If i:, 
happens to be, in this notation, tJ1t; we denote it t.i,; and i:;.; the 
corresponding t.;. Hence, we ean write: 

t. ;_0 = Li b;-;;,,t;:-. 
:- € ,,, ' ,,, 

It follows easily that each bi.a.-= belongs to . 1 · 1 and since 

j,o, :- 

which implies 

'v f, 1," I 1( - I -) 1 L., U;,,,,,, I• '11 • I (J ' (J = I 

j,o 

we have that /' is hereditary. 
3. We have p(J(/')) c/'. Hence, if J(/') is h r di tary, p(J(/')) 

is hereditary, by 2, and /' is heredit.ary beca use it contain th latter. 

DEFINITION 4. Let ,T 1/(9, I, '.'/) be a nonc m m u tat.iv cro d 
product in a separable _-.,.--algebra . ,.,:; - L.1(9, • "/, :,~ ), wher , r--/ is a 
central simple y--algebra. LeL ,i:'(//) be Lhe cenLer of . /. Th n: 

( 1) The inertia g roup, J, of II ov r 1/ is: 
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. / == {(J E '.(, /vx E -~-'(;1), !/Jh) = t: mod (rad (/J))} 

( ;, 1s a normal su bgroup of :i;.·); 
( 2) .Tis tamely rarnified over J/ if 
( i ) :?'(.1/rad (.1)) is a field, an algebraic, separable extension 

of ._./ and 
(ii) The charact.eristic, .\J, of,:;;-- does not divide the order of 

,_f 

THEOREM 2. W·ith the notations of Defi,nition 4, if A ie tarnely 
rnniified ove1· . I and if 1/ ·is hereditary, ihen. J is hereditary and 
rad (//) = rad (.1) · .T. I Note: In [act, for the proof of this theovem. 
ice do not malee nsc of the separabilit?J of .?'(1//rad (/J))/.7.1 

Proo], It is enough t prove the latter statement (cf. the proof 
of Prop sition 4). As in Proposition 4, we can write P = A/rad (/J)A 
in the form J(9, . //rad (1I), <,:::,.·), and it would be enough to show that 
this algebra is semisimple. Let l\ = 11(0, /J/rad (A), . .f). Then f is 
in an obvious way a noncommutative crossed product of :i;/J over 
l\. By Maschke' theorem, /' is sernisimple. Also, it is clear that 
rad (/')() f0crad (/\) = 0. By contradiction, we assume that rad(I') * 
0, and tak 11 -:;1:: 0, o E rad (f). We write o as a linear combination: 

wit a minimal set of nonzero coefficients and we can assume, w.l.o.g., 
tb.at one of the t, is t0 = 1. Also, since o -=t- O, the number of 

l l 

coeffiei nts is at least two. Let ;i; be an element of ;?;'(A) such that, 
for some index i which we keep fixed thereaftcr, 

9,,,('!,) $ '!, mod (rad (//)) , 

so tha t if i is its class in /'0, 0n,(D * ~- We have: 

1 · 0 -- ~ fott,,1 = ~ o,1t; 
a· ifi,,11Ci) .. L, 010a/f>.,11CiJt·"I . 

By the assumption of minimality, it follows Lhat 'j;a - <kfi"~\D - 0, 
whi h irnplies a,·(~ ~ .. ,'U)) - 0, a contradictiou. 

OR LLJ\RY Jj' f' ("''', ·ii-; a niaximal order and .\) ,r I y : ,.:;i' I, 
ioliere j,. j,');, iH tlu: incrtia groiip o] p(/') over /', thcn p(I') is 
/1 rm·rl ilri1·1;. 

Proof. W' know that , 0/, is simplc and if /' is maximal, 
/'/rad(f') is a simple algebra who e center is a field, so that the 
proof f Th or m 2 applies to this cas . 
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Noie, This paper has been written under the assumption that 
for Galois (fi.eld) extensions 'if; Jff the residue class field extension 
<;j /ff is separable (cf. Cor. to Prop. 3, Prop. 4). This assurnption 
is convenient for our -purposes, but is not really necessary. 
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