





(ii) Ift € T is an element of order n and (, s a primitive nth rool of
unily over K, then, for ecach ezponente j obtained as in (i), there exists a
map 0 € Gal(K () : i) such thet a(() = G-

(i1d) T is either an abelian group or a Hamiltonian group such that for
cach clement L € T of odd order k, the field K ((i) contains no non-trivial
solution of the equation z% + y* + 22 = 0.

This problem was first studied in [1] where, due to an oversight, condi-
tion (i) was stated in the following weaker form.

(i) For every non-central element t of order n, K contains no root of
unity of order n.

This condition is actually not sufficient, as is shown below. The authors
are grateful to Prof. E. Jespers, who spotted the oversight and suggested
this counterexample.

Example Let G = (+,y | yzy~' = z°, 28 = 1); let  be a primitive
root of unity of order 8 and set K = Q(( +¢™1).
Write:

7 7
e = %Z((x)i and e = %Z(("z)i.

i=0 i=0
Then, e;,e; are orthogonal idempotentes in Q({){z) and thus e = e; +
ez € K(z) is also an idempotent. Notice that the coefficient of z in e is
equal to V2 and the coefficient of z° is equal to —v/2. It follows that the
coefficient of z of the element yey™" is —v/2 so e # yey~! and thus e is not
central in K'G. Since A is a real field, it contains no root of unity other
than +1 and it is easily seen that conditions (i) and (#ii) are also satisfied.

Proof of the Theorem

The fact that conditions (i) and (iii) are necessary follows as in [1]. To
prove (i), first notice that, given an element t € T we can write K(t) as a
direct sum

KK & @k,

with K = (K {t))e; & K (), where ¢;, 1 <1 < s, is the set of principal
idempotents of K'(t), each (; denotes a root of unity and at least one of
them, ¢, say, is such that o(¢,) = o(t). Also notice that, in the isomorphism
above, the element ¢t corresponds with ({1,...,(s)-



Since every idempotent of K'T is central in A'G, it follows that conjuga-
tion by an element z € G induces an automorphism 8 : K'{t) — A '(t) which,
in turn, induces antomorphisms 8; on each simple component 1';, 1 < i< s

Each K; contains K; = Ke;,which is an isomorphic copy of K and,
since ztz™!' = z7 for some positive integer j, we see that, in particular,
61 : K((1) = K (1) fixes A" and is such that 6;(¢;) = {{ s0 8, €
Gel(K((1) : I'), as desired.

To prove sufficiency we begin again as in [1]. Assume first that T is an
abelian group and let e € KT be an idempotent. By considering supp(c)
we may assume that T is finite. Furthermore, since every idempotent is a
sum of primitive idempotents, we may restrict ourselves to the case where
e is itself primitive. We wish to show that, for each fixed element z € G,
we have that rez™! =e.

Write T = (t;) x --- X (t,), a direct product of cyclic groups and sct
to = t1.--+.ty. Then ztpz~! = t) for some positive integer j and thus also
ztz=! = ¢/, for all t € T. Notice that o(lp), the order of {g, is equal to the
exponent of T so, if { is a primitive root of unity whose order is equal to
o(tp), then &' (() is a splitting field for T. Hence, e € KT C K ({)T is asum
of primitive idempotents of K'({)T. Let f be one of these idempotents.

Every K-automorphism of K(¢) extends in a natural way to an auto-
morphism of K ({)T. We define:

I = {¢ € Gal(K(C) : K) | ¢(f) = /}

and take ¢y = I, ¢9,...,¢, a transversal of I in Gal(K'({) : k).

Set ex = ¢1(f) + ---+ ¢-(f). Exactly as in [1], it can be shown that
ex=e.

According to [4, Theorem 2.12], we can write f in the form:

= gy LX)

teT

where x is an irreducible character of T with values in K({).
Since e = ¢, (f) + - - - + & (f) with ¢, (f) = f it follows that the idem-
potent

|T| Z\(t" ztz™" = L\((t'l)t’

teT lET

is one of the summands of zez~!. Now, notice that

Z x(t ™).

IET



According to our hypothesis, there exists an automorphism o €
Gal(K(¢) : K) such that a(¢) = ¢?. Since x(t) is a power of ¢ for all
L € T, it follows that x(t7) = a(x(t™")), V¢t € T and thus zfz~! =
o(f). As it was shown that e is the sum of all distinct 1mages of f under
K -automorphisms of K(¢), it follows that e and zez™ 1 which are both
primitive idempotents of AT, have f as a common summand when written
as sums of primitive idempotents of K'(¢)T. This readily implies that e =
zez™!, as desired.

The case where T is Hamiltonian now follows as in [1].

Final comments

We recall that the supercenter of a group G over a field A is defined as
the set § = S (G) of all elements in G having a finite number of conjugates
in U(KG), the group of units of K'G. This subgroup was studied in [2] and
its description, in the case where char(h’) = 0 was obtained using the
theorem on central idempotents given above. Though the statement of
[2, Theorem C] is correct, it can now be stated in a more precise form.

Theorem 2 Let I be a field of charucteristic 0 and let G be a non torsion
group. Then, one of the following holds:

(i) S = Z(G), the center of G.

(ii) T(S) is an abelian group such that for allt € T(S) and all z € G we
have that ztz=! = U7, fo.- some positive integer j and, if  is a primitive root
of unity of order o(t), then there ezists an element 0 € Gal(K(() : K) such
that o(¢) = (’. Furthermore, if T(S) is infinite, then T(S) = Z(q™) X B
where q is a prime rational integer, B is finite central in G, Z(q™) is
central in S, (G, S) C Z(¢™) and there ezists a positive integer k such that
K does not contain roots of unity of order g*.

Also, [3, Theorem 3.2] can now be stated as follows.

Theorem 3 Let G be a nilpotent or FC group and let k' be a field of
characteristic 0. Then, TU(KG) is a subgroup if and only if the following
conditions hold:

(i) T is abelian.

(i) For each t € T and each z € G, there ezists a positive inleger j such
that ztz=% = ¢ and, if  is a primitive root of unity of order o(t), then
there ezists a map o € Gal(K () : K) such that o(¢) = {’

The proofs are essentially the same as the original ones, requiring only
minor changes.
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