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Abstract

In this paper we derive estimating equations for modeling unbalanced correlated
data sets in which the marginal distributions follow the one parameter unit-Lind-
ley distributions with domain on the interval (0,1). A class of regressions models is
proposed for modeling the location parameter and a reweighted iterative process is
developed for the joint estimation of the regression coefficients and the correlation
structure. Simulation studies are performed to assess the empirical properties of the
derived estimators and diagnostic procedures, such as residual analysis and sensi-
tivity studies based on conformal local influence are given. Finally, we analyze the
proportion of people in households with inadequate water supply and sewage within
federation units of Brazil by the procedures developed in the paper.

Keywords Unit-Lindley distribution - Correlated data - Diagnostic procedures -
Estimating equations

1 Introduction

Unit-interval distributions such as beta, simplex and Kumaraswamy distributions are
widely known in the statistical literature (see, for instance, Ferrari and Cribari-Neto
2004; Barndorff-Nielsen and Jgrgensen 1991; Kumaraswamy 1980) and recent liter-
ature includes new distributions for modeling the unit-interval outcomes. For exam-
ple, Mazucheli et al. (2019) introduced the unit-Lindley distribution along with its
regression model as an alternative to the beta distribution using the transformation on
the cumulative distribution function of the Lindley distribution (Ghitany et al. 2008)
and more recently Altun et al. (2021) presented the log-Bilal distribution using the
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transformation on the Bilal distribution (Abd-Elrahman 2013). Even though Grassia
(1977) presented unit-gamma distribution, it was not used as a distribution for the con-
tinuous unit-interval outcomes until Mousa et al. (2016) provided its regression model.
For independent distributed proportion outcomes, beta, simplex, unit-gamma, unit-
Lindley and log-Bilal regression models can be preferred depending on the suitability
of the data set. However, repeated measures design, longitudinal clinical trials, cluster
sample designs induce multilevel data structures which are not appropriate for analyz-
ing under these regression models.

An example for longitudinal proportional outcomes may be the percent of gas left in
the eye from an ophthalmology study, which was analyzed with simplex mixed-effect
models (Qiu et al. 2008). Multilevel proportional outcomes such as proportion of dis-
eased tooth sites from a dental study and water quality index are analyzed, respectively,
by beta-mixed effect models and quasi-beta longitudinal models by Galvis et al. (2014)
and Petterle et al. (2019). Recently, Akdur (2021) has developed unit-Lindley mixed-
effect models.

The aim of this paper is to propose an alternative approach for modeling unbalanced
correlated unit-Lindley data sets based on estimating equations. From the optimum
class of estimating functions proposed by Crowder (1987), we derive an optimum class
of estimating equations for modeling correlated data in which the marginal distribu-
tions are assumed to follow unit-Lindley distributions on the interval (0,1). The esti-
mating equations and the asymptotic properties of the former estimators are based on
the theory developed by Godambe (1997), with the assumption that the within experi-
mental unit correlations follow the same structure of the generalized estimating equa-
tions (GEE) proposed by Liang and Zeger (1986). A reweighted iterative process is
developed for the parameter estimation and the asymptotic and empirical properties of
the derived estimators are discussed. Diagnostic procedures are proposed as well as an
application with a real data set is given for illustration.

The paper is organized as follows. In Sect. 2, a brief review on the unit-Lindley
distribution on the interval (0,1) is given and a class of regression models is pro-
posed for modeling correlated rates and proportions. An optimum class of estimat-
ing functions for the regression coefficients is derived in Sect. 3 as well as a joint
iterative process for the parameter estimation is presented with some discussions on
the asymptotic properties of the former estimators. Simulation studies to assess the
empirical properties of the estimators are performed in Sect. 4 and diagnostic pro-
cedures, such residual analysis based on marginal quantile residual and sensitivity
studies based on conformal local influence are proposed in Sect. 5. An application
with a real data set is presented in Sect. 6 for illustrating the methodology developed
in the paper. Section 7 deals with some conclusions and some technical results are
presented in Appendices A-C.

2 Unit-Lindley distribution
Denote a random variable y distributed as the unit-Lindley distribution indexed by

the parameter 0 < y < 1 for fitting rates and proportions, whose probability density
function and the cumulative density function may be written, respectively, as
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where 0 < y < 1, with E(y) = u. The variance function may be expressed as

1 - p)? 1- 1-
Var(y) = L= [E1< ”)exp (—") —u],
H H H

whereas E,(x) = floo t™" exp(—xt)dt denotes the exponential integral function, for
ne{0,1,...} and x € R, with E,(x) = [~ ! exp(-xt)dt. Also, the pth quantile
takes the form

and

1 —1
v {s)
;4+ L\ pexp(uh

1+W_1{L}

pexp(u=h)

F'(psp) =

where 0 < p < 1 and W_,(a) denotes the negative branch of the Lambert-W func-
tion, for a € [—e~!,0). Various additional properties of unit-Lindley distribution
may be found in Mazucheli et al. (2019). We will denote along the paper y ~ UL(u)
for a random variable distributed as unit-Lindley. Figure 1 describes the forms of the
probability density function and the variance of y.

In the sequel we will present some key results related with the score function for
the parameter p, necessary for writing the estimating functions for modeling correlated
data with marginal UL distributions.

The log-likelihood function for u takes the form

- -
L0 = 21og (122 - L2 31051 -,

and consequently the score function for u is given by

L_dLw) _ 2 l+p

du 2 p(—p)
where z = y/(1 — y) denotes the observed odds. Note that, for y fixed, z is a mono-
tonic function of y.

Consider satisfied the usual regularity conditions, namely: (1) E(x) =0 and (2)
E(—u') = E(u?), where u' = du/du. After some algebraic manipulations (see Appen-
dix A) we obtain
2—(1—p)? _nd+p W2 — (1 —p)?)

E(z) and Var(z) =

Vi = s
) = e = (1 -
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Fig.1 Forms of the UL distribution. The left panel shows the probability density function for some u
values. The right panel shows the behavior of the variance function

It may be showed that z ~ Lindley(u~! — 1) belongs to the one-parameter exponen-

tial family of distributions f(z;0) = exp{0z — b(6) + c(2)} (see Appendix B). So, all
the theory developed for generalized linear models (McCullagh and Nelder 1989)
may be applied for modeling E(z). However, our interest in this paper is modeling
the parameter u for appropriate link functions and correlated data.

2.1 UL-GEE models

Let s; a set of indexes relative to the instants in which the response was observed in the
ith experimental unit, with cardinality denoted by n(s;). Then yiT ={y; 1JEs;}isan
n(s;) X 1 vector containing responses (rates or proportions), for i = 1,...,n. We will
assume that y; ~ UL(;) with regression structure g(u;) = n; = x;ﬂ, where g(-)
denotes a link function with domain on (0, 1) and differentiable, X; = (xiil’ s Xy
contains values of explanatory variables and g = (f,, ..., ﬂp)T is the regression coeffi-
cient vector. The within experimental unit correlation matrix will be represented by the
n(s;) X n(s;) matrix R(w,), where u] = {u; : j € 5;} and

U, =—— —-----

Y T ,Uij(l - Hij)

i

with z; =y,»j/(1 —yy), for i=1,....,n. For n(s;) > 1, the (7,j)th element of the
matrix R(u;) may be denoted as

E(uijulj/)

\/Var(uij)\/Var(uij,)’

R]:]'/ (ul) =

for j # j', whereas R;; (w;) = 1, for j = ', with
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2— (1 - py)?
Var(ul-j) = 2—]2,
fori=1,...,n. Since u;; is a linear combination of Zjs then R(u;) agrees with the

correlation matrix R(z;), where Z;.r = {z; : j € s;}, and due to the monotonic rela-
tionship between z; and y;, it is expected a good agreement between the correlation
matrices R(z;) and R(y;).

Based on the theory developed by Godambe (1997), we will derive in the next sec-
tion estimating functions for f and a parallel to the Fisher scoring algorithm for esti-
mating f by assuming that the matrix R(w;) is replaced by some structured correlation
matrix (working correlation matrix) that does not depend on . Asymptotic properties
of the former estimator for f will also be presented. We will named this class as UL-
GEE models.

3 Estimating functions

The well-known generalized estimating equations (GEE) (Liang and Zeger 1986)
may be extended for modeling rates and proportions with marginal UL distributions
and some dependence among the responses within experimental unit represented by
a working correlation matrix. In general, such estimating equations may be derived
as a particular case from the optimum estimating function class proposed by Crowder
(1987) and defined as

n T
Y (p) = Z E<%> Cov(u,) 'u,.

i=1

After some algebraic manipulation (see Tsuyuguchi et al. (2020), Equation 2) we
obtain

w'(B) = Y XD, Cov(u)'u,, M
i=1

where X, is an n(s;) Xp matrix of rows x;, D, = diag{d; : j €s;} with
d; = —Var(uy){ g (;4,])}‘1 and Cov(u;) denotes the variance-covariance matrix of u,,
fori=1,...,n. | '

Expressing Cov(u;) = EEIR(“;)EE; where Eu,- = diag{Var(u;) : j € s;}, the idea
here is to replace the correlation matrix R(u;) by a working correlation matrix R;(p),
that depends only on the correlation vector p = (py, ..., pq)T, which does not depend

on B. Thus, the estimating function (1) assumes the alternative form

¥(p) = Y X/DOu, @
i=1
1 1
where Q; = ZiR,(p)X;, fori=1,...,n
Since E(u;) =0, Vij, one has a unbiased estimating function, E{¥(B)} = 0.
From Godambe (1997) the variability matrix of W(B) is defined as
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V(B = E{‘I‘(ﬁ)‘I’T(ﬁ)}, and the respective sensitivity matrix of W(f) is given by
S,¢(0) = E{¥(B)}. The Godambe information matrix of f is a regular estimating
function defined as

3w (B) = S,u(B)V 4(B)S,4(6),

where V() =YL, V(B  with V(B =X WD 'Cov(u)D;'WX,
S.w(0) =Y S(B) with S;(f) = XWX, and W, =D,Q.'D,, fori = 1,...,n (see
derivation in Appendix C).

In the next section a reweighted iterative process will be derived for solving
W(p) = 0 from (2), and some asymptotic properties of the former estimator f will
be presented.

3.1 Iterative process

Similarly to Tsuyuguchi et al. (2020) we will apply the Newton scoring method,
that is a parallel to the Fisher scoring method (see, for instance, Jorgensen et al.
1996), for obtaining the estimate B, in which W'(B) is replaced by its expectation
E{¥' ()} = erle Xl.TWiXi. An advantage of this method is the existence at each
step of the iterative process of the inverse [E{¥'(B")}]7!, since each X, has full
column rank. Then, fixing p, we obtain the following iterative process:

ﬂ(m+l) =ﬂ(m) _ [E{‘I"(ﬂ(m))}]_l‘l’(ﬁ(m))

-1
n n 3)
=" — { D XTWX, } { > XTW D)™ } (

i=1 i=1

for m=0,1,2.... The iterative process (3) may be expressed as the following
reweighted iterative process:

n -1 n
pUh = { 3 x;wgm>x,} { 3 XTWO } @

i=1 i=1

for m=0,1,2..., where t; =X, — Dl._lul- is a modified dependent variable, for
i=1,...,n. Below we describe moments estimators for p by fixing B, for some
usual correlation structures such that n(s;) > 1.

1. Independent: In this case one has R,(p) = I, ), where L, ) denotes the identity
matrix of order n(s;).

2. Unstructured: Here the correlation matrix R;(p) is unstructured and one
has n(s;){n(s;) — 1}/2 parameters to be estimated for each group. Let the set
Ay ={i:jj €s,i=1,....n, j#]} denotingR; = {p;; }, the (j,j')-th element
of R; may be estimated by
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"A) &, \/ Var () \/ Var(u;)

3. Exchangeable: In this case R; = R;(p), where the (j, /')-th element of R, becomes
given by R, = 1, for j =/, and Ry, = p, for j # j'. A consistent estimator for p
may expressed as

Py =

.1 1 it ftgy
"—;Zn<s.){n<s.)_1}22 — —
i=1 ! ! JEs; jf/isf \/ Var(u;) \/ Var(u;)
JF

4. First-order autoregressive: Here we assume R, = R,(p), where the (j,')-th ele-
ment of R; becomes given by Ry, = 1, for j =/, and R, = pi~71, for j # j'. Let

thesetA; = {i:jj+1€s;,i=1,....,n}and B = N
for p may be expressed as

" s, aconsistent estimator

i=1 Siv

. 1 1 it 1)

p_{n(B)—l}Zn(A-)Z — — '
j&B ") I Ve ) o VarGug )

Thus, denoting X = xT,... ,X;]T an N Xp matrix of rows X, and
g(y) = [g(y]).....g(y)I" an N x 1 vector of rows g(y,) = {g(y;) : j € 5;} ", where

N = Z?:l n(s;), we propose the following Algorithm 1 to obtain the parameter
estimates:

Algorithm 1 Parameter estimates
1: Inputs:
X full column rank
2: Initialize:
B = (XTX) 'g(y)
repeat
update p from some 1-4 fixed structure
update B from (4)
until the convergence
return 3

A

3.2 Inference

From Artes and Jorgensen (2000) one has that 8, obtained from the iterative process
(4), is such as

VB = B—oN, (0,35 (B)),

where Jy(B) = lim,_ , n~'J, u(B), with

@ Springer



D.V.Silva et al.

n n -1 n
Jw(B) = { > s,w)} { )y V,-(m} { 2. S8B }
i=1 i=1 i=1

A consistent estimator of the variance-covariance matrix of f is given by

n -1 n n -1
Jep))' = { > §,~(ﬁ>} { > X,.Tﬁiﬁjlﬁiﬁfﬁflﬁix,-} { > §,«(ﬂ)} :
i=1 i=1 i=1

A A=lAa

with S:(p) = X[ WX, where W, =DQ, D, Q = ﬁiRi(f))ii,
D, = diag{d, : j € 5;} and d; = {g(p;)} "' Var(uy), fori = 1,....,n.

For assessing the hypothesis testing H, : CS = m against H;, : Cf # m, where
C is a r X p matrix of row rank r (r < p), one may apply a Wald-type test whose
respective statistic is given by & = (CB — m)T[C{j\y(ﬂ)}‘ICT]‘l(Cﬁ —m). For
large sample and under usual regularity conditions it follows that &y, ~ )(3, where )(rz
denotes the chi-squared distribution with r degrees of freedom.

4 Simulation study

In order to assess the large sample behavior of the estimators derived from the itera-
tive process described in Sect. 3.1, we will present in this section a simulation study
based on the following UL-GEE model:

Lo y;lx; ~ UL(uy),
2. q)_l(llij) = Py + iy,
3. R;=R(p),

where @(-) denotes the cumulative density function of the standard normal distribu-
tion, the correlation matrix R;(p) follows exchangeable and first-order autoregressive
structures among the elements of ziT = {z; 1 J € s;}, respectively. The correlation
coefficient p and x;’s are fixed values generated from a uniform distribution in the
range [0, 1], fors; = {1,...,s}and i =1, ..., n. The values assigned for the param-
eters are fy =-3 and f, =6, p=-0.1,0.3,0.7, n =10,50,500 and s = 3,5, 10,
whereas the bias (in absolute value) and the mean squared error (MSE) were cal-
culated for each scenario considered. Under each simulation scheme, we uniformly
covering all the parametric space and not just a specific region. We also consider for
each scenario a negative correlation to illustrate a case in which the mixed model
cannot handle. _

The bias and MSE for the parameter 6 were calculated, respectively, as | — N

and RV YR (09 — 6,)%, where § = R™' ¥R ) with 0 being the estimate of 6
from the rth replicate and 6, denotes the true parameter value. A total of R = 5000
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replicates was considered for 8 = f,, §,, p (see results in Tables 1, 2, 3, 4). Denote
N(0, R;) the s-variate normal distribution of mean 0 and variance-covariance matrix
R, ©(z7) = {®(z]), ..., (D(z;;))}T with ®(-) denoting the cumulative density function

of N0, 1) and F~' (-3 ;) = {F~' Csptyy)s ..., F7' (spy) } T with F(-; ;) being the cumu-
lative density function of the UL(y;) distribution. We will apply the Algorithm 2 to
simulate s correlated values from UL(y;,), ..., UL(y;,) marginal distributions through
Gaussian copulas (see, for instance, Wicklin 2013) and fitted the UL-GEE model with
the specified correlation structure being correct or incorrect to verify the behavior of
the coefficient estimators.

We implemented the simulation study in the software R (R Core Team 2022) and
add-on the packages: 1amW (Adler 2022), expint (Goulet 2022), pbapply (Soly-
mos 2023), mvnfast (Fasiolo 2023), Pracma (Borchers 2022), gamlss.dist
(Stasinopoulos 2022), gamlss (Stasinopoulos 2023), Matrix (Maechler 2022),
RcppEigen (Eddelbuettel 2022) and Rcpp (Eddelbuettel 2023).

Algorithm 2 Simulate correlated UL
1: Inputs:
R, positive-definite
2: Initialize:
z? = random vector from N (0, R;)
3 return F~1H®(z)); w,}

7

From Tables 1 and 3 that describe the results from the scenarios in which the data
are generated and fitted under the same correlation structure, we may notice that the
bias and MSE of ﬁo and /?] decrease as s and n increase, with indicative of consistency
for both estimators. However, for g we may observe that the moment estimator is biased
for the correlation coefficient. These results are expected since the data are generated
for correlated UL’s observations, whereas the moment estimator is calculated for cor-
related z;’s observations. Due to the monotonic relationship between y; and u;’s it is
expected a good agreement between the true correlation value and the estimated one.
But, small differences may still appear even for large sample, as we may observe for
n = 500, where at the convergence the values for j were approximately —0.09, 0.27
and 0.67, respectively, whereas the correlation values considered in the data generation
were —0.1, 0.3 and 0.7, respectively.

Tables 2 and 4 describe the results of the simulation study under misspecification
of the correlation structure. We may notice a similar behavior for the bias and MSE of
ﬁo and f§, with the ones observed in Tables 1 and 3. However, for 5, in general there is
indication of inconsistency, particularly when the data are generated under the AR(1)
structure and are fitted under the exchangeable structure.
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5 Diagnostic procedures

Model checking consists in a set of various diagnostic procedures to assess the
assumptions made for the model, as well as to detect the existence of outlying
observations and the sensitivity of the parameter estimates under perturbations
made in the model or data. In the context of estimating equations there is a vast
literature, but concentrated on procedures developed for generalized estimating
equations (see, for instance, Preisser and Qagqish 1996; Venezuela et al. 2011;
Hardin and Hilbe 2012 and Manghi et al. 2019). An extension of such procedures
for Godambe estimating equations has been performed recently for Birnbaum-
Saunders-GEE models (Tsuyuguchi et al. 2020). Thus, based on this work, we
will derive in this section some diagnostic procedures for UL-GEE models.

5.1 Residual analysis

In order to assess the assumptions made for the UL-GEE model, particularly on
the marginal distributions with the proposed correlation structure, and to detect the
presence of outlying observations, we will consider the marginal quantile residual
(Dunn and Smyth 1996) defined as

— -1 s
rqi/. _¢ {F(yu’ﬂy)}s

L= 39;um; (I = gy
FQyysiy) = 1= <1—”> exp {——jAJ },
—Vij ¢! _yij)ﬂij

denotes the cumulative density function of y; ~ UL(x;) evaluated at j; = g‘l(ﬁij)
and ®(-) is the cumulative density function of the standard normal distribution, for
i=1,...,n. Under the hypothesis of independence between u; and Uy, for j #J,
one has that Iy, € asymptotically N(0, 1). However, in practice, one may have cor-

where

related observations within experimental unit, so some empirical confidence band
should be added into the normal probability plot with the marginal quantile residual
. Thus, departures of the former residuals from the empirical confidence band

may indicate that the assumption of UL marginal distribution with the proposed
working correlation matrix is not suitable to fit the data. In addition, the graph may
reveal outlying observations. We may apply, for generating the empirical band, the
same algorithm proposed in the previous section for the simulation studies.

*

Alternatively, one may randomly select n residuals, namely r Ty with rq

being randomly selected from the residual set {r JjEs;}of the zth experimental

ok

unit, i =1,...,n. Thus, one has that r;l,...,rq are asymptotically independent

n

N(O, 1). With this set of residuals we may perform various residual graphs, such as the
quantile residual against the fitted value, the normal probability plot and the worm plot
as in GAMLSS (see, for instance, Stasinopoulos et al. 2017). Since there are H:.’zl n(s;)
possible sets of residuals, we may display the graphs of m different sets.
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5.2 Sensitivity studies

The idea of sensitivity studies is to assess the influence of observations on the
parameter estimates under perturbations made in the model or data. The main chal-
lenge in this kind of study is to detect observations that have disproportional influ-
ence on the parameter estimates, particularly with inferential change. However, such
observations may be masked, requiring a careful analysis of the influence graphs.
There are various procedures developed for regression models, such as the tradi-
tional case deletion (see, for instance, Cook and Weisberg 1982), local influence
(Cook 1986), conformal local influence (Poon and Poon 1999) and forward search
(Atkinson and Riani 2000), among others. In the context of estimating equations
(Hardin and Hilbe 2012) present a review for GEE, whereas in (Tsuyuguchi et al.
2020) one has some extensions for models out of exponential family. Based on the
last work we will derive in this section the conformal local curvature for UL-GEE
models. Measures based on dropping observations will be applied only in the con-
firmatory analysis of the highlighted observations by the conformal local influence.

The log-likelihood function, usually applied in models in which the full likeli-
hood is known, is replaced in estimating equations by the fit function F(f) (Cadi-
gan and Farrell 2002), that is assumed twice differentiable in g with unique interior
parameter estimate and defined as

. 0F(B) _
\P(ﬁ)_{ p }‘ﬂ=ﬁ_0.

Then, an appropriate influence measure is given by FD,, = 2{FP) - f(ﬁw)}, with

® = (®,, "+ ,wy)" denoting the perturbation vector and iiw is the solution of the per-
turbed estimating equations (g, |@) = 0. The no perturbation vector @, is defined
as W(B,,|oy) = P(P).

Poon and Poon (1999) derived the conformal normal curvature in the unitary

direction #Z as
B,(B) = [¢TBZ|//1r(B?),

where 0 <B,(f) <1, B=AT{F(B)}'A is a symmetric non-negative definite

matrix with A = 0%¥(B|®)/d@" being evaluated at f = B.p=pandw = . Influ-
ence graphs based on aggregate measures of the non null eigenvalues and the cor-
responding eigenvectors of the matrix B were proposed by Poon and Poon (1999).
In particular we will consider the aggregate measure By, that corresponds to the
conformal normal curvature evaluated in the direction €;; of the (i, j)th observa-
tion, where ¢; denotes an N X 1 vector of zeros with one in the (i, j)th position.
Lee and Xu (2004) suggest highlight possible influential observations such that
Bii > B + SD(B)c*, where B and SD(B) denote, respectively, the mean and the
standard deviation of {B;;,j € s;5i = 1, ..., n} with ¢* being selected appropriately.
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To assess the effect of the highlighted observations under the adopted pertur-
bation scheme, we will apply the MRC (Maximum Relative Chance) proposed
by Lee et al. (2006) and expressed as

MRC = max

1<k<p

A _ o
ﬂk - 'Bk

B
where ﬁ,? denotes the estimate of f, after dropping the pointed out observations. The
criterion is to compare the MRC with the ones obtained from a set of random sam-
ples from the not highlighted observations. In the sequel we will derive the matrix A
for two usual perturbation schemes.

In order to assist the choice of a suitable correlation structure, we will extend
the Quasi-likelihood Independence Criterion (QIC) (see, for example, Har-

din and Hilbe 2012) for the UL-GEE class. The respective measure may be
expressed as

QIC = -2 Z D loglf (i)} +2tr l{Jw(ﬂ)} 1{2 SM)H

i=1 jes;

wherein /;; is the estimate for a specific correlation matrix R;(p) and S;,(B) denotes
the matrix S ;(B) evaluate under the independent correlation structure. The criterion
is to select the correlation structure such that QIC is minimized.

5.3 Case-weight perturbation scheme

Under the case-weight perturbation scheme the estimating function for f is
expressed as

n
Y(Blw) = ) X/ W,D;diag(@,)u,, ®)
i=1
where a) = {w; 1 j € 5;} denotes the perturbations applied in the elements of the
ith experlmental unit, 0 < w;; < 1, fori=1,...,n, whereas ® = (@/, ...,®])". The
no perturbation vector @, is a N X 1 vector formed by 1’s. One may re-express the
estimating function (5) in the matrix form

¥(B|lw) = X WD diag(®)u,

where W = blockdiag{W,, ..., W,}, D = blockdiag{D,,...,D,},
=X, ..., XI)T andu = (u]T, e uI)T. Consequently, we obtain
Ik 4 ~n—1
A= X6l =X"WD  diag(@).

T ~ ~
oo (B=B.p=p,0=w)

Thus, the B matrix is approximated by AT[E{F(B)}]"'A which is expressed as
A=l -~ ~ ~~—1
diag@D WX{X'WX}'X"WD diag(id).

@ Springer



Analysis of correlated unit-Lindley data based on estimating...

5.4 Response perturbation scheme

In this case is usual to perform the following perturbation in each observed response
ywi/’ =Yy + @;;0j>

where w;; € R, so that 0 < y; < l and 6;; denotes the standard deviation of y;. Under
this perturbation scheme, the estimating function for f may be expressed in the
matrix form

¥(Blw) = X" WD diag(w)u,,,

where o=(],... 00, o ={w; :jEs,), u =

u, = {u, :j€s;}and

Zwﬁ 1+ ,Uij)
U, = —— ——
/’[lj(l - )uij)

®; D)
Hij

with  z,, =yw”,/(1 —Yy,)- It may be showed that du, /0w = f;, where

fi= aij/{yizj(l —y)hfori=1,....n
Then, we obtain

_ 0¥(Blo)

~~—1 A
= =X"WD diag(f),
00" |(p=p.p=p.0=0y)

A

where f=(f[,....f)7 with ff ={f;:j€s]), for i=1,..,n Thus, the
B matrix is approximated by AT[E{F(B)}I"'A which is expressed as

A/\—l/\ e /\/\—1 A
diagh)D WX{X'WX}'X"WD diag(b).

6 Application

As illustration of the UL-GEE models proposed in this paper, we will analyze a data
set from the Brazilian census of 1991, 2000 and 2010 for the 27 federation units.
The data were extracted from the Atlas of Brazil Human Development database,
available at http://www.atlasbrasil.org.br/consulta. Particularly, the relationship
between the proportion of people in households with inadequate water supply and
sewage (psewage) and the Gini coefficient (Gini). That is, to assess in the 27 fed-
eration units how the social inequality affects over time the evolution of the popula-
tion with inadequate water supply and sewage. The data set is presented in Table 5.
Figure 2 describes the boxplot, for each year (time), of the logit(psewage), its
scatter plot (with tendency) versus Gini and the empirical histogram of psewage
versus the theoretical for UL distribution. We may notice from these graphs a good
agreement of the UL distribution with the data, and that logit(psewage) does not
change much over time, but increases for each year as the Gini coefficient increases,
with indication of interaction between t ime and Gini.
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Table 5 Proportion of people

. L Federation unit Census
in households with inadequate

water supply and sewage 1991 2000 2010

(psewage) and the Gini

coefficient (Gini) for the 27 Gini psewage Gini psewage Gini psewage

Brazilian federation units from

the census of 1991, 2000 and AC 0.63 0.1491 0.64 0.3730 0.63 0.2809

2010 AL 0.63 0.2929 0.68 0.1813  0.63 0.1307
AP 0.58 0.1296 0.62 0.2898  0.60 0.2151
AM 0.62 0.2085 0.67 0.2933  0.65 0.2098
BA 0.67 02571 0.66 0.1322  0.62 0.0935
CE 0.66 03589 0.67 0.1533  0.61 0.1099
DF 0.62 0.0406 0.63 0.0314 0.63 0.0072
ES 0.60 0.0409 0.60 0.0354 0.56 0.0099
GO 0.59 0.0204 0.60 0.0670 0.55 0.0338
MA 0.60 0.3278 0.65 0.2600 0.62 0.2399
MT 0.60 0.0117 0.62 0.0932 0.56 0.0393
MS 0.60 0.0340 0.62 0.1582 0.55 0.0516
MG 0.61 0.0423 0.61 0.0433 0.56 0.0184
PA 0.64 0.2980 0.63 0.1453 0.61 0.1175
PB 0.60 0.0091 0.60 0.0354 0.53 0.0097
PR 0.62 0.1607 0.65 0.3960 0.62 0.2905
PE 0.65 0.2319 0.66 0.1486  0.62 0.1083
PI 0.64 03551 0.65 0.0731 0.61 0.0815
RJ 0.61 0.0125 0.60 0.0262 0.59 0.0167
RN 0.63 0.2888 0.64 0.2031 0.60 0.0940
RS 0.59 0.0170 0.58 0.0297 0.54 0.0089
RO 0.62 0.0381 0.60 0.2446 0.56 0.1243
RR 0.63 0.0217 0.61 0.2095 0.63 0.1244
SC 0.55 0.0071 0.56 0.0216 0.49 0.0078
Sp 0.55 0.0055 0.58 0.0087 0.56 0.0060
SE 0.63 0.1619 0.65 0.1498 0.62 0.1102
TO 0.63 0.0970 0.65 0.1929 0.60 0.0807

Based on these descriptive analysis, we propose the following UL-GEE model:

1. psewage;|Gini; ~ UL(x;)

a; + f,Giniy for 1991
2. log { #} —{ @+ pyGini; + 1,Gini? for 2000

a3 + p;Gini; for 2010
3. Ri=Rp).
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Fig.2 The left upper panel describes the boxplot of the logit(psewage), whereas the right upper panel
presents the scatter plot between logit(psewage) and Gini with smooth curve and the bottom panel
shows the empirical histogram of psewage and the theoretical for UL distribution for each year and the

27 Brazilian federation units

Table 6 Parameter estimates
and the respective approximate
standard errors from the
UL-GEE model with
exchangeable correlation
structure fitted to explain

the proportion of people in
households with inadequate
water supply and sewage in the
27 Brazilian federation units
in the years of 1991, 2000 and
2010 given the Gini coefficient

Parameter Estimate Std. Error z-value P-value
a, -18.41 3.59 -5.13 < 0.0001
a, -103.98 25.09 —4.14 < 0.0001
a -11.69 2.00 -5.86 < 0.0001
b 26.50 5.61 4.72 < 0.0001
b, 316.01 79.63 3.97 0.0001
b3 15.57 3.30 4.71 < 0.0001
T, —243.83 63.14 -3.86 0.0001
p 0.45

where y; denotes the expected proportion of people in households with inadequate
water supply and sewage of the ith federation unit in the jth year, fori=1,...,27
and j = 1,2, 3, whereas R,(p) is the correlation structure. Based on diagnostic analy-
sis and simplicity we choose the exchangeable correlation structure with the 2nd
smallest QIC value of 5928.91. The smallest value was obtained for the unstructured
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Fig.3 Scatter plot between the quantile residual and the fitted value (left panel) and the normal prob-
ability plot of the quantile residual added by a 99% confidence band (right panel) from the UL-GEE
model with exchangeable correlation structure fitted to explain the proportion of people in households
with inadequate water supply and sewage in the 27 Brazilian federation units in the years of 1991, 2000
and 2010 given the Gini coefficient

correlation structure, QIC = 4877.56, but this structure spends three correlation esti-
mates whereas exchangeable spends just one. The parameter estimates with their
approximate standard errors from the selected model are presented in Table 6.

Figure 3 (left) describes the scatter plot between the quantile residual and the fit-
ted value with the observation (MA,1) (federation unit MA and year 1991) pointed

8 - L] L]
o (AP,1) =) (SC,2)
0 S |
C\! -
© —
&
o & F--mmmmm e
[fo) = °
= ]
mn o . _ .

e | : o * %
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Index Index

Fig.4 Index plots of the conformal normal influence measure B; under the case-weight perturbation
scheme (left panel) and under the response perturbation scheme (right panel) from the UL-GEE model
with exchangeable correlation structure fitted to explain the proportion of people in households with
inadequate water supply and sewage in the 27 Brazilian federation units in the years of 1991, 2000 and
2010 given the Gini coefficient
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out as possible outlier, whereas in Fig. 3 (right) one has the normal probability plot
of the quantile residual with an empirical confidence band of 99%. We may notice
from both graphs indication that the proposed model is not unsuitable. In addition,
Fig. 7 presents the worm plots of m = 12 sets of randomized quantile residuals taken
from each federation unit, confirming the adequacy of the proposed model.

In Fig. 4 one has the sensitivity analysis based on the index plots of the conformal
normal curvature B;;, under the case-weight (left) and response (right) perturbation
schemes with benchmark ¢* =4, and two observations,namely (AP,1)(federation
unit AP and year 1991) and (SC,2)(federation unit SC and year 2000), are high-
lighted. From Fig. 5 we may notice that the three pointed out observations by the
diagnostic graphs are in general extreme with respect to the observations in the same
year.

In order to confirm the impact of the three highlighted observations, we compare
their MRC value as well as the correlation coefficient estimate by dropping these
observations with the respective values from a random sample of 15 sets of 3 obser-
vations each taken from the no highlighted group of observations. As we may see
from Table 7 the MRC value of the highlighted group is 4 times the largest MRC
value of the no highlighted group and the correlation coefficient estimate seems to
be inflated by the highlighted observations.

Since the inference is based on n = 27 experimental units, we perform a simula-
tion study to assess the empirical distribution of the coefficient estimates from the
selected model based on Monte Carlo simulations of the selected model. The normal
probability plots are described in Fig. 8 for the standardized estimates and we may
notice a very good agreement of all estimates with the standard normal distribution.

Finally, from Fig. 6 one has the confidence bands of 95% for the proportion of
people in households with inadequate water supply and sewage given the Gini coef-
ficient for 1991, 2000 and 2010 (see, for instance, Piegorsch and Casella 1988). Sim-
ilar behavior one may observe for the years 1991 and 2010, for which the proportion

Year:
o 4 — 1991 2000 —— 2010
(M/:ﬂ) N .
-~ | P
= ' ° H H °
> (AP1) .
g A © ° ] [ ] :
g : .
aQ
= o .
.g’ | L. s * e
< 4 (8C.2) ; : .
° o . : ‘
o | ¢ . .
v ° L]
T T T T
0.50 0.55 0.60 0.65
Gini

Fig.5 Scatter plot between logit(psewage) and Gini for each year and the 27 Brazilian federation
units with the identification of the highlighted observations in the residual and sensitivity graphs
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Table 7 Comparison of the

le of i MR p
MRC values and the correlation Sample of observations ¢ ’
coeffi.mer‘lt estimates between 1 0.01 0.42
the highlighted observations and
15 sets of random samples of 2 0.12 055
size 3 taken from the set of no 3 0.19 0.38
highlighted group 4 0.10 0.42
5 0.05 0.42
6 0.05 0.43
7 0.08 0.44
8 0.04 0.45
9 0.08 0.44
10 0.09 0.38
11 0.01 0.51
12 0.13 0.41
13 0.06 0.41
14 0.02 0.49
15 0.04 0.43
Highlighted 0.76 0.27
1 i Year: i Year:
© © ©
S S —— 2000 S — 2010
() (0] Q
jo2] b o)) B o J
@ [ @
§ 31 § 3 § 3 -
Q. i Q. i Q. B
el o el
g N ..‘O:J ~N g o~
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0.50 0.55 0.60 0.65 0.50 0.55 0.60 065 0.50 0.55 0.60 0.65
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Fig.6 Confidence bands of 95% for the proportion of people in households with inadequate water supply
and sewage given the Gini coefficient for the years 1991, 2000 and 2010

increases as Gini increases, but with larger variability for large Gini values. How-
ever, for the year of 2000 we may observe the same tendency with a stability for
large Gini values. This last effect may be due some federation units with large Gini
in 1991 and important reduction of the proportion in 2000.

7 Concluding remarks
In this paper we derive estimating equations for analyzing correlated rates and pro-
portions in the interval (0, 1) by assuming that the marginal distributions are unit-

Lindley (Mazucheli et al. 2019). The within experimental unit dependence is esti-
mated in the same sense of generalized estimating equations (Liang and Zeger 1986)
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Fig.7 Worm plots of m = 12 sets of randomized quantile residuals taken from each unit federation from
the UL-GEE model with exchangeable correlation structure fitted to explain the proportion of people in
households with inadequate water supply and sewage in the 27 Brazilian federation units in the years of
1991, 2000 and 2010 given the Gini coefficient
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and the inference is based on the Godambe approach (Godambe 1997). Various
results are derived in the paper, such as a reweighted iterative process for estimat-
ing the regression coefficients jointly with the within experimental unit correlation
structure, residual analysis based on the marginal quantile residuals and sensitiv-
ity studies based on the conformal normal curvature. In particular, we propose a
novel randomized quantile residual to assess the adequacy of the marginal distribu-
tions and correlation structure. Unlike from other works on estimating equations, the
results derived in this paper may be applied for unbalanced studies.

From the simulation studies one has indication of consistency for the
regression coefficient estimates for all the scenarios considered, even under
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Fig.8 Normal probability plots for the empirical distribution of the standardized parameter estimates
from the UL-GEE model with exchangeable correlation structure fitted to explain the proportion of peo-
ple in households with inadequate water supply and sewage in the 27 Brazilian federation units in the
years of 1991, 2000 and 2010 given the Gini coefficient
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misspecification of the correlation structure. An application to a real data set is
presented in which the proportion of people in households with inadequate water
supply and sewage is related with the Gini coefficient in the Brazilian federation
units for a longitudinal study based on the Brazilian census of 1991, 2000 and
2010. Possible extensions of this work are the addition of additive components
as described, for example, in Ibacache et al. (2013) and the joint modeling of
the correlation structure (see, for instance, Yan and Fine 2004). The R scripts
for fitting and diagnostic of UL-GEE models, and to display the simulation and
application outputs are available, respectively, in the addresses https://github.
com/silva-danilo/ulgee and https://github.com/silva-danilo/ulgee_sup.

Appendix A

Suppose that u ~ UL(u), 0 < u < 1. As showed in Sect. 2 the score function for u
may be expressed as

L_dL) 2 L+

du — u* u(l—p)’
where z = y/(1 — y). Given that E(u) = 0 implies that

The first derivative of u equals

) 2 1 2z

_—+ s
A=-w? u

and using the previous results, we obtain

2 1 20+ _(A=-pi-2
(I=—p? w20 —p)  w2d—p?
Therefore, given that E(—«’) = E(u?) implies that

2—(1—p)y

w1 —p?

E@) = —

Var(u) = E(—i/) =

and

/42{2—(1—;4)2}'

A = u*v =
ar(z) = p" Var(u) A2
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Appendix B

Let z = y/(1 — y) be the sample odds, where y ~ UL(y), 0 < u < 1. From Mazucheli
et al. (2019) the probability density function of z may be expressed in the form

L+ — p)? { Z(l—M)}
= exp4 — ,
H H

fzu)

where z > 0. We may re-express this pdf in the one-parametric exponential family of
distributions

f(z:0) = exp{0z — b(0) + c(2) },

with 8 =1—u~!, b(@) =log(l — ) —2log(—0) and c(z) = log(l +z) (see, for
instance, McCullagh and Nelder 1989). Then, it follows that E(z) = b'(0) and
Var(z) = b"(0), where

roy — (2 1\ _ u(d+p)
)= <9+1—9>_ —u
and
" _ 2 _ 1 _ ﬂ2{2_(1_ﬂ)2}
N T e

These results agree with the ones obtained in Sect. 2 by considering satisfied the
regularity conditions for the score function.

Appendix C

The sensitivity and the variability matrices of W(f) are, respectively, given by

S(B) =X, Si(B)and V,u(B) = 3", Vi(B), where

S,(B) = E{¥/(B)} = XTD.QTIE(E> = XWX,
i i Rt bt aﬁT i PN

1 1
with W, = D,Q-'D, and Q; = £ R(p)Z;, and

V.(B) = E{¥,(p)¥/ (B} = X] W.D;'Cov(u,)D;'W X,.
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