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Abstract 

We provide a simple and explicit example of the influence of the 
kinetic energy in the stability of the equilibrium of classical hamiltonian 
systems of the type H(q,p) =< B(q)p;p > + 1r(q). We construct a 
potential energy 1r of class C,. with a critical point at 0 and two different 
positive defined matrices B1 and B2, both independent of q, and show 
that the equilibrium (0, 0) is stable according to Lyapunov for the 
hamiltonian H1 =< B1(q)p;p > + 1r(q), while for H2 =< B2(q)p;p > 
+ 11'(q) the equilibrium is unstable. Moreover, we give another example 
showing that even in the analytical situation the kinetic energy has 
influence in the stability, in the sense that there is an analytic potential 
energy 1r and two kinetic energies, also analytic, T1 and T2 such that the 
attractive basin of (0, 0) is a two dimensional manifold in the system 
of hamiltonian 1r + T1 and a one dimensional manifold in the system 
of hamiltonian ff'+ T2. 

1 Introduction 

The study of the stability according to Lyapunov of equilibrium points of 
classical hamiltonian system of the type H(q,p) = T(q,p) + 1r(q), where 
T(q,p) =< B(q)p;p > is a C2 positive defined quadratic form on the mo­
menta, called the kinetic energy and 1r(q) is the potential energy, also of 
class C2, is one of the oldest problems of mechanics, and has been stud­
ied by many famous mathematicians. While many of the relevant results 
were obtained back in the 19th century, some very important facts were not 
proved or known until the recent years. 
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This field's landmark is the well-known Dirichlet-Lagrange theorem, which 
states that if q0 is a local strict minimum for the potential energy 1r, then 
the equilibrium point (qo;O) is stable according to Liapounof. The converse 
to this theorem doesn't necessarily hold, not even when the potential energy 
is of class C00 as was shown by Pa.inleve, but a result by Tagliaferro (see [T]) 
assures the instability of (qo;O) when qo is a local maximum for 1r. 

The case in which 1r is analytic is somewhat better understood. 
First La.Joy and Pfeiffer (see [LP]) showed that if the system has two 

degrees of freedom, 1r is analytic and q0 is a local minimum of 1r, but not a 
strict local minimum of 1r, then the equilibrium (qo;O) is unstable. On 1995, 
Palamodov (see[P]) showed that, if 1r is analytic and qo is a saddle point of 
1r, then the associated equilibrium is unstable. 

Later on, we provided (see [GT]), for systems with two degrees of free­
dom, a necessary and sufficient condition for the k-jet of ,r at qo to determine 
whether the equilibrium (q;O) is unstable or not. The condition is that the 
k-jet of ,r at qo shows that q is not a local minimum of the potential, and it 
was also proved that whenever this condition holds there is an asymptotic 
trajectory to the equilibrium. Also, every analytical function with a critical 
point q tha.t is not a.n local minimum satisfies this condition for some k (see 
[BGZ]). 

A common trace to all this articles is the lack of further hypotheses on 
the kinetic energy. This fact led to the conjecture that the kinetic energy 
played no role in the stability of the equilibria, that is, 

Conjecture 1 //, for some potential energy 1r E C~ with a critical point 
at qo and a C2 positive defined kinetic energy T1(q,p) =< B 1(q)p;p > the 
equilibrium ( qo, 0) of the system H 1 = T1 +rr is stable then, for every positive 
defined kinetic energy T2 =< B2(q)p;p > the equilibrium (go, 0) of the system 
H2 = T2 = 7r is also stable. 

Strikingly, this conjecture was shown to be false by Bertotti and Bolotin 
(see [BB]) who showed that there are two C00 kinetic energies and a C00 

potential energy with a critical point at the origin and they proved that 
(O;O) was stable for one of the hamiltonian systems, while it was unstable 
for the other. In this work Bertotti and Bolotin did not exhibit an explicit 
example of this situation, rather they proved its existence by a limit process. 

In section 2 of this work we provide a very simple and explicit counter­
example for the stated conjecture. The example has a potential energy of 
class Ck, where k may be taken as large as desired, but not C00 • On the 
other hand, the kinetic energies are both analytic and independent of q. 
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Another pertinent question is to determine up to which extend is the 
kinetic energy relevant when dealing with equilibria. of analytic hamiltonia.ns. 
While stability of the equilibrium is completly determined by the potential 
energy, a. better understanding of the possible role of the kinetic energy in 
the behaviour of the system close to the equilibrium is lacking and highly 
desirable. 

In section 3 of this note we present, to our knowledge, the first example 
of the importance of the kinetic energy in the study of ana.lytica.l mechanical 
equilibrium. In our example, which has two degrees of freedom, we show a 
polynomial potential energy 1r with a saddle point at the origin and so, no 
matter what is the kinetic energy, there must be an asymptotic trajectory 
to (O;O). But we provide two different polynomial kinetic energies, T1 a.nd 
T2, and we show that, for the system H1 = T1 + 1r, the attractive basin of 
(O;O) is a two dimensional manifold, while that there is only one asymptotic 
trajectory to the equilibrium which is a solution of the ha.miltonian equations 
of the system H2 • 

2 An explicit counter-example for the conjecture 

In this section we consider the Hamiltonian H; = T; + 1r, j = 1, 2, where 
the potential energy 1r: R2 --t R is the continuous function determined by 

1r(x,y) = z6 sin(ln(jzl))-y6 (sin(ln{IYI)) + ½>, if xy -I= 0. 

and the kinetics energies are given by 

. . :i:2 + y2 . . (:i; + y)2 + c(:i: _ y)2 
T1(x,y,x,y) = 

2 
and T2(x,y,x,y) = 

2 
, 

where c > 0 is a constant that will be determined later. Observe that 7r is a 
8 

function of class C5, the origin is a saddle point of 1r and 1r(z, z) = - "'2 • 

We shall prove that origin is a stable point for H1 and unstable for H2. 
The first statement is trivia.I since H1 splits variables and it is clear that 

the origin is a stable equilibrium of the one dimensional Hamiltonian systems 
x6 sin(ln{lzl)) + ; and y6 (sin(ln(jyl)) + ½) + r;.. 

In order to proof the instability of the origin in H2 we start with the 
change of coordinates u = x + y, w = x - y. In this coordinates, we have 
1r(u, w) = (u + w)6 sin{ln(ju + wl)) - (u - w)6 (sin(ln(ju - wl)) + ½) and T2 
becomes the trivia.I kinetic energy "

2
±2cti? • Then the Hamiltonian equations 

of H2 are 
- - 1rw u = -11'u, w= --, 

C 
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and a simple calculation shows that 

1ru = 6((u + w)5 sin(ln(tu + wl)) - (u - w) 5(sin(ln(lu - wl)) + ½n + 

lu + wl 5 cos(ln(lu + wl)) - lu - wl 5 cos(ln(lu - wl)) (2) 

and 

1ru, = 6((u + w) 5 sin(ln(lu + wl)) + (u - w)5(sin(ln(lu - wl)) + ½n + 
lu + wl 5 cos(ln(lu + wl)) + lu - wl 5 cos(ln(lu - wl)). (3) 

The next technical result will be essential to us. 

Lemma 1 There is a real number O < a < 1 such that if u > 0 and lwl < ou 
then 

and 

5 
l(u+ w)5 sin(ln lu + wl) - (u - w) 5 sin(ln lu - wl)I $ ;

6 

3u5 

llu + wl5 cos(ln(lu + wl)) - lu-;-- wl 5 cos(ln(lu - wl))I $ s· 
Proof: Since O < a < 1, u > 0 and jwl < au, we have u - w > 0 and 
u+w > 0. , 

The first inequality follows from the observation that there is z = z(u, w) 
such that sin(ln(u + w)) - sin{ln(u - w)) = cos(z) In(:!:;), and so 

l(u + w)5 sin(ln(u + w)) - (u - w) 5 sin(ln{u - w))I $ 

l(u + w)5 (sin(In(u + w)) - sin(ln(u - w))I + 

l(u - w)5 
- (u + w) 5II sin(ln(u - w))I $ 

l(u + w) 5 cos(z) In(''+ w)I + l(u+ w)5 - (u - w) 5 l. (4) u-w 

Then, since lwl < au, we have lu + wl5 $ u5 + lp(a)lu5 , where p(a) 
is a polinomial with p(O) = 0. Moreover, it's clear that there is another 
polinomial q(a) such that q(O) = 0 and l(u + w)5 - (u - w) 51 $ lq(a)lu5 • 

Finally, note that I:!:;- II< 1:a", and this implies lln :!:;I$ r(a), where 
lima-+0 r(a) = 0. 

From these observations and (4) it follows that there is a > 0 small 
enough such that 

l(u + w) 5 sin(ln(u + w)) - (u - w) 5 sin(ln(u - w))I < 
5 u+w us 

l(u+w) (cos(z)ln --)l+l(u+w)5 -(u-w)51< 
16

. u-w 
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The second inequality follows from analogous calculations and we omit the 
~~ ■ 

By using this result we deduce the follow corollary. 

Corollary 1 There are real constants c > 0 and O <a< 1, with (1-a)5 > 
½ such that ifu > 0 and lwl < au then 1r,.(u,w) < 0 and l""'(;,u•)I < 
al1ru(u,w)I-

Proof: If a obeys the hypothesis, (u-w) 5 > (1-a)5u 5 > ½u5 . So, by using 

(2) and the previous lemma one sees readly 1ru(u, w) < 3:
5 

- 3(u - w)5 < 
-¾u5 < O. 

Note that the last inequality shows also that l1ru(u, w)I > ¾u5
• 

Now we use (3) and proceed exactly as in the proof of lemma to show that 

we can find K > 0 such that, if lwl < au and u > 0, we have I 1r..,(;,w) I < K:5
• 

Then if c > 0 obeys f < 3f we have the thesis. ■ 

Now we can prove our main result. Suppose that we fix a > 0 and c > 0 
as above. 

Theorem 1 If we choose in T2 this constant c > 0 then the origin is an 
unstable equilibrium of equations (1). 

Proof: Let be t: > 0 and consider a point Po = ( Uo, wo, Uo, -tbo) such that 
0 < tto < t:, lwol < atto and 1lo > 0 and lwol < otio. 

We claim that the solution <p(t) = ( u(t), w(t)) of (1) with initial condition 
Po at to= 0 remains in the cone C = {(u, w): u > 0, lwl < au} for all t > 0. 

In fact, since O < 1-w(O)I < ou(O) it follows from corollary 1 that lw(t)l -
alu(t)I < 0, for all t > 0. Then, as lw(O)I - au(0) < 0, we have that 
ip(t) EC, for all t > 0. 

Moreover, the corollary 1 shows that, in C, -ii> 0, then u(t) > 1io > 0, 
for all t > 0. This implies immediately that there is a T > 0 such that 
u(T) = t: and the proof is complete. ■ 

We conclude this section with the observation that if k is a positive 
integer, we can consider the potential energy of class Ck 

1 
i(x, y) = x 2k sin(ln(lxl)) - y2k(sin(ln(lyl)) + 2) 

and is not difficult to prove an analogous lemma 1 and corollary 1 fo£_ this 
function, then considering the kinetic energies above and defining H; = 
T; + 1f, j = 1, 2, we can exhibit the same change of stability of the origin 
for Hamiltonian of an arbitrarily great class. 
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3 The analytical case 

Our potential energy will be 

1r:O--tR 
'fi _ qlO 

1r(q1;q2) = 1 2 2 ' 

where O = { (q1 , q2 ) E R2: q1 > -1} and the kinetic energies 

In the first example we get the set of equations 

'il = Pl 'Pl = -3
(~i)

2 

ti2 = P2 'P2 = 10(?)9 

And, since the system decouples into two autonomous one dimensional sec­
ond order equations, it is easily seen that for every (q1, q2) with q1 ~ 0, there 
exist a unique (p1 , P2) such that the solution starting at ( q1 , q2, Pl 1 P2) which 
tends to O as t ➔ oo. 

The second example will require a little more work. Its equations are 

(5) 

Clearly, there is a solution asymptotic to the origin for which P2(t) = 
q2(t) = O. We show it is unique. 

So we begin by ta.king a trajectory asymptotic to the origin <p(t) = 
(q1,q2,P1,P2)(t), and let t > to be sufficiently great so that lq1(t)I <½-We 
will assume to = 0. Note that P1(t) < 0 and so we must have p1(t) > 0 
otherwise <I> wouldn't be assymptotic to the origin. 

The la.st statement implies that 171 (t) > 0 for positive times so, by the 
same argument, we have q1 (t) < 0, for all t ~ 0. Also, we claim that, if for 
some positive t it happens that q2(t)P2(t) > 0, then the solution does not 
tend to 0, since it follows directly from (5) that q2'fa2 and 1>2112 are positive. 

Lemma 2 Let <J,(t) = (p1(t),P2(t), q1(t), ~(t)) be a solution of (5) such that 
,~~ ll<p(t)II = 0. For all t > 0, we have lq1(t)I ~ jp1(t)lf, 
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3+ 2 
Proof: We consider the auxiliary function V(q1 ,p1) =¥,and we calcu-
late its time derivative 

so V decreases along the trajectories. 
q3+P2 

Also, since lim V(q1(t),P1(t)) = 0, we have that T > 0, and the 
t➔oo 

result follows ■ 

Lemma 3 Let ¢(t) = (p1(t),P2(t), q1(t),q2(t)) be a solution of (5) such that 
lim 11¢(t)11 = 0. Then, for all t > 0, we have Jp2(t)I > lq2(t)l5. 
t➔oo 

Proof: We consider the auxiliary function U(q2,P2) 
calculate its time derivative 

= -d0 
+P~ and we 

2 ' 

iJ - -10q~q2 + . - -l0p1q~p2 < 0 
- 2 P2P2 - 2 - ' 

the last inequality following from q1 (t) < 0, q2 (t)P2(t) ~ 0. 
qlO+p2 

Again, since lim U(q2 (t),P2(t)) = 0, we have that - 2
2 

2 
t➔oo 

stated. 

> 0, as we 

■ 

Theorem 2 Let ¢(t) = (p1(t),P2(t),q1(t),q2(t)) be a solution of (5) such 
that lim \1¢(t)II = O. Then P2(t) = q2(t) = 0. 

f-+oo 

Proof: Suppose that this is false. Thus, by lemma 3, for all t > 0, P2(t) /. 0. 
Moreover, since q2(t)P2(t) ~ 0 for all t > 0 and, if q2 = 0, have from (5) 
P2 = 0, we conclude that there is a time to~ 0 such that q2(to)P2(to) < 0. In 
order to simplify notation, we will assume that to= 0 and (q1,P1, 'h, P2)(0) = 
(eo,c1,c2,c3), with c2 < 0 < c3 (the case c3 < 0 < c2 is analogous). 

Since P2 > lq2 j5 , and 'P2 = 10(q2)9 , we have !fail< 10~)1, and so 

(6) 

2 

On the other hand we have that Pt < -3~ and, from Lemma 2, lq1 I ~ 
2. pf, so that 

(7) 
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Now we define 
f(t) = f 00 p~(s) ds. 

t 2 

Then, by (6), there is a k1 > 0 such that f(t) > k1r½, fort~ 1. 

If we note that f11(t) < _P~~t), then it follows that, if t ~ 1, 

but the la.st inequality clearly implies that lim p1(t) < 0, which is absurd in 
t➔oo 

light of previous considerations ■ 
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