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In this paper, we investigate the effects of the sharpness of the phase transition between
hadronic matter and quark matter on various properties of neutron stars. We construct hybrid
equations of state by combining a hadronic model with a quark model using a Gaussian func-
tion. This approach introduces a smooth transition characterized by two parameters: one
representing the overpressure relative to the first-order phase transition point, and the other
related to the range over which the hybrid region extends in baryon chemical potential. We find
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that the sharpness of the phase transition significantly influences the equation of state, which
can deviate by several tens of MeV fm~> from the one with a sharp first-order transition. The
speed of sound exhibits diverse behaviors — including drastic drops, pronounced peaks and
oscillatory patterns — depending on the sharpness parameters. In terms of stellar structure,
while the maximum neutron star mass remains largely unaffected by the sharpness of the phase
transition, the stellar radii can vary significantly. Smoother transitions lead to a leftward shift
(up to 1km) of the mass—radius curve segment corresponding to hybrid stars. The tidal
deformability decreases with smoother transitions, especially for higher-mass stars. Our results
are quite general and do not qualitatively depend on the specific hadronic and quark
matter models employed. In fact, the hybrid equation of state and stellar properties derived
from microscopic models of quark-hadron pasta phases display the same behavior as described
above.

Keywords: Neutron stars; dense matter; quark matter; gravitational waves.

1. Introduction

The equation of state (EOS) of strongly interacting matter is relatively well known at
low densities’? and at ultrahigh densities,®* but no reliable results exist in the
crucial regime between approximately one and ten nuclear saturation densities.
Several model calculations suggest that there is a deconfined phase of quarks. This
phase might exist in hybrid stars, i.e. stars made of hadronic matter with an inner
core of quark matter. In principle, the transition between the hadron and quark
phases can be of first-order, of second-order or a crossover. At vanishing baryon
chemical potential it is quite well established by lattice quantum chromodynamic
(QCD) simulations that the transition is a crossover. However, due to the lack of
reliable first-principle theoretical methods in the cold and dense regime of the QCD
phase diagram, the hadron-quark transition in neutron stars is not fully understood.
Indeed, Monte Carlo simulations in lattice QCD are not suitable for pug/T > 1 due
to the fermion sign problem. Nonetheless, progress is being made in that regime with
analytically derived effective lattice theories which let open the possibility of a
crossover for up/T > 1.° Among other consequences® the existence of a crossover
transition could be a solution of the long-standing hyperon puzzle in neutron star
cores.” ¥ On the other hand, the possibility of a first-order phase transition cannot be
ruled out. In fact, some time ago it was conjectured that in the 7 versus up plane
there may exist a critical point at a critical chemical potential y,., beyond which the
transition is of first-order.'” This critical point has been object of an intense search in
the heavy ion collisions at lower energies carried out by the STAR Collaboration in
the context of the Beam Energy Scan program.'® So far, the results are not con-
clusive. The latest measurements!'! could be qualitatively well explained by the ultra-
relativistic quantum molecular dynamics (UrQMD) approach, which contains no
critical point. However, alternative interpretations were given in Ref. 12 and later
contested in Ref. 13. If the existence of the critical point is confirmed in the future,
one may then expect a sharp phase transition in hybrid stars. If not, the phase
transition may be smoother.

2550073-2



Int. J. Mod. Phys. D 2025.34. Downloaded from www.worldscientific.com

by UNIVERSIDADE DE SAO PAULO on 03/05/26. Re-use and distribution is strictly not permitted, except for Open Access articles.

Quark-hadron transition and hybrid stars

EOSs with a first-order transition can be easily constructed because most
descriptions of cold dense matter rely on two different phenomenological models, one
for the quark phase and the other for the hadronic phase. Within this kind of analysis
the (in general) different functional form of both EOSs induces the phase transition
to be of first-order. This doesn’t mean necessarily that the resulting EOS must be
discontinuous. In fact, the outcome depends critically on whether charge neutrality is
realized locally or globally in the system (see Refs. 14 and 15 and references therein).
In the first case, the system splits into two homogeneous phases separated by a sharp
interface. In the second case, an inhomogeneous system arises where electrically
charged lumps of one phase exist in a charged background of the other one.'¢
a case, the mixed phase EOS connects smoothly a pure low-density hadronic phase
with a pure high-density quark phase. In this work, we will make use of an EOS in
which the phase transition may be discontinuous (representing a first-order phase
transition with local charge neutrality) or smooth (representing either a crossover or
a mixed phase).

The EOS of hybrid stars is usually constructed by assuming a configuration
consisting of one hadronic matter EOS and one quark matter EOS and then com-
bining them using a Maxwell or a Gibbs construction. Depending on the EOSs
adopted, the changes in the relevant astrophysical variables may be smoother or
sharper during the transition. In this work, we will employ an approach that is
unbiased toward any particular model to connect both EOSs. Our aim is to inves-
tigate the relationship between the sharpness of the transition and observable
quantities. In the literature there are many works where a similar investigation was
conducted.®®%17:18 In Ref. 17 some neutron star observables were calculated with a
hybrid EOS which could be tuned to include a sharper or smoother phase transition,
depending on the choice of a continuously varying parameter. In Ref. 17 the authors
focused on the energy density as a function of the pressure. At the transition point,

In such

the energy density jump Ae and the smoothness were arbitrarily varied. More
recently, in Ref. 18, a similar analysis was performed. In that work the variable
parameter was the pressure gap at the transition, AP.

In many works it has been assumed that all the relevant information concerning
the phase transition is encoded in the behavior of the speed of sound (c%). In models
with a first-order phase transition, CQS is initially low on the hadronic side, increases
with energy density, drops to zero during the transition, and then rises again in the
quark phase, approaching asymptotically the conformal limit of c?g = 1/3. Recently,
there has been a debate in the literature about the potential occurrence of a “bump”
in the speed of sound as a function of energy density and whether the conformal limit
is approached from above or below. We will address this issue in this work.

The paper is organized as follows. In Sec. 2, we present the EOSs for pure hadronic
matter and pure quark matter and describe the construction of the crossover or
mixed EOS using a Gaussian function to smooth the transition between the two
phases. Section 3 details the results of our study, focusing on how the sharpness of the
phase transition affects the EOS, the behavior of the speed of sound and various
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neutron star properties such as the mass-radius relation and tidal deformability. We
also compare our theoretical predictions with existing astrophysical measurements.
Finally, in Sec. 4, we summarize our findings and discuss their implications for the
understanding of neutron star structure and the quark-hadron transition.

2. The Equation of State

The EOS for the crossover/mixed phase will be constructed by smoothly matching
two EOSs, one for pure hadronic matter and another for pure quark matter, using a
Gaussian function. This approach results in a relatively general family of crossover/
mixed EOSs, enabling the exploration of a wide range of microscopic possibilities and
their potential implications for neutron star structure.

The pure hadronic phase will be characterized by using a generalized piecewise
polytropic (GPP) EOS,' which aligns at 1.1 n, (where ny is the nuclear saturation
density) with predictions based on chiral effective field theory (cEFT) interactions.
The cEFT framework provides a systematic expansion of nuclear forces at low mo-
menta, explaining the hierarchy of two-, three- and weaker higher-body forces.?2024
Currently, microscopic calculations using cEFT interactions allow for the determi-
nation of pressure at ny with a few percent accuracy. In the intermediate-density
regime above ng, our understanding of the EOS remains limited. However, we will
constrain the EOS by imposing causality, thermodynamic consistency and requiring
that the resulting compact stars have a maximum mass above 2M, in accordance
with recent observations of high-mass pulsars.

For the pure quark phase, we will use the vector MIT (vMIT) bag model, which
has been widely employed to investigate various neutron star properties. The MIT
bag model has successfully reproduced several features of QCD, such as the con-
finement of quarks inside hadrons and the asymptotic freedom of QCD at high
energies. Over the last few years, multiple groups have introduced repulsive inter-
actions among quarks, mediated by the exchange of vector particles,?® 3® which can
be “effective massive gluons” or “effective vector mesons”. These mesons signifi-
cantly influence the quark matter EOS, rendering it sufficiently stiff to support
neutron stars with masses above 2 M.

The GPP EOS for pure hadronic matter is described in Sec. 2.1, and the vMIT
bag model for pure quark matter in Sec. 2.2. The mixing/matching between both
pure phases is done using a Gaussian prescription, which will be described in detail
in Sec. 2.3.

2.1. Pure hadronic matter

The GPP EOS is implemented as follows. For the outer regions, we adopt the well-
established SLy4 EOS for the hadronic crust, as described in Ref. 36. For the
hadronic core portion, we develop two GPP EOSs with differing levels of stiffness.
The EOS for this section is divided into three segments by three specific densities.
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The first boundary, located at py, marks the transition between the crust and the

~3 (corresponding to a

core’s lowest-density segment. The value of p, = 104 g cm
baryon number density of approximately 0.059 fm=3) is a standard choice for this
transition density. The densities p; and p, are not physical transition points but
rather the mathematical boundaries between the subsequent polytropic segments of
the core. Their values, given in Table 1, were chosen to control the overall stiffness of
the EOS while ensuring continuity across the segments. Between the dividing den-
sities, the rest-mass density p, energy density ¢ and speed of sound cg are represented

by the following functions of pressure P:

. (PI—{iAi)rlf7 (1)

K.pt
= 1 p—A; 2
€ Fl _ 1 + ( + al)p (24 ( )
]. ]. + ai _%
o |:Fi -1 " Kiripr‘1:| 7 ®)

where, following Refs. 19, 37, we use the convention of incorporating the speed of
light ¢ into the definition of the energy density and pressure. In the expressions
above, I'; is the polytropic index and K is the polytropic constant for each segment.
As a result, the EOS parameters are given in units such that p, € and P are expressed
in g cm~3. The set of parameters K, I';, a; and A; characterizes the EOS within each
interval [p;_;, p;]. These parameters are not independent, as continuity and differ-
entiability of the energy density £(p) and pressure P(p) are enforced across the
dividing densities (i.e. cg is continuous at these boundaries). The parameters logopq,
log oK and I'{, as shown in Table 1, were chosen to ensure that the first segment of
the hadronic core EOS aligns with the pressure and energy density predicted by
cEFT calculations at a density of 1.1 n,. This serves as a low-density constraint for
our phenomenological core EOS, rather than implying the use of a cEFT model
directly. While our phenomenological GPP models do not allow for a direct calcu-
lation of nuclear saturation properties like the symmetry energy (El,,) and its slope
(L), this limitation is mitigated by the cEFT constraint. The cEFT band is derived
from calculations consistent with experimental nuclear properties, so by anchoring
our EOSs to it, they effectively inherit this physical consistency. Guided by these
constraints, the Soft model was designed to run near the lower boundary of the cEFT
band, while the Stiff model follows the upper boundary. Beyond this anchor point, we

Table 1. Parameters of the Soft and Stiff hadronic EOSs.

EOS  logiopy  logiom logiop2 r Iy Iy log;o K

Soft 14 14.45 14.90 3.17 355 3.1 —=33.210
Stiff 14 14.74 14.99 3.18 352 3.1 33215
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made the models as soft and as stiff as possible, with the crucial requirement that the
purely hadronic EOS must support a maximum mass sufficiently above 2 M. This
ensures that the final hybrid star, after the softening from the quark phase, still
surpasses the observational limit.

2.2. Pure quark matter

In this work, we will use the version of the model presented in Refs. 31 and 32, which
is described by the following Lagrangian density:

L= Z {1/)q 1'7#6 - m ] B}G)( qwq)

1
T ZQW AU CICT qqu miyV, Ve

+ 11[}37;1(7’8 - me)wm (4)

where ¢ denotes quarks (u, d and s), e denotes electrons, and B is the bag constant
that represents the additional energy required to create a perturbative vacuum re-
gion per unit volume. The Heaviside step function © equals 1 inside the bag and 0
outside. For simplicity, we adopt here a universal coupling of the quark ¢ with the
vector field V¥, with a coupling constant g. The mass of the vector field is taken to be
my = 780 MeV.

Working in the mean field approximation and defining G = (g/my)?, one finds
the following equation of motion for the vector field:

myVj :G‘l//Z(nu—i—nd—i—nS), (5)

where n, = (z/_Jq'yqu> represents the quark number density. Assuming zero temper-
ature, the grand thermodynamic potential per unit volume reads*?

0= ZQ +B- mVV0+Q (6)

being €2 the grand thermodynamic potential of a free Fermi gas of quarks with the
following effective chemical potential:

py = g — Gy my Vi, (7)

The EOS can be easily derived from Eq. (6) and its explicit form is presented in
Refs. 31, 32. To apply these equations to neutron stars, we assume that quarks and
electrons are in chemical equilibrium under weak interactions and impose charge
neutrality and baryon number conservation. We adopt m, = my; =4 MeV, m, = 95
MeV and electrons are assumed to be massless. The parameters B and Gy are
treated as free parameters. The bag constant B represents the energy cost to
deconfine hadrons, acting as a negative pressure term. A larger B delays the phase
transition to higher densities. The vector coupling Gy, introduces repulsion between
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Table 2. Hybrid EOS models used in the calculations, with corre-
sponding parameters for the hadronic and quark phases. Parameters
for the hadronic EOS (‘Soft’ and ‘Stiff’) are detailed in Table 1. The
quark EOS is fully determined by specifying the bag constant B and
the vector coupling constant Gy.

Quark EOS
Hybrid EOS Hadron EOS B (MeV fm~3) Gy (fm?)

Model 1 Soft 105 0.18
Model 2 Stiff 100 0.21

quarks, making the EOS stiffer and able to support more massive stars. The specific
values in Table 2 were chosen as representative examples that ensure the final hybrid
EOS is consistent with observations of pulsars with masses 2 2 M. While different
choices would alter the quantitative results, our qualitative conclusions regarding the
effect of the transition’s sharpness are expected to hold.

2.3. Crossover/mized equation of state

To derive hybrid EOSs featuring phase transitions with varying degrees of sharpness,
we combine hadronic and quark matter EOSs using a Gaussian function. The total
pressure P(up) is determined from the pressure of the pure phases (Py(up) and
Py(pp)) through the following relationship®:

(P — Po)(P — Py) = 6*(up). (8)
The Gaussian function ¢ is centered at a chemical potential i, and has a width o:
(/1' B M(:)Q
$(ap) =ty |- L1 )

One can choose the value of p,. symmetrically by setting it equal to the chemical
potential where the pressures Py(up) and Py(up) of the pure phases intersect.
Alternatively, one can choose it asymmetrically by selecting a value of pu, that is
either larger or smaller than the intersection chemical potential. The width of the
region where the crossover transition takes place is determined by the value of 0. The
prefactor 8, = 6(p.) quantifies how much the crossover EOS deviates from the pure
phases at jp = p1.. When g, is chosen symmetrically, such that Ppy(u.) = Py(u.),
then §, represents the overpressure of the crossover EOS compared to the pure
phases at their intersection (see Fig. 1(a)).

It is crucial to note that the parameters 6, and o are interrelated and cannot be
selected arbitrarily. This can be understood from Fig. 1(a). If we set o and increase &
to a sufficiently large value, the crossover curve will become concave downward, that
is, 3>P/dpu? < 0. This situation is not physically acceptable since it implies that the

*This formula is inspired by an expression presented in Ref. 38 in the context of heavy-ion collisions.
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Fig. 1. Physical interpretation of §(up) and A(p). The curves were obtained with the Soft hadronic EOS
and the vMIT EOS with B = 105 MeV fm~* and Gy = 0.18 fm?. Both EOSs intersect at 1, = 1401 MeV in
the P versus pup plane. The dotted line represents the crossover/mixed EOS with parameters 6, =
5MeV fm~* and o = 100 MeV. The maximum of §(up) occurs at .

speed of sound, cg, given by

1
% = o (10)
would be negative. To prevent this unphysical behavior, the width ¢ of the crossover
region must be large enough for a given §,. Similarly, if the width o is small, the value
of 6y must be sufficiently small (see Fig. 1(b)).

Based on this interplay, the specific pairs of (8y, o) used in this work were chosen
to represent a spectrum of transition sharpnesses, from nearly first-order to a very
smooth crossover. The chosen sets — namely (§,[MeV fm=3], o[MeV]) = (2,50),
(5,100) and (10, 150) — all respect the causality constraint while allowing us to study
the impact of progressively smoother transitions on the EOS and stellar properties.

From Eq. (8), we can express P in the following way:

262
(P = Pr)? + 462 7

(11)

P=APy+(1—\Py+
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being

1 Py —-P
M) =5 |1 - ———
\/ (P — Py)? + 462

(12)

The quantity A exhibits a Heaviside step function-like behavior around pup = .., as
shown in Fig. 1(c). When pp < pi,, one finds A ~ 1 and 62 ~ 0, indicating that the
system is composed of pure hadronic matter. When pp > p,., then A =~ 0 and 6% ~ 0,
indicating that the system is composed of pure quark matter. For up ~ pu,., one
obtains 0 < A < 1 and 62 > 0, indicating that the system is a combination of ha-
dronic and quark matter.

The baryon number density ng = OP/0up is given by

()

ng = )‘nB,H + (1 — )\)nBﬁQ + ) (]‘3)
\/(PQ — Py)? + 462
being
52/:_(/’LB_MC)62. 14
(7 = et (14
The energy density is obtained from Euler’s relation ¢ = —P + ugnp.
3. Results

In Figs. 2 and 3, we present an analysis of the hybrid EOSs constructed using the
ansatz detailed in the previous section. To explore phase transitions of varying
sharpness, we selected different values for 6, and . The parameter pairs employed
are (6[MeV fm=3],o[MeV]) = (2,50), (5,100) and (10,150). In Fig. 2, we use a
quark EOS parametrization with B = 105MeV fm~3 and Gy = 0.18 fm? next to a
soft hadronic EOS. Meanwhile, Fig. 3 employs an alternative quark EOS param-
etrization with B = 100 MeV fm— and Gy = 0.21 fm? alongside a stiff hadronic
EOS (see Table 2). Each figure is divided into four panels, each highlighting a
different aspect of the hybrid EOS. Panel (a) in each figure displays the pressure
versus the baryon chemical potential. Panel (b) illustrates the pressure as a func-
tion of energy density (P versus ¢) on a logarithmic scale to show the global be-
havior, including the cEFT constraints. Panel (c) also shows P versus ¢, but on a
linear scale and zoomed into the phase transition region to better visualize its
details. Finally, panel (d) shows the speed of sound as a function of the baryon
chemical potential.

At first glance, the main visual difference between the sets of curves in Figs. 2
and 3 appears in the speed of sound (panel d). However, differences are also visible in
panel (c), stemming mainly from the combination of distinct EOS for quarks and
hadrons in each model, which results in a different phase transition pressure and
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Fig. 2. The results were obtained by using the Soft hadronic EOS and the vMIT EOS with B =
105 MeV fm=% and Gy = 0.18 fm?. In all cases we used . = 1401 MeV, which is the baryon chemical
potential at which the pressure of the pure phases intersect. For the parameters (§;[MeV fm=3], c[MeV])
we used: (2,50), (5,100) and (10,150). We also show the sharp (first-order) phase transition.
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Fig. 3. Same as in the previous figure but using the Stiff hadronic EOS and the vMIT EOS with
B =100MeV fm~3 and Gy = 0.21 fm?. In this case we obtain u, = 1378 MeV.
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energy density jump. Since the same smoothing procedure is applied to these
different underlying transitions, the qualitative effect of the smoothing parameters
(69, 0) appears similar in both figures. Despite this, the underlying quantitative
differences are appreciable and they are more clearly visible in the P-¢ plot (panel c),
which uses a linear scale, than in panels (a) and (b). These quantitative differences in
the EOS lead to significant variations in its derivative (0P/0¢), which are dramat-
ically visualized in the speed of sound plots.

A sharp transition is achieved by setting 6 — 0. As 6 increases, the phase tran-
sition gradually becomes smoother, progressively eliminating the plateau in the P
versus € plot. An important point to note is that the pressure difference between the
sharp transition model and the models with smooth transitions considered here lies
within the range of 2 — 10 MeV fm~3 when up reaches its critical value p,. These
values might appear relatively small when compared to the pressure P(u,.), which is
approximately 200 MeV fm—3. Notably, these pressure differences cannot be signifi-
cantly increased because, as discussed in the previous section, the width of the mixed
phase or crossover region would have to increase if the pressure difference 6, were to
be raised. Consequently, upon inspecting Figs. 2(a) and 3(a), it might seem that the
smoothing of the EOS should not lead to significant changes in the astrophysical
context.

However, this is not what actually occurs. First, the most important factor in
determining the stellar structure is the relationship between pressure and energy
density. As shown in Figs. 2(b), 2(c) and 3(b), 3(c), the pressure differences between
the different parametrizations can reach some tens of MeV fm =3 for certain values of
€. This has a significant effect on the stiffness of the EOS, which greatly impacts
the mass-radius relationship and other global properties of neutron stars. Similar
to what occurs in microscopic models of the quark-hadron pasta phase,'® the
EOS becomes softer for pressures below the transition pressure and stiffer for
P> P(u).

Second, the considerable width of the hybrid region also plays a critical role in
shaping the EOS. For the case §, = 10 MeV fm~3, the width of the hybrid region is
substantial, extending from 500 to 1500 MeV fm~3, which represents a vast range of
stellar core densities. The widening of the hybrid region observed here exhibits
similar characteristics to those found in models of the quark-hadron pasta phase
(see, for example, Fig. 1 of Ref. 16). Much higher values of §; do not seem reasonable,
as they would imply that the mixed phase/crossover would begin to intrude in the
region near the nuclear saturation density, where no form of quark matter is
expected.

An interesting aspect of the model discussed here is the wide variety of behaviors
exhibited by the speed of sound. This complex behavior, featuring prominent peaks
and valleys, is a direct consequence of our interpolation formalism. Our formula for
the pressure (Eq. (11)) involves a nonlinear mixing of the hadronic and quark phases,
and the derivatives of this expression lead to complex terms that naturally result in
nonmonotonic behavior. It is important to emphasize that these peaks do not
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represent the appearance of new particles or degrees of freedom. Rather, they are
features of this phenomenological model that reflect a rapid change in the stiffness of
matter as it transitions from being hadron-like to quark-like. A peak in c?g simply
indicates a region where the matter is locally very stiff. In the model with the
parametrization (2, 50), the speed of sound experiences a significant drop near the
first-order phase transition region (Figs. 2(d) and 3(d)). During this drop, the curve
does not gradually approach the speed of sound of quark matter. Instead, its value
continues to decrease significantly, reaching approximately half the speed of sound in
quark matter. From there, it begins to increase gradually, approaching from below
the quark speed of sound value, which is approximately 0.4c (Fig. 2(d)). In the case of
Fig. 3(d), there is also a secondary peak following the abrupt drop, adding further
complexity to the behavior of the speed of sound. The model with the parametri-
zation (10, 150) also exhibits an interesting and complex behavior in cg. At low
densities, the curve corresponding to this model closely follows the hadron matter
curve, but then gradually and smoothly diverges from it. However, in the interme-
diate regime, near the first-order phase transition region, the curve rises significantly
and can reach values of cg that are even higher than those of the hadronic model,
forming a well-defined peak. After this peak, cg shows a qualitatively similar be-
havior to that of the model (2, 50), displaying a significant drop followed by a valley
and a gradual convergence to the quark matter speed of sound. The model with the
parametrization (5, 100) also exhibits distinctive behavior in the intermediate region.
Near the first-order phase transition, unlike the abrupt drop observed in the model
(2, 50) and the pronounced peak in the model (10, 150), the model (5, 100) shows a
greater number of peaks and valleys, though they are less prominent. After this
oscillatory regime, the curve gradually converges toward the speed of sound of quark
matter, consistently approaching from below.

Note that due to the repulsive vector interactions, c% does not asymptotically
approach the conformal limit of 1/3, but instead converges to a value above it. This is
not necessarily a problem, as the model is being applied at densities much lower than
those where asymptotic freedom is expected. In a more sophisticated formulation, it
would be possible to ensure that the speed of sound asymptotically approaches the
conformal value. For instance, this could be achieved by making the coupling Gy
density-dependent, allowing it to vanish at very high densities. This approach was
recently implemented in Ref. 39 within the framework of the Nambu-Jona-Lasinio
model.

To describe the structure of static (nonrotating) compact stars, we solved
the Tolman—Oppenheimer—Volkoff equations alongside the equations for tidal
deformability. 4042

Figure 4 presents our mass-radius relationship calculations alongside current
astrophysical constraints, including those from the ~ 2 M, pulsars,*3 46 the
GW170817 event at the 90% posterior credible level,*”*® NICER pulsars at the 20
posterior credible level,**92 and HESS J1731-347 at the 20 posterior credible
level.>3
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Fig. 4. Mass-radius relation for the EOSs shown in Figs. 2 and 3: (a) Model 1 and (b) Model 2. Current
astrophysical constraints are also included for reference (details provided in the text).

The results indicate that variations in the sharpness of the phase transition have a
minimal impact on the maximum mass of the star. As shown in Fig. 4, the maximum
mass remains almost unchanged across models with a sharp transition and those with
parametrizations (2,50), (5,100) and (10,150). However, the sharpness of the phase
transition plays a significant role in determining the stellar radius. As the density
range of the hybrid region broadens, we observe essentially two effects. First, the part
of the curve representing stars containing hybrid matter appears earlier, i.e. at lower
mass values. This can be observed in the curve with parametrization (10, 150), where

2550073-13



Int. J. Mod. Phys. D 2025.34. Downloaded from www.worldscientific.com

by UNIVERSIDADE DE SAO PAULO on 03/05/26. Re-use and distribution is strictly not permitted, except for Open Access articles.

M. B. Albino et al.

the hybrid branch emerges at ~ 1 M. In contrast, for less smooth transitions, such
as the (2, 50) parametrization, hybrid stars are only observed for masses greater than
~ 1.8 M. Notably, this latter parametrization exhibits behavior closely resembling
that of the sharp transition (cf. Fig. 4).

Second, the smoother and wider the density range covered by the hybrid phase,
the more the curve shifts to the left in the mass—radius diagram. For example, in the
model with parametrization (10, 150), the star with a mass of ~ 1.8 M, has a radius
approximately half a kilometer smaller than that of a purely hadronic star of the
same gravitational mass. In a more extreme case, for the same parametrization
(10, 150), the star with maximum mass has a radius approximately 1 km smaller than
the hadronic star of the same gravitational mass. Conversely, less smooth para-
metrizations with narrower density ranges lead to significantly smaller differences
in radii.

It is important to address the large difference in radii between the stellar
sequences shown in Fig. 4(a) (Model 1) and Fig. 4(b) (Model 2). This difference is
not an effect of the transition sharpness itself, but rather a direct consequence of
the different underlying hadronic EOSs used: Soft for Model 1 and Stiff for Model
2. A stiffer EOS, by definition, provides more pressure support at a given density,
resulting in larger stellar radii. Our goal in presenting both models was precisely
to demonstrate that the qualitative effect of smoothing the phase transition —
namely, the leftward shift of the hybrid branch on the M — R diagram — is a
general feature that occurs irrespective of the initial stiffness of the hadronic
matter EOS.

As indicated by the shaded areas in Fig. 4, current observational capabilities
are insufficient for distinguishing variations in radius of this magnitude. How-
ever, significant improvements in the resolution of radius measurements are
anticipated in the coming years, particularly from observatories like NICER. It
is important to highlight, though, that if the phase transition’s sharpness is not
very pronounced, detecting this feature directly may become challenging, as
demonstrated by the minimal impact of the (2,50) parametrization on the
mass-radius relationship compared to the traditional first-order (Maxwell
construction) scenario.

In Fig. 5, we show the tidal deformation for the same models presented in the
previous figures, along with the observational constraint from the GW170817
event.*”*® The qualitative shape of the curves with a smooth transition is the same as
that of any curve for hadronic matter, that is, A is a decreasing function of the stellar
mass. The effect of smoothing the phase transition is visible in the fact that A is
slightly reduced compared to the hadronic model and the models with a sharp
transition. This effect is more noticeable for higher-mass objects and becomes almost
imperceptible in the region around 1.4 M., which is where the GW170817 event
could potentially constrain the theoretical predictions.
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Fig. 5. Dimensionless tidal deformability as a function of stellar mass for the EOSs shown in Figs. 2 and 3:
(a) Model 1 and (b) Model 2. The vertical bar represents observational data from the GW170817 event
detected by LIGO/Virgo, as referenced in the text.

4. Summary and Conclusions

In this work, we investigated the effects of the sharpness of the phase transition on
various aspects of neutron stars. To construct a hybrid EOS with different levels of
sharpness, we combined two distinct EOSs: one for hadronic matter and another for
quark matter. These were mixed using a Gaussian function, ensuring that the matter
is purely hadronic at low densities, purely quark at high densities, and a mixture of
both at intermediate densities. The blending of the two EOSs is symmetric around
the first-order phase transition point. The Gaussian mixing introduces a parameter
by, which represents the overpressure of the hybrid EOS compared to the pressure of
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the pure phases at the baryon chemical potential corresponding to the first-order
phase transition. It is important to emphasize that the parameter o (which relates to
the range of up over which the hybrid region extends) and the parameter §, are
interconnected and cannot be chosen independently. Setting ¢ and increasing 6,
arbitrarily is not feasible because, beyond a certain point, this would cause the speed
of sound to become negative. Practically, this constraint limits the values of ¢, from
being significantly greater than 10 MeV fm~3. For typical EOSs, exceeding this limit
would result in an excessively wide hybrid region that would start to encroach upon
the region around nuclear saturation density, where the presence of quark matter is
not expected.

Regarding the relationship between pressure and energy density, we found the
following: First, similar to what occurs in microscopic models of the quark-hadron
pasta phase,'® the EOS becomes softer for P < P(u,.) and stiffer for P > P(u,.).
Additionally, we observed significant variations in stiffness among the different
parametrizations of the model. For instance, in the case of the smoothest parame-
trization analyzed in this work, (§y[MeV fm~3], o[MeV]) = (10,150), the pressure
can be several tens of MeV fm~3 above or below what is predicted by the sharp first-
order phase transition EOS. Furthermore, the aforementioned smooth transition
spans a density range very similar to that found in analyses based on microscopic
models. !¢

The speed of sound exhibits a wide variety of behaviors. In some parametrizations
of the sharpness, the speed of sound curve shows drastic drops, in other cases, it has
pronounced peaks and in yet others, it displays a more oscillatory pattern with
multiple peaks and valleys. This diversity in the speed of sound behavior is signifi-
cant in the context of studying nonradial oscillations of neutron stars, as different
functional forms of cg can lead to markedly different behaviors in the frequencies and
damping rates of oscillation modes, which have direct implications for the gravita-
tional wave emissions from oscillating neutron stars.

In the context of stellar structure, we found that variations in the sharpness of the
phase transition have minimal impact on the maximum mass in the mass-radius
relationship but can significantly affect the stellar radii. As the phase transition
becomes smoother and the density range of the hybrid region broadens, the portion
of the curve representing stars with hybrid matter appears at progressively lower
mass values and shifts to the left on the M — R diagram. In some cases, this lateral
shift of the M — R curve can be substantial (up to 1km); however, the resolution of
current observational capabilities is insufficient to detect radius variations of this
magnitude. It is also worth noting how the presence of other degrees of freedom, such
as hyperons, would affect our results. The inclusion of hyperons is known to soften
the hadronic EOS, which would generally lower the density and pressure at which
the transition to quark matter occurs. Our formalism for smoothing the transition
could be applied directly to such a hyperonic EOS. We would expect the same
qualitative behavior discussed in this work: a smoother transition would lead to
smaller radii for the resulting hybrid hyperonic stars compared to a sharp transition,
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although the entire mass-radius sequence would likely be shifted toward lower
maximum masses due to the initial softening of the hadronic phase. We also analyzed
the effect of the sharpness of the phase transition on tidal deformability. The tidal
deformability is a decreasing function of stellar mass, exhibiting the same behavior
known in hadronic stars and those with a sharp phase transition. As the phase
transition becomes smoother, we observe a slight reduction in A, especially for
higher-mass objects, compared to the hadronic and sharp transition models. How-
ever, this shift is significantly smaller than the error bar of the GW170817 event.
The effects described above are quite general in a qualitative sense. This means
that the main trends do not depend on the stiffness of the specific EOSs used: a
smoother transition consistently makes the EOS softer for pressures below the
transition point and stiffer for pressures above it, leading to a leftward shift of
the hybrid star branch in the mass—radius diagram. In fact, the mass—radius relations
obtained in state-of-the-art microscopic models of stars with quark-hadron
pasta phases!® (which include the self-consistent calculation of surface and
curvature tensions™ °°) exhibit exactly the same qualitative behavior as those
described above. Other parametric methods for smoothing the phase transition tend

to yield similar results in the key aspects.!”18:°7
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