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Daniel R.B. Amorim ,1 Douglas J. Coutinho,2 Paulo B. Miranda ,1 and Roberto M. Faria 1,*

1
Instituto de Física de São Carlos, Universidade de São Paulo, P.O. Box 369, São Carlos –

São Paulo, 13560-970, Brazil
2
Federal University of Technology – Paraná (UTFPR), Toledo – Paraná, 85902-490, Brazil

 (Received 4 November 2019; revised 11 May 2020; accepted 10 July 2020; published 17 September 2020)

We develop an analytical model for the photocurrent of organic solar cells based on carrier drift and
including second-order charge recombination, in which the figure of merit θo naturally appears. This
approach provides expressions for the fill-factor–θo and α-θo relations, where α is the exponent of the
function of the short-circuit current versus light intensity (JSC ∝ Iα). A correlation between the reduction
factor of Langevin recombination and the dissociation probability of charge transfer states (P) is also dis-
cussed. Photocurrent curves of a polymer device obtained at different temperatures (100–300 K) are fitted
by the model, whose fitting parameters are in agreement with the literature.
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I. INTRODUCTION

After more than 70 years of continuous study, since the
pioneering work on semiconductor photovoltaic devices
[1] to the recent organic layered cells of nanometer thick-
nesses [2,3], significant gaps in fundamental understanding
of the current-voltage (J -V) photovoltaic response still per-
sist [4]. Numerous studies devoted to efficiency losses of
organic solar cells have emphasized the crucial role of
charge extraction and recombination rates in the device
performance, in either short-circuit or open-circuit con-
ditions [4–7]. The seminal paper on solar-cell efficiency,
written in 1961 by Shockley and Queisser [8], still serves
as a beacon for the solar cells now under investigation,
especially for bulk heterojunction organic solar cells (BHJ
OSCs). It was the first setting a limit on the efficiency
of solar cells, besides deducing a relationship between
the fill factor (FF) and the open-circuit voltage (VOC). In
organic solar cells, a conclusive understanding of concepts
behind the FF is still a matter of debate [9–13], and a deep
understanding of the whole process of generation, recom-
bination, and extraction of charge carriers is essential to
increase the efficiency of modern photovoltaic devices.

Recently, Bartesaghi et al. [12] revealed, by drift-
diffusion numerical simulations, a relationship between the
FF and a single figure of merit θ , which quantifies the com-
petition among charge generation, extraction and recombi-
nation. This FF-θ relation was successfully used by Heiber
et al. [13] to fit results from impedance-photocurrent
device analysis obtained with different organic devices.
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However, the figure of merit fails for Langevin systems
when space-charge effects cannot be ignored [14]. Later,
Würfel et al. [4] adapted the standard Shockley diode
equation for low-mobility organic solar cells by introduc-
ing a current-dependent internal voltage, and considering
bimolecular recombination. They demonstrated that such a
modified Shockley equation could describe well simulated
J -V curves based on a one-dimensional drift-diffusion
model, for a wide parameter range. The same group [15]
demonstrated that this modified Shockley model can be
related to the same figure of merit θ , arriving at an analyt-
ical expression for the photocurrent of organic solar cells
that involves the parameter θ . They also proposed, on the
basis of expressions for inorganic (high mobility) solar
cells, an empirical relation between the FF and θ . Other
authors have also attempted to derive analytical expres-
sions for the photocurrent of organic solar cells based on
carrier drift diffusion, but they assumed either first-order
recombination [16] or bimolecular recombination with a
constant charge density (constant carrier lifetime) [17].
Set et al. [18] used scaling analysis of a drift-diffusion
model with bimolecular recombination to obtain implicit
equations that yields J -V curves, predicting the intensity
dependence of the photocurrent (J SC ∝ Iα), but they do not
provide explicit expressions for the dependence of the FF
or α on the figure of merit θ .

In this paper we present a derivation of an analyt-
ical expression for photocurrent curves (J ph-V) applied
to a bulk heterojunction device based on carrier drift,
assuming second-order kinetics for the bimolecular recom-
bination, in which a figure of merit θo naturally appears.
From the theoretical expression for the maximum power,
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we derive a relation for the FF as a function of θo,
which reproduces the same trend as obtained by Barte-
saghi et al. [12] from numerical simulations, but with
the additional hypothesis of equal carrier mobilities. The
factor α, the exponent of the relationship between the
short-circuit current and the incident light intensity on the
device (J SC ∝ Iα), is discussed in the literature as a fac-
tor associated with the type of bimolecular recombination
[19–22]. Here a relation between α and θo is also derived
from our model, which assumes only second-order recom-
bination. Finally, we fit J ph-V measurements obtained
at various temperatures on a standard ITO/poly(3,4-
ethylenedioxythiophene) (PEDOT):polystyrene sulfonate
(PSS)/poly(3-hexylthiophene) (P3HT):[6,6]-phenyl-C61-
butyric acid methyl ester (PC61BM)/Ca/Al device using
our photocurrent expression. From the fittings, we obtain
the temperature dependence of the charge-carrier mobil-
ity (μ) and the charge-transfer- (CT) state dissociation
coefficient (P), in good agreement with experimental data.
We further associate P with the recombination coefficient
reduction factor (ζ ).

II. EXPERIMENTAL

The devices used in the experimental part of this
work are BHJ OSCs having the following structure:
ITO/PEDOT:PSS/regioregular P3HT (rrP3HT):PC61BM
(1:1, w/w)/Ca/Al (Fig. 1). Both rrP3HT and PC61BM
(99.5% purity) are purchased from Aldrich and used as
received. A high-pressure-size-exclusion-chromatography
technique is used to obtain the molar masses of rrP3HT
(Mn = 22 kDa, Mw = 36 kDa), as well as the polydisper-
sity index (1.6), measured with 1 ml tetrahydrofuran per
minute at 35 °C as the eluent in an Agilent 1100 chro-
matographic system with a refractive-index detector, in
two PLgel mixed columns and polystyrene standards. Pro-
ton NMR spectroscopy in a CDCl3 solution with a Bruker
400-MHz spectrometer is used to determine the degree of
regioregularity, which is found to be 93%. Glass coated
with ITO substrates (Delta Technologies) is cleaned with
detergent, sonicated in acetone and hot isopropyl alcohol,
and dried under nitrogen flow before being exposed to
UV–ozone treatment for 10 min. PEDOT:PSS (Clevios P),
used as hole transport layer, is spin-cast at 3000 revolu-
tions/min for 1 min to form films of approximately-40-nm
thickness. This film is then annealed for 10 min at 120 °C
in an inert atmosphere. A solution of rrP3HT:PC61BM
(1:1 by weight) in dichlorobenzene (40 mg/ml) is stirred
for 24 h at 60 °C before deposition, and is spin-cast at
700 revolutions/min for 3 min on top of the PEDOT:PSS
film, forming a layer approximately 285 nm thick (mea-
sured by a Veeco Dektak 150 profilometer). The device’s
performance is improved by thermal annealing performed
at 140 °C for 5 min on a hotplate. Finally, a top elec-
trode made of calcium (40 nm) and aluminium (70 nm)

FIG. 1. Structure of the ITO/PEDOT:PSS/P3HT:PC61BM/
Ca/Al BHJ-OSC device.

is thermally evaporated through a shadow mask under
low pressure (10−6 mbar). Six similar devices are pre-
pared in the same batch, all of them exhibiting very
similar electrical responses. Current-voltage (J -V) mea-
surements are performed in a custom-made sample holder
designed to keep the devices under a nitrogen atmosphere
or in a cryostat for measurements performed at differ-
ent temperatures. For the J -V measurements, a Keithley
2400 source measurement unit is used, and illumina-
tion is provided by an AM1.5G simulator (100 mW/cm2)
using a xenon-lamp-based solar simulator (Thermo Oriel
66921, 450 W). The different light-irradiation intensities
are obtained with a set of neutral-density optical filters.
The technique of photoinduced-charge-carrier extraction
by linearly increasing voltage (photo-CELIV), used here
to measure the charge-carrier mobility, uses a N2-pumped
MNL 100 dye laser (LTB Laser technik Berlin) with a
wavelength of 590 nm and a pulse duration of 3 ns.

III. MODEL

Figure 2 shows a simplified scheme of the electronic
structure of a classic BHJ OSC, in the dark and without
any space charge, in which the transport layers are incor-
porated in the electrodes. In this picture the energy of the
forbidden gap EG is the result of the difference between
the LUMO of the acceptor and the HOMO of the donor.
Thereby, we can see that the built-in voltage Vbi is given
by the difference between the energy of the gap EG and the
potential barriers �φp and �φn of the anode and the cath-
ode, respectively. Eventually, the barriers �φp and �φn
may be null, and then we can simply take eVbi= EG. The
magnitude of the electric field F is given by (Vbi − V)/L,
and by taking eVbi= EG, this means that we are ignoring
any polarization effect at interfaces with the electrodes,
assuming quasi-Ohmic contacts, so that charge carriers at
the interfaces are totally collected by the electrodes. We
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FIG. 2. Electronic structure of a BHJ organic solar cell. A,
acceptor; D, donor.

also assume, for simplicity and with a small error, that light
absorption is uniform across the active layer.

The model to be developed is based on the electronic
structure scheme shown in Fig. 2, in which the active
layer falls within the scope of low-mobility semicon-
ductors (π -conjugated polymers), and it is also assumed
that recombination between opposite-charge carriers obeys
a bimolecular process controlled by second-order kinet-
ics following the diffusion-controlled model developed
by Langevin [23]. In this model, the recombination is
given by R = γ Lnp, where γ L = (e/εε0)(μn+μp ). Despite
it being well accepted that charge-carrier-recombination
mechanism in BHJ OSCs follows the Langevin model,
experimental results have revealed that the recombina-
tion coefficient can be orders of magnitude smaller than
the Langevin coefficient (i.e., γ � γ L) [24–26]. Several
models have tried to explain the reduction factor (ζ ) by
invoking charge-transfer phenomenon at donor-acceptor
interfaces existing inside the complex active-layer mor-
phology [27–31]. That is, the number of free photogen-
erated carriers comes from the dissociation of the CT
state formed at the donor-acceptor interface [32], which
is then determined by the product GP, where G is the
generation rate of CT states and P is the dissociation coeffi-
cient. Following the Braun-Onsager model [33], P can be
temperature and electric field dependent. Moreover, it is
important to remark that it has been shown that P in BHJ
OSCs is practically independent of the electric field up to
fields of a few tens of kilovolts per centimeter [34,35], also
shown by incoherent-hopping mechanisms [36,37]. There
is an additional term for the charge-generation rate due to
CT-state “failure to recombine” that is given by RP. Driven
by the internal field, set by the built-in voltage (Vbi), the
free charge carriers can be either extinguished by recom-
bination or collected by the electrodes. This description

follows the same principles that were used by Koster et al.
[38], among others [39,40].

In solar cells composed of very thin films as the BHJ
OSCs, the current densities of electrons and holes are
generally given by drift and diffusion components:

Jn = e
(

nμnF + Dn
∂n
∂x

)
, (1)

Jp = e
(

pμpF − Dp
∂p
∂x

)
,

where μn (μp )and Dn (Dp ) are the mobility and diffu-
sion coefficient of electrons (holes), F is the electric field,
n (p) the density of electrons (holes), and e is the elemen-
tary charge. Jn and Jp above are taken as the magnitude of
the photocurrent, and are therefore positive. In numerous
studies, it has been observed that the mobility values of
both carriers are very similar [41,42], and this is assumed
throughout this paper. Assuming then not very disparate
values of electron and hole mobilities, we replace them
by the square-root mobility μ = √

μnμp , as has been used
by other authors [11]. The relative importance of diffusion
effects can be estimated from the ratio between the dif-
fusion current and the drift current, given approximately
by Dn(n/L)/nFμ = Vt/FL = Vt/(Vbi − V), where we use
the Einstein relation for diffusion (D/μ = kT/e = Vt). At
room temperature, for instance, Vt is approximately 25 mV,
and by considering Vbi ∼ VOC= 0.6 V, we can see that the
diffusion and drift currents are comparable only very close
to VOC (within Vt of VOC), as assumed in the model. The
prevalence of the drift current over the diffusion current
is also supported by results and considerations found in
other work [43,44]. Thereby, general expressions for the
continuity equations for electrons and holes, including the
generation and recombination mechanisms, are given by

∂n
∂t

= GP − R + RP − μF
∂n
∂x

= GP − (1 − P)γLnp − μF
∂n
∂x

, (2)

∂p
∂t

= GP − R + RP + μF
∂p
∂x

= GP − (1 − P)γLnp + μF
∂p
∂x

.

In steady-state conditions, these simplify to

μF
∂n
∂x

= GP − (1 − P)γLnp ,

−μF
∂p
∂x

= GP − (1 − P)γLpn.
(3)
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In the expressions in Eq. (3), we assume that (1 − P)γL
is a new recombination coefficient γ , where (1 − P) con-
tributes to reduce the Langevin coefficient. Also, from the
equality in the expressions in Eq. (3), one easily veri-
fies that the sum n(x) + p(x) = C, where C is a constant
(see Fig. S3 in Supplemental Material [45]). This result is
valid for almost the entire active layer, except for the thin
interfacial regions near the electrodes, where the diffusion
current is not negligible. Then, replacing p by (C – n) in
the expressions in Eq. (3), we have

dn
dx

= φn2 + βn + χ , (4)

where φ = γ /μF , β = −γ C/μF , and χ = GP/μF . A
similar expression is obtained for dp/dx [Eq. (A18) in Sup-
plemental Material [45] ]. This type of differential equation
is known as the Riccati differential equation [46], whose
solution is obtained by applying the method used by Lor-
rmann et al. [47]. With substitution of variables, the vari-
able n is replaced by N, so dN/dx = −φnN . Once n is now
a function of N and dN/dx, a new homogeneous second-
order ordinary differential equation is obtained, whose
solution (see Supplemental Material [45] for details) gives
n(x) [and p(x), from the corresponding equation for dp/dx]
[45]:

n(x) = − 1
φ

[exp(D1x) − exp(D2x)][
1

D1
exp(D1x) − 1

D2
exp(D2x)

] ,

p(x) = − 1
φ

{exp[D1(L − x)] − exp[D2(L − x)]}{
1

D1
exp[D1(L − x)] − 1

D2
[exp[D2(L − x)]]

} .

(5)

In these solutions, D1 = β/2 +
√

(β/2)2 − φχ and D2

D2 = β/2 −
√

(β/2)2 − φχ are set by our taking the
boundary conditions n(0) = 0 for x = 0, and p(L) = 0 for
x = L. These boundary conditions stem from the drift due
to the internal field, which drives electrons toward the
cathode (x = L) and holes toward the anode (x = 0). Thus,
assuming that they are not collected at the opposite elec-
trodes, we set n(0) = 0 and p(L) = 0. Since Eq. (4) is first
order in n, only one boundary condition suffices for each
carrier, with the charge density at the collecting electrode
free to vary due to generation, drift and recombination.
The equal values for the electron and hole mobilities lead
to perfect symmetry for the n(x) and p(x) distributions.

Assuming that L
√

φχ − (β/2)2 � 1 (see Supplemental
Material [45] for a discussion), the expressions in Eq. (5)

can be simplified to

n(x) = 2GPx
2μF + (1 − P)γLCx

,

p(x) = 2GP(L − x)
2μF + (1 − P)γLC(L − x)

.
(6)

Knowing the value of C = 2n(x), obtained at the mid-
point x = L/2 of the active layer, we finally obtain the
expression for the resulting magnitude of the photocurrent
[J ph = eCμF, from Eq. (1)]:

Jph = 2eGPL

(
1 − V

Vbi

)2

θo

⎡
⎢⎣

√√√√1 + θo(
1 − V

Vbi

)2 − 1

⎤
⎥⎦ ,

(7)

where

θo = GPL4(1 − P)γL

(μVbi)
2 . (8)

In the limit that P→1 (i.e., for the case where one CT state
gives rise to a free electron-hole pair), J ph → eGL, and
when P→0, the photocurrent tends to zero, as expected.
This intriguing physical parameter θo, introduced by Barte-
saghi et al. [12], now slightly modified by the inclusion of
the dissociation probability P, represents the competition
between the fundamental process of the photovoltaic cell:
generation (G), recombination (γ L), and extraction (μ).
Bartesaghi et al. also obtained a sigmoidal curve for the
FF dependence on the logarithm of this parameter, whose
shape was obeyed by more than 15 BHJ solar cells whose
data were obtained from the literature [12]. To ensure the
validity of Eq. (7), we simulate J ph-V curves by using
this equation and also the numerical model developed
by Koster et al. [38], using the same physical parame-
ters (mobility, recombination coefficient, and dissociation
probability P). In item B in Supplemental Material, we
show some profile curves of n(x) and p(x) obtained from
both simulations (Fig. S2) [45]; the profiles are quite coin-
cident at J SC and at the FF point, disagreeing near VOC as
expected due to the dominance of the diffusion current.

IV. FILL FACTOR, EXPONENT α, AND
FIGURE-OF-MERIT PARAMETER

The FF has a major influence on the solar-cell power-
conversion efficiency, but it is not yet well understood
despite numerous studies of the performance of solar cells
since the seminal paper of Shockley and Queisser [8].
Starting from the photocurrent expression [Eq. (7)], we
derive how the FF varies with θo (calculations in Sup-
plemental Material [45]), whose results are given by the
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expressions

FF = v(1 − v)3

(2v − 1)
[√

1 + θo − 1
] (9)

and

θo = (1 − v)3(3v − 1)

(2v − 1)2 , (10)

where v = Vmax/Vbi, and Vmax is the output voltage at the
maximum-power point. The FF-θo plot is in agreement
with the sigmoidal pattern numerically simulated by Barte-
saghi et al. [12], as shown in Fig. 3; also θo as a function
of v is shown in Fig. S4 [45].

According to the limit of high electric field in Eq. (7),
the short-circuit current J SC is equal to eGPL (saturated
photocurrent); therefore, J SC is proportional to G, and
then J SC ∝ I. On the other hand, when the internal field is
too low, the photocurrent tends to 2eμF

√
GP/(1 − P)γL,

resulting in J SC being proportional to G1/2. Thereby, from
the J ph-V model described above, the variation of the expo-
nent α between 0.5 and 1 is fully compatible with second-
order kinetics for bimolecular recombination, and is due
simply to operating regimes where the charge extraction
is slower or faster than charge recombination, respec-
tively. Figure 4 shows simulations of J SC-I curves, for
different relative values of charge-carrier mobility, which
simulate good performance of a solar cell (mobility μ,

F
F

q0

a

FIG. 3. FF- θo curve obtained from the plot of Eqs. (9)
and (10) (orange line, left axis), and α- θo curve obtained
from Eq. (11) (green line, right axis); experimental points
extracted from measurements on a ITO/PEDOT:PSS/P3HT:
PC61BM/Ca/Al device obtained at different temperatures (from
100 to 300 K) are shown to coincide well with the predicted
curves.

J sc
 (

m
A

/c
m

2 )

I (mW/cm2)

FIG. 4. Simulated curves of short-circuit current versus light
intensity (J SC ∝ Iα), from Eq. (7).

corresponding to θo < 10−1) and bad performance (mobil-
ity μ/100, corresponding to θo > 102).

Finally, still from Eq. (7) we derive a relationship
between the exponent α and the factor θo, given by
Eq. (11) (details in Supplemental Material [45]), whose
result is also plotted in Fig. 3:

α = 1

2
[
1 − 1

θo

(√
1 + θo − 1

)] . (11)

This α(θo) expression shows that α is equal to 1 for θo val-
ues lower than 10−1, decreasing in value as θo increases,
tending to 1/2 for θo > 102.

V. APPLICATION TO A P3HT:PC61BM DEVICE

We then use Eq. (7) to fit J ph-V measurements obtained
in an ITO/PEDOT:PSS/P3HT:PC61BM/Ca/Al solar cell
at different temperatures. The device manufacturing pro-
cesses are described elsewhere [48], and follow the stan-
dard procedure used in most of these types of solar
cells. Isothermal measurements are performed from 100
to 300 K, and while the short-circuit current and the fill
factor significantly increase as the temperature increases,
the open-circuit voltage decreases slightly, as shown in
Fig. 5(a). Once G is a relatively well determined value
for organic solar cells (in general about 1021 cm−3 s−1),
the shape of the J-V curve depends strongly on θo, while
P has an influence on the amplitude of the photocur-
rent. In the short-circuit condition (V = 0), Eq. (7) reduces
to JSC = 2eGPL(1/θo)

(√
1 + θo − 1

)
, and for good solar

cells (θo � 1) it approaches the saturation current, which
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(a) (b)

(c) (d)

J ph
 (

m
A

/c
m

2 )
m 

(c
m

2 /
V

 s
)

P

V (V) T (K)

1 – P
q

o

T (K)T (K)

300 K

100 K

FIG. 5. (a) J -V measurements of an ITO/PEDOT:PSS/P3HT:PC61BM/Ca/Al device for different temperatures (gray circles) and
fittings using Eq. (7) (solid gray lines); (b) θo versus T, (c) μ versus T, and (d) P and 1 − P versus T are obtained from the fittings as
adjusted parameters.

is given by Jsat = eGPL. Therefore, θo and P can be
obtained directly from the J ph-V fittings shown in Fig. 5(a).
Figure 5(b) shows the adjusted values of θo; values of
θo from this curve are also displayed in the FF-θo curve
(Fig. 3). Figure 5(d) shows the temperature dependence
of P, and 1 − P, which is also obtained independently of
θo from the fits to Eq. (7), since θo largely determines
the shape of the J -V curve, while an additional factor
P appears in the saturation current. Here we consider
1 − P as part of the reduction factor of the recombina-
tion coefficient (ζ ). As a test of the model, the temperature
dependence of the mobilityμ [Fig. 5(c)] is extracted from
the fitted values of P and θo by use of Eq. (8) and by
taking into account that γ = (1 − P)γL, with the Langevin
recombination coefficient expressed in terms of the mobil-
ity, γL ≈ 2eμ/εεo, and taking the active-layer dielectric
constant ε = 3.5. The light-green diamonds in the mobility

curve [Fig. 5(c)], displayed between 225 and 300 K, are
mobility values obtained directly from photo-CELIV mea-
surements, which match very well the mobilities obtained
from the fitted values of P and θo by use of γ = (1 − P)γL
as described above. Photo-CELIV measurements at lower
temperatures are not possible because the current transients
become too wide in the duration of the voltage ramp (tens
of microseconds). The dependence of mobility on temper-
ature shown in Fig. 5(c) is consistent with other reports
[49,50]. The value of the dissociation probability P at room
temperature is in agreement with that evaluated in other
articles [48–51] and its temperature dependence follows
well the model presented by Braun [33].

Lastly, Fig. 6 shows the dependence of the short-
circuit current on the light intensity incident on the
ITO/PEDOT:PSS/P3HT:PC61BM/Ca/Al device between
0.1 and 1 sun (100 mW/cm2), whose measurements are
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J sc
 (

m
A

/c
m

2 )

I (mW/cm2)

FIG. 6. Short-circuit current versus light intensity obtained
from measurements performed with an ITO/PEDOT:PSS/
P3HT:PC61BM/Ca/Al device for different temperatures, where
the relation JSC ∝ Iα is obeyed.

performed at different temperatures from 100 to 300 K.
At room temperature this dependence is linear, becom-
ing increasingly sublinear as the temperature decreases,
reaching the relation JSC ∝ I 0.79 at 100 K. The values of
α obtained from the measurements in Fig. 6 are plotted in
Fig. 3, in the α-θo curve. The fact that the α values are
obtained by varying the light intensity and θo under 1 sun
may explain the slight deviation from the theoretical pre-
diction, especially at lower temperatures. Until a few years
ago it was well accepted that the linear case, α = 1, would
indicate that the electronic transport process involves first-
order kinetics for the recombination of the photogenerated
carriers, while α values less than 1 are the result of second-
order recombination [20,52]. However, some publications
have shown that this assertion is not so reliable [53,54],
indicating that α = 1 is a result of negligible recombination
effects instead of first-order kinetics. This is demonstrated
here by the limits of strong and weak electric fields in
Eq. (7).

VI. CONCLUSIONS

In summary, we derive a simple analytical equation for
the current-voltage curve of BHJ OSCs, in which the fac-
tor θo, which represents the competition among charge
generation, extraction, and recombination, arises as an
important physical parameter. The model assumes second-
order bimolecular recombination, ignores the contribution
of the diffusion current, and also considers balanced elec-
tron and hole mobilities. It also ignores any potential
barriers and space charge at the interfaces, implying that
the open-circuit voltage is equal to the built-in potential

(VOC = Vbi). From this approach, we obtain an analyti-
cal relation between the fill factor and θo, which repro-
duces that obtained by Bartesaghi et al. [12] based on
numerical simulations. We also derive another expres-
sion for the coefficient α of the intensity dependence
for the short-circuit current, JSC ∝ I , as a function of
θo, further demonstrating that α is not simply related
to the recombination order, but results from the com-
petition between current extraction and charge recombi-
nation within the active layer. The model is applied to
an ITO/PEDOT:PSS/P3HT:PC61BM/Ca/Al device, and
from the fittings it is obtained how the charge-carrier
mobility, the coefficient α, and the dissociation proba-
bility P vary with temperature. Therefore, this simple
analytical model can be used to extract useful microscopic
parameters from experimental J ph-V curves, and to predict
the fill factor, the intensity dependence of the photocur-
rent, and the relative importance of charge extraction and
recombination in the measured device.
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A - Determination of n(x) and p(x) 
 
The electron continuity equation is written as follows:  
 

dn
dx = φn2 + βn + χ, (A1) 

 
where φ	≡ (1-P)γL/µF, β ≡ -(1-P)γLC/µF and χ	≡ GP/µF. A similar equation for holes is 

obtained by replacing n by C-p. The coordinate x represents the chosen direction of the 

transport. The Equation A1 is the Riccati differential equation. To solve it, we apply a 

method used by Lorrmann et al. [ref. 47 in the manuscript], which consists in defining a 

new variable, N, where its first derivative is equal to−φnN. In that case, n is given by: 

 

𝑛 = −
1
𝑁𝜑

𝑑𝑁
𝑑𝑥 . (A2) 

 
From the Eq. A2, n² and its first derivative are given below: 

 

𝑛! = −
1

(𝑁𝜑)! -
𝑑𝑁
𝑑𝑥.

!

, (A3) 

 
and 
 

𝑑𝑛
𝑑𝑥 = −

1
𝑁!𝜑 0𝑁

𝑑!𝑁
𝑑𝑥! − -

𝑑𝑁
𝑑𝑥.

!

1. (A4) 



 

By inserting the equations A2, A3 and A4 into the Eq. A1, we get: 
 

𝑑!𝑁
𝑑𝑥! -β

𝑑𝑁
𝑑𝑥 +	φχN	=	0. 

(A5) 

 
Equation A5 is a homogeneous ordinary differential equation with constant 

coefficients whose solution is given below:  

 

𝑁(𝑥) = 𝐴"𝑒𝑥𝑝 <𝑥
=𝛽 + ?𝛽! − 4𝜑𝜒B

2 D + 𝐴!𝑒𝑥𝑝 <𝑥
=𝛽 − ?𝛽! − 4𝜑𝜒B

2 D, (A6) 

 

where A1 e A2 are constants. Eq. A6 can be rewritten as follows: 

 

N(x) = A1exp(D1x)+ A2exp(D2x). (A7) 

 

The parameters D1 and D2 are shown below: 

 

𝐷"=
𝛽
2 +F-

𝛽
2.

!

− 𝜑𝜒 

(A8) 

𝐷!=
𝛽
2 −

F-
𝛽
2.

!

− 𝜑𝜒. 

 

The first derivative of N with respect to x is: 

 

#$
#%
=	𝐴"𝐷"𝑒𝑥𝑝(𝐷"𝑥)+𝐴!𝐷!𝑒𝑥𝑝(𝐷!𝑥). (A9) 

 
Substituting Equations A7 and A9 into the Equation A2 leads to: 

 

𝑛(𝑥) = 	− "
&
× '!(!)%*((!%)+'"(")%*(("%)

'!)%*((!%)+'")%*(("%)
. (A10) 

 



The boundary condition is that at the front contact (x = 0), n is zero. Hence, 

Equation A10 leads to: 

𝐴! = −𝐴! -
𝐷"
𝐷!
. . (A11) 

 

Consequently, Equation A10 can be expressed as follows: 

 

𝑛(𝑥) = 	−
1
𝜑 ×

𝑒𝑥𝑝(𝐷"𝑥)-𝑒𝑥𝑝(𝐷!𝑥)
"
(!
𝑒𝑥𝑝(𝐷"𝑥)-

"
("
𝑒𝑥𝑝(𝐷!𝑥)

. (A12) 

 

By inserting the terms D1 and D2 (Eq. A8) into the Eq. A12, we get: 

 

𝑛(𝑥) = 	−
1
𝜑 ×

𝑒𝑥𝑝=𝑗√𝐴𝑥B-𝑒𝑥𝑝=−𝑗√𝐴𝑥B
"

#
"./√'
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#
"1/√'
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. (A13) 

 

Where A = 𝜑𝜒 − J2
!
K
!
, and j is the imaginary unit. From this definition, one can 

see that A is proportional to difference between the generation and recombination rates, 

which means that A ≥ 0. From Euler's formula 𝑒𝑥𝑝(𝑗𝜗) − 𝑒𝑥𝑝(−𝑗𝜗) = 2 sin(𝑗𝜗), 

equation A13 is rewritten as follows:  

 

𝑛(𝑥) = 	−
1
2𝜑

×
𝑗 sin0√𝐴𝑥3 (𝛽! + 4𝐴)

"
!
7exp0𝑗√𝐴𝑥3 - exp0−𝑗√𝐴𝑥3< − 𝑗√𝐴7exp0𝑗√𝐴𝑥3+exp0−𝑗√𝐴𝑥3<

. (A14) 

 

Again, from Euler's formula 𝑒𝑥𝑝(𝑗𝜗) + 𝑒𝑥𝑝(−𝑗𝜗) = 2 cos(𝑗𝜗), Eq. A14 

becomes the following: 

 

𝑛(𝑥) = 	−
1
2𝜑 ×

𝑗 sin=√𝐴𝑥B (𝛽! + 4𝐴)
𝛽𝑗 sin=√𝐴𝑥B -2𝑗√𝐴 cos=√𝐴𝑥B

. (A15) 

 



Dividing the numerator and the denominator of the Eq. B15 by -jsin(√A x) and 

since 𝛽! + 4𝐴 is equal to 4φχ , we get: 

𝑛(𝑥) = 	
2𝜒

-𝛽 + 2√𝐴 cot=√𝐴𝑥B
 (A16) 

 
In most interesting cases, the product √𝐴 𝑥	cot=√𝐴𝑥B for x ϵ [0, L] is very close 

to 1. When this limit is valid, the cotangent in the Eq. A16 can be replaced by its first 

Taylor expansion term (√A x)-1, which finally results in: 

 

𝑛(𝑥) = 	
2𝐺𝑃𝑥

2µF + (1 − 𝑃)𝛾3𝐶𝑥
. (A17) 

 

This approximation is quite plausible when the extraction rate is much higher 

than the recombination one. In the point of view of the transport, such picture 

corresponds to high charge carrier mobilities, high electrical field or high probability of 

the CT dissociation. As aforementioned, the hole density can be found by replacing n by 

C-p. The resulting equation for holes is then given below: 

 
𝑑𝑝
𝑑𝑥 = −𝜑𝑝! − 𝛽𝑝 − 𝜒	. (A18) 

 
The Equation A18 is solved by applying the same method for solving n. The 

boundary condition for holes is that p(L) = 0. The hole density is then given by the 

following equation. 

 

𝑝(𝑥) = 	
2𝐺𝑃(𝐿 − 𝑥)

2µF + (1 − 𝑃)𝛾3𝐶(𝐿 − 𝑥)
. (A19) 

 

The constant C is easily computed where n(x) is equal to p(x). In other words, 

C = 2n(L/2). After knowing it, the quantity A can be finally expressed as follows: 

𝐴 =
2
𝐿!

⎣
⎢
⎢
⎢
⎡

]1 +
𝜃4

J1 − 5
5$%
K
! − 1

⎦
⎥
⎥
⎥
⎤
, (A20) 

 



where,   

𝜃4 =
GPL4(1 − 𝑃)𝛾3

(μ𝑉67)2
. (A21) 

 

We write A as a function of the parameter θo presented in the main text. Eq. A20 

shows that in the short circuit, the smaller is θo the smaller is AL², meaning that the 

approximation √𝐴 𝑥	cot=√𝐴𝑥B ≈ 1 is challenged for larger θo. As we are interested in 

the maximum power point (FF point), we calculate what would be the maximum value 

for θo that still makes this approximation valid at this voltage point (Vmax). For instance, 

in a cell where the ratio Vmax/VOC (VOC is considered to be Vbi) is 0.75, θo would be 

around 10-1, yielding AL² around 1.2 and   √A L
2
cot J√A L

2
K ≈ 0.9. This means that we 

have an error of 10% in our approximation. It should be mentioned that this example is 

a realistic situation for typical OPV on its point of operation. However, even if θo >> 10-

1, the approximation √𝐴 𝑥	cot=√𝐴𝑥B ≈ 1 can still be valid, as suggested by the good 

agreement of measured FF and θo in Fig. 3, even for θo >> 10-1. This is because 

Eq. A20, which was used in the estimate above, was obtained using the very same 

approximation √𝐴 𝑥	cot=√𝐴𝑥B ≈ 1. If θo is large, Eq. A20 does not hold anymore and it 

is likely that large θo may still lead to √A L	≈	1. From the definition of A stated above, 

𝐴𝐿! can be expressed in terms of θo as follows: 

 

𝐴𝐿! =	
𝜃8

J1 − 5
5$%
K
! 01 −

(1 − 𝑃)𝛾3𝐶!

4𝐺𝑃 1 

 

This shows that for larger θo, when the maximum power point moves away from VOC so 

that the relevant range of V/Vbi is not much larger than ½, the first factor tends to 4θo, 

which is large. However, the term in square brackets is reduced, as for large θo charge 

extraction is poor and the recombination rate ((1 − 𝑃)𝛾3𝐶!) approaches the generation 

rate (GP), which may contribute to make AL2 still close to unit. To demonstrate that our 

model is still valid for large θo, we plot in Figure S1 a comparison between the J-V 

curve obtained from Eq 7 (using the approximation) for θo = 10, and that obtained 

numerically without making such approximation in Eq. A16. We see that the 

differences in the curves are not very significant, even for such a large value of θo, with 



which the approximation √𝐴𝑥 ∙ cot √𝐴𝑥 ≈ 1would fail completely if we used Eq. A20. 

This demonstrates that the approximation √𝐴𝑥 ∙ cot √𝐴𝑥 ≈ 1 is not as restrictive as 

estimated above, and may be still reasonable for θo ~ 10. 

 

 

Fig. S1 - Plot of simulated J-V curves for θo = 10 using Eq. 7 (solid line - with the approximation of 
√A L≈ 1) and with a numerically calculated solution of Eq. A16 (squares - without this approximation). 

 
B– Simulations 
 
 
 The Figure S2 shows a comparison between n(x) and p(x) profiles obtained from 

equations A17 and A19 and those numerically calculated by the approach used by 

Koster et al. [ref. 38 of the paper]. 

It can be seen that the analytical curve approaches the numerical one in the 

condition of high electrical field (short circuit condition). This approximation is still 

good in the maximum power region (Fig S2 (b)). In the open circuit condition 

(Fig S2 (c)), the analytical curves overestimated the numerical ones by almost one order 

of magnitude. This is essentially because in the numerical model, the diffusion is taken 

into account, leading to charge accumulation near the electrodes and depletion in the 

middle of the device. However, in the analytical model, VOC is a point where the internal 

electrical field is indeed zero, since the analytical model does not consider the diffusion 

current. This yields a nearly flat charge density within the active layer, which is higher 



than that in the simulation at the center of the device. It has to be mentioned that the 

validity of the analytical model is excellent in the middle of the device. This is expected 

since the effects of diffusion are more important near the electrodes. 

 
 

Fig. S2 - The data represent n(x) (red) and p(x) (blue) in short circuit (a), maximum power point (b) and 
open circuit (c), obtained from equations A17 and A19 (lines) and from numerical simulations (small 
circles). 

 

The numerical curves are obtained by adapting the Koster model [ref. 38 of the 

text], in which we make the motilities of both electrons and holes to be the same. The 

parameters used in the numerical and in the analytical models are displayed in the 

Table S1. 

 

Table S1- Summary of the parameters used to plot the curves shown in the Figure S2. 

Parameters Symbol Numerical model Analytical model 

HOMOdonor- LUMOacceptor Eg 1.05 eV - 

Electron mobility µn 2.5×10-3 cm² V-1s-1 3×10-3 cm² V-1s-1 

Hole mobility µp 2.5 ×10-3 cm² V-1s-1 3×10-3 cm² V-1s-1 

Exciton generation rate G 2.7×1021 cm-3s-1 2.7×1021 cm-3s-1 

Dissociation probability of the CT P 0.9 0.9 

Effective permissivity ε 3×10-13 F·cm-1 3×10-13 F·cm-1 

Thickness L 250 nm 250 nm 

 



The mobility obtained by the fitting with the analytical model is practically the 

same as that of the numerical model, which supports our approximations in using the 

analytical equation to analyze the data. In Figure S3 is displayed the constant C, being 

n(x) + p(x) = C as described in the main text.  

 

 
Fig. S3 - C = (n+p) as a function of position in three points of the curve Jph-V: JSC, FF and VOC. 

 

The behavior displayed in Fig. S3 shows from the simulations that indeed inside 

the device n(x) + p(x) is position independent, except very close to the electrodes. 

 

 

C- Fill Factor 

 
The fill factor, FF, is defined by the following equation: 

FF=
JmaxVmax

JSCVbi
. (C1) 

 

The Equations C2 and C3 give the current at maximum power point, Jmax at 

V = Vmax, and the short circuit current, JSC, respectively. Jmax and JSC are given 

respectively by, 



Jmax=
2𝑒𝐺𝑃𝐿 J1 − 5&'(

5$%
K
!

𝜃4
⎣
⎢
⎢
⎢
⎡
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Vbi
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2 -1

⎦
⎥
⎥
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⎤
 (C2) 

 

and 

𝐽;< =	
2𝑒𝐺𝑃𝐿(?1 + 𝜃4 − 1		)

𝜃4
 . (C3) 

 

By inserting the Equation C2 and C3 into the Equation C1, the fill factor is 

rewritten as follows: 

𝐹𝐹 =
J1 − 5&'(

5$%
K
!

=?1 + 𝜃4 − 1B
⎣
⎢
⎢
⎢
⎡

]1 +
θo

J1 − 5&'(
5$%

K
! − 1

⎦
⎥
⎥
⎥
⎤

×
Vmax
Vbi

. (C4) 

 

Now we need to relate Vmax to θo. At the maximum power point, the first 

derivative of the electrical power delivered by the cell is zero (Equation C5)  

 

𝑑=Jph × 𝑉B
𝑑𝑉 h

5&'(

= 0, (C5) 

 
which leads to, 

𝑑Jph
𝑑𝑉 h

5&'(

= −
Jph(𝑉=>%)
𝑉=>%

. (C6) 

 
By defining 𝑣 = 𝑉=>%/𝑉67 and 𝑋 = 1 + 𝜃4/(1 − 𝑣)!, equation C6 leads to: 

 

3𝑣 − 1
𝑣 = m

𝑋
1 + 𝑋 − √1 + 𝑋

n (C7) 

 

After some algebra, X is solved in terms of v resulting in, 

𝑋 =
(1 − 𝑣)!(3𝑣 − 1)

𝑣! − (3𝑣 − 1)(1 − 𝑣) 
(C8) 



 
and from the definition of X, Eq. C8 yields, 

𝜃4 =
(1 − 𝑣)?(3𝑣 − 1)

(2𝑣 − 1)! . (C9) 

 
Equation C9 gives the relationship between the parameter θo and the relative 

voltage at the maximum power, v.  

In Figure S4 is displayed a plot of θo for v varying from 0.5 to 1 using 

Equation C9. When θo is small, Vmax tends to be close to the Vbi, v ≈ 1. This situation 

corresponds to a very high FF. On the other hand, in a bad solar cell, the photocurrent 

curve would tend to a straight line and FF would be ≈ 0.25. In that case, Vmax is 

practically VOC/2, leading v ≈ 0.5. That is the situation for θo	> 10. 

 

Fig. S4 - The parameter θo as function of 𝑣 = Vmax
Vbi

. 

By inserting Eq. C9 into the square root on the numerator of Equation C4, the 

fill factor is then given by Equation C10, which is used to generate the curve shown in 

the main text.  

𝐹𝐹 =
v(1-v)3

(2v-1)o?1+ θo − 1p
. (C10) 

 

 

 



D - The parameter α 

 
The exponent α is obtained from the dependence of the short circuit current on 

the light intensity, I, as shown below: 

JSC ∝ 𝐼@. (D1) 

 

In order to get α, we take the first derivative of JSC with respect to I to get: 

𝛼 =
𝑑𝐽;<
𝑑𝐼

𝐼
𝐽;<

. (D2) 

 

In section C, JSC is also given explicitly as a function of θo, Equation C3. From 

the definition of θo, it is clear that θo	∝	I. Consequently, the first derivative of the Eq. C3 

with respect to I is: 

𝑑J;<
𝑑𝐼 =

1
2𝐶4

1
?1 + 𝜃4

𝜃4
𝐼 ,		 (D3) 

 

where Co is representing 2eGPL/θo, which is intensity-independent. By inserting Eq. D3 

and JSC (Eq. C3) into the Eq. D2, we obtain the relation between α and θo: 

α =
1

2 u1 − "
A)
=?1 + 𝜃4 − 1Bv

. (D4) 

When θo is small compared to 1, Eq. D4 tends to α = 1, as expected since JSC 

approaches the saturation current, Jsat	=	2eGPL. As θo increases, JSC tends to be sub-

linear dependent on intensity and the exponent is reduced. In the opposite limit, i.e, 

when θo >> 1, α tends to 0.5, as JSC becomes proportional to ?𝜃4. These limits 

distinguish the negligible recombination condition from strong recombination effects, 

respectively. It has to be mentioned that the derivation above considers α as an 

intensity-independent parameter, although its θo dependence shows that it varies 

gradually with intensity, as the recombination rate increases with light intensity. 
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