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Abstract 
In clinical trials, it may be of interest to take into account physical 

and emotional well-being of patients in addition to survival when com­
paring treatments. Quality-adjusted survival time has the advantage 
of incorporating information about both survival time and quality-of­
life. In this paper, we discuss the estimation of the expected value 
of the quality adjusted survival, baaed on multi-state models for the 
sojourn times in health states. A semi parametric and a parametric 
( exponential distribution) approaches are considered. A simulation 
study is presented to evaluate the performance of the proposed esti­
mator and the Jackknife resampling method is used to compute bias 
and variance of the estimator. 
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1 Introduction 

Clinical trials based on survival a.nalysis usually consider the comparison of 
treatments with respect to the survival time of patients. AP. drugs are im­
proved, such comparisons tend to result in similarity between treatments 
(usually the primary endpoints), so that comparisons related to secondary 

endpoints become more important. In this setting, the quality of life of pa­

tients is important when one wants to evaluate clinical therapies or compare 
different treatments. Because conventional models consider only the time 
until death or other event of interest, they become inappropriate in this set­

ting. 
The quality adjusted survival is a natural extension of the Q-TWiST 

( "Quality adjusted Time Without Symptoms of Disease and 'Toxicity of 
Treatment") methodology, developed by Gelber et al. (1989). 

The estimation of some quantities of interest has been already considered. 
Zhao and Tsiatis (1997) obtained an estimator of the survival distribution of 
quality adjusted lifetime, assuming independent censoring and using weighted 
estimating equations. They also showed that the estimator is asymptotically 
consistent and normally distributed, using the martingale theory. Later, 
Zhao and Tsiatis (1999) derived an estimator which is more efficient than 
the one proposed by Zhao and Tsiatis (1997). 

Zhao and Tsiatis {2001) proposed a method for comparing survival funo­

tions of quality-adjusted lifetime for two different treatments when there is 
right-censoring. Their test reduces to the usual log-rank test when there are 
only two states (perfect health and death) and the quality adjusted lifetime 
is the same es the survival time. They discwmed an extension for the case 
when there are G groups, but the properties of the estimator are still to be 
developed. 

Inferences about the mean quality adjusted lifetime µ = E(U) was dis­
cwmed by Zhao and Tsiatis (2000). They constructed a class of estimators 
asymptoticaJly equivalent to consistent asymptoticaJly normal estimators for 
the mean quality adjusted lifetime, based on the theory of influence functions 
Robins et al. (1994). When the data from a clinical study is collected at pe­
riodic intervals, the information is usually incomplete, which is a problem for 
the a.nalysis. 

Chen and Sen (2001) proposed an estimator of the expected. quality ad­
justed survival which can be applied to right and interval censored data. 
They showed the estimator is asymptoticaJly normal and considered cases 
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in which the transition of a patient's health status is not always observable. 
This is common when the clinical observations are ma.de on a periodic basis 
(e.g., monthly) and patients may experience more than one type of health 
status between two visits. 

In this paper we propose an estimator of the mean quality adjusted sur­
vival time using a multistate model (parametric and semi-parametric) for the 
sojourn times. In Section 2 we present the definition of the quality adjusted 
survival time and an expression for its expected value is obtained. In section 
3 it is described the parametric and semi-parametric model for the sojourn 
times. In section a simulation study is presented. 

2 Quality adjusted survival time 

We assume that there is an appropriate instrument to measure the quality 
of life and these measurements are available. The intuitive idea of quality 
adjusted survival time is very simple. We consider first that there is a finite 
number of health states and, at any instant of time, patients can be classified 
into one of these states. A coefficient, known as utility coefficient, is associ­
ated to each health state and, hopefully, it should reflect the quality of life of 
a given patient at each state. The coefficients must be in the interval [O, l], 
where 1 is associated to perfect health and zero is 8SSOCiated with death. 
Values of the utility coefficient close to zero should be associated with poor 
health states and values close to 1 should be associated with better health 
states. 

It is not an easy job to define the health states and the utility coefficient.a. 
Usually, the states and values of utility coefficient.s should be chosen by ~ 
cialized researchers based on the instrument.s UBed to measure the quality of 
life and prior experience. 

Once the states and utility coefficients are defined, the idea is to sum 
up the sojourn times spent by the patient in the health states multiplied by 
their respective utility coefficient.s, i.e., 

K 

U= I:q;T;, 
J=l 

where qi, ... , qx are the utility coefficients corresponding to the health states, 
K is the total number of states (excluding death) and T; is the sojourn time 
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in the state j. If there are only two states, one corresponding to perfect 
health and the other corresponding to death, and their utility coefficients are 
1 and 0, respectively, then the quality adjusted survival time reduces to the 

usual survival time. 
Formally, assume that there are n individuals under study a.nd consider 

that the health history of the i-th patient can be described by a process 

{¼(t), t ?: O}, where ¼(t) as.sume any of the K + 1 states belonging to 
the space state r = {O, 1, ... , K}. Suppose that the states 1, 2, ... , K are 
transient and the state O is absorbing, corresponding death, i.e., ¼(t) = 0 
implies V.(s) = 0 Vs ?: t. The usual survival time of the i-th individual is 
given by T;(t) = inf{t : ¼(t) = O}. Define also the function Q that maps 

the state space to a prespecified set of real numbers (the utility coefficients). 
Using this notation, the quality adjusted survival time is given by 

1T, 100 ui = 
0 

Q{¼(t)}dt = 
0 

Q{¼(t)}dt, i = 1, ... , n. (1) 

Note that this definition is more general than the intuitive sketch initially 
presented. The definition (1) allows, for example, that Q{·} be a continuous 
function of the health state and the quality adjusted survival time would be 
the area of the curve of the quality of life. One may also define the function 
Q as a function of both health state and time, i.e., consider the function 
Q{¼(t), t}, meaning that the quality of life associated to each state may 
change with time. However, this situation will be not considered in this 
paper. 

As it is usual in survival data, observations are subject to censoring. 
H one is working with quality adjusted survival time, the censoring adds 
a serious issue to the analysis. Usually, patients with poor quality of life 
tend to accumulate the quality adjusted survival time slowly and, because of 
that, they have smaller censoring times corresponding to the quality adjusted 
survival time. Therefore, as pointed out by Glasziou et al. (1990), small 
censoring times can be associated to poor quality of life, implying that the 
censoring has an informative pattern. Because of this, it is not possible to 
apply directly usual survival methodologies to analyze data related to quality 
adjusted survival time and it is necessary to develop new methodologies to 
estimate quantities of interest (mean, survival function, etc.) for the quality 
adjusted survival time. 

We assume there are K + 1 health states and it is known the instants 
when there is a change in the health state of each patient until he/she dies 
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or is censored. We also assume that a transient state can be visited more 
than once and denote by Tj"'> the sojourn time in the j-th visit to state k. 
Using this notation and considering that the quality of life is constant when 
patients are in each health state, the quality adjusted survival time can be 
written in the form 

U = fo00 

Q{V(t)}dt 

N1 N2 Nx 

=qi L Tj1> + <h L T,;'2> + ... + qK L zjK>' 
j=l j=l j=l 

where q,. is the coefficient associated with the k-th health state and where 
N1c is the number of entrances in state k, k = 1, 2, ... , K. 

It is usually of interest to estimate the mean quality-adjusted lifetime, 
which we denote by µ,q, usually for a. given vector of covariates Z: 

µq = E(UIZ) = E (100 

Q{V(t)}dt I z)' 
which can be expressed as follows 

µq = E(U I Z) 

=q1E [t,r.J1
> I z] +q2E [t,r.J2

> I z] +• .. +qxE [tr.Jx> I z] 
=q1E [ E (t,r.J1'1N1, Z) I Z l + .. · + qKE [ E (t r.JK>INK, Z) j Z l , 

(2) 

Expression (2) is general and can be applied in different situations. In 
this pa.per we a.re concerned with the estimation of µq when the sojourn 
times in each state a.re random variables assumed independent and identically 
distributed for a given vector of covariates Z. We also consider a competitive 
risk structure for the sojourn times in states, i.e., the observed sojourn time 
in state k is 
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where r}"'l ...... (ll is the time spent in state k until a transition to state l (which 
may not be observable) and Bc1cJ is the set of all states that can be reached 
from k. 

In order to simplify expression ~), note that it is necessary to compute 

the conditional expectation of r;t" given N,., the number of entrances in 
the state. For the states from which the absorbing state can be reached, for 
j = 1, ... , N1c - 1, it is known that, given N1c, the next state visited after 
½(le) is not the absorbing one. Therefore, the distribution of r;<1c) given N1e 
is the distribution of the minimum of all latent times zjlc)-+(IJ given that the 

time zj•>-(o) is greater than the minimum of the others. In others words, 

we have that r;<1cJ given N1c has the distribution of miniea<11l {rj"'l ...... (lJ} given 

that T}1c)-(o) > min1eB<•> {1tl-(I)}, where Bc1cJ = B(1c) \ {O}. In order to 

simplify the notation, we will denote by 1,r) the random variable with the 

dist 'b t· f · {,..,(1cJ-(1)} . ,..,(lcJ-(o) . {,..,(1cJ-<1J} 
same n u 10n o lillll/ea<•J 1 i given 1 i > mm,ea;•l 1 j' • 

For the last time the state is visited, the 'distribution of r;t) given N,. 
is givev by the distribution of minieB<•> {zj"')-+(I)} given that zj"')-+(ml > 
filllllea<;> {zj"'>-<1>} for m E Bc1c) \ Bc:J , where BC:> is the set of all states 
that can be visited when it is known that state k was visited for the last 
time. We will denote by Tk~"l the random variable with this distribution. 
The set of states in Bet) depends on the process considered, i.e., on both 
number of states and number of possible transitions in the process. If one 
consider, for example, a illness-death process, with three states, in which the 

~ death state can only be reached from the ill state, then Bet) contains only 
the absorbing state. 

With the assumption of identically distributed sojourn times in each state, 
(2) can be further simplified to 

µq = 'h [E(Ni I z)-1JE (711
> I z) +Q2 (E(N2 I Z)-1JE (712> I z) 

+ • • • +qK (E(NK I z)- l]E (T{' I z) 

+ E ( Tk~ I Z) + · · · + E ( T)t I Z) . (3) 

An estimator for µQ can be obtained by specifying a model for the sojourn 
times and substituting the unknown quantities in (3) by their estimators 
obtained. It will be shown later that all unknown quantities in (3) can be 
estimated based on the model for the sojourn times. 
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Expression {3) can be further simplified with additional 8SffilIIlptions on 
the model for the sojourn times. In order to simplify (3), suppose that the 
latent random variables Tj")-+(l) for l E B(li:) have proportional hazards, i.e., 

the hazard function associated to Tj")-+(l) is given by 

ok,1(t) = oo.(t)e"fiz, 

l E B(k), where ao.(t) is the baseline hazard function. 
When this assumption is valid, it can be that Tj"> and Tk~k) are identically 

distributed. Therefore, the mean quality adjusted survival can be expressed 
as 

JJ,q =q1 [E(N1 I Z)] E (Tf1> I z) + q1 [E(N2 I Z)] E ( r?> I z) + 

.. • +qK [E(NK I Z)]E (rfK> I z). 
Two different approaches are considered for the model of the sojourn 

times: parametric and semi parametric models. 

3 Model for the sojourn times 
Usual survival models can be applied and all the results concerning the 
asymptotic distribution of estimators can also be used. Time independent 
covariates can be included easily and the mea.n quality adjusted survival time 
is obtained for fixed values of the covariates. In the following we consider a 
semi parametric approach, based on Dabrowska et al. {1994) and Cox (1972), 
and also a parametric approach, based on the exponential distribution. In 
the two approaches, we assume data is subject to right censoring, with non­
informative censorship in the chronological time scale. 

3.1 Semi-parametric Model 

The semi-parametric model developed by Dabrowska et al. (1994) can be 
directly applied here. Details of this model can be found in the paper by 
Dabrowska et al. (1994). 

Denote by O = 'To < r1 < 'T2 < 'T3 < · · · the instants of entrance in states 
Vo, Vi,½, Va, ... , respectively. It is assumed that the process is a Markov 
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renewal process, i.e., 

P(rn+l - 1'n ~ x, Vn+l = ilVo, To, Vi, 1'1, • • •, 'Tn, 1'n) 

= P('Tn+1 - Tn $ X, Vn+l = ilVn), 

In terms of counting processes, define 

and 

j,k = l, ... ,K. 

N;1c(t) = E /(1'n $ t, Vn-1 = j, Vn = k) 
N';?:.1 

N(t) = E Np.(t), 
j,lc 

Note that N;1c(t) is counting the number of transitions from states j to 
k and N(t) is the observed total number of transitions. Define also the so 
called backwards recurrence time, given by L(t) = t - Tfe(t-)• It is assumed 
that the intensities are calculated with respect to the history or filtration :F, 
generated by the counting processes N;1c(t) and the information available at 
t=O. 

Under the Cox proportional hazards assumption, the process {N;,.(t) : 
t e [0,TJ,j,k :5 K} is determined by the intensity 

A;1c(dt) =I [V(r) = i] a;1c (L(t); Z;1c) 

=I [V(r) = i] OoJ (L(t)) efJ7'zJ•<L<tHdt, 

where Z;1c(L(t)) is a vector of covariates, V(t-) denotes the state of the 
observation at r and O:oJ is the baseline hazard function corresponding to 
the state j. Notice we are assuming that the intensities associated with the 
processes N;,.(t) have proportional hazards. 

The partial likelihood and score vector can be written in terms of the 
counting process associated to the sojourn times. In order to define the 
modified counting processes, it is necessary to create stopping times variables 
Un, n 2: 1 given by 

• Un = 'Tn-tl if 1"n, 1'n+l, Vn and Vn+l are known; 

• Tn < Un < 1'n+l if Vn is known, Vn+1 is unknown and Tn+1 -'Tn > Un-Tni 

• Un= Tn if no information is available on 1'n+l - r11 , Vn and Vn+l• 
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The counting processes &<lSOciated with the sojourn times are then given 
by 

N;1i:(x) =LI ( Tn+l - Tn $ X, V,. = j, Vn+l = k, Un = Tn+I), 

which counts the number of observed transitions from state j to state k with 
a sojourn time in state j less or equal to x, and 

Y;(x) = LI(rn+l -Tn ~ x, Vn =j, Un -Tn ~ x), 
n,?0 

which counts the number of times the patient was in state j for a sojourn 
time greater than x. 

The partial log-likelihood can be written as 

where 
sJ°>cx,/3) = I:sJ~>cx,{3), 

k 

N;i.,i(x) and Y;,i(x) are replications of N;k(x) a.nd Y;(x) for the i-th subject. 
The partial likelihood estimator fJ iB the solution of U(/3, r) = O, where 
U(/3, r) is the usual score vector. Dabrowska et al. {1994) shoJIS that the 
usual normal asymptotic approximation for the distribution of /3 holds. 

The baseline cumulative hazard ca.n be estimated by 

and, given the proportional hazards assumption, the survival function of 
T<J)-(k) is 

~Tz 

S1,.(xlZ) = [e-Ao.;•<20>] 
Recall that it is needed to estimate E(TWIZ) in expression (3). Using 

the independence assumption among the latent times, the estimated survival 
function of T<J) = minA:eBw {T<Jl-(k)} is given by 

S;(xlZ) = IJ 5';1:(xlZ) 
i:EBu) 
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and, finally, 

E(TWIZ) = f S;(xlZ)dx. 

3.2 Parametric Model 

Let us now consider that he sojourn times are independent random variables 

and identically distributed for a given vector of covariates with a known 
proportional hazards distribution (Weibull or exponential), in a competing 

risks framework. For the i-th realization of the process, denote by O = r10 < 
Tu < 7"i2 < Ti3 < ... the instants of entrance in states V10, Vji, vi2, vi3, ... , 
respectively. Also let Z1 be a vector of time independent covariates associated 

with the i-th observation. 
Using arguments similar to those presented by Kalbfleisch and Prentice 

(2002), one can conclude that the contribution of an observation (patient) to 
the likelihood function is given by 

Li(/3) = II { [ II (a;1c(Ti,n+1 - T,,ni Z,))~:>] X 

n lcEBj 

[ 1
(C,l\.,-,,,.+1)-r,,,. ~ ] }/(V.n"'i) 

exp - ~ a;t(u;Z)du , 
O IEBj 

where 
6~1c) = { 1, if ½cn+l) = k and 6i = 1 
"' o, otherwise, 

6, is an indicator variable and equals 1 if the absorbing state is reached by 

the patient and O if the observation is censored before reaching the absorbing 

state and Ci is the censoring time (C, = oo if 6, = 1). 

Consider an exponential model with hazards 

a;1,( u; Z) = exp {.8TZ.;1,} , 

where Z..;t is the vector Zi properly rearranged so that the vector of param­

eters .8 contains all parameters of each specific tra.nsition. The log-likelihood 

under this model is 

i(.8) = L ~ [[ (.8TZ,.;1cdM.;k(u)) - eP7°Z.J• [Y..;(u)du]. 
i le,/ 0 0 



Maximum likelihood estimators are obtained by maximizing this log-likelihood 
and asymptotic results for parametric models are valid in this situation: 

ri:j.2(J - /Jo) -E.. N (o, E(/Jo)-1
), 

and E(.Bo) can be consistently estimated by ~ 1 I(/j), where I(/3) = -::OCffe 
is the observed information matrix. 

4 Expected Number of Entrances in Each State 
In order to compute (3), we also need the estimation of E(Nt), based on the 
model for the sojourn times. Consider initially the situation with 3 states, 
as illustrated in Figure 1. 

ID--{;J 
~ 

Figure 1: Three state process 

Define the binary variables 

M = { 1, if state A was visited at least m times; 
A,m 0, if the absorbing state was reached before, 

m ~ 1. In this case, NA = Em MA,m• H P(MA,1 = 1) = 1, then Na = NA 
and 

P(M,t,2 = 1) =P(A-+ B-+ A)= 100 

aa.4.(u) (Sa.4.(u)Sso(u)) du= p 

P(MA.m = 1) =P(A-+ B-+ A-+ B-+ A···-+ A) 

= f o:8 ,t(u) (Sa,t(u)Sao(u)) du x · · · 

x 100 

O:a,t(u) (Sa,t(u)SBO{u)) du= pm-l, 
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where a8A(u) is the hazard function of the transition B --+ A, SB,1(u) a.nd 

S80(u) are the corresponding survival functions. It follows that 

where p = fa°° o:sA(u)SsA(u)SBO(u)du. 
More generally, consider the situation with K transient states. Analogous 

to the easier case already presented, define 

M _ { 1, if state k was visited at leastm times; 
k,m - 0, if the absorbing state was reached before. 

As before, we have that Nt = Em M1c,m, E(N,.) = Em E(M1c,m) = 
Em P( M1cm = 1) and the probability that a transition from k to k' occUIS is 

• Pklt:' = 100 

al:lt:'(u) (rr S,.,,(u)) du. 
O IEB~ 

Based on these probabilities, a transition matrix P with element.s Pw can 
be constructed. Assuming that all patient.s enter in the study in the same 

health state, it is possible to compute the probability /u of reaching k for 

the first time, given by the sum of the probabilities of reaching k in one, two, 
three, ... steps. Denote by J!:> the probability of going from k to k in n 
steps, which can also be computed based on the transition matrix P, and let 

00 

J,.,.= I:1!:> 
n=O 

be the probability of returning to k from k. 
We have that P(M1c1 = 1) = Ju. and P(M1ma = 1) = fit (Atr-•, m = 

1, 2, .... Therefore, 

If it is not easy to compute J,.,. for some reason, there is another way of 

computing the expected number of entrances in ea.ch state. For a single 
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realization of the processes, define the variables Wn = 1, 2, ... , K indicating 
the state after the n-th transition. Note that N,. = :E:.1 I(Wn = k), k = 
1, ... , K and, assuming that all patients enter the study in the same health 
state, 

00 

E(N1c) = I:)<">(Eo, k), 

k = 1, ... , K, where p(n)(Eo, k) is the probability of being in state k after n 
steps from the initial state Eo Hoel et al. (1972). This probability can be 
computed using the transition probability matrix P. 

The easiest way of computing the expected number of entrances in ea.ch 
state depends on the process considered. Consider the case in which the ab­
sorbing state can be reached from all transient states, i.e, P;o > 0 Vj. In this 
situation, it can be obtained easily based on the eigenvalues ad eigenvectors 
of the matrix P. Since P is a stochastic matrix, it is clear that ,\ = 1 is 
an eigenvalue of P. Define the matrix Q given by the matrix P with the 
first row and column deleted. If there a.re k transient states, then P is a 
(k + 1) x (k + 1) matrix and Q has dimensions k x k. Also, the sum of row 
elements of Q is less than 1 because we a.re assuming that P;o > 0, Vj. In 
this situation, it can be shown that all eigenvalues of Q are less than unity 
in absolute value. 

It is also important to verify that the probabilities p(n){i, i), i = 1, ... , k 
can be obtained based on the reduced matrix Q for the matrix P considered 
here. This is true because the first row of P has the first element equal to 1 
and all others equal to zero. The two step probability transition matrix is 

( 

1 0 

p X p = qio 
: QxQ 

q:0 
By the spectral decomposition of Q, we have 

Q=unu-1
, 

where D = diagpi, ... , A,1:} and U is the matrix formed by the eigenvectors 
of Q. Then-th step transition probability matrix is 

Q(n) = Q X Q ... X Q = lJD(n)u-1, 
~ 

n times 
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since u-1u = I. Therefore, 

t Q(n) = tun<n>u-1 = u (tn(n)) u-1. 

If all eigenvalues of Q a.re less than 1, then 

00 

En<n> = c1-nr1-1 
n-1 

and 
00 

E Q(n) = u ((1-nr1 -I) u-1. 

The expected number of entrances in a state is the corresponding element of 
the diagonal of the above matrix. 

It is clear that the expected number of entrances in each state can be 
expressed in terms of quantities of the model for the sojourn times. The 

quantities /,c1c and /u depend on the baseline hazard functions of the model 
for the sojourn times. 

5 Three state process 

We present here, in details, the estimator of the mean quality adjusted sur­
vival time in the situation in Figure 1, with only three states (two transient 
and one absorbing). The mean quality adjusted survival time (2) in these 
situations, given a vector of covariates Z, is 

µq = qAE [f zjA> I z] + qsE [f zj8 > I z] 
J•l J=l 

=OAE [E (tr,•>1N.,z)I z] +qsE [E@r,silNs,Z )lz] (4) 

By the competitive risk structure for the sojourn times in state B, we 

have 
,ne(B) _ mm· {,,.l'B) ..... (A) ,,.l'B) ..... (O)} 
.1.i - 'lj' ,:lj , 
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where O denotes the absorbing state. It is not necessary to assume a com­
petitive risk structure for the sojourn time in state A because from this state 
it is not possible to reach the absorbing state from A. 

We now assume that r(Al, r(B)-CA) and r(B)-(o) are independent random 
J , ' 

variables for all j. Accor~ to Section 2, it is needed to compute the 
conditional expectation of ½ ) , given the number of entrances in state B, 
that is the distribution of 

for j = 1, ... , NB - 1 and of 

Recall that we denote by rJ8l the random variable with same distribution 
as 

. {Tcs)-<A) Tcs)-co)}ITcsi-coi > Tcs>-<A> db rt<B> th d . mm ; , ; ; ; an ,y Ns e ran om van-
able distributed 88 min{T(B)-+(A) r.B)-(O)}ITIB)-+(O) < rB)-(A) We con-

Ns ' Ns J J • 
sider two different situations: 8&'3uming that the sojourn times are expo-
nentially distributed and assuming a semi parametric proportional hazards 
model for the sojourn times. In both situations, it is assumed tha the la,­
tent times in each health state have proportional hazards, so that the mean 
quality-adjusted survival (4) can be expressed 88 

µq = qA [E(NAIZ)] E(T{A)IZ) + qs [E(NslZ)] E{rC8 llZ). 

Consider now the exponential assumption, i.e., assume that r}B)-+(A) and 

rjB)-+(O) are exponentially distributed with hazards respectively given by 
>.BA and ABO. 

It can be shown that zj8 > and rt<:> are both exponentially distributed 
with hazard given by Am1n1z = >.BAIZ+ Aso1z- Denoting by AAIZ the hazard 
associated with the sojourn times r?>, the mean quality adjusted survival 
time is 

In order to compute E(NAIZ) and E(NBIZ), notice that NA = Ns in 
the situation considered here. Using the results in Section 3, we have that 
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E(N,1IZ) = 1_!pz, where 

f () ABAIZ 
pz = AB..t1z(u)SBAIZ(u)SB01z u du= ). >. . 

o BAIZ+ BOIZ 

F inally, the expression for the mean quality adjusted survival for this 
situation is 

1 ABAIZ + ABOIZ 1 
µq = q,1----'----'-- + q9--. 

A,t!Z ABOIZ ABOIZ 
(5) 

The estimation of >.,11z, >.s,11z and ABOIZ can be done in the usual way. 
Assuming that for a single observation the sojourn times in each state are 
independent, the likelihood function for right censored data can be easily 

constructed as in Section 3.2 and maximum likelihood estimators can be 
obtained by maximizing the log-likelihood. An estimator of (5) is computed 
replacing the unknown quantities by its estimators. 

Consider the semi parametric approach, i.e., assume that T}8)-(A) and 

zj9 l-(O) are have haze.rd functions given by >.s...ttz(t) = >.o(t)eZT/JaA, and 
AB01z(t) = -'o(t)ezTi,so, respectively, where -'o is a baseline hazard function. 

It is important to notice tha we a.re assuming that T}8)-(A) and zjB)-+(O) 
have proportional hazards. With this assumption, it can be shown that 
zj8 > = min{zj8 l-(A), TJ9>-<0 l}IT}8)-(o) > zj8 >-(A) is distributed with haz-

ard given by >.min1z(t) = >.s...t1z(t) + >.so1z(t). Similarly, it can e.1so be shown 

that TkC:' is also distributed with hazard >.m1n1z(t) = ABA!z(t) + >.B01z(t). 
Denoting by >....t1z(t) the hazard 8880Ciated with the sojourn times T?>, the 
mean quality adjusted survival time is 

µq = q,t [E(N,tlZ)] E(rA>1z) + QB [E(NslZ)] E(T8 >1z). 
In order to compute E(NAIZ) and E(NBIZ), notice that N,t =- Ns in 

the situation considered here. Using the results in section 4, we have that 
E(NAIZ) = l-~iz' where 

[ 

eZTfJBA 
pz = >.sA1z(u)Sa...t1z(u)Sso(u}du = zTfJ zTfJ • 

o e BA +e BO 

Finally, the expression for the mean quality adjusted survival for this 
situation is 

ezTfJBA + eZTfJBO 
µq = eZTfJBo (qAE(rA>1z) + qsE(T8 >jz)). (6) 

16 



Estimators for f3aA and /3ao are obtained by fitting a semi parametric 
model, as described in Section 3.1. Assuming that for a single observation the 
sojourn times in each state are independent, the partial likelihood function for 
right censored data can be constructed as shown in Section 3.1 and estimators 
can be obtained by maximizing the partial log-likelihood. An estimator of 
(6) is obtained substituting the unknown quantities by its estimators. 

6 Simulation Study 

In this section, we conduct a simulation study in order to evaluate the per­
formance of the proposed estimator. We applied the Jackknife in order to 
compute the estimated variance and also the estimated bias of the proposed 
estimator. We consider the model shown in Figure 1, with two transient 
states and one absorbing state, and one binary covariate was included in the 
model. In the simulation, we assigned the value 1 for the covariate for half 
of the observations, so that each observation have a 50% cha.nee of being as­
signed the value 1 for the covariate. We assume that all observations are in 
the good health state in the beginning of the study. The sojourn times in state 
A are exponentially distributed with hazards equal to AA!.,= exp(2 + f3Ax), 
where x is the binary covariate, and the sojourn times in state B is the min­
imum of the time until a a transition to A, Tja>-C,..>, and the time until a 
transition to the absorbing state, rJB>-(o). r}B)-(A) and TJ8 >-<0> are expo­
nentially distributed with equal hazards, given by ABlz = exp (1 + /Jsx). In 
the results shown here, we also assumed that f3A = f3s. 

We consider data with 0%, 30% and 50% of censoring. An observation 
is considered censored if it is not known the instant in which it reaches the 
absorbing state; it is only known that the observation reaches the absorbing 
state after the censoring time. We consider a random censoring and the cen­
soring times are random variables exponentially distributed. The hazard of 
the censoring variable was computed so that the probability of an observa­
tion being censored equals the desired proportion of censoring. In order to 
do so, first notice that from (5) it is possible to obtain an expression for the 
expected survival time: 

1 ABAlz + Aso1z 1 
/J,z = ---'------'- + --. 

A,tlz Aso1z Aso1z 

Since the probability of x = 1 is 1/2, it is p<JS&ble to compute the mean 

17 



survival time: 
µ = (1/2)µ1 + (1/2)/Jo. 

For T and C independent exponentially distributed random variables, it is 
known that P( C > T) = ~ and AT = ,!. . Motivated by this results, the 
hazard of the censoring variable was considered to be 

Ac Pc 
= (1- Pc)µ' 

where Pc is the desired proportion of censored observations. The simulated 
data. showed that these approximations worked very well and the proportions 
of censored observations were very close to the desired ones. 

H no transition between two states is observed in a particular sample 
or data, it is not possible to estimate the parameters associated to that 
transition. In our simulation, it happened for heavy censoring rates and small 
sample size and we took those samples off and generated another sample, 
so that all parameters could be estimated in all samples used to compute 
the results. Actua.lly, we considered samples with at least two observed 
transitions from state A to B, B to A and B to 0, so that the Jackknife could 
be applied. In this simulation, the Jackknife was done removing all sojourn 
times observed in a patient, i.e., removing one patient at each jackknife 
sample. This can be viewed as a grouped Jackknife with different group 
sizes. 

We applied the parametric model with exponential distribution and also 
the semi parametric approach. Tables 1 and 2 show the simulations results 

·for the parametric model and sample sizes n = 30 and n = 200, respectively, 
based on 1000 simulations for ea.ch scenario. Tables 3 and 4 refer to simu­
lations results for the semi parametric model and sample sizes n = 30 and 
n = 200, also based on 1000 simulations. We assumed that the QOL scores 
for states A and B are 1 and 0.3, respectively. 

In general, the proposed estimator provides accurate estimates with light 
and moderate censoring rates, even with small sample sizes. It is clear that for 
light censoring our proposed estimator have small bias, but the bias increases 
when there is heavy censoring rate. The results for the parametric approach 
were in general better than the semi parametric, but it was expected since the 
data was simulated with exponential distribution. The Jackknifed estimator 
has smaller bias, but it is still biased when the rate of censoring is heavy. 
The Jackknife estimator for the variance of µq provides in general a very 

18 
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good approximations and also the delta method for the para.metric situation 
provided good results. For small samples sizes and heavy censoring rates, 
however, the Jackknife estimator of variance may overestimate the variance 
due to the fact that some jackknife samples (the original data with an ob­
servation deleted) do not have enough observed data on some transitions. 
Although all samples used had at least two observed transitions between 
states, some Jackknife samples had only one observed transition. 

7 Discussion 

In this paper, an estimator of the mean quality-adjusted survival time is pro­
posed, based on multi state models. It is especially useful when one wants 
to compare treatments or drugs using both quality-of-life and survival. The 
estimator allows the incorporation of covariates and it is very flexible since it 
can be obtained based on parametric and semi parametric models.Although 
only right censoring was considered, the extension for interval and left cen­
sored observations is straightforward. 

We assumed independence among sojourn times for a given patient. This 
assumption may not be appropriate and, although it may be reasonable as a 
first approximation, extension to a more general framework should be con­
sidered. A pOSBible solution could be to consider multi state models with 
frailty terms associated to the dependence among the sojourn times. The 
identically distributed asswnption of sojourn times given a vector of covari­
ates also may not be an appropriate assumption. For example, it may be 
reasonable to assume th.at the mean sojourn time spent in a state of good 
health decreases with chronological time and this trend should be included 
in the model. These issues are still to be developed. 

In conclusion, the proposed estimator allows the incorporation of quality­
of-life in addition to survival time in the a.nalysis of data. Despite the assump­
tions made, simulations results show th.at the estimator behaves properly and 
may be a very helpful tool for comparisons of treatments or drugs. 
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