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Abstract

In clinical trials, it may be of interest to take into account physical
and emotional well-being of patients in addition to survival when com-
paring treatments. Quality-adjusted survival time has the advantage
of incorporating information about both survival time and quality-of-
life. In this paper, we discuss the estimation of the expected value
of the quality adjusted survival, based on multi-state models for the
sojourn times in health states. A semi parametric and & parametric
{exponential distribution) approaches are considered. A simulation
study is presented to evaluate the performance of the proposed esti-
mator and the Jackknife resampling method is used to compute bias
and variance of the estimator.
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1 Introduction

Clinical trials based on survival analysis usually consider the comparison of
treatments with respect to the survival time of patients. As drugs are im-
proved, such comparisons tend to result in similarity between treatments
(usually the primary endpoints), so that comparisons related to secondary
endpoints become more important. In this setting, the quality of life of pa-
tients is important when one wants to evaluate clinical therapies or compare
different treatments. Because conventional models consider only the time
until death or other event of interest, they become inappropriate in this set-
ting.

The quality adjusted survival is a natural extension of the Q-TWiST
(“Quality adjusted Time Without Symptoms of Disease and Toxicity of
Treatment”) methodology, developed by Gelber et al. (1989).

The estimation of some quantities of interest has been already considered.
Zhao and Tsiatis (1997) obtained an estimator of the survival distribution of
quality adjusted lifetime, assuming independent censoring and using weighted
estimating equations. They also showed that the estimator is asymptotically
consistent and normally distributed, using the martingale theory. Later,
Zhao and Tsiatis (1999) derived an estimator which is more efficient than
the one proposed by Zhao and Tsiatis (1997).

Zhao and Tsiatis (2001) proposed a method for comparing survival func-
tions of quality-adjusted lifetime for two different treatments when there is
right-censoring. Their test reduces to the usual log-rank test when there are
only two states (perfect health and death) and the quality adjusted lifetime
is the same as the survival time. They discussed an extension for the case
when there are G groups, but the properties of the estimator are still to be
developed.

Inferences about the mean quality adjusted lifetime p = E(U) was dis-
cussed by Zhao and Tsiatis (2000). They constructed a class of estimators
asymptotically equivalent to consistent asymptotically normal estimators for
the mean quality adjusted lifetime, based on the theory of influence functions
Robins et al. (1994). When the data from a clinical study is collected at pe-
riodic intervals, the information is usually incomplete, which is a problem for
the analysis.

Chen and Sen (2001) proposed an estimator of the expected quality ad-
justed survival which can be applied to right and interval censored data.
They showed the estimator is asymptotically normal and considered cases
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in which the transition of a patient’s health status is not always observable.
This is common when the clinical observations are made on a periodic basis
(e.g., monthly) and patients may experience more than one type of health
status between two visits.

In this paper we propose an estimator of the mean quality adjusted sur-
vival time using a multistate model (parametric and semi-parametric) for the
sojourn times. In Section 2 we present the definition of the quality adjusted
survival time and an expression for its expected value is obtained. In section
3 it is described the parametric and semi-parametric model for the sojourn
times. In section a simulation study is presented.

2 Quality adjusted survival time

We assume that there is an appropriate instrument to measure the quality
of life and these measurements are available. The intuitive idea of quality
adjusted survival time is very simple. We consider first that there is a finite
number of health states and, at any instant of time, patients can be classified
into one of these states. A coefficient, known as utility coefficient, is associ-
ated to each health state and, hopefully, it should reflect the quality of life of
a given patient at each state. The coefficients must be in the interval [0, 1],
where 1 is associated to perfect health and zero is associated with death.
Values of the utility coefficient close to zero should be associated with poor
health states and values close to 1 should be associated with better health
states.
It is not an eagy job to define the health states and the utility coefficients.
Usually, the states and values of utility coefficients should be chosen by spe-
cialized researchers based on the instruments used to measure the quality of
life and prior experience.

Once the states and utility coefficients are defined, the idea is to sum
up the sojourn times spent by the patient in the health states multiplied by
their respective utility coefficients, i.e.,

K
U=> ¢T
j=1

where @, . . ., gx are the utility coefficients corresponding to the health states,
K is the total number of states (excluding death) and 7j is the sojourn time
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in the state j. If there are only two states, one corresponding to perfect
health and the other corresponding to death, and their utility coefficients are
1 and 0, respectively, then the quality adjusted survival time reduces to the
usual survival time.

Formally, assume that there are n individuals under study and consider
that the health history of the i-th patient can be described by a process
{Vi(£),t > 0}, where V(t) assume any of the K + 1 states belonging to
the space state I' = {0,1,...,K}. Suppose that the states 1,2,...,K are
transient and the state 0 is absorbing, corresponding death, i.e., Vi(t) = 0
implies V;(s) = 0 Vs > t. The usual survival time of the i-th individual is
given by T;(t) = inf{t : V;(t) = 0}. Define also the function Q that maps
the state space to a prespecified set of real numbers (the utility coefficients).
Using this notation, the quality adjusted survival time is given by

T 00
U= /0 QUVi(t)}dt = /o Qv i=1,....n. )

Note that this definition is more general than the intuitive sketch initially
presented. The definition (1) allows, for example, that Q{-} be a continuous
function of the health state and the quality adjusted survival time would be
the area of the curve of the quality of life. One may also define the function
Q a8 a function of both health state and time, i.e., consider the function
Q{Vi(t),t}, meaning that the quality of life associated to each state may
change with time. However, this situation will be not considered in this
paper.

As it is usual in survival data, observations are subject to censoring.
If one is working with quality adjusted survival time, the censoring adds
a serious issue to the analysis. Usually, patients with poor quality of life
tend to accumulate the quality adjusted survival time slowly and, because of
that, they have smaller censoring times corresponding to the quality adjusted
survival time. Therefore, as pointed out by Glasziou et al. (1990), small
censoring times can be associated to poor quality of life, implying that the
censoring has an informative pattern. Because of this, it is not possible to
apply directly usual survival methodologies to analyze data related to quality
adjusted survival time and it is necessary to develop new methodologies to
estimate quantities of interest (mean, survival function, ete.) for the quality
adjusted survival time.

We assume there are K + 1 health states and it is known the instants
when there is a change in the health state of each patient until he/she dies
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or is censored. We also assume that a transient state can be visited more
than once and denote by T;(") the sojourn time in the j-th visit to state k.
Using this notation and considering that the quality of life is constant when
patients are in each health state, the quality adjusted survival time can be
written in the form

{= <]
v=[" e
N Na " Ny
=) T+ TP +... +e > T,
j=1 j=1 j=1

where g is the coefficient associated with the k-th health state and where
N}, is the number of entrances in state k, k = 1,2,..., K.

It is usually of interest to estimate the mean quality-adjusted lifetime,
which we denote by ug, usually for a given vector of covariates Z:

vo=EWD) =E( [~ Qtvieaz),

which can be expressed as follows

1o =E(U | 2)
N Ny Nk
=qE [ZT}“) | Z] +¢E ZT,@ | Z] +---+gxE 21;{1() | Z]
j=1 i=1 j=1
Ny N
=qE [E (ZT}‘HNI,Z) | z] +---+gkE [E (Z :r}"’lNK,z) | zJ )
j=1 j=1

(2)

Expression (2) is general and can be applied in different situations. In
this paper we are concerned with the estimation of ug when the sojourn
times in each state are random variables assumed independent and identically
distributed for a given vector of covariates Z. We also consider a competitive
risk structure for the sojourn times in states, i.e., the observed sojourn time
in state k is ® (D)

7;® = min (1970},

le B,



where T~ i5 the time spent in state k until a transition to state ! (which
may not be observable) and By is the set of all states that can be reached
from k.

In order to simplify expression 82), note that it is necessary to compute
the conditional expectation of T' given N, the number of entrances in
the state. For the states from whlch the absorbing state can be reached, for
j=1,...,Ni —1, it is known that, given Ny, the next state vxsxted after
T' ®) i not the absorbing one. Therefore, the distribution of T' given N

is the distribution of the minimum of all latent times T(k) ® given that the
time Tm =0 45 greater than the minimum of the others In others words,
we have that T'( ) given N; has the distribution of mine B(,‘){T k)= (')} given
that T"’)"(o) > milepy, {T( 1=}, where % = Bey \ {0}. In order to
simplify the notation, we will denote by T( ) the random variable with the
same distribution of minep,,) {T(") ©} given T(k)"( ) > minep {T(k)"m}

For the last time the state is visited, the ‘distribution of TNE") given N,
is givev by the distribution of miniep,,, {T{" "} given that TV~ >
mingeges {T(")—'(')} for m € By \ Bfy) , where By, is the set of all states

that ca(.g be visited when it is known that state k was visited for the last

time. We will denote by Tf(. the random variable with this distribution.
The set of states in Bf, depends on the process considered, i.e., on both
number of states and number of possible transitions in the process. If one
consider, for example, a illness-death process, with three states, in which the
death state can only be reached from the ill state, then By) contains only
the absorbing state.

With the assumption of identically distributed sojourn times in each state,
(2) can be further simplified to

po=a (B 12) - UE (T 2) + @ [E(N: | 2) - 1E (T | 2)
+++ax [E(Nk | 2) - E (T} | Z)
+E(TH 1Z) +---+E (T} | 2). 3)

An estimator for g can be obtained by specifying a model for the sojourn
times and substituting the unknown quantities in (3) by their estimators
obtained. It will be shown later that all unknown quantities in (3) can be
estimated based on the model for the sojourn times.
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Expression (3) can be further simplified with additional assumptions on
the model for the sojourn times. In order to simplify (3), suppose that the
latent random variables T;"')—'(') for | € By have proportional hazards, i.e.,

the hazard function associated to TJ-(")“’(') is given by
ara(t) = a, ()eHZ,

[ € By, where ap, (t) is the baseline hazard function.

When this assumption is valid, it can be that TJ-(") and T;{,(:) are identically
distributed. Therefore, the mean quality adjusted survival can be expressed
as

pa =a [E(M | 2)]E (T 2) + 0 [E(N; | D)IE (T |Z) +
-+ qx [E(Nk | Z)]E (T | Z).

Two different approaches are considered for the model of the sojourn
times: parametric and semi parametric models.

3 Model for the sojourn times

Usual survival models can be applied and all the results concerning the
asymptotic distribution of estimators can also be used. Time independent
covariates can be included easily and the mean quality adjusted survival time
is obtained for fixed values of the covariates. In the following we consider a
semi parametric approach, based on Dabrowska et al. (1994) and Cox (1972),
and also a parametric approach, based on the exponential distribution. In
the two approaches, we assume data is subject to right censoring, with non-
informative censorship in the chronological time scale.

3.1 Semi-parametric Model

The semi-parametric model developed by Dabrowska et al. (1994) can be
directly applied here. Details of this model can be found in the paper by
Dabrowska et al. (1994).

Denote by 0 =19 < 7} < T2 < 73 < -+ the instants of entrance in states
Vo, V1, Va, V3, ... ., Tespectively. It is assumed that the process is a8 Markov



renewal process, i.e.,

P(Tn+1 —Tn S z, Vn+1 = JI%’ To, 1/la‘rh S0 -miTn)
= P(Tn-ﬂ T L2, Vou =.7|Vn)

In terms of counting processes, define

Nu(t) =Y Ira <t, Va1 =5, Vo= k)
N21

and _ e
N(@) =) Nalt),
Jik

hk=1,...,K.

Note that Ny (t) is counting the number of transitions from states j to
k and N(t) is the observed total number of transitions. Define also the so
called backwards recurrence time, given by L(t) = ¢t — 7). It is assumed
that the intensities are calculated with respect to the history or filtration ¥,
generated by the counting processes N;(t) and the information available at
t=0.

Under the Cox proportional hazards assumption, the process {Nj(t) :
t € [0,7],5,k < K} is determined by the intensity

Aje(de) =1 [V(t7) = 5] aju (L(t); Zs)
=I[V(t™) = ] a0 (L(t)) e 2Dz,

where Z;x(L(t)) is a vector of covariates, V(™) denotes the state of the
observation at £~ and ag; is the baseline hazard function corresponding to
the state j. Notice we are assuming that the intensities associated with the
processes N;x(t) have proportional hazards.

The partial likelihood and score vector can be written in terms of the
counting process associated to the sojourn times. In order to define the

modified counting processes, it is necessary to create stopping times variables
Un, n > 1 given by

o U, = myq1 if T, Tup1, Vi, and V4, are known;
o 1, < U, < Tpyq if V, is known, V4, is unknown and 71 —7 > U —Ta;

e U, = 1, if no information is available on Tp41 — Tn, V5 and V4.
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The counting processes associated with the sojourn times are then given
by
N.‘ik(z) = ZI(Tn+1 —Ta < z, Vn =7, Vn+l = k; Up = Tn+1) »
n20
which counts the number of observed transitions from state j to state k with
a sojourn time in state j less or equal to z, and

},_7(1) =ZI(Tﬂ+1 — Tn Zza‘,n=j:Un_Tn ZZ),
n>0
which counts the number of times the patient was in state j for a sojourn

time greater than z.
The partial log-likelihood can be written as

18) =102 28) = -5 [ [87200(2) - g (mS®(e. )] o),

i=1l jk

where

50, 8) = 59(z,8),
k

Njii(z) and Yj4(z) are replications of Njx(z) and Y;(z) for the i-th subject.
The partial likelihood estimator B is the solution of U (8,7) = 0, where
U(B, ) is the usual score vector. Dabrowska et al. (1994) shows that the
usual normal asymptotic approximation for the distribution of ﬂ holds.

The baseline cumulative hazard can be estimated by

dNjx;
dos) =35 [ Ll

and, given the proportional hazards assumption, the survival function of
T~k g .

T,

sjk(“lz) = [e‘&uh(z)]"‘

Recall that it is needed to estimate E(TU)|Z) in expression (3). Using
the independence assumption among the latent times, the estimated survival
function of TU) = mingep,,, {TY~®} is given by

5i(=z) = [] Sn(=l2)

k€B(;)
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and, finally, -
E(TY|Z) = / 3i(z|Z)dz.
0

3.2 Parametric Model

Let us now consider that he sojourn times are independent random variables
and identically distributed for a given vector of covariates with a known
proportional hazards distribution (Weibull or exponential), in a competing
risks framework. For the i-th realization of the process, denote by 0 = 7 <
Ty < T < Tis < ... the instants of entrance in states Vo, Vi1, Via, Vi, . .
respectively. Also let Z; be a vector of time independent covariates associated
with the i-th observation.

Using arguments similar to those presented by Kalbfleisch and Prentice
(2002), one can conclude that the contribution of an observation (patient) to
the likelihood function is given by

L) =]] { Lg‘ (2k(Tint1 = Timi Z.))" | x
" Z]
(c‘Afi,n+l )—'ri,n I(V"‘ =j)
exp | — / Z aji(u; Z;)du ,
0 leB;

where .
50 _ { 1, if Vi) =k and &=1
0 0, otherwise,
d; is an indicator variable and equals 1 if the absorbing state is reached by
the patient and 0 if the observation is censored before reaching the absorbing
state and C; is the censoring time (C; = oo if §; = 1).
Consider an exponential model with hazards

aji(u; Z;) = exp {ﬁTza‘,jk} )

where Z, ;. is the vector Z; properly rearranged so that the vector of param-
eters B contains all parameters of each specific transition. The log-likelihood
under this model is

£{(B) = Z; [ /(: (BT 2, 514Ny ji(u)) — & T /; Y; J-(u)du] .
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Maximum likelihood estimators are obtained by maximizing this log-likelihood
and asymptotic results for parametric models are valid in this situation:

(B - Bo) 2 N (0,2(60)7Y),

and Z(f) can be consistently estimated by n;'7(83), where I B)=-
is the observed information matrix.

8¢
op8p

4 Expected Number of Entrances in Each State

In order to compute (3), we also need the estimation of E(Ny), based on the
model for the sojourn times. Consider initially the situation with 3 states,
as illustrated in Figure 1.

Figure 1: Three state process

Define the binary variables

Mam =

il

1, if state A was visited at least m times;
0, if the absorbing state was reached before,

m > 1. In this case, Ny = Y, Mg pm. If P(My, = 1) = 1, then Ng = N,
and

P(Ma;=1)=P(A— B — A) = / " apa() (Ssa(u)Spo(w) du = p

P(MA,m=1)='P(A-—rB—)A—>B—>A---—+A)
= faBA(u) (Spa(u)Spo(u))du x ---

X /°° aBA(u) (SBA(u)SBo(u)) du = pm_l,
o
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where aps(u) is the hazard function of the transition B — A, Spa(u) and
Spo(u) are the corresponding survival functions. It follows that

B0 = S BMan) =1+ 5 =

m=2

where p = [;° apa(1)Spa(u)Spo(u)du.
More generally, consider the situation with K transient states. Analogous
to the easier case already presented, define

il 2 1, if state k was visited at leastm times;
B 0, if the absorbing state was reached before.

As before, we have that Ny = ¥, Mim, E(Ni) = Y E(Mym) =
3., P(Mim = 1) and the probability that a transition from k to k occurs is

P = / o (1) (H s,,,(u)) du.
i

€By

Based on these probabilities, a transition matrix P with elements pyy- can
be constructed. Assuming that all patients enter in the study in the same
health state, it is possible to compute the probability fix of reaching k for
the first time, given by the sum of the probabilities of reaching k in one, two,
three, ...steps. Denote by fkk the probability of going from k to k in n
steps, whlch can also be computed based on the transition matrix P, and let

Jir = Ef(")

be the probability of returning to k from k.
We have that P(M; = 1) = fy and P(Mp = 1) = fix (fie)™ ', m =
1,2,.... Therefore,

S
1— fue'

If it is not easy to compute fix for some reason, there is another way of
computing the expected number of entrances in each state. For a single

E(Ne) = fus E (fu)™ =
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realization of the processes, define the variables W,, = 1,2,..., K indicating
the state after the n-th transition. Note that N, = Y02 I(W,, = k), k =
1,..., K and, assuming that all patients enter the study in the same health
state,

o0
E(N) =Y p™(EBo, k),
n=1
k=1,...,K, where p™"(Ey, k) is the probability of being in state k after n
steps from the initial state Eo Hoel et al. (1972). This probability can be
computed using the transition probability matrix P.

The easiest way of computing the expected number of entrances in each
state depends on the process considered. Consider the case in which the ab-
sorbing state can be reached from all transient states, i.e, pjo > 0 V4. In this
situation, it can be obtained easily based on the eigenvalues ad eigenvectors
of the matrix P. Since P is a stochastic matrix, it is clear that A\ = 1 is
an eigenvalue of P. Define the matrix Q given by the matrix P with the
first row and column deleted. If there are k transient states, then P is a
(k+1) x (k+ 1) matrix and Q has dimensions k x k. Also, the sum of row
elements of Q is less than 1 because we are assuming that p;o > 0, V5. In
this situation, it can be shown that all eigenvalues of Q are less than unity
in absolute value.

It is also important to verify that the probabilities p™(3,i), i =1,...,k
can be obtained based on the reduced matrix Q for the matrix P considered
here. This is true because the first row of P has the first element equal to 1
and all others equal to zero. The two step probability transition matrix is

1 0 o 0
%o
PxP= .
1 QxQ
ko

By the spectral decomposition of Q, we have
Q=UDU,

where D = diag{A1, ..., As} and U is the matrix formed by the eigenvectors
of Q. The n-th step transition probability matrix is

™ = ...x Q=UDMU",
QW =Qx Qﬁm xQ
n es
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since U~1U = 1. Therefore,

i Q™ = f:UD(")U'l =U (f: D"") U

n=1 n=1 n=1

If all eigenvalues of Q are less than 1, then

f:n(") =(I-D)* -1

n=1

and -

Y QW =u(1-D)*-1)U

n=]
The expected number of entrances in a state is the corresponding element of
the diagonal of the above matrix.

It is clear that the expected number of entrances in each state can be
expressed in terms of quantities of the model for the sojourn times. The
quantities fix and fix depend on the baseline hazard functions of the model
for the sojourn times.

5 Three state process

We present here, in details, the estimator of the mean quality adjusted sur-
vival time in the situation in Figure 1, with only three states (two transient
and one absorbing). The mean quality adjusted survival time (2) in these
situations, given a vector of covariates Z, is

Na Ngp
po = 1E [Z 7 | Z] +45E [Z T | Z]

= quE [E (EA TNy, z) ’ z} +¢sE [E (f: TP |Ng, z) ‘ z] (4)
F=1 j=1

By the competitive risk structure for the sojourn times in state B, we

O (B) B)—(A B)—(0
T3® = min{T{F-~W (M~}
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where O denotes the absorbing state. It is not necessary to assume a com-
petitive risk structure for the sojourn time in state A because from this state
it is not possible to reach the absorbing state from A.

We now assume that Tj(A), TJ.(B)_'(A) and T,-(B)"'(o) are independent random
variables for all j. According to Section 2, it is needed to compute the
conditional expectation of T;' ), given the number of entrances in state B,
that is the distribution of

min{T{P)~®), TEO—OY (B~ 5, 7@~
forj=1,...,Ng—1 and of

min{T{E~®, TP-O B0 7B~
Recall that we denote by TJ-(B) the random variable with same distribution

as

min{fl"_,-(B)"'(A) , 7:1'(3)—.(0)”1}(3)—-(0) > Tj(B)—'(A) and by T;{,(: ) the random vari-
able distributed as min{T,ﬁ,?"(A),Tﬁ,g )—.(0)}|7-;g3)—»(o) < T;-(B)_’(A). We con-
sider two different situations: assuming that the sojourn times are expo-
nentially distributed and assuming a semi parametric proportional hazards
model for the sojourn times. In both situations, it is assumed tha the la-
tent times in each health state have proportional hazards, so that the mean

quality-adjusted survival (4) can be expressed as
pq = 44 [E(NA|Z)| E(TW|Z) + g5 [E(N3|Z)]| E(T®)|Z).

Consider now the exponential assumption, i.e., assume that TJ-(B)"(A) and
T;.(B)"(o) are exponentially distributed with hazards respectively given by
ABA and ABO

It can be shown that TJ-(B) and T;,(: ) are both exponentially distributed
with hazard given by Aminz = Apajz + ABojz- Denoting by A4z the hazard
associated with the sojourn times TJ-(A), the mean quality adjusted survival
time is
1

1
= NA|Z)) — + Nel|Z)| y—— 5 —
HQ =4a [E( al )] AAIZ 98 [E( BI )} ABA|z+/\BOIZ

In order to compute E(N4|Z) and E(Ng|Z), notice that Ny = Np in
the situation considered here. Using the results in Section 3, we have that
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E(NalZ) = L=, where

g /:n A az(4)Spaz(u)Spojz(u)du =

Finally, the expression for the mean quality adjusted survival for this
situation is

ABA|Z
ABaiz + ABojz

1 Apaz + Asojz 1
o =au )\A|z ABo|z +as ABojz’ (5)

The estimation of Az, Apajz and Apojz can be done in the usual way.
Assuming that for a single observation the sojourn times in each state are
independent, the likelihood function for right censored data can be easily
constructed as in Section 3.2 and maximum likelihood estimators can be
obtained by maximizing the log-likelihood. An estimator of (5) is computed
replacing the unknown quantities by its estimators.

Consider the semi parametric approach, i.e., assume that T(B)"'(A) and
T(B)"(o) are have hazard functions given by Apaz(t) = /\o(t)ezr"“ and
ABo|z(t) = Ao(t)ezr""o respectively, where g is a baseline hazard function.
It is important to notice tha we are assuming that T(B)"'(A) T(B)_'(o)
have proportlonal hazards. With this assumlgtlon, 1t can be shown that
TP min DB o Py ri=0 5 is distributed with haz-
a.rd given by ’\mmIZ(t) = ABAIZ(t) + Ago|z(t) Sumlarly, it can also be shown
that T4 is also distributed with hazard Amiajz(t) = Apapz(t) + ,\Bo,z(t)
Denotmg by Auyz(t) the hazard associated with the sojourn times Tj A the
mean quality adjusted survival time is

pq = 94 [E(NA|Z)] E(TW|Z) + ¢ [E(N5|Z)) E(T®)|Z).

In order to compute E(N4|Z) and E(Ng|Z), notice that Ny = Np in
the situation considered here. Using the results in section 4, we have that
E(N4|Z) = i, where

ezTﬂDA

Pz = [) '\BAIZ(U)SBAIZ(U)SBO(U)du = m-

Finally, the expression for the mean quality adjusted survival for this
situation is
L eZTﬂBA + ezrﬂao
Ho = eZ¥Pso

(aAE(T™)Z) + gsE(T*?|Z)) . (6)
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Estimators for g4 and fpo are obtained by fitting a semi parametric
model, as described in Section 3.1. Assuming that for a single observation the
sojourn times in each state are independent, the partial likelihood function for
right censored data can be constructed as shown in Section 3.1 and estimators
can be obtained by maximizing the partial log-likelihood. An estimator of
(6) is obtained substituting the unknown quantities by its estimators.

6 Simulation Study

In this section, we conduct a simulation study in order to evaluate the per-
formance of the proposed estimator. We applied the Jackknife in order to
compute the estimated variance and also the estimated bias of the proposed
estimator. We consider the model shown in Figure 1, with two transient
states and one absorbing state, and one binary covariate was included in the
model. In the simulation, we assigned the value 1 for the covariate for half
of the observations, so that each observation have a 50% chance of being as-
signed the value 1 for the covariate. We assume that all observations are in
the good health state in the beginning of the study. The sojourn times in state
A are exponentially distributed with hazards equal to A4 = exp (2 + Baz),
where z is the binary covariate, and the sojourn times in state B is the min-
imum of the time until & a transition to A, T{”™*, and the time until a
transition to the absorbing state, TJ-(B)'*(O). T;gB)"(A) and T;.(B)"(o) are expo-
nentially distributed with equal hazards, given by Ap); = exp (1 + 85z). In
the results shown here, we also assumed that 84 = 5.

We consider data with 0%, 30% and 50% of censoring. An observation
is considered censored if it is not known the instant in which it reaches the
absorbing state; it is only known that the observation reaches the absorbing
state after the censoring time. We consider a random censoring and the cen-
soring times are random variables exponentially distributed. The hazard of
the censoring variable was computed so that the probability of an observa-
tion being censored equals the desired proportion of censoring. In order to
do so, first notice that from (5) it is possible to obtain an expression for the
expected survival time:

_ 1 dpap+ ABOJz + 1
Aglz ABOjz ABOJx

Since the probability of z = 1 is 1/2, it is possible to compute the mean
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survival time:
B = (1/2)m +(1/2)po.
For T and C independent exponentially distributed random variables, it is
known that P(C > T') = ;\-c% and Ar = # Motivated by this results, the
hazard of the censoring variable was considered to be
Dc
o=
(1= pc)u’

where p, is the desired proportion of censored observations. The simulated
data showed that these approximations worked very well and the proportions
of censored observations were very close to the desired ones.

If no transition between two states is observed in a particular sample
or data, it is not possible to estimate the parameters associated to that
transition. In our simulation, it happened for heavy censoring rates and smail
sample size and we took those samples off and generated another sample,

so that all parameters could be estimated in all samples used to compute
the results. Actually, we considered samples with at least two observed

transitions from state A to B, B to A and B to 0, so that the Jackknife could
be applied. In this simulation, the Jackknife was done removing all sojourn
times observed in a patient, i.e., removing one patient at each jackknife
sample. This can be viewed as a grouped Jackknife with different group
sizes.

We applied the parametric model with exponential distribution and also
the semi parametric approach. Tables 1 and 2 show the simulations results
for the parametric model and sample sizes n = 30 and n = 200, respectively,
based on 1000 simulations for each scenario. Tables 3 and 4 refer to simu-
lations results for the semi parametric model and sample sizes n = 30 and
n = 200, also based on 1000 simulations. We assumed that the QOL scores
for states A and B are 1 and 0.3, respectively.

In general, the proposed estimator provides accurate estimates with light
and moderate censoring rates, even with small sample sizes. It is clear that for
light censoring our proposed estimator have small bias, but the bias increases
when there is heavy censoring rate. The results for the parametric approach
were in general better than the semi parametric, but it was expected since the
data was simulated with exponential distribution. The Jackknifed estimator
has smaller bias, but it is still biased when the rate of censoring is heavy.
The Jackknife estimator for the variance of fig provides in general a very
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good approximations and also the delta method for the parametric situation
provided good results. For small samples sizes and heavy censoring rates,
however, the Jackknife estimator of variance may overestimate the variance
due to the fact that some jackknife samples (the original data with an ob-
servation deleted) do not have enough observed data on some transitions.
Although all samples used had at least two observed transitions between
states, some Jackknife samples had only one observed transition.

7 Discussion

In this paper, an estimator of the mean quality-adjusted survival time is pro-
posed, based on multi state models. It is especially useful when one wants
to compare treatments or drugs using both quality-of-life and survival. The
estimator allows the incorporation of covariates and it is very flexible since it
can be obtained based on parametric and semi parametric models.Although
only right censoring was considered, the extension for interval and left cen-
sored observations is straightforward.

We assumed independence among sojourn times for a given patient. This
assumption may not be appropriate and, although it may be reasonable as a
first approximation, extension to a more general framework should be con-
sidered. A possible solution could be to consider multi state models with
frailty terms associated to the dependence among the sojourn times. The
identically distributed assumption of sojourn times given a vector of covari-
ates also may not be an appropriate assumption. For example, it may be
reasonable to assume that the mean sojourn time spent in a state of good
health decreases with chronological time and this trend should be included
in the model. These issues are still to be developed.

In conclusion, the proposed estimator allows the incorporation of quality-
of-life in addition to survival time in the analysis of data. Despite the assump-
tions made, simulations results show that the estimator behaves properly and
may be a very helpful tool for comparisons of treatments or drugs.
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