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Abstract. Let E and F be Banach spaces. We present some results
about the topology induced on E by the strong operator topology on the space
L(L(E, F), F) of continuous linear operators from L(E, F) into F, and study sev-
eral classes of homogeneous polynomials from F into I’ enjoying different types
of wegr continuity.

1. Introduction

Throughout this paper, unless when stated otherwise, £ and F' will be
complex Banach spaces. As usual, L(FE, F) will denote the space of con-
tinuous operators from E into F'. The three most commonly considered
topologies on L(E, F') are the uniform operator topology, the strong opera-
tor topology (SOT) and the weak operator topology ( WOT). The uniform
operator topology is the metric topology of L(E, F') induced by its operator
norm

IT|| = sup ||T(x)| forall T € L(E,F).
llell<1

It is well known that L(E, F') is a Banach space when endowed with the uni-
form operator topology. From now on, unless when said explicitly the con-
trary, we will denote by L(FE, F') the Banach space (L(E, F),| - |). If F = C,
we will write £’ instead of L(F,C) and E” instead of L(E’,C). The strong
operator topology of L(E, F) is the locally convex topology defined by the
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family of semi-norms {p, : * € E} where, for each z € E, p,(T) := ||T(x)||
for all T € L(E, F) and the weak operator topology of L(E, F') is the locally
convex topology defined by the family of semi-norms {q, - : z € E, y* € F'}
where, for each (z,y*) € E x F', ¢y 4-(T) := |y* o T'(z)| for all T € L(E, F).

In particular, the space L(L(FE,F),F) of continuous operators from
L(E,F) into F will be denoted by Ggp. If (T,),en C Ggp and T € Ggp

we have that 7, 223 T in Gpp (i.e. (T,) converges to T in (Ggp,SOT)) if

(T, —T)(p)|]| = 0 for all ¢ € L(E,F) and T, WOL'T in G (i.e. (T}) con-
verges to T in (Gpp, WOT)) if |y* o (T, —T)(p)| — 0 for all p € L(E, F) and
for all y* € F'. As it is well known that (L(E, F'), WOT)' = (L(E, F),SOT)’
for all Banach spaces E and F, we have (Ggpp, WOT)' = (Ggp,SOT)" and
consequently the WOT-closure AWOT of A coincides with the SOT-closure
ASOT of A whenever A is a convex subset of Ggp.

Note that Ggp is a Banach space when endowed with the usual operator
norm. Throughout we will write just Ggr to denote the space Ggppr endowed
with the uniform operator topology and, as usual, we will write (Ggp,T) to
denote the vector space Ggr endowed with any other topology .

The space Ggr was considered by Zalduendo in [17]. He identi-
fied ¥ with a closed subspace of Ggg via the isometric monomorphism
a: E — Ggr given by a(x)(¢) := ¢(x) for all z € E and for all ¢ € L(E, F)
and showed that every element f € Hy(E, F) has an extension f € Hy(Ggr, F)
(where, as usual, H,(E,F) denotes the space of holomorphic mappings
from E into F' which are bounded on bounded sets). Note that, in the
case ' = C, we have Ggr = E” and Zalduendo’s extension coincides with
that of Aron and Berner (see [5]). It is well known that Hy(E, F') with
the usual topology of uniform convergence on bounded subsets of E (de-
noted by 7;) is a Fréchet algebra whenever F' is a Banach algebra. We
note that we assume that our Fréchet algebras (and, consequently, the Ba-
nach algebras) are always complex, unital and commutative. The spectrum
of Hy(E, F), that is, the set of non-zero continuous homomorphisms from
Hy(E,F) into C, was studied in [6] for F' = C and in [15] for uniform Ba-
nach algebras F. In both cases, the spectrum was characterised when the
space of the weakly continuous n-homogeneous polynomials from F into F'
is dense in the space P("FE, F) of continuous n-homogeneous polynomials
from FE into F for very n. In this situation, the Aron Berner extension of the
elements of P("E,F) to E” is multiplicative and the density in P("FE, F)
of the space of the weakly continuous n-homogeneous polynomials from E
into F' plays an important role. Aron and Prolla showed in [9] that an n-
homogeneous polynomial from E into F' is of finite type if and only if it
is weakly continuous. So, Pr("E,F') stands for the space of finite type n-
homogeneous polynomials from F into F or, equivalently, for the space of
weakly continuous n-homogeneous polynomials from FE into F'. Note that
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the presentation of the definition of P;("E, F') as the space of weakly con-
tinuous n-homogeneous polynomials suits better our goals in this paper.

In case F' = C, the relationship between the Arens regularity of E and
the analytic structure of the spectrum of Hy(E) has been studied in [7] but
difficulties have been encountered in working with vector valued mappings.
It seems more natural to consider the case when F' is a Banach algebra and
study the non-zero continuous homomorphisms from Hy(E, F') into the Ba-
nach algebra F' instead of the complex valued homomorphisms on Hy(E, F').
In this case Zalduendo’s extension from elements of Hy(FE, F') to elements
of Hy(GgF, F) will probably play the same role as the Aron Berner exten-
sion in the study of the spectrum of Hy(E, F). In [14], the set of non-zero
continuous homomorphisms from Hy(E, F') into F' (where F' is a Banach al-
gebra) was studied. It was shown that, in general, the set Ggpr does not
coincide with the set of non-zero continuous homomorphisms from Hy(E, F')
into F' and a subset Ugp of Ggpr was constructed on which the Zalduendo’s
extension is multiplicative. As a consequence this set coincides with the set
of non-zero continuous homomorphisms from Hy(FE, F') into F. The weak
operator topology on Ggr played an important role in [14].

Since E is a closed subspace of the Banach space Ggp via the linear
isometry defined by a(x)(¢) := ¢(z) for all x € E and for all ¢ € L(E, F),
we may consider the restriction to E of the strong operator topology on Ggr
and the restriction to E of the weak operator topology on Ggpr. It is easy
to verify that the weak operator topology always induces on E the weak
topology o(E, E"). But the restriction to E of the strong operator topology
on Ggr depends strongly on F. This topology, denoted by wgr, was con-
sidered for the first time in [13], under the hypothesis that F' is a Banach
algebra, in connection with the study of the space

k
P;("E, F) = {Zcpy where ¢1,..., 0, € L(E,F) and k € N}.
=1

At some stage we will need to provide the bidual F” of the Banach algebra F'
with a convenient product under which F” has a Banach algebra structure.
In 1951, A. Arens defined a natural product on the bidual A” of any Banach
algebra A which extends the original product considered on A and turns A"
into another Banach algebra (see [2—4] for the definition and basic results).
Since its definition, the Arens’ product has become a very useful tool in
studies related to the bidual of a Banach algebra.

In [13] it was also showed that the Aron-Berner extension of wgp-
continuous polynomials is wg»pr-continuous and also that it extends poly-
nomials in P¢("E, F') to polynomials in P¢("E”, F") where F" is endowed
with the Arens product.
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In the second section of this paper we are going to study the topology
wgr on E, motivated by the fact that this topology has played an impor-
tant role in the study of problems related to certain classes homogeneous
polynomials from F into F'. And in the third section we are going to study
several classes of homogeneous polynomials from F into F' enjoying different
types of wgp-continuity.

Throughout K(E,F) and Lys.(E, F) denote, respectively, the set of
compact (linear) operators from F into F' and the set of (linear) operators
from F into F' that take weakly convergent sequences into norm convergent
sequences. It is well known that ¢ € K(E, F) if and only if the restriction
of ¢ to each bounded subset of E is uniformly weakly continuous. Conse-
quently, K(E,F) C Lys(E, F).

Given any ¢ € K(FE,F), it is easy to verify that Goldstein’s Theorem
leads to the existence of a unique ¢ € L(E”, F') which is weak-star contin-
uous on the bounded subsets of E” and satisfies p|E = ¢. In particular, if
¢ € E' we have ¢(z) = z(¢p) for all z € E”. In order to be able to relate the
spaces E” and Ggr, we will be led to pay special attention to pairs of spaces
E and F for which the equality L(E, F) = K(FE, F) holds.

2. Properties of the topology wgr

Since E is a closed subspace of Ggp via the linear isometry defined
by a(z)(p) := ¢(z) for all z € E and for all ¢ € L(E, F'), we may consider
on F the topology wgrr defined as the restriction to F of the strong opera-
tor topology on Ggp. Clearly given a net (z,),ea C F and z € E we have
that 2, 225 = in E if ||¢(x, — x)|| — 0 for all ¢ € L(E, F).

As usual, the weak topology and the strong topology on E will be de-
noted, respectively, by o(FE,E’) and B(E, E’) and the weak star topology
on E” will be denoted by o(E”,E’). For simplicity, we will often write w
and w* instead of o(F,E’) and o(E", E), respectively. As FE is a Banach
space, the strong topology on F coincides with the topology of the norm. We
will indicate (z,),en converges to z in (E,o(E, E')) by #, — = and (z,),eA

converges to z in (E,3(E,E")) by =z, dHl

It is easy to verify that o(E,E') 2 wgp < f(E,E’) for all Banach
spaces F' and consequently, wgr is compatible with the dual pair (E,E"). Tt
is natural to look for pairs of Banach spaces E and F' such that wgp coin-
cides with some well-known topologies. Clearly we have wgpp = o(E, E’) in
the case when F' = C and wgpr = S(E, E’) in the case when F is a subspace
of F. But in general we may have o(E, E') # wgr # B(E, E’). Indeed, by
[13, Proposition 2.5] we have that wg, # S(E,E’) whenever E is a reflexive
infinite-dimensional Banach space. Our next result will show that, in fact,
o(E,E") # wgp whenever E and F are both infinite-dimensional Banach
spaces.
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PROPOSITION 2.1. Given any infinite-dimensional Banach space F', we
have that wgr coincides with the weak topology on E if and only if E is
finite-dimensional.

PRroOOF. First we claim that if £ and F' are infinite dimensional Banach
spaces, then there exists T' € L(FE, F) with infinite dimensional range. In-
deed, if F is an infinite dimensional Banach space, it is well known that F
contains a normalized Schauder basic sequence (x,,)0°; that is, E' contains

a closed infinite dimensional subspace X = [{z,, : n € N}| with a Schauder
basis (z,,)52, such that ||z,| =1 for every n € N. For each positive inte-
ger m, let ), be the mt-coordinate functional for (2r)0% . In particular,
z} (zy) = 1for all m € N and z7, (z,,) = 0 for all n,m € N such that n # m.
It is known that there exists a positive constant M satisfying

1 <||zpll lz5]| = ||z3|| < M for all n € N.

Note that, by the Hahn-Banach Theorem, we can associate to each z,
(m € N) a continuous linear extension of x}, to E whose norm coincides
with the norm of z},. For the sake of simplicity, let us denote this con-
tinuous linear extension by z}, as well. Now, take a linearly independent
sequence (b))% in F' with ||b,|| = 1 for all n € N and define T: E — F by

[e.9] 1 *

=2 ol

n=1
It is easy to check that T' € L(E, F') and, since clearly b, = T'(2"z,,) € T(E)
for all n € N, we have that T" has infinite dimensional range. This completes
the proof of our claim.

Now, suppose that wgp coincides with the weak topology on E (where

F is an arbitrary infinite dimensional Banach space). By definition of wgp,
we have that the mapping = € F — ||A(x)| € [0,00) is a wgp-continuous
seminorm in F for each A € L(E, F). Consequently, fixed A € L(E, F') ar-
bitrarily, our hypothesis leads to the existence of ¢1,..., ¢, € E' such that

{zeE:|pj@)|<lforall j=1,....k} C{z e E:|Ax)]|<1}.

Thus, ﬂ;?:l ker(y;) C ker(A) and consequently the range of A must be fi-
nite dimensional. Since A was chosen arbitrarily in L(E, F'), this means that
every element of L(FE,F) has finite dimensional range. But, by the above
proved claim, there exists T' € L(FE, F) with infinite dimensional range when-
ever ¥ and F are infinite dimensional Banach spaces. Hence, £ must be
finite dimensional whenever wgpr coincides with the weak topology on E.
The converse is trivial as all the locally convex topologies in a finite dimen-
sional space coincide. [
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REMARK 2.2. Given any ¢ € K(E,F), let ¢ € L(E",F) denote the
unique linear extension of ¢ to E” which is weak-star continuous on the
bounded subsets of E”. Clearly we have Il = |||l for all ¢ € L(E, F)
and, if F' is a Banach algebra, ¢ - @ZJ @ -1 for all ¢,9) € L(E,F). More-
over, given any ¢ € E’ and b € F, the mapping ¢ ® b € L(E, F') defined by
(p @ b)(z) = ()b satisfies p R b= @ b.

ProprosiTION 2.3. If L(E,F) = K(E, F), the mapping &: E" — Ggp
defined by a(2)(p) = @(z) for all z € E" and for all ¢ € L(E,F) is a con-
tinuous isomorphism between E" and the subspace &(E") of Ggr satisfying
the equality ||a| = |||

PROOF. It is clear that & is well defined and linear. Moreover, given
21,22 € E" such that z; # 29, there exists ¢ € E' such that 21(¢) # 22(¢)
and consequently if we take b € F'\ {O} we have that ¢ ® b € L(E, F) satis-
fies p ® b(zl) P(z1)-b# d(22) - b=0® b(zg) and so &(z1) # a(z2). Hence,
& is injective. Finally, the fact that for every z € E” we have ||a(2)|| =
supjj,( <1 [1P(2) || < ||z]| leads to the continuity of &: E” — G gr and to the in-
equality ||@|| < 1. Moreover, it is well known that ||a|| = 1 and, since clearly
the &|p = a, we have 1 = ||af| < ||@]| < 1 and consequently ||&|| = |laf|. O

REMARK 2.4. From the continuity of & we infer that &(B) is bounded
in Gpr whenever B is a bounded subset of E”.

From now on & will denote always the injective linear mapping defined
by @(2)(¢) = @(z) for all z € E” and for all p € L(E, F).
ProposITION 2.5. If L(E,F) = K(E, F), the mapping

a: E" — (Ggr,SOT)

is w*-continuous on the bounded subsets of E". Consequently, &(B) is SOT-
relatively compact whenever B is a bounded subset of E" or, equivalently,
« 1s compact.

PRrOOF. Fix arbitrarily a bounded subset B of E”. Take any z € B and
any net (z,),en C B such that z, — 2. Since, for every ¢ € L(E,F), ¢
is w*-continuous on the bounded subsets of E”, clearly ¢(z,) — ¢(z) for
every ¢ € L(E, F) and hence a(z,) 208 a(z). So, a: E" — (Ggp,SOT) is
w*-continuous on the bounded subsets of E”. The compactness of & follows

immediately from this continuity since the unit ball of E” is w*-compact.
O

We are now interested in obtaining examples of spaces ¥ and F' such that
wgr is metrizable on the bounded subsets of E or, equivalently, (Bg, wgr)
is metrizable. Since wgp is the norm topology if E is a subspace of F,
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clearly wgp is metrizable in this case. Besides that, it is also well known
that (Bg»,w*) and, consequently, (Bg,wgc) are metrizable whenever E' is
separable. Let us give some other examples. The next auxiliary result will
be useful in obtaining some of these examples.

PROPOSITION 2.6. Let E and F' be Banach spaces. If E' is separable and
L(E,F)=K(E,F), then (B,wgr) is metrizable for all bounded subset B
of E.

PrROOF. The hypothesis L(E,F)= K(E,F) guarantees that for any
bounded net (z5) in E we have that (x3) converges to z in (E,w) if, and
only if, (xg) converges to = in (F,wgr) (see Proposition 2.4 of [13]). So
(Bg,wgr) is metrizable, since (Bg,w) is metrizable. O

The above result leads us to the following examples.

EXAMPLE 2.7. By [1, Proposition 1.1], L(E, F') = K(E, F') whenever E
is an infinite dimensional subspace of ¢y and F' does not contain a copy of cg.
Thus, as a result of Proposition 2.6, we have that (B,wgr) is metrizable for
all bounded subset B of E whenever E is an infinite dimensional subspace
of ¢y and F' does not contain a copy of ¢g. In particular, this is the case
when E = ¢y and F' = [, for every 1 < p < oo.

EXAMPLE 2.8. If £ =1y and F' =1; we have that L(E,F) = K(E, F).
Since E’ is separable, as a result of Proposition 2.6 we have that (B, wy, ,)
is metrizable for all bounded subsets B of Is.

The next result will be used and, since we could not find it proved in the
literature, we decided to include the proof here for the sake of completeness.

ProprosITION 2.9. Let E and F' be Banach spaces. Then the following
are equivalent:

1. E is separable.

2. SOT is metrizable on bounded subsets of L(E,F).

PrOOF. (1) = (2). It is enough to show that the unit ball B = {¢ €
L(E,F) : |l¢|| <1} is SOT-metrizable. Let (x,)52; be any countable subset
of Bg dense in Bg. Let

1
d(p,9) = gn ll9(@n) = ¥(za)|
n=0
for all p,1 € B. Tt is easy to check that d is a metric on B. (If d(p, 1) =0,
from the density of (x,)52, in Br we get that ¢|p, = ¥|B, and so ¢ = .)
We are going to show that the topology 7q defined on L(FE, F) by d in B

coincides with the topology induced by SOT on B. Given ¢ € B and r > 0,

take any 0 < r’ < 7 and m € N* so that %%1 < 5 and consider the set

U={veB:|i(x;)—p(x;)| <r' foralli=1,...,m}.
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Clearly U is a SOT-neighborhood of ¢ and the inclusion U C {¢ € B :
d(¢p,v) <r} follows from

d(%@b) <r Z Z 7”@ Xn - Ql)(Xn)H
n—O

nm+1
m o)
1 1 r 1
/
_Tg 27‘1‘2 E 27<§+2m—1§r
n=0 n=m-+1

for every ¢ € U. Now, consider the basic SOT- neighborhood of ¢ given by
V={yeB:|v(z)—¢x)<sforalli=1,...,k},

where we may suppose z1,...,2; € B and s > 0. Clearly, for each 1 <71
< k there exists n; such that ||z —x,, || < . If we take s" > 0 such that

2ltnig’ < sforalli=1,...,k, we get that {1 € B : d(p,1) <s'} C V since

(=) = ()l < 1 = ol llos = @ | +2%8' <25+ 2 =
for all ¢ satisfying d(p, ) < s’. This completes the proof that the metric d
induces in B the SOT-topology. For the converse, assume that SOT|p is
metrizable. Let d be a metric in B whose associated topology 74 induces
in B the SOT-topology. Given any integer n > 1, take the 74-neighborhood
of zero V,, = {¢ € B :d(¢,0) < %} Since 7q = SOT|p, for every n there are
a finite subset D,, of E and r, > 0 such that

Up={veB:|[¢(x)]| <r,forallz € D,} CV,.

We are going to show that N = E where N = [Un>1 Dn} is the vector
space generated by D =J,~; Dn. Indeed, if ¢ € L(E,F) is such that
Y|y =0, then ¢» = 0 since ¢ € U, for every n > 1 and so d(¢,0) < % for all
n > 1. Now, if pg € E’ satisfies pp|n = 0, it is enough to consider ¢ = @y @ b
€ L(E,F) (where b € F'\ {0}), to obtain that |y = 0. So, ¢ = 0 and con-
sequently ¢o = 0. Thus, by the Hahn-Banach theorem we get N = E. [

COROLLARY 2.10. If E and F are Banach spaces such that L(E, F) is
separable, the bounded subsets of E are wgp-metrizable.

PRrROOF. Since E is a closed subspace of Ggr = L(L(E, F), F') via the
isometric monomorphism «, every bounded subset of E' can be considered as
a bounded subset of Ggr and by the above proposition is SOT-metrizable.
The result follows from SOT|g = wgp. O

REMARK 2.11. The converse of the above corollary is not true. For in-
stance, if F is any non separable Banach space and F' is any Banach space
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such that E C F, then the bounded subsets of E are wgp-metrizable (since
wgr is the norm topology) but L(E, F) is not separable (since L(E, F) sep-
arable would imply E separable).

DEFINITION 2.12. For each pair of Banach spaces E and F', we say that

E is a wgp-Schur space if given any (x;) € F we have that zy M) 2 when-

w
ever T, — x.

Note that the definition of wgp-Schur space coincides with the definition
of Schur space in case F' = C. Moreover, E is a wgp-Schur space for all F
such that £ C F. So [y is a wy, ;,-Schur space, but it is not a Schur space.

PROPOSITION 2.13. The following statements are true.

1. If E is Schur then E is a wgp-Schur space for every Banach space F.

2. If E is a wgp-Schur space and F is a Schur space then E is a Schur
space.

PROOF. (1) Suppose that E is a Schur space and take (x) C E such that
zp 225 ¢, In particular ¢ (xy) — ¥ (z) for every ¢ € E' and consequently

Tk ﬂ x as E a is Schur space.

(2) Suppose that E is a wgp-Schur space and take (z3) C E such that

zr — x. From the fact that L(E,F) = L(Ey, F,) we get that p(z) U(F%F/)

o(z) for every ¢ € L(E,F) and, since F is a Schur space, this implies

o(xy) — p(z) for every ¢ € L(E, F) ie., x, 225 x. So, xy, My 3 as E is a

wgp-Schur space. [

COROLLARY 2.14. Let E and F be Banach spaces. If F' is a Schur space,
then E is a wgp-Schur space if and only if E is a Schur space.

The following definitions will be used in the some examples in the next
section.

DEFINITION 2.15. A sequence (z,) in E is weakly p-summable (or an
ly-sequence) if 07 1 [p(zy,) [P < oo for all p € E'.

DEFINITION 2.16. A Banach space F is said to have the Schur property
of order p (briefly, E has the SP,) if every weakly p-summable sequence
(#5,-sequence) is norm convergent to 0.

Now we give some examples of spaces with the property defined above.

EXAMPLE 2.17. Suppose 1 < p < co and p’ is the conjugate of p. If 1 <
qg<p (ie. 1% + % > 1) then by Pitt’s Theorem each bounded linear operator

T :ly — 1, is compact. As a consequence all the spaces [; have SP, (see [12,
Example 3.9(i)]).
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ExamPLE 2.18. If E =/, (1 <p < o0) and F' is a Banach space which
has SP, for g satisfying % + % =1, by [1, Proposition 2.2(a)] we have that
L(l,, F) = K(lp,F). So, as E' =, is separable, as a result of Proposition 2.6
we have that (B,w, ) is metrizable for all bounded subset B of [, if 1 <
p < oo and Banach space F' with SF,.

3. wgp-continuity of polynomials

Let Cy,,(E,F) be the space of the wgp-continuous mappings from F
into F, Cy,,4(E, F') be the space of the mappings from E into F' whose re-
strictions to all bounded subsets of E are wgp-continuous and Cy o (E, F)
be the space of the mappings from F into F' whose restriction to all bounded
subsets of E are uniformly wgg-continuous.

Moreover, let Cy,,.sc(E, F') be the space of the mappings from E into F
which are sequentially wgp-continuous that is, the space of all f: £ — F
such that (f(x,)) converges to f(x) in F whenever a sequence (z,) C E,
satisfies p(x,) — @(z) for every ¢ € L(E, F) (where = € E).

For 0 = wgp, wgpb, wgrpu, wgrsc, we let

Po("E,F)=P("E,F)NCy(E,F).
It is clear that, for all n € N and for all F),
,PwEFu(nE7 F) C PwEFb(nE7 F) C PwEFSC(nE7F) C P(nE7F)

Moreover, obviously we always have Py, ("E,F) C Py, .p("E, F) for all
n € N.

In many cases, these new spaces of polynomials coincide with some well
known spaces of polynomials. For instance, if £ is a subspace of I, the

fact that wgp coincides with the norm topology guarantees the equality
Pupr("E,F) =P("E,F). Consequently, we have also

PwEF(nE7 F) = Pprb(nEa F) = PwEFu(nE7F) = PwEFSC(nE7F)

whenever E is a subspace of F'. Moreover, since in case F' = C we have
wpe = w, the spaces defined above are the subspaces of P("E) usually de-
noted by P¢("E), Puwu("E), Pub("E) and Pysc("E). Note that these spaces
are particular cases of the spaces P("E, F), Pyu("E,F), Pu("E, F) and
Pywsc("E, F') widely studied by Aron, Hervés and Valdivia in [8]. We re-
mark that the space Py ("E, F) had previously been considered, with a
different notation, by Aron and Prolla in [9]. On the other hand, if F' is
a Schur space, L(E, F') = Lys.(E, F') and this guarantees that for any se-
quence (x,) in E we have that (z,) converges to z in (E,w) if, and only
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if, (x,) converges to x in (E,wgp) (see [13, Proposition 2.3]). Conse-
quently we have that Cysc(E, F) = Cyppsc(E, F). From this we get that
Puwsc("E, F) = Pyppsc("E, F) for all Banach space E and for all n € N when-
ever F'is a Schur space.

In [16], under the additional hypothesis that F' is a Banach algebra,
the class P¢("E, F) of n-homogeneous polynomials generated by {¢" : ¢
€ L(E,F)} was defined and studied. Note that, in case F' = C, the class
P¢("E,C) is the class of all complex n-homogeneous polynomials generated
by the set {¢" : p € E'} and it is well known that this class coincides with the
class Pf("E) of the weakly continuous n-homogeneous polynomials from £
into C. It was showed in [16] that we have P;("E,F) C P;("E, F) for every
Banach algebra F' with identity. Besides, it is easy to verify that every el-
ement of P;("E, F') is wgp-continuous, that is, P¢("E, F) C Py, ("E, F).
However, examples and results presented in [16] and in [13] show that this
inclusion may be strict. Later in this section we will show that P;("E, F)
C Puppu("E,F) for all n € N whenever E is a Banach space and F' is a
Banach algebra (cf. Proposition 3.5).

In what follows, we will proceed with the study of the wgp-continuity of
polynomials in connection with their weak continuity.

The next example shows that we may have Pysc("E, F') # Pyppsc("E, F).

EXAMPLE 3.1. Let P: {3 — {5 be defined by P(x) = (x}}) for each x =
() € o. If {e, : m € N} is the canonical basis of /o, it is easy to verify
that e, — 0 while ||P(em)|l2 = 1 for all m > 1. So, P & Pysc("fa,£2). On
the other hand, it is clear that P € P, , sc("l2,l2) = P("l2,2).

For every Banach space F and every Banach algebra F' we clearly have
P;('E,F) = Py,.(*E,F). The next proposition provides a way to ob-
tain, from any wpgp-continuous (n-1)-homogeneous polynomial from E to
F and any continuous linear functional in E, an n-homogeneous polynomial
from E to F which is wgp-continuous. Consequently, starting from any @
€ Pupr(1E,F) = L(E,F) we can always obtain in this way an element of
Puge("E,F) for all n € N.

ProrosiTiON 3.2. If E and F are Banach spaces, for every @ €
Puwpr("IE,F) and ¢ € E" we have ¢ @ Q € Py, . ("E, F).

ProOOF. First note that an n-homogeneous polynomial P from E into F
is wgp-continuous if and only if it is wgpp-continuous in zero. Now, choose
Q € Py, ("1E, F) arbitrarily. By the definition of wgr we have that, given
e > 0, there are ¢1,19,...,¢, € L(E, F) such that ||Q(z)| < e whenever
Supq<;< ||¥i(x)|| < 1. Moreover, if ¢ € E’ just take b € F such that ||b| =1
to get ¢ @b € L(E, F) such that ||¢ ® b(z)|| = |p(x)| and therefore, given
e > 0, there are 1,19, ..., Y, o ®b € L(E, F) such that ||¢;(x)| <1 for
all i =1,2,...,k and ||l ®@b(z)|| <1 implies || ® Q| <e. Hence, p ® Q
€ Pu,.("E,F). O
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ProprosiTION 3.3. Let E and F' be Banach spaces. For every n € N we
have Py, ("E, F) C Pyyou("E, F).

WEF

ProoF. Take any P € Py, ("E, F). By Proposition 1.11 in [11] there
exists a wgp-neighborhood of zero V' such that P|y is wgp-uniformly contin-
uous. Let B be a bounded subset of E. As 0(E,E') < wgp = S(E,E’), B is
wgp-bounded and so there exists A > 0 such that A\B C V. So, P|)p is uni-
formly wgp-continuous and we have that given € > 0 there exist § > 0 and
©1,92,...,¢p € L(E, F), where p € N, such that || P(z) — P(y)|| < A" when-
ever z,y € AB satisty ||¢pr(x —y)|| < d for all 1 < k < p. Now, if we take u,v
€ B such that || (u—v)|| < $ for all 1 < k < p we have ||P(u) — P(v)| < e.
Thus, P € Pyypu("E, F). O

Note that by using the fact that for every ¢ € E' and b € F we have
p®be L(E,F), it is easy to verify the inclusions Py, ("E, F) C Py, ("E, F),
Puou("E, F) C Puppu("E, F), Pub("E, F) C Pyppb("E, F) and Pysc("E, F)
C Puwppsc("E, F) for all n € N.

Next we are going to study properties of Py("E, F') for § = wgru and
0 = wgrsc.

A straightforward argument yields the following proposition.

ProrposiTiON 3.4. If E and F are arbitrary Banach spaces and n € N,
then

1. Pyppu("E,F) is a closed subspace of P("E,F) in the norm topology.

2. Puprse("E, F) is a closed subspace of P("E, F) in the norm topology.

ProrosITION 3.5. If E is a Banach space and F is a Banach algebra
then P¢("E,F) C Puwuwu("E, F), for all n € N.

Proor. Take P € P¢("E, F). By definition, there exists T1,...,T), €
L(E, F) such that P(z) =Y %_, T}*(x) for each € E. So it is enough to
show that T™ € Py, .«("E, F). Since F is a Banach algebra, for every x,y
€ Bg we have

IT"() - T*W)|| < | T(x) (ZHTJ YTty >\|)

< |17 () <ZHT WIT(y II”_I_’) <c|T(z) =Tl

So, given € > 0, for § =¢/c we have ||[T"(z) — T"(y)|| < € whenever z,y
€ Bp and ||T(x) — T(y)|| < ¢ and, consequently, T™ € Py, .("E, F). Now
P¢("E, F) C Pyupu("E, F) follows by using Proposition 3.4(1). O

We remark that Proposition 3.4 and Proposition 3.5 are related with [9,
Proposition 2.4].
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Aron, Hervés and Valdivia showed that if /1 ¢ E, then Py ("E, F) =
Puwu("E,F) (see [8, Proposition 2.12]). If we consider the wgp-topology
instead of the weak topology we get the following result:

PROPOSITION 3.6. If E and F are Banach spaces such that {1 ¢ E and
Lys(E,F) = L(E,F), then Pyypsc("E, F) = Pypou("E, F) for everyn € N.

Proor. Fix any n € N. It is clear that the inclusion
PwEFU(nE7 F) C PwEFSC(nE? F)

is always true and hence, all we have to prove is the inclusion Py, .s.("E, F')
C Puwppu("E, F). Moreover, clearly the inclusion Py ("E, F) C Py, pu("E, F)
is also always valid. Since L(E,F) = Lys.(E, F'), for any sequence (x,) in
E we have that (x,) converges to z in (E,w) if, and only if, (x,) con-
verges to z in (E,wgr) (see [13, Proposition 2.3]). Thus, the hypothesis
L(E,F) = Lys(E, F) guarantees that Py, .sc("E, F) = Pysc("E, F) for ev-
ery F'. Moreover, [8, Proposition 2.12] implies Pysc("E, F) = Pyu("E, F)
for every Banach space F' whenever {1 ¢ E. Hence, under our hypothesis
we have

Pprsc(nEa F) = ’vasc(nEyF) = Pwu(nEa F) C Ppru(nEaF)

and this completes the proof. [J

Examples 2.7, 2.8 and 2.18 provide examples of pairs of spaces I¥ and F'
which satisfy the hypothesis of Proposition 3.6. For instance, in particu-
lar we have Py, .sc("co, F') = Pu,, pu("co, F) for every n € N and for every
reflexive Banach space F'.

We note that none of the assumptions in Propositions 3.6 are essential.
For example, Py, psc("E, F) = Py, ou("E, F) for every n € N whenever E is
a subspace of F.

We remark that L(E,F)=P(E,F)="Py,.sc('E,F) for all Banach
spaces ¥ and F. The next proposition gives a condition on E under which
the equality Py, ,sc("F,F) =P("E,F) is satisfied for all n € N. The defi-
nition of A-space will be used.

Following Carne, Cole and Gamelin [10], we say that E is a A-space
if ||zk|| converges to 0 whenever (xj)r is a sequence in E such that P(zy)
converges to 0 for every P € P("E) and for all n € N. By Theorem 7.5 in
[10], a Banach space E is a Schur space if and only if F is a A-space and has
the Dunford—Pettis Property (DPP). This means that if the Banach space E
is a A-space then E has DPP if and only if F is a Schur space.

EFSC

PROPOSITION 3.7. Let E and F be Banach spaces such that E is a A-
space. Then the following conditions are equivalent:
1. Puyprsc("E,F)=P("E,F) for alln € N.

2. xp 2E5 & if and only if Ay o
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PROOF. If Py,pse("E,F) =P("E,F) for all n € N, clearly, we have that
P®beP("E,F) = Puyupsc("E,F) whenever P € P("E), b e F and n € N.
Hence, if x,, 25 0 then P ® b(z}) — 0 and consequently P(x;) — 0 for all
P € P("E) and this is true for all n € N. As E is a A-space, this implies

[

xr —> 0. The converse in (2) is trivial since wgp is weaker than the norm
topology.

Furthermore, if we assume (2), the equality Py, ,sc("E,F) = P("E, F)
for all n € N follows as a result of the continuity of every P € P("E, F). O

Note that Proposition 3.7 says that given any Banach spaces £ and F,
if F is a A-space then F is a wgp-Schur space if and only if Py, ,sc("E, F) =
P("E,F) for all n € N.

EXAMPLE 3.8. Let E =/, (1 <p<oo) and F =/;. Since E is not a
Schur space and F' is a Schur space, by Proposition 2.13(2) we have that E is
not a wgp-Schur space. Besides, by [10, Theorem 6.3], £ = ¢, (1 < p < c0)
is a A-space. Furthermore, as F is a A-space, by Proposition 3.7 the fact
that E is not a wgp-Schur space leads to Py, .sc("E,F) # P("E, F) for
some n € N. Moreover, clearly, P(1E, F) = Py, ,sc(1E, F) for all Banach
spaces £ and F. Hence, as a result of these facts we get Py, ,sc("fp, 1)
# P(™p, 1) for some natural number n > 2 whenever 1 < p < oco.

PRrROPOSITION 3.9. Let E be a A-space such that {1 ¢ E. If F is a Ba-
nach space such that L(E,F) = K(E,F), then Py,,s("E,F) # P("E,F)
for some n > 2.

PROOF. Suppose by absurd that Py, ,.s("E,F)=P("E,F) for all
n > 2. So, given Q € P("E) and b € F'\{0} we have Q®b € Py, .sc("E, F) =
P("E, F). Consequently, for any sequence (xj) in E such that zj =50, as
L(E,F) = K(E, F), we have that,(z,) converges to z in (FE,wgr) (see [13,
Proposition 2.4]), so @ ® b(zy) — 0 and this implies Q(x) — 0 for all @
€ P("E) and for all n € N. Since F is a A-space, we infer from this that

|lzi|l — 0. So ||| — 0 in E whenever x, — 0 and this means that E
is a Schur space. This contradicts the hypothesis that ¢; ¢ E. O

Next we will present another example of spaces E and F for which we
have Py, psc("E, F) # P("E, F) for some n.

ExampLE 3.10. If E =/, (1 < p < o0) and F is a Banach space which
has SP, for ¢ satisfying ]lg + % =1, we have Py, ,.sc("lp, F') # P("p, F') for
every n > p. Indeed, if there exists n; > p such that Py, ,sc("p, F) =
P(™Ly,, F) then, for every P € P(™{,) and b € F such that ||b]| # 0 we have
that P@b e P(" 4y, F) = Py, psc(" 4, F). Now, take any sequence (zy,) in £,
such that x;, — 0. By [1, Proposition 2.2(a)] we have L({,, F) = K(,, F)
and hence (z,,) converges to x in (F,wgr) ( see [13, Proposition 2.4]), then
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we have that P(z;)b= P ® b(xy) — P ®b(0) = 0. So, if there exists ny > p
such that Py, sc("lp, F') = P(™ £y, F), then we have that P(zy) — P(0) =0
for all P € P("4,) and, by [10, Theorem 6.3], we get that ||zy| — 0. This
means that ¢, (1 < p < c0) is a Schur space which contradicts the fact that
¢, is reflexive. Hence, Py, ,.sc("lp, F') # P("p, F') for every n > p whenever
F'is a Banach space with SF, for ¢ satisfying % + é =1.

Note that, since every separable infinite dimensional Hilbert space is
isometrically isomorphic to f3, the fact that Py, .s.("H, F) # P("H, F) for
every n > 2 whenever H be a separable infinite dimensional Hilbert space
and F is a Banach space with SP; follows as a particular case of the above
example.

For each n € N, let P ("E, F') denote the set of compact n-homogeneous
polynomials P: E — F', that is the set of all P € P("E, F') that take bounded
subsets of F into relatively compact subsets of F'. It is well known that the
inclusion Py ("E, F) C Px("E, F) is always true. On the other hand, the
inclusion Py, .u("E, F) C Px("E, F) is not always true even for n=1. For
instance, if F is an infinite dimensional closed subspace of ¢y and ¢y C F,
we clearly have Py, .o('E, F) = P('E,F) and Px('E,F) S P('E, F).

So, it is natural to ask under which assumptions on E or F and for
which values of n the inclusion Py, ,.sc("E, F) C Px("E,F) is true. The
next proposition establishes sufficient conditions under which this inclusion
is true for every n € N.

PRrROPOSITION 3.11. Let E and F' be Banach spaces such that {1 ¢ E and
L(E,F) = Lys.(E,F). Then Py,.sc("E,F) C Px("E, F) and consequently
Puwpru("E, F) C Prg("E,F) for every n € N.

PROOF. Since L(E,F) = Lys.(E, F), for any sequence (z,,) in E we have
that (x,) converges to x in (E,w) if, and only if, (z,) converges to z in
(E,wgr) (see [13, Proposition 2.3]) then, the equalities Py, sc("E, F) =
Puwsc("E, F) and Pyse("E, F) = Pyu("E, F) follow and ¢; ¢ E, respectively.
On the other hand, the inclusion Py, ("E, F) C Px("E, F) is always true
and hence the first inclusion is true. The last inclusion follows immediately
from the fact that Py, .u("E, F) C Puyppse("E, F). O
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