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Collisional Brownian engines have recently gained attention as alternatives to conventional nanoscale engines.
However, a comprehensive optimization of their performance, which could serve as a benchmark for future
engine designs, is still lacking. In this work, we build upon this by deriving and analyzing the optimal control
strategy for a collisional Brownian engine. By maximizing the average output work, we show that the optimal
strategy consists of linear force segments separated by impulsive deltalike kicks that instantaneously reverse
the particle’s velocity. This structure enforces constant velocity within each stroke, enabling fully analytical
expressions for optimal output power, efficiency, and entropy production. We demonstrate that the optimal
strategy significantly outperforms standard ones (such as constant, linear, or periodic drivings), achieving
higher performance while keeping entropy production under control. Remarkably, when evaluated using realistic
experimental parameters, the efficiency approaches near unity at the power optimum, with entropy production
remaining well controlled. To analyze a more realistic scenario, we examine the impact of smoothing the deltalike
forces by introducing a finite duration and find that, although this reduces efficiency and increases entropy
production, the optimal strategy still delivers high power output in a robust manner.
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I. INTRODUCTION

The study of small-scale engines operating far from equi-
librium has gained significant attention in recent years [1–5].
This interest is particularly driven by their relevance in sys-
tems where thermal fluctuations are no longer negligible, such
as colloidal particles [6–13], biomolecular motors [14–20],
and quantum dots [21–25]. In these regimes, classical thermo-
dynamic approaches fall short, and a more refined description
is offered by stochastic thermodynamics, which captures the
role of fluctuations, dissipation, and energy conversion at the
microscopic level. One of the main challenges in this context
is to extract useful work in finite time while managing en-
tropy production—an issue that has been addressed through a
variety of proposed setups, including, for example, collective
systems [26–30] and driving strategies tailored to optimize
either efficiency or power [31–39].

Among them, Brownian engines stand out as both theoret-
ically rich and experimentally accessible platforms, capable
of shedding light on the fundamental limits of performance
under nonequilibrium conditions. These systems, typically
realized with colloidal particles in time-dependent potentials
[6–8,13] or optically driven traps [10], provide precise control
and measurement of work, heat, and fluctuations, making
them ideal candidates for exploring how microscopic dynam-
ics translate into thermodynamic behavior. In such setups,
a crucial aspect is the driving strategy (often referred to as
the "driving protocol")—the way in which external forces
are applied to the system, shaping its interaction with the
environment. One particularly well-studied case is that of
engines driven by stiffness modulation, for which optimal
driving strategies have been determined in both passive and,
more recently, active scenarios [32,33,40–51], setting useful
performance benchmarks and deepening our understanding

of control at small scales. In parallel, focus has shifted to
collisional Brownian engines, where a particle confined in a
static potential is driven by external forces that directly alter
its momentum. Many studies have explored ways to optimize
collisional engines’ performance by carefully tuning the driv-
ing strategy [30,35–39,52–56], shedding light on key aspects
of protocol design for these systems. Despite this progress,
however, a universally optimal strategy (hereafter OS) that
serves as an upper limit for the performance of such systems
remains elusive.

In this paper, we aim to address this gap by establishing a
theoretical limit for the performance of collisional Brownian
engines, focusing on systems where a single particle inter-
acts sequentially with a thermal reservoir and is subjected
to a specific work source at each stage. To mathematically
find the OS, we use the ideas of Refs. [32,33] for the most
general case of a collisional Brownian engine described by
an underdamped Langevin equation subjected to an external
driving force. From this framework, we derive an exact ex-
pression for the OS, which includes delta jumps as a key
feature, a hallmark also seen in stiffness modulation proto-
cols [32,33,40–51]. We then use this benchmark to evaluate
how close conventional strategies can get to the fundamental
limit of performance for such systems and analyze how the
presence of realistic (smoothed) deltalike functions affects
the engine’s performance, providing deeper insights into the
optimization of work extraction in nonequilibrium Brownian
systems. This study establishes the OS as a benchmark for
future research, setting a theoretical upper bound on the per-
formance of collisional Brownian engines and paving the way
for further advancements in engine optimization.

This paper is organized as follows: In Sec. II, we present
the model, introduce the key analytical expressions for
the most general (underdamped) regime, and outline the
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optimization procedures. Section III is devoted to deriving
the OS alongside explicit formulas for key thermodynamic
quantities, such as power, efficiency, and entropy production.
In Sec. IV, we benchmark the OS against well-established
strategies from the literature. Section V examines the realistic
impact of finite-width delta functions on the performance of
the optimal Brownian engine. Finally, conclusions and per-
spectives are summarized in Sec. VI.

II. THERMODYNAMIC OVERVIEW
OF COLLISIONAL BROWNIAN ENGINES

Consider a Brownian engine where a single particle,
confined in a harmonic potential, interacts with a thermal
reservoir at temperature T . The engine operates in a cycle of
total period τ , during which a time-dependent external force
is applied to inject or extract work from the system. In order
to find the OS for this type of engine, we consider the most
general case of an underdamped Brownian particle of mass
m trapped in a harmonic potential of (fixed) stiffness k and
driven by a periodic external force F (t ). This system evolves
according to

mẍi = −γ ẋi + F̃i(x, t ) + ξi(t ), (1)

where we label the strokes by i ∈ {1, 2}, so that xi and ẋi de-
note the particle’s position and velocity during the ith stroke,
which evolves under the corresponding reservoir parameters.
Explicitly, γ represents the viscous coefficient, F̃i(x, t ) =
−k xi + F (t ) and ξi(t ) is the stochastic force following the
standard white noise properties 〈ξi(t )〉 = 0 and 〈ξi(t )ξ j (t ′)〉 =
2γ kbT δi jδ(t − t ′)/m. This framework serves as a minimal
representation for modeling, e.g., cellular nanoscale transport
processes in biological systems [57–59], the stepwise motion
of a single kinesin motor along a biopolymer track or a dif-
fusing particle in a ratchet mechanism, which can be realized
assigning specific forces Fi(t ) to each stroke, such as chemical
gradients in active systems or by optical trapping in passive
setups [10,57].

The probability of finding the particle in a microstate de-
fined by position x and velocity ẋ at time t during the ith
stroke, Pi(x, ẋ, t ), follows the Fokker-Planck-Kramers equa-
tion [3]

∂Pi

∂t
= −

[
ẋ
∂Pi

∂x
+ F̃i(x, t )

∂Pi

∂ ẋ
+ ∂Ji

∂ ẋ

]
. (2)

Here, Ji is the net probability current, with a drift term
−γ ẋPi from viscous friction that slows the particle, producing
heat that flows to the bath, and a diffusion term, proportional
to the probability density gradient, arising from thermal kicks
of bath molecules. Explicitly,

Ji = −γ ẋPi − γ kBT

m

∂Pi

∂ ẋ
. (3)

This framework leads to a Gaussian distribution for
Pi(x, ẋ, t ) due to the white noise and the linearity of the deter-
ministic forces. In the absence of driving forces [F (t ) = 0],
the system relaxes to thermal equilibrium, described by the
Boltzmann distribution. Deviations from thermal equilibrium
arise when the system is subjected to temperature gradients
and/or time-dependent external forces, driving it toward a

nonequilibrium steady state (NESS). In this regime, the en-
ergy balance, representing the first law of thermodynamics,
follows from Eq. (2) together with the definition Ui(t ) =
m〈ẋ2

i 〉/2 + k〈x2
i 〉/2, yielding two distinct contributions [3,5],

namely, U̇i(t ) = −[Ẇi(t ) + Q̇i(t )], where

Ẇi(t ) = −F (t )〈ẋi〉(t ) (4)

represents the power delivered from/to the particle by the
external driving during stroke i and

Q̇i(t ) = γ

(〈
ẋ2

i

〉
(t ) − kBT

m

)
(5)

is the heat flux from/to the bath during the same stroke. The
driving force is split into two parts, each corresponding to one
stroke of the cycle, namely,

F (t ) =
{

X1g1(t ), 0 � t < τ1

X2g2(t ), τ1 � t < τ,
(6)

where Xi denotes the strength of the thermodynamic force
applied during the ith stroke, and gi(t ) defines the tempo-
ral profile of the protocol throughout that stroke. Engines
in which one form of work is converted into another are
commonly referred to as work-to-work converters, systems
where part of the work performed by the driving force in one
stroke is directly converted into useful work in the subsequent
stroke. This class of systems has been extensively studied in
the literature, both theoretically [3,60–63] and experimentally
[10,18,19], with the main goal being to maximize the con-
version of input energy per time (e.g., chemical) into useful
output energy per time (e.g., mechanical), as exemplified by
cellular transport processes [57–59].

When averaged over a cycle, U̇=Ẇ 1+Ẇ 2+Q̇1 + Q̇2=0,
consistent with the first law of thermodynamics. The sec-
ond law of thermodynamics is derived by taking the time
derivative of the Shannon entropy Si = −kB〈ln Pi〉, along with
Eq. (2), leading to the relation Ṡi = σi(t ) − �i(t ), where the
entropy production σi(t ) and the entropy flux �i(t ) are given
by [3,64]

σi(t ) = m

γ T

∫
J2

i

Pi
dx dẋ and �i(t ) = Q̇i(t )

T
. (7)

Consistent with the second law, σi(t ) is always non-
negative. Using Eqs. (7) in the NESS, where σi(t ) = �i(t ),
one finds that the total entropy production rate over a cycle σ

is given by

σ = −(Ẇ 1 + Ẇ 2)

T
. (8)

In the linear response regime, Eq. (8) can be expressed as
the sum of thermodynamic forces fi = Xi/T times thermody-
namic fluxes Ji, namely, σ̄ = J1 f1 + J2 f2 [3,65], where

Ẇ 1 = −T J1 f1 = −T
(
L11 f 2

1 + L12 f1 f2
)
, (9)

Ẇ 2 = −T J2 f2 = −T
(
L22 f 2

2 + L21 f2 f1
)
, (10)

in which Li j’s represent the Onsager coefficients. Three points
are worth highlighting. First, entropy production is entirely
dictated by the external driving forces: when the driving
performs negative work, injecting energy into the system,

054105-2



OPTIMAL CONTROL STRATEGY FOR COLLISIONAL … PHYSICAL REVIEW E 112, 054105 (2025)

entropy production increases; conversely, when it performs
positive work, with the particle delivering useful output, en-
tropy production decreases. Second, since we are dealing with
work-to-work converters, no coupling exists between work
fluxes and heat flux, implying that the Onsager coefficients
that involve temperature are all zero. Third, expressions in
the form of Eqs. (9) and (10) are obtained when we average
Eq. (4) over a complete cycle.

Finally, a work-to-work engine converts a portion of the in-
put power Ẇ in into useful output power Ẇ out, where Ẇ in < 0,
Ẇ out � 0, and |Ẇ in| > |Ẇ out|. We can thus define the effi-
ciency of the converter as

η ≡ −Ẇ out

Ẇ in

. (11)

In terms of the Onsager coefficient, where we use i for the
input and j for the output force, we have

η = −Jj f j

Ji fi
= −Lj j f 2

j + Lji fi f j

Lii f 2
i + Li j f j fi

. (12)

As a last comment, we highlight that, as stated in Ref. [56],
the optimized value of both power and efficiency can be ob-
tained solely in terms of the Onsager coefficients. Indeed, for a
fixed fi, the force f MP

j delivering the maximum power is given
by f MP

j = −Lji fi/2Lj j , with respective maximum power and
efficiency given by

PMP = T
L2

ji

4Lj j
f 2
i , ηMP = L2

ji

4Lj jLii − 2LjiLi j
. (13)

Similarly, one finds the force that optimizes efficiency, as
well as the optimal efficiency itself, to be

f ME
j = Lii

Li j

(
−1 +

√
1 − LjiLi j

L j jLii

)
fi, (14)

ηME = −Lji

Li j
+ 2LiiL j j

L2
i j

(
1 −

√
1 − Li jL ji

LiiL j j

)
. (15)

III. OPTIMAL CONTROL STRATEGY

With the thermodynamics of Brownian engines estab-
lished, we now shift our attention to the central result of this
work. Inspired by Refs. [32,33], we seek the protocol F (t ) that
maximizes the output work rate of the converter, given by

Ẇ out = − 1

τ

∫ τ1

0
F (t )〈ẋ〉dt . (16)

By using the Langevin equation (1) for the averaged quan-
tities, we can express the mean output work rate as

Ẇ out = − 1

τ

∫ τ1

0
[γ 〈ẋ〉 + k〈x〉 + m〈ẍ〉]〈ẋ〉dt

= − 1

τ

[∫ τ1

0
γ 〈ẋ〉2dt + k

2
〈x〉2

∣∣∣∣∣
τ1

0

+ m

2
〈ẋ〉2

∣∣∣∣∣
τ1

0

]
. (17)

To determine the protocol, we apply the Euler-Lagrange
equation to minimize the remaining integral in Eq. (17),
where the minus sign in the power expression ensures that

minimizing the integrand is equivalent to maximizing the
power output. This leads to the condition 〈ẍ〉 = 0, solved by
〈xi(t )〉 = vit + x0i, with vi = 〈ẋi〉 = constant. Interestingly,
the velocity profile that optimizes the performance of the
Brownian engine coincides with the one that minimizes the
work in a stiffening trap, as shown in previous works [32,33].
By applying the boundary conditions 〈x1(0)〉 = 〈x2(τ )〉 and
〈x1(τ1)〉 = 〈x2(τ1)〉, the number of independent variables is
reduced from five, {v1, v2, x01, x02, τ1}, to three, {v1, x01, τ1}.
While the initial position x01 is found by maximizing the
output work, a subtlety arises when optimizing the stroke
duration, τ1. Maximizing the output work, Ẇ out, with respect
to τ1 leads to the trivial solution τ1 = τ . Physically, this occurs
because the system extracts the most work when it never has
to be “reset” for a new cycle, but this does not describe a
functional engine. To determine the optimal duration for a
useful, cyclic two-stroke engine, a different physical figure of
merit is needed. For this reason, we choose to maximize the
engine’s efficiency, which yields the nontrivial and symmetric
result τ1 = τ/2 (see Appendix A for a detailed derivation of
these results).

At this point, it is thus crucial to distinguish the two levels
of our optimization. First, the shape of the protocol is derived
from maximizing work and power, ensuring it is inherently a
maximum power protocol. Second, the duration of its strokes
is determined by maximizing efficiency, yielding a functional
and efficient two-stroke engine cycle. At the same time, it is
important to emphasize that the boundary conditions enforced
by the optimization procedure require the velocity to switch
from v1 to v2 = −v1 at t = τ/2, and back again at t = τ (see
Appendix A). Since the velocities must remain constant dur-
ing each stroke, maintaining this condition requires impulsive
forces at the transitions, i.e.,

F (t ) ∝ 2mv1[δ(t − τ ) − δ(t − τ/2)]. (18)

Note that the presence of inertia is essential for the cycle
to operate properly, as the velocity jumps between strokes
require impulsive forces proportional to the system’s mass.
This implies that the OS can only be realized in systems
where inertial effects play a significant role. With all constants
determined, the OS is found to be F (t ) = Fout (t ) + Fin(t ),
where Fout and Fin act on 0 � t � τ/2 and τ/2 � t � τ , re-
spectively, and are given by

Fout (t ) = γ v1 + kv1

(
t − τ

2

)
− mv1[δ(t − τ/2) − δ(t )],

(19)

Fin(t ) = −γ v1 + kv1

(τ

2
− t

)
− mv1[δ(t − τ/2) − δ(t − τ )].

(20)

The protocol shape, as well as the system dynamics, can be
seen in Fig. 1. Notably, the external force acts on the system
in such a way that the acceleration is zero, exactly canceling
the inertial term. However, at the boundaries, the system can
only reset by making jumps in velocity, which highlights the
essential role of inertia during stroke transitions. Since the
inertial contributions are sharply localized (deltalike), they
can be neglected in the continuous dynamics, eliminating the
dependence of the optimal thermodynamic quantities on mass
and allowing the protocol to inject energy into the system at no
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FIG. 1. Schematic representation of the optimal Brownian engine (top) and the corresponding optimal protocol F (t ) (bottom). In the top
panel, orange and black arrows indicate the direction of the velocity and the external driving force, respectively. The sharp transitions in steps
II and IV correspond to deltalike kicks (amplified for better visualization) that instantaneously reverse the velocity, while steps I and III are the
main operational stages. Explicitly, during step I, the protocol increases linearly, exactly compensating the natural acceleration to maintain a
constant velocity; in step II, a sudden change reverses the velocity. In step III, the protocol decreases linearly to decelerate the particle while
keeping its velocity constant; a final sudden change in step IV reverses the velocity again, preparing the system for the next cycle.

extra energetic cost. Indeed, the work performed by these im-
pulsive forces is strictly zero. This is a direct consequence of
the optimal protocol’s boundary conditions, which enforce a
velocity reversal (±v1 ↔ ∓v1). This reversal ensures that the
kinetic energy is conserved (
K = 0). By the work-energy
theorem, the work done during this idealized process (which is
analogous to a perfectly elastic collision against a rigid wall)
must be zero, despite the infinite nature of the force. These
peaks correspond to two (adiabatic) preparatory steps (II and
IV in Fig. 1) that adjust the system’s velocity before the main
strokes (III and I). This four-step structure is a direct conse-
quence of the optimization and contrasts with previous works,
such as [30,35–37,66], where simpler two-stroke cycles based
on nonoptimal strategies were studied. We emphasize that the
assumption of an infinitesimal “zero duration” delta peak is
an idealization imposed by the OS; the substantial energetic
cost of a realistic, finite-duration pulse is analyzed in detail in
Sec. V, where we introduce the concept of preparation work.

By substituting F (t ) into Eqs. (16), (11), and (8), we ob-
tain the expressions for the optimal input and output powers,
efficiency, and entropy production as

Ẇin = −v2
1 (kτ + 4γ )

8
and Ẇout = v2

1 (kτ − 4γ )

8
,

(21)

ηopt = 1 − 8γ

4γ + kτ
, (22)

σ opt = γ

T
v2

1 . (23)

Figure 2 highlights fundamental characteristics of the sys-
tem’s optimal performance. First, the existence of an external
potential is crucial for the system to function as an engine,
since the condition ηopt > 0 requires kτ > 4γ . Such a re-
quirement is typically fulfilled in experimental underdamped
systems, where kτ 
 γ . Second, the output work is always

smaller than the absolute input work, i.e., Ẇout < |Ẇin|,
meaning that no regime change is observed in the optimal
limit, with the system consistently assigning the first stroke as

FIG. 2. Input work (red solid line), output work (black solid
line), efficiency (blue dashed line), and entropy production (green
dashed line) of the optimal strategy as functions of the driving period
τ . The parameters were set to γ = 1, T = 1, v1 = 1, and k = 10 to
enhance visual clarity.

054105-4



OPTIMAL CONTROL STRATEGY FOR COLLISIONAL … PHYSICAL REVIEW E 112, 054105 (2025)

the useful one and the second as the charging one—a feature
that notably differs from previous works where transitions
between operational regimes could emerge [66]. Third, since
the input and output work scale as −κτ and +κτ , respectively,
this contribution vanishes in the expression for the entropy
production, leaving it solely dependent on γ . As a result,
power and efficiency can be enhanced by tuning k and/or τ

without increasing the entropy production. Fourth, the bound-
ary conditions constrain the dynamics such that only a single
thermodynamic force remains (the one proportional to the
impulsive force responsible for changing the system’s veloc-
ity), which results in the merging of the Onsager coefficients,
leading to the expressions in the form σ̇ = (Lii + Li j + Lji +
Lj j ) f 2≡ Lσ f 2 for the entropy production and Ẇi = (Lii +
Li j ) f 2≡ LWi f 2 for work, where f ∝ 2mv1δ(t − t ′) and can be
determined analytically once the duration of the preparatory
steps is specified.

Finally, since the entropy production in each stroke satis-
fies σ i ∝ −Ẇ i, maximizing (minimizing) the average work
naturally leads to a minimization (maximization) in entropy
production. Indeed, in the output stroke, the optimal force is
designed to extract the maximum possible work from the sys-
tem, which leads to a global minimum in entropy production.
In the input stroke, the goal is to restore the system using the
least amount of energy, which means making the work input
as small (in magnitude) as possible. This results in a local
minimum in entropy production, constrained by the boundary
condition v2 = −v1. Because of this constraint (imposed by
the OS to ensure that the system operates as a functional two-
stroke engine), the total entropy production is not globally
minimized across all possible protocols, but it is minimized
within the class of protocols that respect this symmetry. In
fact, σ i typically scales with |W i|, so protocols that produce
less work often dissipate less than σ opt. The advantage of the
OS is that it can produce much more work at a low dissipation
than general protocols.

IV. COMPARISON WITH OTHER STRATEGIES

This section aims to use the OS derived in Sec. III as an
upper bound to quantify the performance gap between the
theoretical limit and (realistic) conventional strategies, which
have been the subject of extensive recent study. Although
protocols in the overdamped regime have been more widely
investigated [35–39], it has recently been shown that under-
damped systems can exhibit resonant effects that markedly
boost performance [66], achieving power and efficiency be-
yond those attainable in the overdamped regime. Specifically,
resonances occur when

τres = 2πn√
k/m

, n = 1, 2, 3... . (24)

Within this context, the most commonly studied drivings
are (time) constant, linear, and periodic protocols. Among
these, previous works [66] suggest that the constant protocol
(in the underdamped regime) stands out for consistently de-
livering the best quantitative results, which is why we adopt
it as our primary benchmark. Linear and periodic drivings
lead to qualitatively similar behaviors and are therefore dis-
cussed only briefly. We also include a few remarks on the

performance of overdamped systems for comparison. The
main analytical expressions for the protocols, as well as for
both the underdamped and overdamped regimes, are provided
in Appendix B and Appendix C, respectively. To ensure a
fair and physically grounded comparison, all performance
indicators are evaluated at maximum power, as defined in
Eq. (13). For the numerical values, we choose experimentally
realistic parameters inspired by previous studies on Brown-
ian engines [6,10]: T = 300 K, γ ≈ 10−20 s−1, k ≈ pN/µm,
m ≈ 10−18 kg, τ ≈ 1 µs, and fi ≈ 1 fN, which correspond to
typical velocities around v ≈ 1 cm/s.

Insights into the distinct thermodynamic behaviors of the
optimal and constant protocols can be drawn from Fig. 3.
In panel (a), the OS exhibits a monotonic increase in output
power with period, maintaining robust performance around
10−16 J/s. In contrast, the constant protocol outperforms the
OS only within narrow resonance windows (dashed areas),
peaking near 10−11 J/s and dropping sharply in power out-
side these regions. Panel (b) shows that the OS sustains
near-unity efficiency [η = 1 − 8γ /(4γ + κτ ) ≈ 1 − 10−8 =
0.999 999 99] across all periods—a striking result, especially
considering that this value is achieved under conditions of
global maximum power. The constant protocol, in turn, holds
an efficiency near 0.5 for most periods, exhibiting abrupt
transitions into nonconverting regimes near resonance [which
manifest as vertical lines in panel (b)] followed by a return
to η = 0.5 at exact resonance. In panel (c), the OS maintains
a constant entropy production of about 10−26 J/K s, roughly
10 orders below its power output, reflecting a minimal and
controlled dissipation. The constant protocol shows low dis-
sipation most of the time but develops sharp entropy peaks
near resonance, reaching up to 10−13 J/K s, indicating that
its high performance under resonance comes at a significant
thermodynamic cost.

For completeness, we briefly compare the performance of
other strategies in both damping regimes. In the underdamped
regime, the periodic protocol stands out with Wout ≈ 5.3 ×
10−12 J/s and η ≈ 0.51, albeit with an entropy production σ ≈
1.7 × 10−14 J/K s, close to that of the constant protocol. The
linear protocol performs modestly, with Wout ≈ 1.75 × 10−23

J/s, σ ≈ 5.8 × 10−26 J/K s, and η ≈ 0.5. In the overdamped
case (γ ≈ 10−8 s−1), the constant protocol exhibits the best
performance, yielding Wout ≈ 6 × 10−24 J/s, σ ≈ 2 × 10−26

J/K s, and efficiency η ≈ 0.5. The linear and periodic driv-
ings, in contrast, deliver significantly lower performance, with
output powers several orders of magnitude below those of the
constant protocol.

In summary, the comparative analysis in this section re-
veals key physical insights. In the underdamped regime,
standard strategies can achieve high power by exploiting
the system’s mechanical resonances; however, this approach
is thermodynamically costly, leading to large spikes in en-
tropy production and unstable efficiency near resonance.
Overdamped engines, on the other hand, remain far from
optimal since, in this regime, the external potential exerts
only a negligible influence on the dynamics, which reduces
the requirement for the driving force to counteract it and,
consequently, results in less work production. In contrast,
the OS demonstrates that operating with an external poten-
tial while avoiding the resonant regime allows symmetries
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µs µsµs

FIG. 3. Panels (a), (b), and (c) show, respectively, the base-10 logarithm of the power, the efficiency, and the base-10 logarithm of the
entropy production as functions of the driving period, for the constant (red lines), optimal (black lines), and smoothed (green lines) protocols.
The latter was computed using dτ = 0.01τ , and its results will be further discussed in Sec. V. Resonance intervals are indicated by red dashed
regions. All quantities were computed using the experimental parameters mentioned in the main text. Logarithmic scaling was used in panels
(a) and (c) to enhance visualization and allow for a clearer comparison between the strategies.

that constitute the most effective strategy for achieving op-
timal performance. Indeed, the protocol’s design enforces
constant velocity satisfying v1 ↔ −v1 and equal-duration
strokes, maximizing power output and imposing a symmetry

between Ẇin and Ẇout that differs solely by the viscous
dissipation term 4γ [see Eq. (21)]. This structural symmetry
substantially enhances power and efficiency while reducing
entropy production.

V. IMPACT OF REALISTIC DELTALIKE FORCES

Having established the theoretical performance benchmark
in the ideal limit of infinitesimal impulses, we now replace the
deltas in F (t ) with narrow Gaussians, δ(t ) → N (t, dτ ), with
variance (width) dτ and centered at the same switching times
t , better reflecting realistic, smooth force exchanges. Note
that, with this substitution, the ideal limit of instantaneous
deltalike impulses discussed in Sec. III is recovered only when
dτ = 0. Although this substitution makes the mean Langevin
equation less tractable analytically, in the experimental regime
of interest (γ � k, m � k), the approximation x(t ) ≈ F (t )/k
is accurate. This yields v(t ) ≈ Ḟ (t )/k, and the optimal work
per stroke becomes

Ẇi ≈ − 1

τ

∫ τb

τa

F (t )
Ḟ (t )

k
dt = − 1

2kτ
F (t )2

∣∣∣∣
τb

τa

. (25)

The results obtained using this approximation show excel-
lent agreement with numerical results. Here, it is important
to notice that the expressions for work have now four contri-
butions, two of them identical to Eq. (21) and two accounting
for the preparatory steps (Gaussian contributions) arising from
the loss of adiabaticity. The latter is not considered useful
work, but rather an energetic cost required to sustain the
cycle, since it occurs over a very short time interval and no

extractable work can be obtained from it. This leads to an
additional term, Ẇprep, modifying Eqs. (8) and (11) as

σ = −(Ẇin + Ẇout + Ẇprep)

T
, (26)

η = Ẇout

|Ẇin| + |Ẇprep|
. (27)

Figure 4 demonstrates the influence of deltalike pulses on
the engine’s performance, revealing a fundamental trade-off
between the OS and the energetic cost of implementing it. The
output power [panel (a)] initially matches the optimal theoret-
ical value but decreases nearly linearly as the pulse duration
dτ increases, ultimately vanishing around dτ = τ/12, which
suggests a physical lower bound on how long abrupt forces
can act. This decline occurs because any finite pulse duration
breaks the instantaneous velocity reversal required by the OS
(v1 ↔ −v1), causing deviations from the optimal regime that

reduce the extractable power. The preparation work Ẇprep

[panel (b)], in turn, is considerably high for very short pulses
due to the fact that reversing the particle’s velocity demands
a large impulsive force applied over a very brief interval dτ

(Fimp ∝ 1/dτ ), making the work cost diverge as dτ → 0. As
the pulse duration grows, the force magnitude and correspond-
ing energetic cost decrease sharply. The efficiency η [panel
(c)] reflects these competing effects, rising from near zero at
very small dτ , where preparation costs dominate, to a peak
at an intermediate dτ value that balances power output and
energetic expense, before decreasing again as power output
continues to decline. Entropy production σ [panel (d)] closely
follows the behavior of the preparation work, indicating that
dissipation is largely governed by the energetic demands of
the v1 ↔ −v1 condition.

Importantly, the dashed regions denote abrupt transi-

tions at exactly dτ = 0, where Ẇprep is strictly zero [since
N (t, 0)=0] and both entropy production and efficiency
sharply reach their theoretical optima (entropy produc-
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(µs) (µs)

(µs) (µs)

FIG. 4. Performance of the engine as a function of the regular-

ization width dτ of the delta contributions. (a) Output power Ẇout;

(b) Log 10 of the preparation work Ẇprep; (c) efficiency η; (d) Log
10 of the entropy production σ . The dashed regions in panels (b),
(c), and (d) indicate the discontinuity in thermodynamic quantities
occurring at dτ = 0. We adopt the same parameters as in Fig. 3,
fixing the driving period at τ = 6 µs.

tion around 10−26 J/K s and efficiency η = 1 − 10−8 =
0.999 999 99), confirming the values of the ideal limit ob-
tained in Sec. IV. This demonstrates that truly optimal
performance requires infinitely sharp, effectively instanta-
neous pulses, an idealization not achievable in practice.

Overall, these results indicate that, although smoothing
the deltalike kicks makes the implementation of the OS
experimentally feasible, the intense impulsive forces required
to prepare the system cause the preparation work to diverge
as dτ → 0, driving the efficiency toward zero and sharply
increasing entropy production. When compared with reso-
nant engines, the OS is less efficient but delivers higher and
controllable power, even under realistic conditions (dτ >

0.05 µs), making it an effective and reliable driving strat-
egy. In fact, as shown in Fig. 3, for a fixed dτ = τ/100,
the smoothed protocol attains power values very close to
the optimal one as τ varies, although with a lower effi-
ciency (approximately 0.33) and higher dissipation (around
10−17 J/K s).

VI. CONCLUSIONS

In this work, we derived the optimal control strategy for
a collisional Brownian engine driven by external forces. By
variationally maximizing the output work, we showed that the
OS consists of piecewise-linear force segments that maintain
constant velocity by canceling the particle’s acceleration, sep-
arated by impulsive contributions that instantaneously reverse
its direction of motion. This structure globally maximizes the
power output while locally minimizing entropy production.
Analytical expressions for key thermodynamic quantities,

such as output power, efficiency, and entropy production were
obtained, allowing for a complete characterization of the
engine’s performance. The resulting protocol displays excep-
tional thermodynamic behavior: it achieves both maximum
work and near-optimal efficiency, with entropy production
remaining several orders of magnitude smaller than the output
power. When compared to standard drivings, the OS outper-
forms them globally in both efficiency and power, while being
locally surpassed in power only near resonance. Moreover, its
entropy production remains significantly lower than the mag-
nitude of power output, setting it apart from the alternative
strategies. To investigate experimental feasibility, we analyzed
a more realistic scenario in which the impulsive contributions
are smoothed into narrow Gaussian pulses, corresponding to
a finite but small time interval dτ . Although performance
degrades for noninfinitesimal dτ , with efficiency decreasing
and entropy production increasing compared to the ideal delta
case, the protocol still achieves high power robustly and main-
tains entropy production at manageable levels, demonstrating
its viability for practical implementations.

Altogether, our findings establish a benchmark for finite-
time thermodynamic optimization of collisional Brownian
engines, highlighting the importance of carefully engineered
drivings to optimize the engine performance. They also
provide practical insights for designing microscale engines
capable of combining high power and low dissipation under
realistic physical constraints.
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APPENDIX A: DERIVATION OF THE OPTIMAL
CONTROL STRATEGY

We begin by applying the Euler-Lagrange equation in
Eq. (17). This gives us

x1(t ) = v1t + x01, (A1)

x2(t ) = v2t + x02, (A2)

where v1, x01, v2, and x02 are constants to be determined. The
boundary conditions

x1(0) = x2(τ ), (A3)

x1(τ1) = x2(τ1) (A4)

lead to

v2 = v1 τ1

τ1 − τ
, (A5)

x02 = x01(τ − τ1) + v1ττ1

τ − τ1
. (A6)
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reducing the problem from five to three independent parame-
ters (v1, x01, τ1). Plugging Eqs. (A5) and (A6) into Eq. (A2)
and using Eq. (17) of the main text (with proper integration
limits), one arrives at expressions for the first and second
strokes, respectively:

Ẇ out = τ1

2τ

(
2v2

1γ + v1k(2x01 + v1τ1)
)
, (A7)

Ẇ in = τ1

2τ

(
2v1x01k + v2

1kτ1 − 2v2
1γ τ1

τ − τ1

)
. (A8)

Maximizing Ẇ out with respect to v1 (corresponding to the
physically admissible branch of the optimization problem)
yields x01 = −v1τ1. Substituting,

Ẇ out = v2
1τ1

2τ
(−2γ + kτ1), (A9)

Ẇ in = −v2
1τ

2
1

2τ

(
k + 2γ

τ − τ1

)
. (A10)

From the above expressions, it is clear that Ẇ out > 0 when
κτ1 > 2γ , while Ẇ in < 0, unambiguously identifying the first
stroke as the useful one and the second as the loading one.
As shown in the main text, the system functions as an engine
only in the underdamped regime, where κτ1 > 2γ [and, in
fact, κτ1 
 2γ in such systems (see Sec. IV), ensuring this
condition is met].

Maximizing Ẇ out (minimizing Ẇ in) with respect to τ1

yields only the solutions τ1 = 0 or τ1 = τ , corresponding to
the (trivial) single-stroke case discussed in the main text. To
obtain a functional two-stroke engine, we instead maximize
the efficiency η = −Ẇ out/Ẇ in [with Ẇ out and Ẇ in given by
Eqs. (A9) and (A10), respectively], which gives, already con-
sidering the underdamped limit,

τ1 = τ

2
. (A11)

Equations (A1) and (A2) thus become

x1(t ) = v1

(
t − τ

2

)
, (A12)

x2(t ) = v1

(τ

2
− t

)
, (A13)

implying velocities jumping from ±v1 to v2 = ∓v1 at t = τ/2
and t = τ (t = 0), respectively. These jumps justify the need
for impulsive deltalike forces, given by Eq. (18). Substitut-
ing these expressions for position and velocity, together with
Eq. (18), into the averaged Langevin equation yields the driv-
ing forces in Eqs. (19) and (20) of the main text. Using these
forces in Eqs. (16), (11), and (8) provides the thermodynamic
quantities in Eqs. (21)–(23).

APPENDIX B: MAIN EXPRESSIONS FOR GENERAL
UNDERDAMPED BROWNIAN ENGINES

Building on the framework developed in Ref. [66], the
relevant thermodynamic expressions retain the same structure
as those derived in Sec. II A general time-dependent driving
can be represented as F (t ) = figi(t ), where

g1(t ) = a0

2
+

∑
an cos

(
2πnt

τ

)
+ bn sin

(
2πnt

τ

)
and

(B1)

g2(t ) = c0

2
+

∑
cn cos

(
2πnt

τ

)
+ dn sin

(
2πnt

τ

)
. (B2)

The driving protocol is defined by selecting the Fourier
coefficients an, bn, cn, and dn, such that cn = dn = 0 for
the first step (i = 1) and an = bn = 0 for the second step
(i = 2). Notably, the Fourier expansion inherently satisfies the
required boundary conditions, i.e., the continuity of the prob-
ability distribution at t = τ/2 and the periodicity condition
ensuring that the system returns to its initial state at t = τ .
Averaging Eq. (1) yields the following general expression for
the mean velocity v̄(t ):

v̄(t ) =
∞∑

k=1

( f1a1vk + f2a2vk ) cos

(
2πk t

τ

)

+ ( f1b1vk + f2b2vk ) sin

(
2πkt

τ

)
, (B3)

where aivk and bivk denote the Fourier coefficients of the mean
velocity, determined by the specific form of the driving forces.
By averaging Eq. (4) with v(t ) given by Eq. (B3), one obtains
expressions analogous to Eqs. (9) and (10). The general form
of the Fourier coefficients of the velocity, along with the
corresponding Onsager coefficients, is provided by

a1kv = 8πkτ
{
8πγ kτan + bn

[
τ 2

(
γ 2 − ω2

D

) − 16π2k2
]}

[τ 2(γ − ωD)2 + 16π2k2][τ 2 (γ + ωD)2 + 16π2k2]
,

a2kv = 8πkτ
{
8πγ kτcn + dn

[
τ 2

(
γ 2 − ω2

D

) − 16π2k2
]}

[τ 2(γ − ωD)2 + 16π2k2][τ 2(γ + ωD)2 + 16π2k2]
,

b1kv = 8πkτ
{
an

[
τ 2

(
ω2

D − γ 2
) + 16π2k2

] + 8πγ kτbn
}

[τ 2(γ − ωD)2 + 16π2k2][τ 2(γ + ωD)2 + 16π2k2]
,

b2kv = 8πkτ
{
cn

[
τ 2

(
ωi

D − γ 2
) + 16π2 k2

] + 8πγ kτdn
}

[τ 2 (γ − ωD)2 + 16π2k2][τ 2(γ + ωD)2 + 16π2k2]
,

L11 = T
∞∑

n=1

∞∑
k=1

{
πka1kvak − b1kv

(
a0[(−1)k − 1] − πkbk

)}
4πk

+ (1 − δn,k )

(
− [(−1)k+n − 1](kanb1kv − na1kvbn)

2π (k2 − n2)

)
,

L12 = T
∞∑

n=1

∞∑
k=1

{
πka2kvak − b2kv (a0[(−1)k − 1] − πkbk )

}
4πk

+ (1 − δn,k )

(
− ((−1)k+n − 1)(kanb2kv − na2kvbn)

2π (k2 − n2)

)
,

L21 = T
∞∑

n=1

∞∑
k=1

1

4

(
a1kvck + c0((−1)k − 1)b1kv

πk
+ b1kvdk

)

+ (1 − δn,k )

(
((−1)k+n − 1)(kb1kvcn − na1kvdn)

2π (k2 − n2)

)
,
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and

L22 = T
∞∑

n=1

∞∑
k=1

1

4

(
a2kvck + c0((−1)k − 1)b2kv

πk
+ b2kvdk

)

+ (1 − δn,k )

(
((−1)k+n − 1)(kb2kvcn − na2kvdn)

2π (k2 − n2)

)
,

where ωD =
√

γ 2 − 4κ is the damped oscillation frequency
of the system. The drivings considered include constant, lin-
ear, and periodic protocols, which are respectively defined as
follows:

gi(t ) =
{

1, 0 < t � τ/2
−1, τ/2 < t � τ.

gi(t ) =
{
λt, 0 < t � τ/2
λ(t − τ/2), τ/2 < t � τ.

gi(t ) =
{

cos
(

2πt
τ

)
, 0 < t � τ/2

sin
(

2πt
τ

)
, τ/2 < t � τ,

where λ is a constant introduced to ensure that gi(t ) is dimen-
sionless. The coefficients an, bn, cn, and dn are given below.

For constant driving:

a0 = c0 = 1, an = cn = 0, bn = −dn = −1 + (−1)n

πn
.

For linear driving:

a0 = c0 = τ

4
, an = −cn = [(−1)n − 1]τ

2π2n2
,

dn = − τ

2πn
, bn = (−1)ndn.

For harmonic driving:

a1 = d1 = 1
2 , an = dn = 0 ∀n �= 1, b1 = c1 = 0,

bn = 1 + (−1)n

(n2 − 1)π
n = ncn ∀n �= 1, c0 = − 2

π
.

By inserting these coefficients into the expressions for a1vk ,
a2vk , b1vk , and b2vk , the Onsager coefficients can be directly
evaluated.

APPENDIX C: MAIN EXPRESSIONS FOR GENERAL
OVERDAMPED BROWNIAN ENGINES

Following Refs. [35–39], here we briefly outline the key
features of the overdamped regime. Consider a Brownian par-

ticle with mass m coupled to a thermal bath at temperature Ti,
whose dynamics are governed by the Langevin equation

dvi

dt
= − α

m
vi + Fi(t ) + ξi(t ). (C1)

This equation can be seen as formally equivalent to that of
an overdamped harmonic oscillator subject to a force fi(x) =
−κxi/m. This equivalence becomes evident by replacing x →
v, κ/α → γ , and 1/α → γ /m. Thermodynamic quantities
such as work, heat, and entropy production are derived anal-
ogously to the underdamped case, using the corresponding
Fokker-Planck equation. In this framework, the time evolution
of the probability distribution Pi(v, t ) follows

∂Pi

∂t
= −∂Ji

∂v
− Fi(t )

∂Pi

∂v
, (C2)

where Ji represents the probability current given by

Ji = −γ vPi − γ kBTi

m

∂Pi

∂v
, (C3)

which matches Eq. (3) in the main text. In the NESS, the mean
energy evolves as Ui(t ) = 1

2 m〈v2
i 〉, and its time derivative

can be decomposed into two contributions identical to those
presented in the main text. The same applies to the entropy
production. Averaging the instantaneous power Ẇi(t ) over a
full cycle yields relations similar to Eqs. (9) and (10), whose
Onsager coefficients take the forms found in Refs. [38,39]:

L11 = 1 − 2

γ τ
tanh

(γ τ

4

)
, (C4)

L12 = 2

γ τ
tanh

(γ τ

4

)
, (C5)

for constant drivings, where L11 = L22 and L12 = L21, and

L11 = 1

12γ τ

[
γ 3τ 3 − 3(γ 2τ 2 − 8) coth

(γ τ

2

)

− 24 csch
(γ τ

2

)]
, (C6)

L12 = (−γ τ + 2eγ τ/2 − 2)
(
eγ τ/2(γ τ − 2) + 2

)
2γ τ (eγ τ − 1)

, (C7)

for linear drivings, where again L22 = L11 and L12 = L21.
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