





2 Group rings in characteristic p > 0

We remark first that. if G is either a nilpotent or FC group. then T is locally
fimite and that if ¢ # T'. then ¢ contains a central element of infinite order

( see [5] ).

Lemma 2.1 Lot € be w yroup sueh that 1 = [(G) as docally funte. and
assume that cither G contains a central element of infinte order or K s
not algebrare over s prome ficdd PUK). If TUKG) 15 @ subgroup then, for
cvery finite subgroup Ty € T the quotient ring K1\ [ JUNTY). where J(KT))

denotes the Jacobson radical of KTy, is a direct sum of fields.

Proof. Let r denote be a central element ol infinite order in . De
wote by K T[] the smallest subring of K¢/ containing KT and {r} and let
o ARTr] — (K Ty /JCRN T Y)[x] the epimorphism induced by the natural
map KTy — KTy /J(KTy). Since JUK Ty} is nilpoteut and 1 is central. it fol-
lows that her(@) = JIKT))[z] is a nilpotent ideal. Hence, ¢ induces. by re-
striction. epimorphisms of the respective unit groups and also of the respec-
tive sets of torsion elements. Then. it is easily seen that (KT /J(KT)))|z}
also has the t.p.p.

Since K7, /J(KT))is semisimple artinian. we have that

KT,

~ gt
TRty = B Mt Da).

where D, is a division ring containig K'. 1 < i<t

For each index 1 we have:

(M (DN} = (M, (D) o K )]
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2(Di®r My, (K)® K)[z] 2 D; @K M, (K|[z]).

Then. also AL, ( K{z]) has the t.p.p.. It follows from [4. prop. 2.2] that
n, = L. Theu:
KT,
J( I\'TI )

1%

‘P:=|D"

Given any two elements z.y € T we have that 7.7 € L, TU{D;) and
[4, prop. 2.1] shows they are central. Hence. KTy /J(KT)}is commmutative
and the result follows.

A similar argument proves the statement in the case where i contains

an element z which is transcendental over P( A’} m]

Lemma 2.2 Let i and G be as in the previous lemma. If TU(KG) is a

subgroup. then the P sel of p-elements in G is a normal subgroup of G and

™cC P

Proof. Assume that a is a p-element. Then. for some integer n > 1 we
have that (0 — 1)P" = o™ —=1 =0ie. a—-1isa nilpotent element. We
set T =< supp{a) >. Then T is finite and the image @ in KT} /J(KT,) is
also nilpotent. Then. lemma 2.1 shows that a € 1 + J{(K'T})

Hence. given two p-elements a.3 € G. we have that ad € 1 + J(KT)).
which is a p-group.

Given z,y € T. lemma 2.1 shows that A’ < z,y > [IK < z,y>)
% @; D;. a direct sum of fields; hence, (z,y) - 1€ J(< K < z,y >). Thus.
there exists an integer n > 1 such that (z,y)”" = 1. Consequently 7" C P.
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Theorem 2.3 Let G be a nilpotent or FC group and el K be a field with
char( 1;') = p > 0. Then TU(KG) is a subgroup if and only of one of the

following conditions hold:

(i) G is abelian.

(i) G =T and K is algebraic over its prime ficld P L).

(iii} The set P of p-elements in G is a subgroup, T' C P and i/ T/P is
non central in G [P then Q. the algebraic closure of P(K) in K is
finute and. for all x € ¢ and all p-element o € T we have that rar~!
is of the form zaz~! = a”’ y. where v > 0 and y € . Furthermore.

for every such an ezponent v we have that [2: P(N)] | r.

Proof. It is clear that either (i) or (ii) implies that A'C; Las the t.p.p.
Assume then that G is not abelian and that either (¢ # T or i is not
algebraic over P(K'). From lemmma 2.2 we see that P is a subgroup and
that T' C P. -

Since A(G : P) is a locally nilpotent ideal. it follows that A'(G/P) also
has the t.p.p. Since T/P contains no p-elements, [7, lemma VI.3.12] shows
that if there exists a non central idempotent e € K (T/P). then U(K(G/P))
contains a subgroup which is isomorphic to GL(m, k) with m > 1. If K
is not algebraic over P(L) this yields a contradiction. On the other hand,
if G # T, then [4, theorem 1.1] shows directly that every idempotent of
K(T/P)is central in I\'(G/E).

In both cases, [1] shows that (i) holds.

To prove sufficiency, we observe that both (i) and (ii} imply readily that

K G has the t.p.p. Thus, assume that (iii) holds. Then, [1] shows that every
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idempotent of K(T/P) is central in K{(G/P) and. as in [1. theorem L] we

see that NG has the t.p.p. also in this case. a
3 Group rings in characteristic 0
Out first result holds in a slightlv more general setting.

Lemma 3.1 Lt G be a group such that T(() is locally finite and let K be
a field of characteristic 0. If TU{KG) s a subgroup. then T is abclian.

To prove our statemel. we can assume that T is finite. Then. we can
write AT = &/_, M, (D,). Since M(Q) does not have the t.p.p. (see. for
example [6, p. 20]). it [ollows immediately that n, = 1.1 </ < 1.

Thus, KT = &!_, D, contains no nilpotent elements. so [7,  theorem
VI.1.11] shows that T is either abelian or a Hamiltonian gronp. Finally, if

T, is Hamiltonian. it contains a subgroup of the form
Q=<abja' =1,a*=bbab’ =a’ > .

Let p be any prime. It was shown in [3. theorem 2] that o = r + ga
withz,y € Z, p} z,p | y. is a unit in Q) Q. and therefore in QG and
that (b,a) = 6(b~')° is not an element of finite order. lence. T} must he
abelian. u

We can now correct [1. theorem 5.2]. which should be stated as [ollows.

Theorem 3.2 Let GG be a ;lil]:olerlt or FC group end It K b a field of
characteristic 0. Then. TU{K G) is a subgroup if and only if the following

conditions hold:



(i) T is abclian,
(it) Forallt € T and all x € G we have that rtr=! = ¢, where i = i(z)
locally and. for cach non central element t € T, I contains o

rool of unily of ordcr o(t).

Proof. We know, lrom the lenina above, that 1" is abelian.

Also, every idempotent in KT is central in K, since, as before, [7,
lemma VI1.3.12] shows that U(G) contains a copy of GL(m, i), with m >
1. This yiclds a contradiction. because Mz(Q) does not have the t.p.p.

Now. [2] shows that, for all £ € T and all x € & we have that ztx=! = ',
where i = i(x) locally and that for every non central element t € T, K
canlains no root of nuity of order o(1) .

To prove suflicicncy, notice that we may suppose that ¢ is finitely gen-
erated and, thercfore, that 7' is finite. Thus K7 = @!_ K. a direct sum
of lields. Let § = {s;}iesr be a transversal of T' in G. Then, we know from
[7, lemma VE.3.22] that every unit w € K can be written in the forn
u=3,fgiwher e N, g €85 1 <i<t.

Sinee [2] shows that the conditions in the statement of our theorem imply
that every idempotent of KT is central in K G, we have that g; f, = flg;, for
some e K, 1 <1<t llence:

'
v = 3 Tl
i=1
where ﬁ € N, | <i<t Thos, w€ TU(KG) il and only if there exists an
integer e snch that g™ = 1, 1 <i < {, be. il and only if w € U(K'T). Since

T is abelian, it follows casily that K¢/ has the t.p.p. u]
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