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Group Rings whose Torsion Units form a Subgroup 

1 Introduction 

Sonia P. Codhu 

( '. Polcin,, ~lili,·s 1 

Lt>t ll( fl(,') th•note the grou11 0£ units or the group rin,: or a gi\'m group(,' 

over a field /\. Also. we shall denol<' hy 1' = T(G) and Tl'( 1,·<:1 lhc st•t or 

elements or finite order in G and (I( /1.G) resp<'rti.,ell_v. 

In this note. we shall ron,itl.-r groups (,' that an• citlwr nilpotent or 

FC' and det!'rmine conditions on(,' and 1,· for Tl'( /,(;I lo h,• dos1•1I untlcr 

11111ltiplin1tion. i.t• . lo hi' a suh~roup or{"( li'(:1 . This <fUl'slion w;is first 

studied i11 1-t] but the answl'r was iucompll'IP herau,<' ii d!'pendcd 011 thl' 

fact that every idempotent or /i'T is central in r,·G. a rnndition not folly 

understood at that time. Using the results in (I]. 12], we arl' able lo give a 

rompll'lf' answrr to I his •1ueslio11. In particular. wr do 1101 need a technical 

hypothesis ;,ssnmed in l-1. theowm -I.I] and WP corrf'rl a gap in 

I 1. thmrrm •,.'.!] . In what follow,. if ii ring R is sud, I hat it, 1or,io11 nnils 

form a subgroup. Wf' sl,all s.1y. hriPH_\· . that fl has lhP l.p .p. ( tm·.•11111 1,md11f'I 

11roperty). 

• Both aulhon were partially sapporled b~ a rnearch grant bom CN P<t 



2 Group rings in characteristic J> > 0 

We remark first that. if G is ('ither a nilpole11t or FC' ~roup. then Tis locall_,. 

li11it1• ;111<1 tl1al ir (,'-;. 1'. 1h1•11 (,' rn111ai11s a l ' l'llfr;il 1·lt·11..-11l or inliuilf' llffl•·r 

Lemma 2. 1 /., I <; /,, 11 y,·01111 .,111 I, t/,11/ I = /'(I; I ,., /m ·11//!1 /11111, . ,111,/ 

<JS,'111111 //111/ , 1/l1t ,. <; nmlt1i11., 11 Ct'lllml t le ,11111/ .,J i11Ji111/1 on/, r· 111· /,· ,., 

1/nwtt·.< tit< .l11rob~o11 rmliral of J,1'i. i., 11 dil-rrl ·'"'" 11/ fil'i,I.,. 

Proof. l. .. t J' ,lenoh• ht• a renll'al l'l1•111P11I ol inliuilP onl«>r in ,;• . De-

11ot(' h1· hTi[,·j 1111· s111allPsl suhrinµ, of /,(; rn11tai11i111,\ /1T aud I .I' l and lt•I 

o: ( /d'1 )[,·] - ( /d'i/.l( hT1 )l[rj tlll' t•pi111orphis111 i11dun•d h_1· tl11• natural 

ma11 AT1 - hTi/ J( 1n·1 ). Sinn• J( /\T1 ) is nilpott"nt and r is central. it fol­

lows tl1at /1'er(4>) = J( /\'1'1 )l.c) is a nilpotent ideal. lll'nce, q, induces. by re­

striction. epi111orphis111s of the respective unit groups and also of the respec­

tive sets of torsion elements. Then. it is easil~· seen that (KT1/J(1'"Ti))[:rj 

:Llso has I lw l.p.p. 

Sinn• 1,·r1/J( /,7'1) i, sP111isi111pl1• artiuian. we lia1•p that 

where V, is a division ring conta.ini~ /1. I :S i :S I. 

For earh index i we hav1•: 
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Then. also Mn,(A"(x]) has the t.p.p .. It follows from [-1. prop. 2.2] that 

Given an~· two elements x. y E T1 we have that x. y E -!::=~Tl'( D, J and 

[-l, prop. 2.1] shows they are central. Hence. ATi/J( /iT1 ) is commmutative 

and the result follows . 

A similar argument proves the statement in the case where /1 contains 

an element x which is transcendental over 'P( /1) 0 

Lemma 2.2 Lfl 1,· ancl G be as in thE 11re1,ious lemma. If Tl'{ l,G) is a 

subgroup. then the P set of JM:/ements in G is a nonnal subgroup of G and 

T'c P. 

Proof. Assume that o is a p-element. Then. for some integer 11 2: I we 

have that (n - l )"" = or" - I = 0 i.e. o - 1 is a nilpotent element. We 

set T1 =< sttP],{o) >. Then T1 is finite and the image o in ll"Ti/J(l{T1 ) is 

also nilpotent. Then. lemma 2.1 shows that o E I + J( AT1 I 

Hence. given two p-elemenls o./3 E G. we have that od E I+ J( l,T1 ). 

which is a p-group. 

Given x, y ET. lemma 2.1 shows that A"< x, y > /J(/1 < x, y > 1 

~ f!t;D;, a direct sum of fiel~s: hence. (x,y)- IE J(< A"< x,y >). Thus, 

there exists an integer 11 2: 1 such that (x,y)"" = 1. Consequently T' .C P. 

□ 
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Theorem 2.3 Let G bt a nilpoteul or FC grou11 ,mcl Id 11· bt " field with 

chal'( 11·) = I' > 0. Tht:11 TU(/\(,') i., 11 .,11bgro11p if ,uul ,mly if om of tlu 

following conditions hold: 

(i) G is abelia11. 

(ii) r. = T and I\ is algebraic 01·er 1/s ,,rime fie/ti P( ii") . 

(iii) The set P of p-elements in G is a subgroup. T' C P and if T / P is 

11011 eentml i11 G / P then fl. the a/gebmir clo.•11rt of Pl 11·) i11 ii" i.• 

fimtt 011d. for 11/1 XE(,'"''" t11/ ,,-dtlllf 111 II E r. II'( '""'( //wt .rnr- 1 

is of the Jann :wx- 1 = ttP' y. where r 2'. 0 nn,J y E P. Furthennort:. 

for every such <m expo11t"11t I' we have t/iut [!l : P( 11·)) I ,. . 

Proof. It is clear that either (i) or (ii) implies that /\G has the t.p.p. 

Assume then that G is not abelian and that either G 'f T or /\ is not 

algebraic over 1'(/\). From lemmma 2.2 we see that Pis a subgroup and 

that T' C P. 

Since ~(G': P) i~ a locally nilpotent ideal. it follows that /dG/ P) also 

has the t.p.p. Since T/P contains 110 p-elements, [i, lemma \'l.3.12] shows 

that if there exists a non central idempotent e E /\(T / P). then l'(/\(G / P)) 

contains a subgroup which is isomorphic to G L( m, /\) with m > 1. If /\ 

is not algebraic over P(I\) this yields a contradiction . On the other hand, 

if G ,# T, then [4, theorem -l.1] shows directly that every idempotent of 

/\(T/P) is central in /\(G/P). 

In both cases, [I) shows that (iii) holds. 

To prove sufficiency, we observe that both (i) and (ii) imply readily that 

/\G haa the t.p.p. Thus, assume that (iii) holds. Then, [1] shows that every 
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idempotent of /1(T//') is reutrnl in /dG//') aud. as in [·I. thL·orP111 1.-lj 11·t• 

st•c that /i"G has the t .p .p. also iu thi, case. D 

3 Group rmgs m characteristic 0 

Out first result holds iu a sligl,tl_v 111ort• ~eneral ,c•lliu~. 

Lemma 3.1 ltt G bt "!Jl'OIIJJ such tlwt T((,') i~ lornlly ji111/< """ Id /1· b, 

u jidd of clwrncltristic 0. If TF( 11·c;) i., <1 .,ulxjmup. thrn T i., "'" li,111. 

To prove our statemet. we can assume that r is finite. Thc11. w,, can 

write /1T ~ _tl.·:=1:1/11 ,( D,) . Siure i\/i(Q) does not l1al'<' th,• 1.p.p. (see. for 

example [ti, p. 20)), it follows imme,liatr-1 _1· that 11 1 = I. I :'S:: i :S /. 

Thus, /1T ~ itl=i /J, contains 110 nilpotent ele11w11ts. so [;- , Llwon,1n 

\'l.l.11] shows that T 1 is either abclian or a llamilto11ia11 group . Fiuall y, if 

T1 is llamiltoniau. it contaiui. a subgroup of the form 

Let p be any prime. It was shown in [3. theorem ·2] that 11 = .£ + 911 

with x, y E Z, p I x,p I y . is a uuit in QIJ>IQ. and therefor!' iu Q(; and 

that (b,a) = b(b- 1 )0 is not au element of finite order. lleul·c . "/'1 11111st he 

abelian . D 

We can now corrert [-1. theorem 5.2]. which should he sLall•d as follows . 

Theorem 3.2 lt:1 (,' bt " 11il110tc11/ or FC gm111• 111111 Ill 11· b, 11 Jidd of 

characteristic 0. Then. Tl'l l1G) i~ <1 s11bgm111> if and only if tlu /ollowiuy 

conditions hold: 



(i} 1' i.• abclian. 

(ii) /-i,,. ,,Ii IE 7' mu/ "II :r Er. wr lwvr flwl :ri:r - 1 = ti, 111/",,., i = i(x) 

lm·111/y a111/, for rnd1 11011 1·r11tml, /n,u 11/ I E T, /1' rm1lai11~ 110 

1·m,I 11/ 1111ily of ,ml, 1· o{ I). 

Proof. w .. know, rro111 I.hi• l<'n1111a ahovl', that 7' is ,th<'liau. 

Also, PV('l'Y iclc111potP11l i11 AT is cr11tral i11 /{(;, si11re, a.~ hdorr, [7, 

l1•111111a Vl.:J .12]shows that l/(11'(;") co11tai11sacop,v ofGL(m, /1), with m ~ 

I. This ,vi,·lds a rnnt.ra.dirtion. hC'rnns!' M2(Q) 1lors not have tllC' t.p.p. 

Now. [2] shows Iha.I, for all IE 7' aml all .r Er: wr hav<• that. x/:r - 1 = ti. 

wl1<•r<' i -= i( ,r) lorn.lly ,11ul that for <'V<'l',Y 11011 cC'ntral .. 1,,111,•11I I E 7', /1· 

n111l.ai11s 11<1 l'<K1I nf 1111il,\' or onln o( /) . 

To prov,• s1111iriP11ry, 1101.in:) th ... t IV<' ma,v supposC' that G is finit.,.ly gC'II· 

of liPlds. 1,.,t .'i = {.•;};e1 hi' a. t.ransversa.1 of 1' in r.. Thl'n. we know from 

[,, l<·111111a \'1.:1 .22] that. C'V<•ry 1111il. 11 E /di rnu I,,.. wrill.Pn in th<' form 

Si11<·,, [:l] shows I.hat t.l11• ronclilions in t.h,, sl.at.1•111<•11l of our I h£'0 1<•111 i111ply 

that <'VNY idPmpol.C'nl of /11' is r!.'nt.rnl in /1G, wr hav!.' t.hat g;f, = flg;, for 

soml' /·7 E 11, I :5 i :5 I. 11,•nrP: 

11"' = '°'7.gm ~Ji .• , 
i=I 

wh.,1·•· J: E /1 ' , I :::: i ~ I. Tl111s, 11 E '/'(/( f1"(,') if an,I ouly if llwn• 1•xists an 

iul<',s•·r 111 sn.-11 1.hal g;•• = I, I :5 i ~ I. i.C' . ir a.11,I 0111,v if 11 E f/( /1'1'). Sinrf' 

J' is alH'liau, it. follows 1·asily t.l1al fl'(,' l1as th<' I..JI.JI. D 
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