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ABSTRACT. In this short note we show that if A is a nuclear Bernstein algebra 

then the group of automorphisms of M(A), its multiplication algebra, has a 

proper subgroup isomorphic to AutA. 

1. INTRODUCTION 

Some of the tools for the study of a Bernstein algebra are its multiplication 

algebra and also its group of automorphisms. In this note we stablish another 

connection between these two structures, among others which are well known 

in genetic algebra theory. 

Let F be a field of characteristic not 2. A baric algebra (A, ro) over F is 

formed by an algebra A over F and a nonzero homomorphism ro: A ➔ F. A 

commutative baric algebra (A, m) is Bernstein if (.x2)2 = ro(x)2.x2, for all x EA. 

Bernstein algebras have idempotents e such that ro( e) = 1 and for each of them, 

the Peirce decomposition of A is 

A= Fe$U$V = Fe$N, 
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with U = {x E kerco: 2ex = x}, V = {x E kerco: ex= O} and N = kerco. These 

subspaces U _and V satisfy the relations 

U2 ~ V, UV ~ U, V2 ~ U, 

and if u E U and v E V the following identities hold: 

u3 = (u2f2 = u(uv) = (uv) 2 = uv2 = 0. 

The subspace L = annuU = {u EU: uU = O} is an ideal of A, independent •, 

of the choice of the idempotent e EA. The quotient algebra A/Lis a Jordan 

algebra. We say that A is nuclear if A 2 = A and in this case, we have V = U2• 

For more information, see [5]. 

Given a Bernstein algebra A, its multiplication algebra, denoted by M(A), 

is the subalgebra of EndA generated by {Lx: x EA}, where Lx is the linear 

operator of A defined by Lx(a) = xa, for all x,a EA. If e EA is an idempotent 

then 2L;-L,, E M(A) is also an idempotentandM(A) = F(2L;-L,,)$(N :A), 
where {N: A)= { CJ E M(A): CJ(A) ~ N}. We can decompose the ideal (N: A) 

as (N: A)= iJ ED V with iJ = {a E (N: A): o(2L; -4) =a}= {a E (N: 

A) : o(N) = O} and V = {a E (N: A) : o(2L; -L,,) = O} = {a E (N: A): 

a(e) = O}. The study of these multiplication algebras began in [I], where the 

authors establish some connections between A and M(A). In [2] and [3], other 

properties of M(A) are presented. 

Foreachx E UEBU2 we define the linearoperator'lfx E EndA hY'l'x(e) =x 

and 'lfzCN) = 0. Then 'l'x E M(A) and iJ = {'l'x: x E U ~ U2}. As particular 

cases, we have 'If,,= 2L,,L,, +2L,,L,,-L,, and 'Ilia= 2L.u4 +L,,Lx+LxL,,, for 

all u,xE U. 

Remark If/~ N is an ideal of A and(/ :A)= {a E M(A): a(A) ~/}then 

M(A/f) 9! M(A)/(1: A). We observe that all the elements of M(A) have their 

images in A2• So if we take an ideal/ of A such that/ nA2 = 0 then (/: A) = O 

and in this caseM(A//) ~ M(A). Ideals of A satisfying/nA2 = 0 are contained 

in annA, the annihilator of A. Therefore we can assume that annA ~ U2• 

Lemma2.4 of [4] states that if A andB are algebras over F and q,: A -+Bis 

an epimorphism then there exists an epimorphism ip: M(A)-+ M(B) such that 
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cp(L..) = ~a} for all a EA. In particular if cpis an automorphism of A then~ is 
an automorphism of M(A). This defines the mapping A: AutA-+ AutM(A) 
such that cp ~ q>. This mapping A is a homomorphism of groups. In fact, for 
all x EA and <p1 , <pi E AutA we have on the generators Li of M (A): 

A(cp1<pi)(L_.) = iPtcpi(Lz) =.l..q,1q,z(x)= ~~(x) = ~(4) =A(cp1)A(<pi)(/.,z). 

Moreover A(ld,4.) = IdM(Al and this proves that A is a homomorphism. We 
determine now the kernel of A. Let cp E AutA such that q> = IdM(A)· Then we 
have q,(4) = Z...tx) = 4 for all x EA, that is cp E ker A if and only if cp(x)-x E 
annA for all x EA. Since cp E AutA, cp(e) is an idempotent of A. Therefore 
there exists uo E U such that cp( e) = e + uo + u5 and from cp( e) - e E annA we 
have uo + u5 E annA ~ V, that is uo = 0 and this implies u5 = 0 and cp(e) = e. 
For elements u E U we have u = 2eu. So cp(u) = 2cp(e)cp(u) = 2ecp(u) and 
so cp(u) E U. Using the relation cp(u) - u E annA we obtain cp(u) = u. Given 
u1, u2 E U we have cp(u1112) == cp(u1)cp(u2) = u1u2. Consequently 

cp(x) =x, forallxEA2
• (1) 

Decomposing V = U2 EB W. for each w E W we have cp(w) - w = Zw E annA. 
Thus 

cp(w) = w+zw, withz.., E annA. (2) 

We prove now that a linear mapping of A verifying the above two conditions (1) 
and (2) is an automorphism of A. We may assume annA ~ U2 by the previous 
Remarlc. Let A = Fe EB U $ U2 EB W be a Bernstein algebra. If {Wt, •.. , w,} is a 
basis of Wand {zt, ... ,z,} ~ annA then a: A ➔ A defined by a(a) = a for all 
a E A2 and a(w;) = wi+Zi for i = 1, ... ,tis an automorphism of A. In fact, a 
is linear and since annA ~ U2, a is bijective because w; = a(w; -Z;), for each 
j, Givenx=a+w andy= b+w' in A witha,b EA2 and w,w' E W we have 
o-(xy) = xy because xy E A2• As a(w) = w+zw and o-(w') = w' +zw, where 
Zw,Z:w' E annA we obtain a(x)a(y) = (x+zw)CY+Zw) = xy = a(xy). If we 
denote the above defined operator a by O"(z1, ••• ,.r,) we have 0(:1, •.• ,.r,) E kerA, for 
each t-uple (z1, ... ,z:,) of elements in annA. Thus ifwe fix a basis {wt,· .. , w,} 
of W, kerA = {O"(zi, •.. .i,) : z1, ..• ,z, E annA}. We obtain, as particular cases, 
that A is injective in two situations: 
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Proposition 1. If A is nuclear or annA = 0 then AutM(A) has a subgroup 

isomorphic to AutA. ■ 

The above proposition shows that in many cases A is injective. On the other 

side we will prove that A is not onto and so M(A) has more automorphisms 

than A. We construct now a new class of automorphisms of M(A) to ilustrate 

this fact. 
LctA = Fe@UEBVbeaBemsteinalgebraandM(A) = F(2L;-4)EBUffJ 

V its multiplication algebra. We recall that U = {'l'x: x EU EB U2}. For each 
xo E U $ U2 we definer .ro: M(A) ---+ M(A) by the rules 2L; -L. t--t 2L; -
4 + 'l'xo, 'l'x -+ 'l'x and 8 i-+ 8 - 8"'.ro, for all 'l'z E fj and 8 E V. Clearly r zo 
is linear and bijective. Moreover r xu(at) = r zo{o)f zo('t) for all a, t E M(A). 
In fact, decomposing.a= a{2L;-4) +'1'x+81 and 1 = J3{2L;-4) +'1',+E½ 

with 'l'z, "'' E iJ and 81t 8i E V we have at = cx(3(2L; - 4) + P'l'x + e, 'I',+ 
8,l½. Then r.ro(ot) = a,3(2L;-4) +aJ3'1'zo + J3'1'.r+81'1',+818i- 818i'1'.ro 

andrzo(G)f.ro{'t) = ( a{2L;-4)+00Vzo+'1' .. -81'1'zo+81) (P(2L;-.C...)+ 

13'1'.ro +'1',-E½Vzo +82) = aJ3(2L;-4) +af3'1'zo + 13'1' .. - J381'1'.ro + J381'1'xo + 

81v,-818i'l'zo +818i = r zo(at). Therefore rzo is an automorphism of M(A). 
This defines the application r: U ff) U2 ---+ AutM(A) by xi-+ rz. Note that r 

is a homomorphism from the additive group U ff) U2 to the group AutM (A): the 

image of OE U$U2 is theidentityoperatorinM(A) andgivenxo,Yo E UEBU2 

we have r ZO+)'O = r .ror )'O because r .ror )'O (2L; - 4) = r x.,(2L; - 4) + '1'.ro + 

"')'O = 2L; -4+'1'.io+)'O = r zo+)'0{2L;-L.); r .IOr)'O('l'z) = 'l'.r= r .ro+)'Ofll' .. ) for 

all 'l'z E iJ and r .rof )'0(8) = r .11> (8- 8"'.>'0) = 8- 8'1".11> - Ehp'10 = 8- 8'j,zo+111 = 
rxo+,0(8) for all 8 EV. Moreover r is injective: if r .. = ldM(A) then, in 

particular 2L; -4 = 2L; -4 + 'l'z, that is 'l'z = 0 and consequently x = 0. 
In [3] the authors study properties of isomorphisms of multiplication al­

gebras of Bernstein algebras. Some of them are used to prove the following 

result. 

Proposition 2. ForeachBernsteinalgebraA = Fe$U$V, the group of auto­

morphisms of M (A) has a normal abelian subgroup isomorphic to the additive 

groupU$U2• 
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PROOF: As explained above, it remains only to show that r(U $ U2) is nonnal 

in AutM(A). Let r .xo E r(u EB U2) and <l> E AutM(A). Proposition 6 of (3) 

states that <P(U) = ii. Then there exists Yo E U $ U2 such that <P('l'YO) = '1'.ro· 

We prove that <P-1r xo4l = r )'O· By (3, Prop.SJ, we have <l>(2L; -4) = 2L; -

4+'1', for some y EU EB U2. So (<l>- 1rxu<l>)(2L;-L,.) = <P- 1r .xo(2L;-4+ 

V1 ) = <l>-1(2L;-4+Vxo+'I',) = 2L;-L .. +\lf10 = r,0 (2L; -4). For'l'x EU 

we have <l>(vx) Eu. Thus rxo(4l('l'x)) = 4l('l'x), that is (<l>-1rxo4lH'l'x) = 
4l-1Cl>('l'x) = 'l'x = r,o('l'x), If 8 EV and 4l(0) = 'l'z +8' then (C1>- 1r .xo4l)(8) = 

4)-Ir xo('l'z + 8') = <l>- 1('1'z + 8' - e''lfxo) = «%)-I ('l'z + 8' - 'lfz'i'.ro - e''lfxo) = 

cJ>- 1 (Vz+e' - (Vz+8')'1'xo);; 8-9"'.>'0 = r >'0(8). Therefore cJ>-1r xocfl = r Yo E 

r(UEBU2) and consequently r{U $U2) is nonnal in AutM(A). ■ 

We compare the subgroups A(AutA) and r(U EB U2) of AutM(A). Recall 

that L = { u E U : uU = 0} 

Proposition 3. For any Bernstein algebra A = Fe EB U EB V, the .set A(AutA) n 

r(U EB U2) is a subgroup contained in r(L). Moreover if A is nuclear then 

A(AutA) n r(u EB U2} = r(L). 

PROOF: Given u, 1' E U we have 'fl,. = 24L,. + 2L,,1...e - L,, and 'f'ru = 2L..x4 + 
L,,Lx + LxL,, . We also remind that if cp E AutA and cp(e) = f then cp(Ue) = U1 

and cp(Ye) = Vt. So we have 'P('l'x) = 2L.,{ej.l..,p(11) + 2..¼11)1..,p(e) -~ .. ) = 'l'q,(11) 

and 'P('1'11.t) = 2Lq,(ll)q,(x).l..,p(e) + .l.q,(11)l,p{x) + l,p{x).l..,p(11) = '1'q,(11)tp{x) = 'l''P{ia)· Let 
r.ro E A(AutA)nr(UEBU2). Then thereexistscp E AutA such thatr.ro = ip. As 

r .ro('l'x) = 'l'x for all .x EU EB U2 we have 'l'tp(x) = 'P('l'.r) = 'l'.r, that is cp(.x) = x 

for all x EU EB U2
• If cp(e) = eo = e + uo + 146 then U = cp(U) = U~ = {u+ 

2u()U : 11 E U}. Therefore 2uou = 0 for all u E U, that is uo E L. If we evaluate 

ip in 2L~ - 4 we obtain ip(2L; - 4) = 2L~ -Leo = 2L; - L. + 'l'MO· On the 

other hand rxo(2L;- 4) = 2L;-4 +'l'xo• So xo = uo EL and A(AutA) n 

r(U EB U2) ~ r(L). Suppose DOW that A is nuclear. Let us prove that each r IIO 

with uo E L is an element of A( AutA). Let uo E L and ~ : A ➔ A defined by 

ci>.o(e) == e+uo, cp1111 (u) = u and q>IIO(v) = v for all u EU and v EV. Then q>uo 

is linear and bijective and for x = ae + 111 + v1, y = f3e + u2 + vi, we have xy = 
(ae+u1 +v1)(f3e+u2+v2) = af3e+ f (a.u2+13u1)+u1vi+u2v1 +v, vi+u1uz. 

Then ~(xy) = xy+ cxf3uo and since A is nuclear, elements in Lare in the 
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annihilator of N. Therefore fl)u0 (x) 'Puo (y) = ( x + a.uo) (y+ ~UO) = .xy+ ½a.J3uo + 
½a.~uo = .xy+a(3uo = 'Puo(.xy). Thus cpuo is an automorphism. Let us show that 

A(C!)uo) = r uo· Again using that elements in Lare inannN, we have Luo= ½'l'uo 
andLx'lfuo = 0 forallxE N. Then, r uo(Le) = ruo(2L~-4+½(44-4Lm = 
2L~-4+'1'110 +½(44-4L:)-½'1'11o = 4+½'1'uo =4+Luo = ~(4). For 
ll EU, r IIO{L.,) = r uo(½'lf11 +L.,- ½Vu)= ½'1'11+.l.v-½'1'11 - (L.,- ½'l'11)'1'uo = 
L., = cp.;(L,,) and ifv EV, r ac,(4) = 4-4'1'uo = 4 = ~(4). Thus r uo = 
A(C!)uo) and consequently A(AutA) nr(U $U2) = r(L). ■ 

When A is nuclear we have proved that AutM(A) has a subgroup isomor­

phic to AutA (which is the image of the application A) and each automorphism 

of type r ... with x e U $ U2 and x ¢ L is not in this subgroup. Then the appli­

cation A is not onto AutM(A). 

REFERENCES 

[l] R. Costa and A Suazo: TM nudtipUcalion algebra of a Benu~in algebra: ba.ric r11ndu. 

Comm. Alg. 24 (5), 1809-1821 (1996). 

[2] R. Costa, L.S. Ikemoto and A Suazo: On the multiplication algebro of a Bernstein alge• 

bro, Comm. Alg. 26 (11), 3727-3736 (1998). 

(3) R. Costa and L.S. Ikemoto Murakami: On Idempotents and isomorphismsof 1111lltiplication 
algebras of Bernstein algebras, Comm. Alg. 28 (7), 3265-3276 (2000). 

(4] R.D. Finston: On multiplication algebras, Trans. Am. Math. Soc. 293 (2), 807-818 (1986). 

[5] Yu. I. Lyubich: Mathematical Stn1CtUr11.r in Population Genetics, Biomathematics 22, 

Springer, Berlin-Heidelberg-New York (1992). 

6 



TITULOS PUBLICADOS 

2000--01 BARROS, S.RM., PEREIRA, A.L., POSSANI, C. and SIMONIS, 
A Spatially periodic equilibria for a non local evolution 
equation. l lp. 

2000-02 GOODAIRE, E.G. and POLCINO MILIES, C. Moufang unit loops 
torsion over the centre. IOp. 

2000-03 COSTA, R and MURAKAMI, L.S.l. On idempotents and 
isomorphisms of multiplication algebras of Bernstein 
algebras. 12p. 

2000-04 KOSZMIDER, P. On strong chains of uncountable functions. 24p. 
2000-05 ANGELERI-HOGEL, Land COELHO, F.U. Infinitely generated 

complements to partial tilting modules. I Ip. 
2000-06 GIANNONI, F., MASIELLO, A, PICCIONE, P. and TAUSK, D. 

V. A Generalized Index Theorem for Morsc:-Stunn 
Systems and applications to Semi-Riemannian 
Geometry. 45p. 

2000-07 PICCIONE, P. and TAUSK. D.V. Lagrangian and Hamiltonian 
formalism for constrained variational problems. 29p. 

2000--08 PICCIONE, P. and TAUSK, D.V. An index theorem for non 
periodic solutions of Hamiltonian Systems. 67p. 

2000-09 GIAMBO R., GIANNONI, F. and PICCIONE, P. Existence 
multiplicity and regularity for sub-Riemannian 
geodesics by variational methods. 25p. 

2000-10 PICCIONE, P . and TAUSK, D.V. Variational Aspects of the 
Geodesic Problem in sub-Riemannian Geometry. 30p. 

20~1 l GIANNONE. F. and PICCIONE, P. The Arrival Time 
Brachistochrones in General Relativity. 58p. 

2000-12 GIANNONE, F., PICCIONE, P. and TAUSK. V. D. Morse Theory 
for the Travel Time Brachistochrones in stationary 
spacetimes. 70p. 

2000-13 PICCIONE, P. Time minimizing trajectories in Lorentzian 
Geometry. The General-Relativistic Brachistochrone 
Problem. 23p. 

2000-14 GIANNONI, F., PICCIONE, P. and SAMPALMIERI, R. On the 
geodesical connectedness for a class of semi­
Riemannian manifolds. 3 Ip. 

20~15 PICCIONE, P. and TAUSK, D. V. The Maslov Index and a 
generalized Morse Index Theorem for non positive 
definite metrics. 7p. 

2000-16 PICCIONE, P. and TAUSK, D. V. On the Banach Differential 
Structure for sets of Maps on Non-Compact Domains. 
26p. 

2000-17 GONZALEZ, S., GUZZO JR, H. and VICENTE, P. Special classes 
of nth-order Bernstein algebras. 16p. 



2000-18 VICENTE, P. and GUZZO, H. Classification of the 5-dimensional 

power-associative 2nc1 -order Bernstein algebras. 23p. 

2000-19 KOSZMIDER, P. On Banach Spaces of Large Density but Few 

Operators. 18p. 

2000-20 GONCALVES, D. L. and GUASCHI, J. About the structure of 

surface pure braid groups. 12p. 

2000-21 ARAGONA, J. and SOARES, M. An existence theorem for an 

analytic first order PDE in the framework of Colombeau's 

theory. llp. 

2000-22 MARTIN, P. A. The structure of residue class fields of the Colombeau 

ring of generalized numbers. 2lp. 

2000-23 BEKKERT, V. and MERKLEN, HA. Indecomposables in Derived 

Categories of Gentle Algebras. 18p. 

2000-24 COSTA, R. and MURAKAMI. L.S.I. Two Numerical Invariants for 

Bernstein Algebras. l 7p. 

2000-25 COELHO, F.U., ASSEM, I. and TREPODE, S. Simply connected 

tame quasi-tilted algebras. 26p. 

2000-26 CARDONA, F. S. P. and WONG, P. N. S. Addition formulas for 

Relative Reidemeister Numbers. 25p. 

2000-27 MELO, SEVERINO T. and MERKLEN, M.l. On a Conjectured 

Noncommutative Beals-Cordes-type Cbaracteriz.ation. 7p. 

2000-28 DOKUCHAEV, M. A., JURIAANS, 0. S., POLCINO MILIES, F. C. 

and SINGER, M. L. S. Finite Conjugacy in Algebras and 

Orders. l 7p. 

2001-01 KOSZMIDER. P. Universal Matrices and Strongly Unbounded 

Functions. 18p. 

2001-02 JUNQUEIRA. L. and KOSZMIDER, P. On Families of Lindelof and 

Related Subspaces of 2., .30p. 

2001-03 KOSZMIDER. P. and TALL, F. D. A LindeUlf Space with no 

Lindelof Subspace ofSiz.e ~1. llp. 

2001-04 COELHO, F. U. and VARGAS, R. R S. Mesh Algebras. 20p. 

2001-05 FERNANDEZ, R. The equation °" +H(,,Xi,···•x•,11,~ •... ,~)=oand · 
ot a.ti ax. 

the method of characteristics in the framework of 

generaliz.ed fimctions. 24p. 

2001-06 COSTA, R and MURAKAMI, L.S.1 Some Properties of the 

Automorphisms of a Bernstein Algebra. 6p. 

Nola: OI tltukls plbliallbl 1105 Rdat6ri<IS Tecnicos dos anos de 1980 a 1999 esllo A disposi~ no 

Dqlartamenlo de Mateimtica do !ME-USP. 
Cidade Unm:rsitmia • Armando de Sailcs Oliveira" 

Rlla do Mado, 1010 • Cidade Uaiversilaria 
Caixa l'orilal 66281-CEP05315-970 




