





withU = {x € kerw:2ex=x},V = {x € ker®: ex=0} and N = ker®. These
subspaces U and V satisfy the relations

Uvicv, Uvgu, vicu,
and if u € U and v € V the following identities hold:
@ = (?)? = u(w) = (W) =w?=0.

The subspace L = annyU = {u € U : uU = 0} is an ideal of A, independent
of the choice of the idempotent e € A. The quotient algebra A/L is a Jordan
algebra. We say that A is nuclear if A2 = A and in this case, we have V =U 2,
For more information, see [5].

Given a Bernstein algebra A, its multiplication algebra, denoted by M(A),
is the subalgebra of EndA generated by {L; : x € A}, where L; is the linear
operator of A defined by L,(a) = xa, for all x,a € A. If e € A is an idempotent
then 2L2 — L, € M(A) is also an idempotent and M (A) = F(2L2 ~ L) & (N : A),
where (N : A) = {6 € M(A) : 6(A) C N}. We can decompose the ideal (N : A)
as(N:A)=U@Vwihl={ce (N:4):0(2L2-L)=0c}={ce (N:
A):o(N)=0}and V={oc€ (N:A):0(2L2-L)=0}={o€ (N:A):
o(e) = 0}. The study of these multiplication algebras began in [1], where the
authors establish some connections between A and M(A). In [2] and [3], other
properties of M(A) are presented.

For each x € U ® U? we define the linear operator y, € EndA by y,(e) =x
and y,(N) = 0. Then y, € M(A) and U = {y;, : x € U®U?}. As particular
cases, we have y, = 2L,Ly +2L,L, — Ly, and Wux = 2LusLe + LyLx + Ly Ly, for
alu,xeU.

Remark If I C N is an ideal of A and (I : A) = {o € M(A) : 5(A) C I} then
M(A/I) = M(A)/(I: A). We observe that all the elements of M(A) have their
images in A%. So if we take an ideal I of A such that /N A2 = 0 then (I : A) =0
and in this case M(A/T) = M(A). 1deals of A satisfying /N A% = 0 are contained
in annA, the annihilator of A. Therefore we can assume that annA C U2,

Lemma 2.4 of [4] states that if A and B are algebras over F and ¢: A Bis
an epimorphism then there exists an epimorphism §: M(A) — M(B) such that
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®(La) = Ly(q) for all a € A. In particular if  is an automorphism of A then Pis
an automorphism of M(A). This defines the mapping A: AutA —s AutM (A)
such that ¢ — . This mapping A is a homomorphism of groups. In fact, for
all x € A and @1, ¢, € AutA we have on the generators L, of M(A):

A(@192) (Lx) = 9192(Ls) = Loy 0)= BiLiyy(x) = P10 (Lx) = A(@1) A(2) (L)

Moreover A(lds) = Idy(4) and this proves that A is a homomorphism. We
determine now the kemel of A. Let ¢ € Aut4 such that § = Idy(4). Then we
have §(L;) = Ly(z) = Ly for all x € A, that is @ € kerA if and only if px)—x¢€
annA for all x € A. Since ¢ € AutA, @(e) is an idempotent of A. Therefore
there exists ug € U such that ¢(e) = e+ up + u3 and from @(e) — ¢ € annA we
have up + u% € annA C V, that is up = 0 and this implies uﬁ =0 and p(e) =e.
For elements u € U we have u = 2eu. So @(u) = 20(e)@(u) = 2ep(x) and
so @(u) € U. Using the relation @(x) — u € annA we obtain @(x) = u. Given
u1,uz € U we have @(uyuz) = @(u;)9(u2) = uju;. Consequently

o(x) =x, forall x € A% ¢))

Decomposing V = U2@W, for each w € W we have ¢(w) — w = z,, € annA.
Thus
o(w) =w+1z,, with z, € annA. ¢))

We prove now that a linear mapping of A verifying the above two conditions (1)
and (2) is an automorphism of A. We may assume annA C U2 by the previous
Remark. Let A = Fe® U & U2® W be a Bemstein algebra. If {wy,...,w,} isa
basis of W and {z;,...,2} C annA then 6: A — A defined by 6(a) = a for all
a € A’ and 6(w;) = w;+z fori = 1,...,t is an antomorphism of A. In fact, &
is linear and since annA C U?, 6 is bijective because w; = o(w; — z,), for each
i. Givenx=a+wandy=b+w in A with a,b € A? and w,w € W we have
6(xy) = xy because xy € A%. As 6(w) = w+ 2z, and 6(wW) = w’ +z,s, where
Zw,Zw € annA we obtain 6(x)6(y) = (x+ 2w) (Y + zw) = 2y = 6(xy). If we
denote the above defined operator ¢ by O(z,....) We have 6, ) € kerA, for
each t-uple (zy,...,2) of elements in annA. Thus if we fix a basis {wy,...,w;}
of W, kerA = {0(,,..,,) ' 21,.--,% € annA}. We obtain, as particular cases,
that A is injective in two situations:



Proposition 1. If A is nuclear or annA = O then AutM(A) has a subgroup
isomorphic to AutA. |

The above proposition shows that in many cases A is injective. On the other
side we will prove that A is not onto and so M(A) has more automorphisms
than A. We construct now a new class of automorphisms of M(A) to ilustrate
this fact.

Let A= Fe®U @V be a Bernstein algebra and M(A) = F(ZL% -L,) oUa
¥ its multiplication algebra. We recall that U = {y;:x€ U®U?}. Foreach
xo € U @ U? we define I'y,: M(A) — M(A) by the rules 212 — L, —» 2I2 ~
Lo+ Wry Wy — Wy and 61— 8 — By, forall y, € U and 8 € V. Clearly Ty,
is linear and bijective. Moreover 'y (07) = Iy, (0);, (1) for all 6,7 € M(A).
In fact, decomposing 6 = o/(2L2 — L,) + W5+ 0; and 1= B(2L2 - L) + ¥, +65
with y,,y, € U and 6;,6, € V we have ot = af(2L2 — L.) + By + 61y, +
8162. Then I'y,(01) = aff(2LZ — L.) + 0Py + Bz + 01y + 0162 — 8,0y,

and [y, (0) T (7) = (a(uf—h)+awm+vx—e.vm+el) (B(ZLZ—A)+

B + ¥y — 62wy, +9z) = 0B(2L2 — L) + 0B, + Bwx — BO1Yzy + BOIY, +
01y — 0162y, + 816, = I, (07). Therefore I'y, is an automorphism of M(A).
This defines the application T': U @ U? —+ AutM(A) by x— I';. Note that T
is a homomorphism from the additive group U @ U? to the group AutM(A): the
image of 0 € U @ U? is the identity operator in M(A) and given xo,yo € UaU?
we have T4y, = [y Iy becanse T Ty, (202 — L) = Ty, (212 — L) + Wz +
Wy = 2L§—l¢ +Wsoty0 = Drptyo(2L2 = Le)i Tro Ty (Wx) = W = Txgayo (W) for
all y, € U and rxoryo(g) =T (0 BWy,) = 0 - Oy, — By = 0 — By =
Txo4y0(0) for all @ € V. Moreover I is injective: if I'; = Ida(A) then, in
particular 2.2 — L, = 212 — L, +, that is y, = 0 and consequently x = 0.

In [3] the authors study properties of isomorphisms of multiplication al-
gebras of Bemstein algebras. Some of them are used to prove the following
result.

Proposition 2. For each Bernstein algebraA = Fe®U @V, the group of auto-
morphisms of M(A) has a normal abelian subgroup isomorphic to the additive
group U @ U2,



PROOF: As explained above, it remains only to show that (U @U 2) is normal
in AutM(A). Let Ty, € T(U & U?) and @ € AutM(A). Proposition 6 of [3]
states that ®(T7) = U. Then there exists yo € U @ U? such that ®(y,) = Yy,
We prove that 1T, @ = I),. By [3, Prop.5], we have ®(2L2 — L,) = 2L -
L.+, forsome y € U@ U2 So (@~ 'Ty, @) (2L2 - L,) = @I, (22~ L.+
¥y) =0 N (2L2 - L + ¥ +V,) = 2%~ Lo+, =y (217 ~ Le). Fory, € U
we have ®(y,) € U. Thus Ty (D(W:)) = @(), that is (D11, D) (¥:) =
O~ 10(y,) = ¥, =T (Yy). IO € V and ©(8) =y, +6' then (@~ 'T,, @) (6) =
@I, (W + 8) = Oy, + 6 — Byi) = @7 (W, + 0~ yowy, — Oyy) =
Oy, +6' — (W, +6)Yy,) = 0By, = [ (8). Therefore @', @ =T}, €
I'(U ® U?) and consequently (U @ U?) is normal in AutM(A). [ ]

We compare the subgroups A(AutA) and T(U & U2) of AutM(A). Recall
that L = {u € U : uU =0}

Proposition 3. For any Bernstein algebra A = Fe®U @V, the set A(AutA) N
(U @ U?) is a subgroup contained in T(L). Moreover if A is nuclear then
A(AutA)NT(U e U?) =T(L).

PROOF: Given u,x € U we have y,, = 2L.L,,+ 2L, L, — L, and W, = 2L, .+
L,L, + L.L,. We also remind that if ¢ € AutA and ¢(e) = f then ¢(U,) = Uy
and (P(V,) = vf' So we have 6(‘1’:) = ZL'(z)Ltp(u) + 2Lq)(u)Lv(¢) _lw(n) = Yox)

and §(Wix) = 2L(ujo(x)Lote) + Low Lot T Lo Lo(u) = Vatue(x) = Vo(ur)- Let
Ty, € A(AutA)NT(U@U?). Then there exists ¢ € AutA such that Ty = §. As

Ty (Wx) = Y for all x € U © U? we have Wgx) = B(Yx) = Wi, that is ¢(x) = x
forallx e UQU2. If @le) = eg = e+ up+ul then U = 9(U) = U,y = {u+
2ugu : u € U}. Therefore 2ugu = 0 for all u € U, thatis ug € L. If we evaluate
§ in 212 — L, we obtain $(2L2 — L,) = 2L% — Lo, = 2L2 — L.+, On the
other hand Ty, (2L2 — L,) = 212 — L, + Yy, So xp = up € L and A(AutA) N
T'(U @U?) C T(L). Suppose now that A is nuclear. Let us prove that each T,
with ug € L is an element of A(AutA). Let up € L and @,,: A — A defined by
Pup(€) = e+ o, Puy(#) = u and @y, (v) = v forall u € U and v € V. Then g,
is linear and bijective and for x = ae + u; +v1, y = Be+uz + vz, we have xy =
(oe+uy+v1) (Be+ua+v2) = 0Be+ § (owz+ Pur) +urva +uzvi +viva +uua.
Then @,,(xy) = xy+ oBup and since A is nuclear, elements in L are in the

5



annihilator of N. Therefore Q.o (x)@uo(y) = (¥+ owo) (y+Puo) = xy+ JotBug+
LoBup = xy+ aBuo = uy(xy). Thus @, is an automorphism. Let us show that
A(Qy,) = I'y,- Again using that elements in L are in annN, we have Ly, = %wo
and L,,, = O for all x € N. Then, [, (L.) = [, (202 — L.+ $(4L, — 413)) =
22~ Lo+ Vg + 3 (4Le — 4L2) — 3Wuy = Le + §Wuo = Le + L = Gug(Le). For
u€U,Ty(L)= ruo(%‘vu +L, - 'lz"Vu) = %‘"u"l"l‘u - %\l’u (e %‘I’M)‘Vuo "
Ly = Qu(Ly) and if v € V, T (Ly) = Ly — LyWyy = Ly = @ (Ly). Thus Iy =
A(®y,) and consequently A(AutA) N\ (U @ U?) =T'(L). [ |

When A is nuclear we have proved that AutM(A) has a subgroup isomor-
phic to AutA (which is the image of the application A) and each automorphism
of type I', with x € U@ U? and x ¢ L is not in this subgroup. Then the appli-
cation A is not onto AutM{A).
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