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ABSTRACT 

WALSH SPECTRAL ANALYSIS 

Pedro A. Morettin 

University of Sao Paulo, Brazil 

In this paper we make a review of the recent work 

on the stochastic approach of Walsh spectral an~lysis. We are 

mainly interested in the properties of the finite Walsh trans­

form, which in turn allow us to derlve properties of the es­

timators of the Walsh spectrum~ We further dis cuss linear dya­

dic filters and Wa1sh characteristic functions. A rather com-· 

plete list of references is given. 

1 -· I NTROOUCTI ON 

r 11e orthogonal sys tern of sine and cosine functioP.s 

. plays an important role in the analysis of time series. Incan­

munications engineering, especially in the theory of linear, 

time-invariant network~. Fourier Anaiysis is · perhaps the most 

important mathematical tool. 

In the last decade, with the recent advances of semi­

conductors, another system of orthogonal functions have becane 

irnportan t, the Walsh functions, first introduced by J .L .Walsh 

in 1923. The Walsh functions (WF) arc defined as products of 
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the Rademacher functions. Walsh (~923). Paley (1932), Fine 
. . 

(1949) and Mo_genthaler (1957) have developed a theory of Walsh-

Fourier series and most of the results paralle 1 those of the 

classical trigonome~yic series th~ory. The original defini­

tion of Walsh was a recursive one and the functions were or­

dered - by the number of sign changes in the interval [0,1) .See 

.Harmuth (1972) and Pichler (1967) for further details. 

The generalized WF were considered by Fine (1950). 

A class of generalized WF of order a. was i ntrod_uced by Ch res­

tenson (1955) and Selfridge (1955) combined these generaliza­

tions to developed a .theory of W~lsh transform. 

Walsh sp~ctral a-nalys is has been used for severa 1 

purposes recently,· ma inly due to co~puta ti onal advantages. I ts· 

uses include description of biological and medical systems ,mon­

itoring of EEG and BCG signals, . speech processing.word recog­

nition, imc1'5e coding . and transmission, f i 1 te ring, multiplexing. 

etc. See for example, the 1972 and 1973 Proceedings on Ap­

plications of Walsh Functions. Beauchamp . (1975) and Harmuth 

(1977). 

In this pape~ we will be interested in the stochas­

tic approach to Walsh spectral analy~is and we review the re­

cent work in this area . 

. 2 - WALSH FUNCTIONS 

The Walsh functions {W(n ,x), n=O, 1, 2, ..•• Osx<l} are 
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defined as follows: 

(i) W(O,;,c) =l, 0 ~x<l, 

(ii) if n has the dyadic 

or x. = 1, 3:1'd x. =O 
1 1 

W(n,x) = 

00 

expansion n = l x. zi • 
i=O 1 

for i >; rnr • then 

r 
TI { r (x)}, 

. 1 m. 
1= l. 

with x. = 0 
l. 

( 2 .1) 

where m1 , ... ,rnr correspond to the coefficients xm.=1 
1 

and where {rk(x)} are the Rademacker functions. 

The system of WF is · orthonormal on [0.,1), that is, 

(1 . 
Jo W(n,x)W(m,x)dx = onm ( 2. 2) 

and fonns a comple·t set. Fine (1949) showed the WF may be iden­

tified with the full set of characters of ~he dyadic group, D. 

This is the set of all sequenees i = {x } , where x = 0 or x = i 
. n n . n · 

n = 1, 2, 3, ..• , with the group operation defined by z = x+y, if 

x, y€D, whe 1·P, z = x +y (mod 2) • There is a topology for D ,based 
n n n 

. on the system of neighborhoods of O = (O,o,. · •• ), with which D 

becomes a locally compact Abelian group. To each x€D we assign 
00 • 

- \ -1 
a real numher x = d(x) =. l x. 2 

· i=l 1 

that this map does not have a 

in the· interval [O, 1). Note 

sing!.c-valued inverse on the 

dyadic rationals. Two important properties are: 

(i) for each y and almost all x, 

( 2. 3) . 

. 
the exceptional x being those for which x+y is a dya-
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die rational; 

(ii) for every fixed y and f integrable, 

f 1 f (y_+x) dx = 11 
f(x) dx. ( 2. 4) 

.Jo . 0, 

In order to generalize the WF, let x and y be two 

non-negative real numbers with dyadic expansions 

(2.5) 

y k = 0 or 1. ( 2. 6) 

Define the dyadic addition by 

00 

x+y = l (xk +yk) zk 
k=-oo 

( 2. 7) 

where O+O = l+l = 0, 1+0 = 0+1= l. · Then the generalized WF are 

defined by 

W(y,x) = W'([yJ,x)W([xJ,y). 

x;y£m+.Analogues of (2.3) and (2 . 4) above hold. 

The original definition of Walsh was such that the 

functions are ordered by the number of sign changes in the mit 

interval. Denoting these functions by {wal(n,x)} we see that 

wal(n,x) 
= {W(n/2+n,x), 

W( (n-1) /2+n ,x), 

n=0,2,4, ... , 
(2.9) 

n=l,3,5, .•• , 
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If f is any function of period 1, Lebesgue integra­

ble on [ O, I) ~ then it can be expanded in a Walsh-Fourier series 

00 

. • f(x) - }: a W~n.x), 
n=O n · 

with coefficients 

1 . 
a = f f(x)W(n,x)dx, 

n Jo . · n=0,1,2, ••.• 

If f(N) (x) . = 

chlet kernel 

then (Fine (1949)), 

N-1 
I akW(k,x) and if DN(x) 1s 

k:.::0 

N-1 
DN(i) = . I W(k,x), 

k=O 

I.f N = 2m. m a non-negative integer. then 

f 
. -1 

N, O~x~N 

(2.10) 

( 2.11) 

the Di ri-

(2.12) 

( 2. 13) 

~(x) = i (2.14) 

l O. otherwise 
N-1 

and ·(2.13) reduces to 2m r f(x)dx. Jo . 
The Walsh transform of a function fEL 2(0 ,00 ) is de-

· fined by 

f(y) = J;f(x)W(y,x)dx. (2.15) 
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For properties of f, see Weiser (1964) and Crittenden 

(19 70) • 

3- STATIONARY AND DYADIC-STATIONARY PROCESSES 

When we analyse stationary processes with continu:ms 

time we are essentially · considering a locally compact Abelian 

·group, namely the additive group lR of the real numbers. The 

characters of this group · are the exp on en ti als eiyx, y and X 

real, hence the importance of the orthogonal system of sine 

and cosine functions_- For processes with discrete time the as­

sociated group is ·the additive . group 'll of the . integers. 

Let us consider. a real, stationary (in the wide sense) 

process X = {X(t). t€Zl} with zero mean ;J.nd covariance function 

R(.,-) = E {X( t) X( t+T)}. t. T€7l. .• Th.en the Fourier spectrum of X is 

defined as 

CD 

g(x) = (21r)-l l R(T)e-ixT, ( 3. 1) 
T= -co 

-co< x <+co, assuming that 

00 

l IR(T) I <CD, ( 3. 2) 
T=-oo 

that is, well separated values of X are non-correlated. We knc:,..,' 

that g(•) is bounded, 1D1iformly continuous, of period 2w and 

l.TX 

f.
1T • 

R(T) :c -,re g(~)dx. ( 3. 3) 
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Here x stands for frequency in radians and both R( ·) 

and g ( •) are· even functions .. 

A Fourier spectral analysis is well estab1ished and 

the appropriate re·ferences: are Koopmans (1974), :Brillinger 

(1975) and Jenkins & Watts (1968). 

We cal 1 a process X = {X , n=O, 1, 2 •••• } dya.di.c.-ita.:Uona.-. n . 
JUJ if its mean value is constant (which we assume for simplic-

ity to be ze~o) and its covariance function 

B(n,m) = Cov{X ,X} = E{X X} n m nm 

. 
depends only on n + m, hence we can write 

( 3. 4) 

n. tflP = { 0 , 1 , 2 , ••• } • 

EXAMPLE 3 .1 - a) ":'he s imp les_t example is the purely randcxn proc­

ess or white noise, that is, a sequence of independentandiden- . 

tically distributed random variables {E ,n€P}, with E(e: ) = 0 and n • n 
Var{e: } = o 2 , for all n€1P. It follows that the covariance ftmc­. n 

tion of this process is given by 

= E {e: • e: • } n n+,. 
= 

{ 

0 • 

a2, 

( 3. 5) 

-r=O 

b) Let X =; {X ,n€Il>} be a superposition of N periodic "ocilla­n 
tions" 
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( 3. 6) 

with E: i, .i=l, ... ,N being random variables such that E ( ~i) = 0, 

E ( t ? ) = b . , E ( E: • E: • ) = ·o· , i ~ j , i , j = 1 , • • • . , N . 
l 1 1 J · 

Then E (X ) = 0 and 
n 

( 3. 7) 

N 
In particular, . B (O) . = E (X~) = l bk, wh_ich shows that 

k=l 
the average power of the composite oscillation is equal to the 

SUJ!l of the average powers of the periodic components. 

4 - THE WALSH SPECTRUM . 

Let X =· {X ,n€lP} be a dyadic-stat1onary process ,with 
n . . 

ze·ro mean and dy"dic covariance function B(T), T€lP. 

The Wa.l6h hpe.ctJwm of X is defined as 

a, 

f(x) = I B(T)W(T,x). ( 4. 1) 
T=O 

0 :,; x < 00 , provided we assume that 

. a, 

( 4. 2) 

Then it can be -shown (Moret tin ( 19 7 2)) that f( .J has 

period one. is non-negative and uniformly W-continuous. See 

Morgenthaler (1957) for the <lcfini t1on of W-continuity. It follo.vs 
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that it suffices to consider f(x) for O s x ~ 1. 

If ( 4. 2) is not warranted we s ti 11 can define the 

Walsh spectrlUll as :(o.llows. Assllllle that X is W-continuous in 

mean square. Then, from the theory of homogeneous random proc­

esses on locally compact Abelian groups. we have that X admits 

the spectral representation 

X n . 
= ( l W ( n, x) dZ ( x) , 

Jo . ( 4. 3) 

n€IP, where · {Z(x), Osxsl} is a re.al process with orthogonal in;.. 

ciements and such that 

E{[dZ(x)J 2
} = dF(x) ~ (4.4) 

here., F(·) is a unique distribution function on [0,1]. , Fordc­

tails, see Yaglom (1961) and M.orettin (1980a). The covariance 

function B(·) also has a spectral representation 

1
1 . 

B(-r) = O W(-r ,x) dF(x), · ( 4. 5) 

and we call F( •) the dyadic spectral distribution function of 

X. Nagai (1976a) gives alternate proofs of (4.3) and (4.5) .If 

F(·)' is absolutely continuous then dF(x) = f{x)dx and f{•) is 

the dyadic spectral density of X. 

EXAMPLE 4.1 - (a) If{£ ,n~O} is white noise, then from (3.5) n 

it follows that 

( 4. 6) 
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Also, the white noise has spectral representation 

E = f
1
w (x)dU(x), (4.7) 

n. J0 n . 

where {U(x) , 0 sxsl}. · is a process with orthogonal increments 

such · that E{[dU(x) ] 2
} = o 2 dx, that is. the dyadic spectral dis­

tribution function of {E:n} is F(x) = _o 2 x,. o s x s 1. · 

(b) Let X be the process given by (3.6). Then (4. 2) is not sat­

isfied and we cannot define . £(·) through (4.1). If we assume 

that the discontinuities of F(•) in the representation (4.5) 

d~ not coincide with - the discontinuities of W(T,x) (that is,x 

is not dyadic rational) • then . ~F(xk) =bk, k = 1, ••• .N and equals 

zero otherwise. 

5 - LI NEAR DYADIC Fl LTERS 

Let F be an operation whose domain consists of series 

{Xn,n€IP} and whose range consists of series {Y ,n€1F}. Assume . n 
that the series are real-valued and write Y = F[ X J = F[ XJ (n) . n n 

We say that F is a UneM dyadl:c! 6-l-Uvr. (LDF) if: 

(i) F is Unecvr.: F[alXl+azXz](n) = alF[Xl ](n) + ClzHXzJ(n). 

a 1 , a 2 real constants; 

(ii) Fis dya.cli.C!-.inv~: F[ThXJ(n) = F[XJ(n+h) ,where Th is 

the dyadic translation operator: Th[Xn] = Xn+h· 

An important class of LDF is given by 
OD 

Yn = L a(n+h)X , 
h=O ~ 

( S .1) 
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where a(n) is the ,lmpuUe Jtupon.6e 6wic.tion of the LDF. 

For LDF whose domilin includes the series e = W(n,x), n 
n€1P, there exists a function A(•) such that 

f[e](n) = A(x)W(n,i), ( S. 2) 

and A(·) is the t:Jtan6 6VL 6undi.an of F. For the LDF ( S. 1) . it is 

given by 

( 19 7 3b)) : 

CX> 

A(x) = l a(h)W(h,x). 
h=O 

A LDF of the form ( 5 .1) is .6 urrma.ble if 

a> 

( 5. 3) 

! )a(h)l< 00 • (5.4) 
h=O 

Define the dyadic convolution of two summable fil-

( 5. 5) 

The following results are easily proved (Morettin, 

(a) If (5.1) holds and g(•) and f(•) are Walsh spectrun of 

{Y ,n€W} and {X ,n€1P}. respectively, then n n 

g(x) = [A(x) J 2 f(x), ( S. 6) 

where A(•) is given by (5.3); 

(b) If {a
1
(·)} and · {a 2(·)} are two summable filters, with 

trans fer functions A
1 

( •) and _A2 ( ·) , respectively, then 
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·{(a
1
•a 2)(·)} is a · summable filter with transfer func­

tion A2(·)A
1
(•). 

Problems related to the identification of LDF and qua­

dratic dyadic sys terns. are considered further in M>rettin (1973a). 

A theory for LDF similar to that developed by Wiener was con­

sidered by Weiser (1964) and Pichler (1970a,1970b) ~ 

EXAMPLE 5. 1 - Let X = {X , n£1P} he a process such that 
n 

t a e: • 
l k n+k' k=O 

( 5. 7) 

where· {e: ,n€1P} is white noise and ak, k=0,1,2, ••• are real nun-
n CIO 

hers such that ! ·ak2 <co. Then ·xis dyadic-stationary, E(X) =Q 
k=O n 

·and its covariance function is easily seen to be 

co 

B(T) - a2 l akak .. 
k=O +,-

( 5. ~) 

W'3 ca 11 X given by ( 5. 7) a lineaJL dyadic. pMC.e.6.6. If ¾: = 

= 0 , for k > m, we ca 11 X a dyadic. movin9 a.ve.Jta.ge p!toc.e..6.6 o 6 01c.de/r. m 

(DMA(m) process). 

It follows from (S.6) and (4.6) that the spectrun of 

Xis given by 

(5.9) 

·where 

CIO 

(5.10) 
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6 - THE Fl NITE WALSH TRANSFORM 

Let · {Xn.n=0,1,2, ••. ,N-1} be observed values of a time 

series X =· {Xn, n€T}, .w:here· T = Z if X, is a stationary series and 

T = lP if X is a dyadic.:.stationary series. The statistic 

N-1 
d(N)(x) = IX W(n,x), 

n . 
n=O . 

( 6 .1) 

0 ~x ~ 1 is called the M,nLte Wahh tll.an6 0oJun of· {X ,n=0,1, ..• ,'1-1}. 
n 

m . . 
Throughout this paper we assume that N = 2 , m a non-negative 

integer. 

· If ck (n1 , .•. ,nk_) denotes the k-th order joint cu­

rnulant function of· X (see Brillinger (1975), ·chapter 2, for. 

'details on cumulants), that is 

ck(n1
·, ••• ,nk} = ·cum{X , ••• ,X } , 

nl nk 
( 6. 2) 

( 6. 3) 

This is, again. a form of asymptotic indepcn<lcncc for 

well separated values of X. Due to the stationarity of X (usual 

or dyadic) the cumulant (6.2) is really a function of k-1 ar­

. guments. 

If X is s ta ti onary. the cent ra 1 1 imi t theorem that 

follows is valid (Morettin (1973b)), 



14 

THEOREM 6.1 - If E(X~) <m, · (6.3) is satisfied and 

N-k N-1 
lirn N-l l ·l W(n+(n+k) ,x)R(k) = A(x) ( 6. 4) 

N-+o> -n=O k=O 

exists for all non-negative real x, then d(N) (x) is asympto­

tically normal N(0,NB(x)), where B(x) =E(X~) + 2A(x). 

This theorem holds true for an·rn-dependent station­

ary sequence, when R(k) ""O, for lkl >m. In particular, form""0, 

d(N) (x) is asymptotically N(O,N J,r g(a)dcx), g(~) givenby (3.1). 
-Tr 

For an m-dependent stationary sequence the follow:.. 

ing result is a stronger ~ersion of Theorem 6.1, since we do 

not assume (6.3). Let h,k,r be integer such that, for each k; 

n""hk+r, 0sr<k. 

THEOREM 6.2 - Let fXn,n€1l}. be . an m-dcpendent stationary se-

~ quence, and assume that 

k-m-·1 u I m 
A ( x) = 1 i rn k - I }: 2 W ( j + (j ! u· I ) , x) R ( u) ( 6. 5) 

k-+<x> j=l u=-m 

exists for a]l rea] x. Then N-½d(N) (.x) is asymptotica] ly 

N(0,A(x)). 

For the proof and details see Morettin (1974a). 

For a dyadic-stationary series we have the central 

limit theorem that follows (Morettin (197_4b)). Let V =[O,T'.'° 1J"" 
m 

-rn 
= (0,2 ]. 

THEOJIBM 6.3 - If X is dyadic-stationary, (6.3) is valid and 
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xj +xktV m (mod 1) • 1 ~ j < k ~ M. then the random variables d(N) (x
1
) , 

•.• , d(N) (xM) ·are asymptotica.lly independent and with (asympto­

tic) distributions N(O,Nf:(x
1
)), ••• ,N(O,Nf(xM)), £(•) being the 

Walsh spectrum of x: · 
Since, for every n s N-1, W ( n, x) is constant in each · 

sub-interval (k/N,(lc+l)/N) of [0,1), the finite Walsh · trans­

form d(N)(·) takes on only N different va~ues, that is, 

(N) · _ (N) k k+l 
d (k) - d (x), N < x s7r, k=O,l, •• _. ,N-1. (6.6) 

Nagai (1976b) proves ~hat · {d(N)(k), k=O,l, •.• ,N-1} 

are orthogonal if and only if {X ,n€T} is dyadic-stationary, 
n 

with 

j=k 

and 

J
(j+l)/N 

cr 2 (j) = N 2 dF(x), 
j /N 

. 
j =O , 1 , ••• , N-1 • ( 6. 7) 

The statistic- (6. 7) can be computed quickly with a 

Fast Walsh Transform (FWT) algorithm. Sec Shanks (1970) and 

Ulman (1969) for details. 

7 - EST IMATION OF THE WALSH SPECTRUM 

In this section we deal with the problem of c~timat-
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ing the Walsh spectrum of a · dyadic-stationary series, as de­

fined by (4.1). Consider the-observed values {X ,n=O,l, .•. ,N-1} 
n 

and let d(N) ( •) be the finite Walsh trans fonn of these values. 

The Theorem.6.3 suggests that - f(x) can be estimated 

by 

( 7. 1) 

called the Wa..f.hh pVL-i.odog,wm. According to (6.6) we have that 

I(N)(x) =I(N)(k), tsxsk;!, k=O,l, ... ,N-1. It· follows that 

E {I (N) (x)} = N- 1E[ d (N) (x) J 2 - f(x) , · when ~-+ 00 , which shows 

that the estimate is ·asymptotically unbiase<l. Moreover, the 

following results hold. 

'THEOREM 7.1 - (a) If LT!B(T) I < 00 , then 
T 

(b) 

where DN(·) is the Dirichlet kernel. 

( 7. 2) 

The a~ymptoti.c distribution of the Walsh periodogram 

can be obtained from Theorem 6. 3: I (N) (x) is an asymptotically 

f(x)x 2 (1) variable, where x 2{r) denotes a chi-square variable 

with r degrees of freedo~. Moreover, the variables I(N)(x.), 
J 

i s j ~ M, arc asymptotically independent. 

From (7.3) we obtain 

(7.4) 
.. 
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which shows that the Walsh ·periodogram is not cons is tent. In 

order to improve the stabilrty of the periodogram, we consider 

the smoothed Walsh periodogram, obtained in the follo.ving way. 

Let the data x0 , .•. ,XN-l be divided into L stretches- of length 

K each, that is. LK = N. Here, we require that K is a power of 

two. Then compute the Walsh periodogram for each section, at 

frequency x: 

( 7. 5) 

for R.=0,1, ... ,L-1. These periodogram ordinates are asymptoti­

cally independent f(x)x 2 (11 variables, hence this leads us to 

estimate f(x) by 

-1 L-1 (K) . 
L . _ l I (x,R.). 

.e.=o . 
( 7. 6) 

For L fixed and N-+ 00 , it follows that f(N)(x) will 

be an asymptotically f(x)x 2 (L)/L variable. 

For details on the proofs of the results above see 

Morettin (1976). Another class of estimates is considered by 
m 

Morettin (1978b). If pJ. are weights such that 1 p. = 1, and 
j=-m J 

s(N) · is an integer such that s(N)/N is near x, when N-+- 00 , de-

fine the estimate 

( 7. 7) 
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Then it is shown that f(N)(x) is asymptotically un­

biased and that 

Var{ f(N) .(x)} ( 7. 8) 

Besides, the asymptotic distribution of f(N)(x) is 

rn 
a f (x) • l p. x~ ( 1) va riahl e, the _variables. xJ~ ( 1) being inde-

j =-rn J J 

pendent. It may be difficult to use this approximating distri-

bution in practice. A standard procedures is to approximate the 

distribution of such a variate by a multiple 0x 2 (v) of a chi-

. squared variable, whose mean and degrees of freedom are ~te~ 

mined by equating first and. second-order moments. It follows 
m 

that v = 1 / l p ~ and 0 = l/\J. 
j =-m J 

A consistent estimate (in quadrati .c mean sense) has 

been proposed by Tanigushi (197"7}. It is essentially the ana­

logue of the estimate proposed by Brillinger and Rosenblatt 

(1967) for the Fourier spectr~m. Let 

A 1 N-1 (N) . . s 
f(x) = N- }: I (x + ~)K (~) ~(-), 

0 
. N N N N 

s= . 
(7.9) 

. . 1 1 !1 
where ~(s) = o , KN(x) =bN- K{b:: s) and K(s)~(s)ds = 1. Here the 

SQ I I 1'11 0 
. . -1 

the sequence {bN} 1s chosen such that bN-+ 0 but bN N -+ 00 , as 

N -+<X>. Under regularity conditions, t(x) is asymptotically un-

biased and normally distributed. 

8 - FURTHER COMMENTS 

Some lines of generalizations arc possible. A theory 



of homogeneous random fields on locally compact groups is con­

sidered by Yaglom (1961). Tanigushi (1977) develops a statis­

tical spectral estimation theory that unifies both the ordi­

nary and the dyadic .~ase .· Proper ti as of the finite Fourier 

trans form for homogene·ous random processes defined on locally 

c·ompact Abelian groups are derived in Morettin (1980a}. The 

case of the circle and of the sphere are s. tudied by Jones (1963) 

and Roy ( 19 72, 19 76) and some generalizations of their results 

for compact groups are considered by Morettin (1978b). 

The problem of computing the fast Fourier transform _ 

on finite Abe .lian groups is discussed by Cairns (1971). Prob­

lems related to erg?dicity are -~onsidered by Blum & Eisenberg 
( 19 72) and J aj te ( 19 6 7) . Genera Ii zed . random process es on lo­

calJy compact groups are discussed by Ponomarenko (1974) and 

for the questions of predict-ion· and in terpolaticn of homogeneous . 

processes on groups see Weron ( 19 72) • 

A concept that may prove useful in the analysis of 

time series through WF is the following. Let X be a random vari­

able defined on a probability space (O,A,P) with values in 

CR+, B+,PX), where B+ is _the a-algebra of Borel sets of the 
non-negative real numbers of lR+ and PX is the induced proba­

b i 1 i ty me as u re . 

We de fine the Wa.l6h clu:vtac:t.vc.iA.ti.c 6unct.i.on (WCF) of X (or 

of the probability measure PX or of the corresponding distri­

bution function F ~f X) to b~ 
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1J, ( t) = E {W ( t • X) } - lo W ( t • X ( w) ) dP ( w) = 

= f W(t,x~dPX(x) = J~w(t,x)dF(x), ( 8 .1) 

]R+ 0 

where t _,x€lR+· It follows immediatelly that ip(O) = 1, jip(t) I :S 1 

·and i,JJ is uniformly W-continuous. Some properties of 1/J are ana­

logues to those of the usual characteristic function. The nnst 

remarkable is that a similar result to 

holds for i,JJ, where 4> is the· usual characteristic function. 

But the definition of derivative has to be changed. 

• If ip· i _s a real-valued function of a continuous. non-negative 

real variable, we attach to~ a · function i,JJ(i] given by 

( 8. 2) 

If 1/,[l] exists we call it tl1e 6,i.JtA tdya.dlcdvri..va.ti.veon 

ljl. See Gibbs and Millard (1969), Pichler .(1970) and Butzer & 

Wagner (1973). It follows in particular that 

W[ 1 J_ ( t • x)· = W ( t ) X ,X , ( 8. 3) 

t,x€1R+• which is similar to 

d i tx . i tx 
ate = 1x e 
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Equation (8.3) shows that the WF are eigenfunctions 

of the dyadic differential op~rator, satisfying 

lP[1J_xlf>=O. 

Then, it can be shown that if ip is defined by (8.1). 

we have· 

( 8. 4) 

For details, see Morettin (1980b). 

Another point that should be mentioned is that follo.vs. 

It is known that a way to estimate the Fourier spectrum of a 

·stationary time seri_es is through the auto-regressive ( or ma­

ximum entropy) spectral estimator. We fit to the process · an 

auto-regressive process of o!de~ ~ (Ar(p)-process). 

( 8. 5) 

whe~e t(t) is white noise. Then we estimate the spectrum g(x) 

of X by 

where 

g(x) ( 8. 6) 

0 2 and a. are estimators of the white noise variance o 2 

J 

and of the coefficients aj ~ respectively. S~e Parzen (1969) and 

Akaike (1969,1970,1978). 

A question that aris cs is then: coul <l we do the same 
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to estimate the Walsh spectrum? A dyddlc-a.u:to-Jr..eg!U!.,61,i.,ve plWCR.A-6 06 

M.deJt. p (DAR(p)-process) is a ·ayadic-stationary process satisfy­

ing 

£ • n 
( 8. 7) 

where En is white noise and b 0 
= 1. The idea is to fit a process 

of the form ( 8. 7) to the data and estimate the Walsh spectrum 

f(x) through the estimated spectrum of (8~7). A ·problem that 

remains is to find a procedure to estimate the coefficients bk 

efficiently (for the process (8.5) we have a procedure through 

the Yule-Walker equations). · See Nagai (1977) fo.r some consi­

derations on DMA(q)-processes and DAR(p)-processes. 
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