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. ABSTRACT

In this paper we make a reﬁiew of the recent work
on the stochéstic approach of Walsh spectral analysis. We are
mainly interested in the properties of the finite Walsh trans-
form, which in turn allow us to derive properties of the es-
timators of the Walsh spectruﬁ, We further discuss linear dya-
dic filters and Walsh characteristic functions. A rather com-

plete list of references is given.
1~ INTRODUCTION

The orthogonal system of sine and cosine functiors
piays an important role in the analysis of time series.Incom-
munications engineering, especially in the theory of 1linear,
time-invariant networks, Fourier Analysis is perhaps the most
important mathematical tool.

| In the last decade, with the recent advances of semi-
conductofs. another sysfem of orthogonal functions have become

important, the Walsh functions, first introduced by J.L.Walsh

in 1923. The Walsh functions (WF) are defined as products of
. . ‘ -1-
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the Rademacher functions. Walsh (1923), Paley (1932), Fine
(1949) and Mogenthaler (1957) have aeveloped a theory of Walsh-
Fourier series and most of the results parallel those of the
classical trigonometric series thegory. The original defini-
tion of Walsh was a récursive one and the functions ‘were or-
dered»by the number of sign changes in the interval [0,1).See
. Harmuth (1972) and Pichler (1967) for further details.

The generalized WF were coﬁsidered by Fine (1950).
A class of géneralized WF of order o was introduced by Chres-
tenson (1955) and Seifridge (1955) combined these generaliza-
tions to developed a theory of Walsh fransform. '

Walsh spectral analjéis has been used for several
purposes reczntly, mainly due to computational advantages.Its
uses jnclude description of biological and medicalsysums,mon-
1tor1ng of EEG and ECG signals,.speech processing, word recog-
nltlon, image coding and transmission, filtering, multqﬂex1ng,
etc. See for example, the 1972 and 1973 Proceedings on Ap-
piications of Walsh Functiong, Beauchamp (1975) and Harmuth
(1977).

In this paper we will be interested in the étochas—
tic approach to Walsh spectral analysis and we review the re-

cent work in this area.
"2 - WALSH FUNCTIONS

The Walsh functions {W(n,x), n=0,1,2,..., 0sx<1} are




defined as follows:
(i) W(0,x) =1, 0<x<1,

(ii) if n has the dyadlc expansion n = Z X3 A , with x, =0
i=0

or x. =1, and x. =0 for i >m_, then
i i T

W(n,x) {rm (x)}, (2.1)

i

-
—

i

where Myoeee My correspond to the coefficients X0 =1
: i

and where {rk(x)} are the Rademacker functions.

The system of WF is orthonormal on [0,1), that is,

1 . .
L W(n,ix)W(m,x) dx = anm (2.2)

and forms a complet set. Fine (1949) showed the WF may be iden-
tified with the full set bf characters of the dyadic groﬁp, D.
ThlS is the set of all sequences X = {x }, where X, =0 or xn=],
_ ﬁ= 1,2,3,..., with the group operatlon defined by z = X+y, if
X,YED, where z =x +y = (mod 2). There is a topology for D,based
oﬁ the system of neighborhoods of 0=(0,0,...), with which D
becomes a locally compact Abelian group. To each XED we assign
"a real number X = d(x) = Z x4 2”1 in the interval [0,1). Note
that this map does not lhalwe a single-valued inverse on the '

dyadic rationals. Two important properties are:

(i) for each y andl'almost all x,
W(n,x+y) = W(n,x)W(n,y), (2.3)

the exceptional x being those for which x+y is a dya-




dic rational;

(ii) for every fixed y and f integrable,

-

1 . 1
[ f(y+x)dx = J f(x) dx. (2.4)
40 0.

In order to generalize the WF, let X and y be two

non-negative real numbers with dyadic expansions

oS Lk .
x = kakaz . x, =0 or 1, (2.5)
- . )
y = ) ykz , yk-O or 1. (2.6)

Define the dyadic addition by

xiy = 1 (gdyp2s, (2.7

k==

where 040 =1+1=0, 1+0 =0+1 =1, Then the generalized WF are
defined by |

Wiy.x) = W(lyl,x)W(lx].y), (2.8)

x;yeﬂ{+.Analogues of (2.3) and (2.4) above hold.
The original_definition of Walsh was such that the
functions are ordered by the number of sign changes in the wnit

interval. Denoting these functions by {wal(n,x)} we see that

W(n/2+n,x) , n=0,2,4,...,

wal(n,x) = (2.9)

W((n-1)/2+n,x), n=1,3,5,...,




If £ is any function of period 1, Lebesgue integra-
ble on [0,1), then it can be expanded in a Walsh-Fourier series

L E(x) ~ 3 a_WEn,x), (2.10)

n=0

with coefficients

1 ’ . ' .
a_ = J f(x)W(n,x)dx, ‘n=0,1,2,... . (2.11)
b ,

If £959(x) = ) a, W(k,x) and if Dy(x) is the Dirti-
k=0

chlet kernel

N-1
Dy (%) =} wW(k,x), _ (2.12)

-thcn (Fine (1949)),
O -
f | (t) = L)f(x)DN(t+x)dx. - (2.13)

If N=2™, m a non-negative integer, then

[N,Osst‘l

Dy (x) = | - (2.14)
' {0, otherwise
N—]
and (2.13) reduces to v J f(x)dx.
0 -
The Walsh transform of a function fGLZ(O,w) is de-

fined by

fly) = L)f(x)W(y.x)dx. ' (2.15)
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For properties of f, see Weiser (1964) and Crittenden

(1970).
3 - STATIONARY AND DYADIC—.S.TATIONARY PROCESSES

When we analyse stationary processes with continuous
" time we are essentially considering a locally compact Abelian
'group, namely the additive group IR of the real numbers. The
' characters of this group are the exponentials e yxk y and X
real, hence the importance of the orthogonal system of sine
and cosine functions. For processes with discrete time the as-
sociated group is ‘the additive group Z of the integers.

Let us éonsider a real, stationary (in the wide sense)
pfbcess X ={X(t),t€Z} with zero mean and covariance function
R{T) =E{X(t)X(t+1) 1}, t,T€Z . Then the Fourier spectrum of X is
defined as ‘

g = (271 T R(o)e iXT, (3.1)

T=-
-0 < X <+, assuming that

Y IR(1) | <=, , (3.2)

T=-

that is, well separated values of X are non-correlated. We know
that g(+) is bounded, uniformly continuous, of period 2w and
T

R(7) = J el X (x)dx. (3.3)
o .
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Here x stands for frequehcy in radians and both R(*)
and g(-) are even functions..

A Fourier spectral analysis is well established and
the appropriate references are Kbopmans (1974), Brillinger
(1975) and Jenkins § Watts (1968).

' We call a process X={X ,n=0,1,2,...} dyadic-stationa-
"y if its mean value is constant (whicﬁ we assume for simplic-

ity to be zero) and its covariance function
B(n,m) = Cov{Xn,Xm} = E{anm}
depends only on n-;m; hence we can write

B(1) = E{X X ;}, (3.4)

n,t€P={0,1,2,...}.

EXAMPLE 3.1-a) "he simplest example is the purely rmukm1proé-
ess or white noise, that is, a sequence of independent and iden-
tically distributed random variables {%],neP},Wiﬂlfﬂen)=(land
Var{en}==02, for all n€P. It follows that the covariance func-

tion of this process is given by

0, =0
B(1) = Ele e ; } = . (3.5)
- . 2

o, t=0

b) Let X ={Xn,n€Kﬂ be a sﬁperposition of N periodic "ocilla-

tions"



N .
X, = 'kzlng(n;xk), | (3.6)

with Ei’ i=1,...,N being random variables such that E(Ei) =0,

E(F,;) =b,

5 E(Ei‘c’,j) =0, i=j, i,j=1,....N.

Then E(Xn) =0 and

2

B(1) = ) b W(T,x) ..
T 11\ TXk»

.k

(3.7)

e~

» N
In particular, ,B(O)_=E(X;) = 3 bk’ which shows that
k=1
the average power of the composite oscillation is equal to the

sum of the average powers of the'periodic components.
4 - THE WALSH SPECTRUM

Let X = {Xn,nGIP} be a dyadic-stationary process,with
zero mean and dyadic covariance function B(t), T€EP.

The Walsh Aﬁewum of X is defined as

£(x) = ) B(OW(7,x), (4.1)
=0

0 <x <=, provided we assume that

[+2)

] IB(D) | <. ' (4.2)

~1=0

Then it can be -shown (Morettin (1972)) that f(.) has
period one, is non-negative and uniformly W-continuous. See

Morgenthaler (1957) for the definition ofW—cOnti_nui-ty. 1t follows
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that it suffices to consider f(x) for 0<xsx1.

If (4.2) is not w;rranted we still can define the
Walsh spectrum as follows. Assume that X is W-continuous in
mean square. Then, from the theory of ﬁomogeneous réndom;nnc-

‘esses on locally compact Abelian groups, we have that X admits

the spectral representation

1
Xn.= L)W(n,x)dZ(x), ' (4.3)

n€P, where {Z(x), 0s<x<1} is a real process with orthogonal in-

crements and such that

E{[dZ(x)1%) = dF(x); (4.4)

here, F(-) is a unique distribution function on [0,1]., For de-
tails, see Yaglom (1961) and Morettin (1980a) . The covariance

function B(+) also has a spectral representation
1 . .
B(t) = J W(Tt,x)dF(x), (4.5)
0

and we call F(-) the dyadic spectral distribution function of
X. Nagai (1976a) gives alternate proofs of (4.3) and (4.5).If
F(-) is absolutely continuous then dF(x) = f(x)dx and f(+) is

the dyadic spectral density of X.

EXAMPLE 4.1 - (a) If {sn,nzo} is white noise, then from (3.5)

it follows that

f(x) = o?W(0,x) ;.02. ~ (4.06)
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Also, the white noise has spectral representation

1
€, = L)wn(x)ducx), (4.7)

where {U(x), 0<x<1}, is a process with'orthogonal increments
-such-that E{[dU(x)]%} =0%dx, that is, the dyadic spectral dis-
tribution function of {e } is F(x) =0’x, 0sxs<1.

(b)) Let X be the process given by (3.6). Then (4.2) is not sat-
isfied and Qe cannot define_f(-j througﬁ (4.1). If we assume
that the discontinuifies of F(*) in the representation (4.5)
do not coincide with- the disconfinuities of W(t,x) (that is,x
is not dyadic rational), then dF(xk) = bk’ k=1,...,N and equals

zero otherwise.
5"L|NEAR DYADIC FILTERS

Let F be an operation whose domain consists of series
{X .n€P} and whose range consists of series {Y ,n€F}. Assume
that the series are real-valued and write Y =F[X J=F(XI(n).
We say that F is a Lnear dyadic §iLter (LDF) if:
(i) F is ALinean: F[a1X1+a2X2](n) =<11F[X1](n)-*aZF[XZJ(n),
0y, @y real constants;

(ii) F is dyadic-invaniant: FLTPX1(n) = FIXI(nh) ,where T is

. . h
the dyadic translation operator: T [xn]==xn3h'

An important class of LDF is given by

<o

Y = 1 a(n;h)Xn. (5.1)
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where a(n) is the impulse response function of the LDF.

For LDF whose démain includes the series e_ = W(n,x),

n€P, there exists a function A(+) such that

Flel(n) = A(X)W(n,x),

(5.2)
and A(+) is the thansfer function of F. For the LDF (5.1) it is
. given by ' o :
A(x) = [ a(h)W(h,x). (5.3)
h=0 .
A LDF of the form (5.1) is dummable if
I la(h)] <=. . (5.4)
h=0 .
_ Define the dyadic convolution of.two summable fil-
ters {a ()} and {a,(-)} by
(al*az) (h) = jo az(h*'-v)al(v)dv. (5.5)
The following results are easily proved (Morettin,
(1973b)):

(a) If (5.1) holds and g(-) and f(-) are Walsh spectrum of
{Yn,nEIP} and {Xn,11€]P}, respectively, then
g(x) = [A(X)12£(x), (5.6)

where A(+) is given by (5.3);
(b) If {al(-)} and {az(-)} are two summable filters, with

transfer functions Al(-) and Az(-) , respectively, then
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'{(al*az)(~)} is a summable filter with transfer func-
tion A2(°)A1(-).
Problems related to the identification of LDF and qua-
dratic dyadic systems. are considered further in Morettin (1973a).
A theory for LDF similar to that developed by Wiener was con-

- sidered by Weiser (1964) and Pichler (1970a,1970b) .

"EXAMPLE 5.1 - let X=={Xn,n€H3}be a process such that

X =

n kZOaken;k’ (5'7?

whére'{en,nGB’}is white noise and a k=0,1,2,... are real numn-
o .
bers such that [ ‘a2 <we. Then X is dyadic—stationary,E(Xn)=0

k=0 X 4
-and its covariance function is easily seen to be

B(1) = ozkzoakak;T. (5.8)

We call X given by (5.7) a &Linear dyadic process.If a, =
= 0, for k>m, we call X a déadéc moving average process of order m
(DMA(m) process).

It follows from (5.6) énd (4.6) that the spectnnldf

X is given by

- g(x) ='02[A(x)]2, (5.9)

‘where

A(x) = E akW(k,x). : (5.10)
k=0 .



6 - THE FINITE WALSH TRANSFORM

Let {Xn.n=0,1,2,. ..,N-1} be observed values of a time
series X=¥{Xn,n€T}, where T=2 if X is a stationary series and

T=1 if X is a dyadic-stationary series. The statistic

N-1 |
aM™(x) = ] Xm0, (6.1)
n= . .

'OstliscaUcdthe5awmumahku@mqof{xnmquhu.qu

m : »
, M a non-negative

Throughout this paper we assume that N =2
integer.

If Cy (nl,.L.,nk) denotes the k—th-order joint cu-
mulant function of X (see Brillinger (1975), chapter 2, for
‘details on cumulants), that is

,...,Xn 1, (6.2)

c.(n,,...,n. ) = -cum{X
k1 k ‘ ny X

nl,...,nkeT, k=1,2,3,..., then we assume that
Yy ... chk(nl,...,nk_1)| < o, (6.3)
i Dy

This is, agai'n. a form of asymptotic independence for
well separated values of X. Due to the stationarity of X (usual
or dyadic) the cumulant-(6.25 is really a function of k-1 ar-
-guments.

If X is stationary, the central limit theorem that

follows is valid (Morettin (1973b)),
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THEOREM 6.1 - If E(Xa)-<w,'(6.3) is satisfied and

_y N=k N-1 .
lim N J 1 W(n+(n+k) ,x)R(k) = A(x) (6.4)
N-o -n=0 k=0 ’

exists for all non-negative real x, then d(N)(x) is asympto-
ticaily normal N(O0,NB(x)), where B(x)==E(X8)-+2A(x).
This theorem ﬁolds true for én'm—dependeﬁt station-
ary sequence, when R(k)==0; for |k| >m. In particular, form=0,
. m

d(N)(x) is asymptotically N(O,N J g(a)da), g(-) givenby (3.1).
-7

For an m-dependent stationary sequence the follow-
ing result is a stronger version of Theorem 6.1, since we do
not assume (6.3). lLet h,k,r be integer such that, for each k,

‘n=hk+r, 0sT<k.

THEOREM 6.2 - Let'an,nEE}.be.an m-dependent stationary se-
quence, and assume that '
1 k-m=|ul m

A(X) = lim kK T § WGEG WD L.OR(MW (6.5)

ke j=1 u=-m

exists for all real x. Then N-%d(N)(x) is asymptotically
N(0,A(X)) - |

For the proof and_details see Morettin (1974a).

For a dyadic-stationary series we have the -centrél
1imit theorem that follows (Morettin (1974b)). Let'wn=[0,T71] =

n

=[0,2 1.

THEOREM 6.3 - If X is dyadic-stationary, (6.3) is valid and
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xj-l'—xkﬁvm(mod 1), 1<j<k<M, then the random variables d(N) (xl) ,
....d(N)(xM) are asymptotically independent and with (asympto-
tic) distributions N(O,Nf(xl)),...,N(O,Nf(xM)). f(-) being the
Walsh spectrum of X. ' |
Since, for every n<N-1, W(n,x) is constant in each’

sub-interval (k/N,(k+1)/N) of [0,1], the finite Walsh trans-

" form d(N)(-) takes on only N different #alues, that is,

k+1
N *

aM g = aMx), Fexs k=0,1,...,N-1.  (6.6)

Nagai (1976b) proves that {aM)(x), k=0,1,...,8-1}

are orthogonal if and only if {Xn,nGT} is dyadic-stationary,

with
(62(3), j=k
eta®™ 5na™ a0y - |
o i 0 , j=k
and
(j+1) /N . '
g?(j) = sz dF(x) . j=0,1,...,N-1. (6.7)
3 /N

The statistic (6.7) can be cor;xputed quickly with a
Fast Walsh Transform (FWT) algorithm. Scc Shanks (1970) and

Ulman (1969) for details.
.7 - ESTIMATION OF THE WALSH SPéCTRUM

In this section we deal with the problem of cstimat-
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ing the Walsh spectrum of a dyadic-stationary series, as de-
fined by (4.1). Consider the observed values {Xn.nFO.l,”.,N-l}
and let d(N)(-) be the finite Walsh transform of these values.

The Theoreh_G.S suggests that. £(x) can be estimated

by
1My = N 2ra®™ (92, (1.1

called the Watsh pe}ulodogmm.‘ According to (6.6) we have that

1M 1M, Xaxkl x=0,1,...8-1. It follows that
(1™ ()1 =N E0d™ (x) 12 — £(x), when N>, which shows
that the estimaie is asymptotically unbiased. Moreover, the

following results hold.

‘THEOREM 7.1 - (a) If Jt|B(1)| <=, then
- L

E{I(N)(x)'} = f(x) +o(N"1y; - (7.2)

(b)
~covii ™M 1M ()1 = T () 1282 (%) oY, (7.3

where DN(-) is the Dirichlet kernel.

The asymptotic distribution of the Walsh periodogram
can be obtained from Theorem 6.3: I(N) {(x) is an asymptotically
f(x)*zfl) variable, where x2(r) denotes a chi-square variable
with r degrees of freedé’m. Moreover, the variables I(N)(xj),
isjs<sM, arc asymptoticaily independent. .

From (7.3) we obtain

var(I™M ()} = 2£2(0) + o1y, (7.4)
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which shows that the Walsh'periodogfam is not consistent. In
order to impfove the stability of the periodogram, we consider
the smoothed Walsh pericdogram, obtained in the following way.
Let the data XO"";xN-l be divided into L stretches. of length
K each, that is, LK =N. Here, we require that K is a power of

two. Then compute the Walsh periodogram for each section, at

frequency x:

| K-1
1 (x,0) =k 1['nZOXn+ZKW(n+2K,x) 72, (7.5)

for 2=0,1,...,L-1. These periodogram ordinates are asymptoti-
cally independent f(x)x2(1) variables, hence this leads us to

estimate f(x) by

' L-1 ' ,
fM i =17 T 1® 5. (7.6)
. 250 .

For L fixed and N+«, it follows that f(N)(x) will
be an asymptotically f(x)x2(L)/L variable.
For details on the proofs of the results above see

Morettin (1976). Another class of estimates is considered by

Morettin (1978b). If pj are weights such that |} pj = 1, and
j=-m

s(N) is an integer such that s(N)/N is near x, when N +=», de-

fine the estimate

£ g = ’f p.x[é'—(“‘—)—‘:i\. (7.7)
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Then it is shown that f(N)(x) is asymptotically un-

biased and that

Var{f(N)(x)] = 2£%(x) { pJ+0(N ). (7.8)
j=-m - .

Besides. the asymptotic distribution of f(N)(x) is
‘a f(x)- % prJ(l) variable, the variables x 2(1) being inde-
pgndentJ-I¥ may be difficult to use this approx1mat1ng<h5trr—
‘bution in pradtice. A standard‘procedures is to approximate the
dis tribution of such a variate by a multiple 8x2(v) of a chi-
“squared variable, whose mean and degrees of freedom are deter-

mined by equatlng f1rst and. second order moments It follows

'that v=1/ z p2 and 6 =1/v.
j=-m J .

A consistent estimate (in quadratic mean sense) has
been proposed by Tanigushi (1977). It is essentially the ana- .
logue of the estimate proposed by Brillinger and Rosenblatt
(1967) for the Fourier spectrum. Let
.1 N:1

£(x) = N SZOI(N)(X4'~§)KN(%)¢>(§—), (7.9)

_ _ . 1

where ©(s) =6, K, (x) =bZlk(bgls) and | K(s)@(s)ds = 1.Here the
SO N N N 0

the sequence {bN} is chosen such that bN-+0 but bilN + o as

N+, Under regularitf conditions, I(x) is asymptotically un-

biased and normally distributed.

8 - FURTHER COMMENTS

Some lines of generalizations are possible. A theory
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of homogeneous random fields on loéally compact groups is con-
sidered by Yaglom (1961). Ténigushi.(1977) develops a statis-
tical spectral estimation théory that unifies both the ordi-
nary and the dyadic case. Propertics of the finite Fourier
transform for homogeneous random proces#es defined oﬂ locally
compact Abelian groups are derived in Morettin (1980a). The
- case of the circle and of the sphere are studied by Jones (1963)
and Roy (1972, 1976) and some generalizations of their results

- for compact gfoups are considered by Morettin (1978b).

The problem of computing the fast Fourier transform

~on finite Abelian groups is discussed by Cairns (1971). Prob-
lems related to ergodicity are considered by Blum § Eisenberg
" (1972) and Jajte (1967). Generalized random processes on 1lo-

cal]y compact groups are discussed by Ponomarenko (1974) and

for the questions of prediction and 1nterpolat1alotlmmogamow;

prOcesses on groups see Weron (1972)

A concept that may prove useful in the analysis of
time series through WF is the following. Let X bezarmukmlvari—
able defined on a probability space (Q2,A,P) with values in
(]{+,3+,Px), where B, is the o-algebra of Borel sets. of the
non-negative real numbers of R, and PX is the induced proba-
bility measure.

We define the Wa.&sh characteristic function (WCF) of X (or
of the probability measure Px or of the corresponding distri-

bution function F of X) to be

— e~y



— . =20 -

EMN(L.X)} = ] W(t.X(w))dP(w) =
Q

p(t) =
= J W(t,x)dPy(x) = IQW(t.x)dF(x), (8.1)
n&.. 0

where t,x€R, . It follows immediatelly that v(0) =1, |y(t)| =1
and ¢ is uniformly W-continuous. Some properties of Y are ana-
logues to those of the usual characteristic function. The most

‘remarkable is thét a similar result to
o0 = [ FFnare

holds for {, where ¢ is the usual characteristic function.
But the deéfinition of derivative has to be changed.
.If ¢ is a real-valued function of a continuous, non-negative

(1]

real variable, we attach to y a function ¥ given by

o - %Ew(t)-w(tiz'knzk'z. (8.2)
If \b[” exists we call it the {inst dyadic denivative of
y. See Gibbs and Millard (1969), Pichler (1970} and Butzer §

Wagner (1973). It follows in particular that

Wil ) = (e, x), (8.3)

t,xeﬂ{*,which is similar to

d itx

- itx
e = ixe
dt

-1
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Equation (8.3) shows that the WF are eigenfunctions

of the dyadic differential operator, satisfying

wti]-xw =0,

Then, it can 5e shown that if ¢y is defined by (8.1),

we have
o[y = waW(t,x)dF(x). (8.4)
0

For details, see Morettin tlQSdb).

Another point that should be mentioned is that follows.
It is known that a way to estimate the Fourier spectrum of a
‘statidnary time series is througﬁ the auto-regressive (or ma-
ximum entropy) spectral estimator. We'fit to the process an

-auto—régressive process of order p (Ar{p) -process).
X(t) = aIX(t—JJ + ...+ apX(t-p) +e(t), (8.5)

where e(t) is white noise. Then we estimate the spectrum g(x)

of X by

. .
g(x) = %—5- — (8.6)
1- § agemiXIp2

where 02 and 55 are estimators of the white noise variance o?
and of the coefficients aj; respectively. See Parzen (1969) and

Akaike (1969,1970,1978).

A question that arises is then: could we do the same
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to estimate the Walsh spectrum? A dyddic-auto-reghessive process of
order p (DAR(p)-process) is a dyadic-stationary process satisfy-
ing

kgobkxn;k T fpe (8.7)

where €h is white noise and b0 =1. The idea is to fit a process
of the form (8.7) to the data and estimate the Walsh spectrum

f(x) .through the estimated spectrum of (8.7). A 'problem that

remains is to find a procedure to estimate the coefficients bk .

efficiently (for the process (8.5) we have a procedure through
“the Yule-Walker equations). See Nagai (1977) for some consi-

derations on Dhb\(q);processes and DAR(p)-processes.
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