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The Use of Damping
Based Semi-Active Control
Algorithms in the Mechanical
Smart-Spring System
In recent decades, semi-active control strategies have been investigated for vibration
reduction. In general, these techniques provide enhanced control performance when com-
pared to traditional passive techniques and lower energy consumption if compared to
active control techniques. In semi-active concepts, vibration attenuation is achieved by
modulating inertial, stiffness, or damping properties of a dynamic system. The smart
spring is a mechanical device originally employed for the effective modulation of its stiff-
ness through the use of semi-active control strategies. This device has been successfully
tested to damp aeroelastic oscillations of fixed and rotary wings. In this paper, the model-
ing of the smart spring mechanism is presented and two semi-active control algorithms
are employed to promote vibration reduction through enhanced damping effects. The first
control technique is the smart-spring resetting (SSR), which resembles resetting control
techniques developed for vibration reduction of civil structures as well as the piezoelec-
tric synchronized switch damping on short (SSDS) technique. The second control algo-
rithm is referred to as the smart-spring inversion (SSI), which presents some similarities
with the synchronized switch damping (SSD) on inductor technique previously presented
in the literature of electromechanically coupled systems. The effects of the SSR and SSI
control algorithms on the free and forced responses of the smart-spring are investigated
in time and frequency domains. An energy flow analysis is also presented in order to
explain the enhanced damping behavior when the SSI control algorithm is employed.
[DOI: 10.1115/1.4038034]

1 Introduction

Semi-active control has been gaining prominence in the recent
years in order to reduce vibrations in several fields of engineering.
As described by different review articles in the field of civil and
mechanical engineering [1–3], the focus of the semi-active control
is to reduce the forced response of skyscrapers excited by earth-
quakes [4], to reduce wind induced vibration in bridges [5], and to
reduce vibration in road vehicles [6–10]. In semi-active concepts,
the vibration is suppressed by modulating the stiffness [11–14],
damping or inertial properties of a dynamic system. In contrast to
direct-active approaches, the power requirements are relatively
low because the actuator forces are not used to directly counteract
the vibratory motion. In most devices designed for semi-active
control, the work done by the actuator forces is independent from
the work done by the excitation forces that are the objective of
control [15].

Practical implementation of semi-active approaches includes
the use magnetostrictive materials [16], dry friction [17], control-
lable orifice dampers, and electrorheological or magneto-
rheological fluids. The capability of magneto-rheological and
electrorheological fluid dampers and variable orifice dampers to
achieve significant control of structural damping characteristics
has been well established [18,19]. However, somewhat less atten-
tion has been given to the development of mechanical devices
capable of achieving effective control of structural properties in
order to attenuate vibration. One example is the patented smart
spring device [20]. The smart spring is a mechanical device capa-
ble of achieving effective modulation of its stiffness through the
use of semi-active control strategies. The controlled change of the
smart spring mechanical impedance has been investigated both

experimentally [21,22] and numerically [23] for reducing vibra-
tion in fixed and rotary wing aircraft. Significant suppression of
vibrations transferred from the rotating wing system of a helicop-
ter to the nonrotating system is reported in the literature [24]. An
independent study also showed that the controlled modulation of
the stiffness at the root of a helicopter blade could result in signifi-
cant reduction of vibration energy at target frequencies [25]. More
recently, Nitzsche et al. [26] report the successful experimental
attenuation of vibrations at a specific frequency (2/rev) by using
the smart spring associated with a dynamically and geometrically
scaled helicopter blade during whirl tower tests.

An important feature of each semi-active system for vibration
reduction of mechanical structures is the control law. Some of
control algorithms are defined in different physical domains, such
as the synchronized switch damping (SSD) semi-passive control
[27,28], the resetting techniques [29–31], as well as the skyhook
control law [32,33]. The SSD scheme leads to semi-passive con-
trol of electromechanically coupled structures by using a switch-
ing circuit. The piezoelement is intermittently switched from open
circuit to a specific electrical boundary condition (short circuit in
the synchronized switch damping on short case or resonant circuit
in the synchronized switch damping on inductor case) synchro-
nously with mechanical displacement, and, therefore, the voltage
output of the piezoelectric material is in phase with structural
velocity, leading to enhanced dissipation along each cycle of
oscillation [34].

Bobrow et al. [29] employ a resetting semi-active technique to
a mechanical-hydraulic system. The device is a double acting
hydraulic cylinder whose rods (and consequently pistons) are con-
nected to a host structure. A valve (that is originally closed) con-
nects both sides (chambers) of the cylinder. Since the host
structure is oscillating, the mechanical-hydraulic system acts as
spring element (while the valve is closed), which is able to store
energy by compressing the air as the piston is displaced. The valve
is opened (and closed as soon as possible) when the piston veloc-
ity is zero, resetting the system to its original stiffness and leading
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to energy dissipation. Later, Jabbari and Bobrow [30] extend the
mechanical-hydraulic analysis reported in Ref. [31] to a pneu-
matic cylinder. Variations of such systems are reported [35,36]. In
general, the resettable devices are employed to attenuate vibra-
tions caused by wind loads or seismic excitations in civil
structures.

It is interesting to note that, although developed for different
applications as well as different frequency ranges (when com-
pared to the resettable devices), the synchronized switch damping
on short (SSDS) technique is quite similar to the resetting semi-
active technique discussed in the previous paragraph [29]. In the
SSDS, the piezoelement is kept in open circuit condition until an
extremum of displacement is detected. At this stage, the system is
switched to short circuit condition until voltage is canceled (when
is reswitched to open circuit and so on). Both techniques (SSDS
and resetting semi-active technique) are employed in this work to
obtain the smart-spring resetting (SSR) control technique to be
employed in the smart spring device (that will be later discussed).
By using a force-voltage analogy (presented in the Appendix of
this paper), one can note that typical force waveform of the SSR
case is analog to the typical voltage waveform of the SSDS case.
The smart-spring inversion (SSI) technique, also discussed in the
present work, is based on the synchronized switch damping on
inductor (SSDI). In the SSDI case, the voltage is inverted when
the piezoelement is quickly connected to an inductor, resulting in
a mechanical dissipative force acting along each cycle of oscilla-
tion (voltage in phase with mechanical velocity due to switch)
and, consequently, mechanical dissipation. The analogy between
an electromechanical case and the mechanical system investigated
in this work is also presented in the Appendix of this paper,

showing that the SSI technique is similar to the SSDI technique
(although employed in different physical domains).

In this work, the governing equations of the smart spring
mechanical system as well as its operation principle are presented.
Although the smart spring has been originally employed for stiff-
ness modulation, in this work, the semi-active control algorithms
SSR and SSI are employed for damping enhancement. The control
performance of each control algorithm (SSR and SSR) to damp
the free response and the forced response of the smart spring is
discussed. Moreover, an energy flow analysis is presented in order
to explain and to quantify the control performance of the smart
spring using the SSR and SSI techniques.

2 The Smart-Spring Modeling

The smart-spring mechanism displayed in Fig. 1 consists of two
mass-spring-damper systems arranged in parallel. In this work,
these two mass-spring-damper systems are named as load paths.
The system denoted with subscript 1 is called main load path,
where the spring k1 and damper b1 connect the mass m1 to the
ground. The mass-spring-damper system denoted with subscript 2
is called auxiliary load path, where the spring k2 and damper b2

connect the mass m2 to the mass of the main load path. The auxil-
iary load path can be connected/disconnected by the action of an
applied voltage at the terminals of a piezoelectric stack (mass m2

in Fig. 1) that results in contact between the piezoelectric material
and the sleeve at the ground, generating friction force and ulti-
mately engagement. An advantage of the smart-spring is the low
energy consumption. One can see that the expansion direction of
the piezoelectric stack is orthogonal to the motion direction of
both main and auxiliary load paths. Therefore, no energy is added
to the system by the piezoelectric stack electrical actuator since it
does not perform work, although energy is required to actuate the
piezoelectric element.

Three different states can be identified during the operation of
the smart-spring. The first state occurs when the auxiliary path is
completely disengaged from the sleeve. In such case, the auxiliary
load path works as a mechanical vibration absorber connected to
the main load path. In the second state slippage occurs between
the piezoelectric stack and the sleeve and a dynamic friction force
is present in the system. Finally, in the third state, the second load
path (or the stack) is perfectly engaged to the sleeve. In the third
condition, since the mass of the auxiliary path is engaged to the
sleeve, the effect is to increase the resultant stiffness of the sys-
tem. The modeling of each state of the smart spring behavior is
presented in this section.

Figure 2 shows the free body diagram regarding each load path
for different states of the system. The main load is presented in
Fig. 2(a). The different conditions for the auxiliary load path are
described in Figs. 2(b)–2(d). In particular, Fig. 2(b) describes the
auxiliary load path when no friction force is present in the system

Fig. 1 Smart spring concept

Fig. 2 Free body diagram of the main load path of the smart-spring (a) and free body diagram
for the auxiliary load path in three different states: disengaged (b), auxiliary load partially
engaged (c), and (d) fully engaged
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(system fully disengaged), Fig. 2(c) shows the auxiliary load path
when a dynamic friction force is present in the system, and
Fig. 2(d) shows the auxiliary load path when a static friction force
is present in the system (fully engaged).

The general equation of motion for the main load path can be
written as

m1€x1 þ b1 _x1 þ k1x1 � Fint ¼ Fext (1)

where x1 is the displacement of the main load path, and Fext is the
external force applied to the main load path. Fint is the internal
force in the main load path due to the auxiliary load path, which is
described as

Fint ¼ k2ðx1 � x2Þ þ b2ð _x1 � _x2Þ (2)

where x2 is the displacement of the auxiliary load path.
The general equation of motion for the auxiliary load path

when there is motion at the secondary load path is given as

m2 _x2 þ b2ð _x2 � _x1Þ þ k2ðx2 � x1Þ ¼ Ff sgn ð _x2Þ (3)

where Ff is the friction force. Equation (3) can include the model-
ing of the state 2, when a dynamic friction force acts in at the aux-
iliary load path, and also can be employed to model the state 1
that is characterized by the absence of friction force (Ff is zero) in
the auxiliary load path (the system is disengaged).

The governing equations of the smart-spring for the state 2,
when a dynamic friction force acts in the auxiliary load path, are
obtained by combining Eqs. (1)–(3) resulting

m1€x1 þ b1 _x1 þ b2ð _x1 � _x2Þ þ k1x1 þ k2ðx1 � x2Þ ¼ Fext

m2€x2 þ b2ð _x2 � _x1Þ þ k2ðx2 � x1Þ ¼ Ff sgn ð _x2Þ
(4)

that can also employed to describe the behavior of the system in
the absence of friction force ðFf ¼ 0Þ in the auxiliary load path,
resulting in the state 1 (load paths of the smart spring disengaged).
Thus, the governing equations for the smart-spring can be written as

m1€x1 þ b1 _x1 þ b2ð _x1 � _x2Þ þ k1x1 þ k2ðx1 � x2Þ ¼ Fext

m2€x2 þ b2ð _x2 � _x1Þ þ k2ðx2 � x1Þ ¼ 0
(5)

when the state 1 is considered.
It is also important to consider the state 3, when the load paths

of the smart spring are perfectly engaged. In such case, mass m2 is
perfectly engaged to the sleeve due to a static friction force
(absence of relative motion between the mass of the auxiliary load
path and the ground). It is important to highlight that, in this
work, the sleeve is assumed long enough to allow perfect engage-
ment in different positions of x2. Therefore, the velocity and
acceleration of the mass of the auxiliary load path are zero and the
smart-spring can be described by only one equation. This single
equation is the governing equation of the main load path with a
modified Fint term. In such case Fint is rewritten as

Fint ¼ k2ðx1 � x2aÞ þ b2 _x1 (6)

that when included in the governing equation of the main load
path (Eq. (1)) results

m1€x1 þ ðb1 þ b2Þ _x1 þ ðk1 þ k2Þ _x1 � k2x2a ¼ Fext (7)

which is the governing equation for state 3. In such case, the max-
imum static friction force should be higher than Fint in order to
avoid an undesirable sliding between the ground and the mass m2.

3 Semi-Active Control Algorithms

After introducing the modeling of each state of the smart-
spring, this section presents the semi-active control algorithms
that are employed in this work. It is important to note that the goal

of each control algorithm is vibration attenuation of the main load
path of the smart spring (that should be connected to a host struc-
ture for vibration attenuation). In the Appendix, a mechanical
equivalent model of a single-degree-of-freedom (SDOF) electro-
mechanically coupled system is presented by using a force-
voltage analogy. By using the mechanical equivalent model, it is
shown that the smart spring is similar to the SDOF electrome-
chanically coupled system. Therefore, it is also shown that the
SSR and SSI techniques to be described in Secs. 3.1 and 3.2 are
similar to the SSDS and SSDI techniques that have been discussed
in Sec. 1 and also modeled and analyzed in the literature
[27,28,37–39]. This way, due to the similarities with the electro-
mechanical control cases, the SSR and SSI cases of the smart
spring are only briefly discussed. Here, it is worth mentioning that
both semi-active control algorithms applied to the smart-spring in
this work require that the frequency of the auxiliary load path
should be greater than that of the main load path.

3.1 Smart-Spring Resetting. The basis of this algorithm is to
reset the relative displacement between the main and auxiliary
load paths (unloading the spring of the secondary load path and,
consequently, resetting the force of the spring of the secondary
load path) wherever there is an extremum of the displacement of
the main load path. It is interesting to note the similarity with the
SSDS case where voltage is canceled when displacement reaches
a maximum (and a force-voltage analogy is employed in this
work). Figure 3 show the SSR semi-active control algorithm
applied to the smart-spring. Figure 3 is not based on simulations
and is only qualitative information to support the discussion.

The natural condition of the smart-spring is assumed in this
work as the auxiliary load path is engaged to the sleeve (ground)
and the spring of the auxiliary load path is unloaded (Fig. 3-1).
This condition refers to the state 3 presented in Sec. 3. In such
condition, the system is governed by Eq. (7). Figures 3-1 and 3-2
show that the mass of the main load path is moving upward while
the displacement of the auxiliary path does not change (since the
system is engaged). In such case, the spring of the auxiliary load
path (as well as of the main load path) is being loaded (increasing
elastic potential energy). In the extremum of displacement of the
main load path (Fig. 3-2), the springs of both load paths are
loaded. At this stage, voltage is applied to the piezoelectric stack
in order to release the auxiliary load path (Fig. 3-3). During the
disengagement of the auxiliary load path (before the system is
fully disengaged), friction force between the sleeve and the auxil-
iary load path mass is observed. It is important to mention that
because there is a velocity difference between the auxiliary load
path and the sleeve, the nature of the force is dynamic. This condi-
tion is governed by Eq. (4). Later, the auxiliary load path is fully
disengaged (no friction force between auxiliary load path mass
and the sleeve), resulting in the state 2 discussed in Sec. 2. The
smart-spring is then governed by the Eq. (5). The mass of the aux-
iliary load path moves upwards and this condition is kept until the
auxiliary load spring deformation is zero (fully unloading the
spring or resetting the spring, what is shown in Figs. 3-3 and 3-4)
when the system is again engaged. The duration of this time inter-
val (unloading or resetting) is one quarter of the period of the aux-
iliary load path (as observed in the SSDS case). Figure 3-4 shows
that when the main load path reaches a minimum the spring has
been again loaded (due compression) and voltage is again applied
to the piezostack releasing the auxiliary path (Fig. 3-5). Then, the
system again engaged when the spring is unloaded (Fig. 3-6). Dur-
ing the engagement a dynamic friction force between the sleeve
and the auxiliary load path mass is observed causing dissipation.
This condition is governed by Eq. (4). When the system is fully
engaged, the state 1 described in Sec. 2 is again achieved.

Therefore, elastic potential energy is stored in the springs when
the load paths are engaged, then the system is reset (to a low stiff-
ness condition due to disengagement) and energy is dissipated
during the transitions. It is important to note that although
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dissipation occurs during the transitions, the reason for damping
enhancement of the smart spring is the modified phase between
the force of the spring of the auxiliary load path and the velocity
of the main load path due to the engagement–disengagement
process (as will be shown in Sec. 4). Therefore, since the SSR is

similar to the resetting control discussed in Sec. 1 that is also simi-
lar to the SSDS case also discussed in Sec. 1 and in the Appendix,
the wave forms of the force of the spring of the auxiliary load path
is similar to the wave forms of the voltage in the SSDS case (as
provided in the Appendix).

Fig. 3 Detailing of the SSR auxiliary load path releasing/engaging dynamics

Fig. 4 Detailing of the SSI auxiliary load path releasing/engaging dynamics
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3.2 Smart-Spring Inversion. The SSI semi-active control
technique is presented in this section. The basis of this algorithm
is to allow the inversion of the force of the spring of the auxiliary
load path (or the inversion of relative displacement between the
load paths) wherever there is an extremum of the displacement of
the main load path. Figure 4 shows the SSI semi-active control
algorithm applied to the smart spring.

The natural condition of the smart-spring is assumed in this
work as the auxiliary load path is engaged to the sleeve (ground)
and unloaded (Fig. 4-1). This refers to the state 3 discussed in
Sec. 2. In such condition, the system is governed by Eq. (7). In the
extremum of displacement of the main load path, the springs of
both load paths store energy (Fig. 4-2). At such condition, voltage
is applied to the piezoelectric stack in order to release the

Fig. 6 Time histories of the forces on the smart spring system for the (a) soft configuration, (b) hard configuration, (c) SSR,
and (d) SSI

Fig. 5 Free response of the smart-spring using the equivalent switching procedures for the (a) soft configuration, (b) hard
configuration, (c) SSR, and (d) SSI
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auxiliary load path (Fig. 4-3). The auxiliary load path is fully dis-
engaged (no friction force between auxiliary load path mass and
the sleeve), resulting in the state 2 discussed in Sec. 2. The
smart-spring is then governed by the Eq. (5). This condition is
kept until the force of the auxiliary load spring is inverted. The
duration of this time interval is half of the auxiliary load path
period. Note that the velocity of the auxiliary load path is almost
zero (Fig. 4-4). At this point, no voltage is applied to the piezo-
stack (Fig. 4-4) and during the engagement a dynamic friction
force between the sleeve and the auxiliary load path mass is
observed. This condition is governed by Eq. (4). However, one
should note that the duration of this interval is very small in com-
parison with the SSR case and the energy loss could be neglected.
Later, when the main load path reaches a minimum (Figs. 4-4 and
4-5), the auxiliary load path is again released (Fig. 4-5) until the
force of the spring of the auxiliary load path is inverted (Fig. 4-5).
Then, the system is fully engaged and the state 1 described in
Sec. 2 is achieved again.

Therefore, energy is stored in the springs when the load paths
are engaged, then the system is set to a low stiffness condition
(disengaged) and the force related to the spring of the auxiliary
path inverted, when the full engagement is achieved again. Thus,
the SSI is quite similar to the to the SSDI case also discussed in
Sec. 1 and in the Appendix. In this case, there is also a phase mod-
ification between force of the spring of the auxiliary path and
velocity of the main load path. Since they are in phase during
most of each cycle of oscillation due to the switch process),
enhanced damping is verified in the smart spring. The wave forms
of spring force are shown in the Appendix and will also be dis-
cussed in Sec. 4.

4 Results

In this section, the effects of the SSR and SSI control strategies
on the behavior of the smart spring are presented and compared in
the time and in the frequency domains. The results were obtained
by solving the equations that govern the smart spring (presented
and discussed in Sec. 2). A time-domain integration scheme based
on a time finite difference method with variable step to simulate
the behavior of the system when different conditions are experi-
enced (i.e., a small time-step is used when a dynamic friction acts
on the model). The engagement and disengagement of the piezo-
electric stack to the sleeve is performed according to the discus-
sion presented in Sec. 3. First, the time histories of the
displacement of each load path are presented for a free vibration
condition. In the free response analysis, an initial condition on the
displacement was assumed. The phase shift and amplitudes of the
forces applied in the main load path mass are compared between
the soft and hard case and the semi-active cases are considered.
Moreover, an energy flow analysis of each element of the smart
spring is presented in order to explain the performance of each
semi-active control technique applied to the smart spring for
damping enhancement. Next, the performance on vibration reduc-
tion of each control strategy is presented in the frequency domain
for a forced vibration condition. In the frequency domain analysis,
an external harmonic forcing term was used (initial conditions set
to zero) and the steady-steady displacement amplitude value was
obtained for each investigated frequency value by using the time-
domain integration. The parameters employed in the simulations
are shown in Table 1.

4.1 Free Vibration Response. Figure 5 displays the normal-
ized displacement (by the initial displacement considered in the
main load path) when a unitary initial condition applied to both
load paths (the initial velocities are zero) when the soft case
(Fig. 5(a)), the hard case (Fig. 5(b)) as well as the SSR (Fig. 5(c))
and SSI (Fig. 5(d)) cases are considered. Initially, it is worth to
discuss the soft and hard cases. In the soft case of Fig. 5(a), the
mass of the auxiliary load path is totally disengaged (i.e., the mass
is free to oscillate) from the ground (sleeve of Fig. 1). Then it is

seen that the auxiliary load path mass oscillates with a fast decay-
ing due to the relatively high damping ratio related to the damper
of the auxiliary load path. In the hard case the mass of the auxil-
iary load path is totally engaged to the sleeve (i.e., there is no
motion of this mass). Then, Fig. 5(b) shows that the displacement
of the auxiliary load path is always zero. Moreover, the equivalent
stiffness is obtained from the combination of the main and auxil-
iary load path stiffness. Therefore, in the soft case, the mass of the
main load path oscillates in a frequency obtained from the square
root of the stiffness of the main load path to the mass of the main
load path ratio while in the hard case the mass of the main load
path oscillates in a frequency slightly larger than the one of the
soft case since the equivalent stiffness is larger (than in the soft
case).

For the SSR case in Fig. 5(c), when the displacement extremum
of the auxiliary path is detected, the main and auxiliary paths are
engaged; when the force of the spring of the auxiliary path is zero,
the stack is disengaged. A similar procedure is taken in Fig. 5(d).
However, in such case, the paths are engaged until the complete
inversion of the force of the spring of the auxiliary load path
occurs. The vibration reduction in the main path is the control
objective. It is clear that vibration attenuation is more pro-
nounced in Fig. 5(d) (SSI) than in Fig. 5(c) (SSR). After 10 s, the
amplitude of the main load path is reduced by 18% in Fig. 5(c)
and by 75% in Fig. 5(d). The inversion of the force of the auxil-
iary load path causes an interesting phenomenon. One should
also note in Fig. 5(d) that the amplitude of motion of the auxil-
iary load path increases in the first initial seconds of simulation
and later decreases. When the SSI technique is employed, more
energy is transferred from the main load path to the auxiliary
load path (more detailed discussion will be provided in Fig. 10).
However, it is seen that after a few cycles the ratio between the
displacement of the main and auxiliary load paths remains
almost constant. Since more dissipation is also achieved (when
compared to the SSR case), the amplitude of motion of the auxil-
iary load path (as well as of the main load path) decays along
time.

Figures 6(a)–6(d) show the velocity and forces that acts on the
mass of the main load path for the soft and hard cases (secondary
load path disengaged and engaged, respectively) and SSR and SSI
cases, respectively. The figure displays the velocity, main load
path spring force, auxiliary load path spring force, main load path
damper force, and auxiliary load path damper force. A first glance
on the velocity plot shows that the vibration is reduced when the
semi-active cases are employed (in comparison soft and hard
cases). One should note that the phase between the spring force of
the auxiliary load path (due to k2) and the velocity of the main
load path is 90 deg in Fig. 6(b). Therefore, dissipation occurs only
during part of one cycle of oscillation. On the other hand, the
semi-active cases adjusts the phase between spring force and
velocity (as well as amplify the forces in the auxiliary load path
elements) and, therefore, enhances the energy dissipation. More-
over, a further increase in the force amplitude is seen in the SSI
case (compared with the SSR case), resulting in more energy dis-
sipation from the main load path.

A qualitative estimation of the instantaneous power for the
smart-spring main load path can be obtained through the multipli-
cation of a respective force by the velocity of the mass m1. The

Table 1 Smart-spring parameters

Parameter Value

Auxiliary to main load path stiffness ratio 0.7%
Auxiliary to main load path frequency ratio 20
Damping coefficient of the main load path 1%
Damping coefficient of the auxiliary load path 10%
Excitation force by main path mass Unitary

021011-6 / Vol. 140, APRIL 2018 Transactions of the ASME

D
ow

nloaded from
 http://asm

edigitalcollection.asm
e.org/vibrationacoustics/article-pdf/140/2/021011/6349461/vib_140_02_021011.pdf by U

niversidade D
e São Paulo U

SP user on 17 January 2023



associated energy is refereed as the time integration of the power.
Figures 7(a)–7(d) show the energy dissipation on the smart-spring
for the soft and hard cases and also SSR and SSI configurations.
When the soft and the hard configurations are used, the energy is
dissipated mainly on the damper of the main load path, and a
small portion is dissipated on the auxiliary load path damper.
Besides, when the soft and hard configurations are implemented,
the friction term does not dissipate energy since the product
between friction force and velocity is always equal zero. For the
soft case, although the auxiliary load path has velocity different
from zero there is no friction force in the system. For the hard
case, the auxiliary load path velocity is equal zero although fric-
tion force is observed in the system. It is important to say that dif-
ferently to the soft and hard cases, the damper of the auxiliary
load path also dissipates a considerable amount of energy when
the semi-active cases are considered since more energy is trans-
ferred from the main to the auxiliary load path.

In particular, when the SSI control strategy is used (Fig. 7(d)),
more energy is dissipated on the damper of the auxiliary load path
than in the damper of the main load path. In the end, it is also
important to discuss the role of the dissipation of energy promoted
by the friction force on the smart-spring in the semi-active case.

The friction device dissipates a considerable amount of energy
when the SSR strategy is considered (Fig. 7(c)). In this configura-
tion, the friction force is switched on when there is a maximum
velocity (i.e., zero displacement for the auxiliary load path) and a
dynamic friction force acts in the auxiliary load path mass to
equalize the mass velocity to the ground. Otherwise, when the SSI
control scheme is used no energy is dissipated on the friction
device since the friction device is switched on when the auxiliary
load path velocity is zero (i.e., a extremum displacement value).
One can see that the amount of energy extracted from the main
load path to the auxiliary load path increases when the semi-active
cases are considered (i.e., the phase of the auxiliary load path is
synchronized with the main load path velocity and amplitude of the
spring force is increased). Clearly, the dissipated energy is higher
when the SSI scheme is considered. In such case, the spring force is
larger than in any other cases considered in this work.

4.2 Forced Vibration Response. Figure 8 shows the forced
response for the single harmonic excitation due to a unitary
Fext=m1 applied to the main load path over a range of frequencies.
In the simulations, the system was excited at each frequency until

Fig. 7 Energy flow analysis considering the (a) soft configuration, (b) hard configuration, (c) SSR, and (d) SSI

Fig. 8 Harmonic forced response of the smart-spring using the equivalent switching procedures: (a) SSR and (b) SSI
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the steady-state condition was achieved; then, next frequency was
analyzed and so on. The resonance frequency of the main path is
10 rad/s and the resonance frequency of the auxiliary path is
200 rad/s. The resonance frequency of each DOF is well separated
and this should be a design condition for any successful imple-
mentation of the smart-spring [26]. As in an electromechanically
coupled system using the SSDI strategy, where the resonance fre-
quency of the electrical domain is much higher than that of the
mechanical domain, the resonance frequency of the auxiliary path
of the smart-spring must be significantly higher than the resonance
frequency of the main load path [26].

Figures 8(a) and 8(b) show the normalized displacement of
both load paths when the SSR and SSI switching procedures are
considered, respectively. Although the linear spectrum of the aux-
iliary path is greater in the SSI equivalent case, one should note
that the linear spectrum of the main path is substantially smaller
in the SSI case than in the SSR case (due to the counteracting
mechanical force in the main load path during the switching pro-
cess, as previously discussed), which is the objective of control.

Figure 9 shows the forced response of the main load path with
the smart-spring engaged (hard case), disengaged (soft case) and
using the semi-active control strategies. The disengaged resonance
frequency of the smart-spring is 10 rad/s (resonance frequency of
the main load path) and the engaged resonance frequency is
slightly larger since the equivalent stiffness is larger in such case.
Since the similarities between the smart spring and a SDOF elec-
tromechanically coupled system has been discussed in this paper,
one should note that shift in the resonance frequency of the smart
spring from the soft to the hard condition is similar to the shift
from the short-circuit condition to the open circuit condition in an
electromechanically coupled system [40]. As discussed in Fig. 8,
the linear spectrum of the normalized displacement of the main
load path associated with the SSI control scheme is lower than
that of the SSR control scheme due the enhanced damping capa-
bilities introduced by the SSI switching procedure.

5 Conclusions

In this paper, the modeling of the smart spring mechanism is
presented. Semi-active control algorithms techniques originally
presented for mechanical system, mechanical-hydraulic and elec-
tromechanically coupled systems are employed in the smart spring
mechanism. This way, in addition to the stiffness modulation pre-
viously discussed in the literature, the smart spring is employed in
this paper for damping enhancement.

The behavior of the smart spring is investigated in different
conditions. First, the free response of the system is discussed for
the soft condition, hard, condition and using the SSR and SSI
techniques. The shift in the resonance frequency of the main load
path of the smart spring from the soft to the hard condition is
show to be similar to the shift in the resonance frequency of an
electromechanically coupled system from the short circuit to the
open circuit condition (since the stiffness of a piezoelectric mate-
rial is related to the electrical boundary condition). Moreover, the

time histories of the forces actuating on the smart spring are also
shown. The semi-active control techniques introduce a phase
modification that makes the term related to the spring force of the
auxiliary load path stiffness dissipative over each cycle of oscilla-
tion. Therefore, damping is increased when the semi-active con-
trol techniques are employed and the oscillations of the main load
path significantly attenuated. Moreover, the attenuation is further
increased when the SSI technique is employed, since an amplifica-
tion of the spring force is also achieved. An energy flow analysis
for each case considered in this paper was also presented and the
energy dissipation quantified.

In the second case study, the forced frequency response is evaluated
for the two control strategies and compared to the engaged (hard) and
disengaged (soft) conditions of the smart-spring. The results show that
the semi-active control strategies are able to significantly attenuate the
response of the main load path. The SSI scheme presents an
enhanced performance to reduce vibrations when compared to the
SSR scheme under the same conditions. This emphasizes the ability
of the smart-spring to control target harmonics of a forced fre-
quency response problem. It is important to remember that in the
applications previously reported in the literature, the main load path
is connected to a vibratory system (wing or helicopter blade) with
the goal of vibration attenuation at target frequencies. The semi-
active control techniques are shown to be an effective way to damp
oscillations by using the mechanical smart spring system.
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Nomenclature

bq ¼ mechanical equivalent damping
b1 ¼ main load path damping
b2 ¼ auxiliary load path damping
cp ¼ piezoelectric capacitance

Fext ¼ external force
Ff ¼ friction force

Fint ¼ internal force
kq ¼ mechanical equivalent stiffness
k1 ¼ main load path stiffness
k2 ¼ auxiliary load path stiffness
L ¼ inductor

mq ¼ mechanical equivalent mass
m1 ¼ main load path mass
m2 ¼ auxiliary load path mass

q ¼ mechanical equivalent displacement related to the
electrical charge

qe ¼ electrical charge on piezoelectric
R ¼ resistor
vp ¼ voltage output
x1 ¼ main load path displacement
x2 ¼ auxiliary load path displacement

x2a ¼ auxiliary load path stuck displacement
h ¼ electromechanical coupling

Appendix: Similarities Between the

Synchronized Switch Damping Semipassive Control

Techniques and the Smart-Spring Resetting and

Smart-Spring Inversion

This Appendix discusses the equivalence between the SSD con-
trol techniques (applied to electromechanically coupled systems)
and the SSR and SSI techniques applied to the mechanical smart-

Fig. 9 Harmonic forced response of the main load path of the
smart-spring using the SSR, SSI, engaged (hard) and disen-
gaged (soft)
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spring. Initially, the modeling of a single-degree-of-freedom elec-
tromechanically coupled system is presented. Later, an equivalent
mechanical model for the SDOF electromechanically coupled sys-
tem is obtained. This equivalent model shows that the smart
spring discussed in this paper can be considered similar to a
SDOF electromechanically coupled system. Therefore, control
techniques similar to the SSD techniques usually employed in
electromechanically coupled systems can be employed in mechan-
ical systems such as the smart spring resulting in similar effects.

Figure 10 displays the schematics of a SDOF electromechani-
cally coupled system associated with a nonlinear switching cir-
cuit. The electrical element represented in the circuit of Fig. 10 is
a finite inductance that is in series with an electrical switch, result-
ing in the SSDI technique discussed in the paper. In particular, the
switch is represented in this paper by a resistor. When the switch
is open, a large resistance is considered (i.e., open-circuit) and
when the switch is closed a small resistance is considered (i.e.,
short-circuit).

The resulting RL circuit of Fig. 10 can be modeled as

L€qe þ R€qe ¼ vp (A1)

where qe is the electrical charge, L is the inductance, R the resist-
ance, and vp the voltage output. The governing equations of the
SDOF electromechanically coupled system depicted in Fig. 10
(not considering the electrical circuit) are

m1€x1 þ c1 _x1 þ k1x1 � hvp ¼ F1

cpvp þ qp þ hx1 ¼ 0
(A2)

where h is the electromechanical coupling, cp is the internal
capacitance of the piezoelectric element, vp is the voltage across
the electrodes of the piezoelectric material and qp is the electrical
charge output from the piezoelectric element. The over-dot repre-
sents the time derivative. By combining Eqs. (A1) and (A2) and
multiplying by the electromechanical coupling, one should obtain
the following mechanical equivalent equation:

mq €q þ bq _q þ kqðq� x1Þ ¼ 0 (A3)

where q ¼ qp=h. Equation (A3) is the mechanical equivalent
model of the electrical equation (Eq. (A2)) of the SDOF electro-
mechanically coupled system combined to the SSDI circuit pre-
sented in Fig. 10. The equivalent mass is mq ¼ Lh2, the equivalent
damping bq ¼ Rh2 and the equivalent stiffness kq ¼ h2=cp. The
equivalent mechanical model for Eq. (A2) is obtained by using
the definition of q and piezoelectric stiffness kq into Eq. (A2) and
also using Eq. (A3), resulting

m1€x1 þ c1 _x1 þ k1x1 þ kqðx1 � qÞ ¼ F1

mq €q þ bq _q þ kqðq� x1Þ ¼ 0
(A4)

where the backward coupling hvp (previously shown in Eq. (A2))
is rewritten in terms of the stiffness related force kqðq� x1Þ. Since
a switch (R) and an inductor were considered in the electrical
domain, Eq. (A4) can be used to describe the SSDI case. On the
other hand, the SSDS case can be described Eq. (A4) when L¼ 0
(that results in mq ¼ 0).

Figure 11(a) shows the schematic of the mechanical equivalent
model while Fig. 11(b) shows the smart spring mechanism mod-
eled and discussed in this paper. In Fig. 11(b), when the piezoelec-
tric stack of the smart spring (mass m2 of the auxiliary load path)
is perfectly connected to the sleeve the resulting system has maxi-
mum stiffness (k1 is combined to k2). In the mechanical equivalent
model, such condition (switch off or open circuit condition) is
obtained in Fig. 11(a) when bq !1. The maximum stiffness
condition is achieved when the piezoelectric element is in open
circuit condition, what is achieved when the switch of the electri-
cal circuit is off. On the other hand, in Fig. 11(b), when the stack
is not engaged to the sleeve, a second mass-spring system (auxil-
iary load path) is added to the main load path. One should note in
Fig. 11(a) that such condition is similar to bq ¼ 0, which is equiv-
alent to the switch on condition in Fig. 10. Therefore, the analysis
of the mechanical equivalent model and the analysis of Fig. 11
show that the smart spring can be assumed as a mechanical equiv-
alent system of a SDOF electromechanical system. Moreover, the
SSD techniques can also be employed in the smart spring, as will
be here discussed.

Figures 12(a)–12(d) show the phenomenological equivalence
of the switching pattern of the displacement for the main and aux-
iliary load paths of the smart spring using the SSR and SSI control
strategies with the semi-passive SSDS and SSDI techniques. The
SSDS method is a nonlinear semi-passive technique originally
presented by Richard et al. When a local maximum voltage is
detected the piezoelement is briefly switched to short circuit con-
dition, canceling the voltage across its electrodes, and reswitched
to open circuit condition until the next local maximum voltage (or
displacement) occurs. The damping effect results from the energy
dissipation during the short circuit phases. The SSDI method is
another nonlinear semi-passive method [27,28,37,39,41,42]. In
this approach, the switching device is composed of a switch and
an external inductance. The switch is briefly closed when a local
maximum displacement (or voltage) is detected. At this point, the
internal capacitance of the piezoelement and the inductance of the
electrical circuit constitute an electrical oscillator. The voltage of
the piezoelement is inverted after half period of the electrical
oscillator, when the switch is open again [41].

It is important to keep in mind that the SSD techniques, which
were first discussed in terms of the behavior of voltage output of
the electromechanically coupled system, can be also described in
terms of the force related to the spring kq in the mechanical equiv-
alent system (which connects the main and auxiliary load path)
described by Eq. (A4) and in terms of the stiffness of the auxiliary
load path (k2) of the smart spring. When using the SSR technique
is employed in the smart spring (Fig. 12(a)), the effect of voltage

Fig. 11 The comparison between (a) the electromechanical
system described in a mechanical topology and (b) the smart-
spring

Fig. 10 Schematics of a SDOF electromechanically coupled
system combined to a nonlinear switching circuit
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cancelation achieved during the switch on period in the SSDS on
the electromechanically coupled system corresponds to the can-
celation of spring force of the auxiliary load path. Consequently,
by evaluating Eq. (A4), the displacement of the auxiliary load
path also presents a nonlinear pattern (Fig. 12(c)). On the other
hand, when using the SSI technique in the smart spring
(Fig. 12(b)), the inversion of the force related to k2 is observed,
what corresponds to the inversion of voltage output of piezoelec-
tric element in the SSDI case of the electromechanically coupled
SDOF system (always following the analogy assumed in this
Appendix). Consequently, by evaluating the Eq. (A4), the dis-
placement of the auxiliary load path also presents a nonlinear
behavior as displayed in Fig. 12(d).
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