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ABSTRACT 

We develop three corrected score tests for generalized linear models with dispersion covariates, th\18 

generalizing the results of Cordeiro, Ferrari and Paula (1993) and Cribari-Neto and Ferrari (1995). We 

present, in matrix notation, general formulae for the coefficients which define three different corrected 

score statistics. These statistics are asymptotically equivalent to order n-1 , where n is the sample 

size. The formulae only require simple operations on matrices and can be used to obtain analytically 

closed-form corrections for score test statistics in a variety of special generalized linear models with 

dispersion covariates. They also have advantages for numerical purpoees since our formulae are readily 

computable using a language supporting numerical linear algebra. Several examples, namely, iid 

sampling without covariates on the mean or dispersion parameter, two-parameter regression models for 

both linear predictors and one-way claarification models, are given. We also present 80me simulations 

where the three corrected statistics perform better than the usual BOOre test. Finally, we present a 

numerical example for a data set W8CUIIBed by Simonoff and Tsai (1994). 

Key Worda: Bartlett-type correction; Chi-squared distribution; Dispersion parameter; Generalized 

linear model; Link function; Precision parameter; Score test. 

1. INTRODUCTION 

Score test.a are commonly used in statistics and econometrics to test a wide range of hypothe­

ses in many different regression models. These tests rely upon an asymptotic approximation: 

the chi-squared distribution is used as a large-B&II1ple approximation to the true (unknown) 

null distribution of SR, Ra.o's score statistic (Rao, 1947). However, the chi-squared distribu­

tion may be a poor approximation to the null distribution of Sn when the sample size n is 

not sufficiently large. It is thus important to obtain refinement.a for inference based on score 

tests from second-order asymptotic theory. For generalized linear models with known disper­

sion parameter, these correctioru1 were obtained by Cordeiro, Ferrari and Paula (1993) for 

testing that a subset of the regression coefficients equals a. given vector of constant.a. When 

the dispersion parameter is unknown, similar correctioru1 were developed by Cribari-Neto and 

Ferrari (1995). 
This paper derives finite-sample corrections for score test.a in generalized linear mod­

els with dispersion covariates, thus generalizing both the results of Cordeiro, Ferrari and 

1 Com,apondence to: Silvia L. P. Ferrari, Departamento dt, Estatfstica, Univeniidade de Sao Paulo, Caixa 

Poetal 66281, 05315-970, Sao Paulo, Brazil. email: sferrariOime.usp.br. 
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Paula (1993) and Cribari-Neto and Ferrari (1995). Similar corrections for the likelihood ratio 
statistics were obtained by Bott.er and Cordeiro (1997). The mean and the dispersion of 
the dependent variable are nonlinear functions of linear combinations of some explanatory 
variables. The null hypothesis that specify fixed values for some of the coefficients of those 
linear combinations is considered. The score test with a Bartlett-type correction is used to 
test this hypothesis. We develop the specific calculations that are needed to implement this 
correction in the class of models under study. 

The basic idea of transforming the score test statistic in such a way that it becomes better 
approximated by the reference chi-squared distribution is due to Cordeiro and Ferrari (1991). 
The corrected score statistic SR proposed by these authors is obtained by multiplying the 
original score statistic SR by a second-degree polynomial in the statistic SR itself, producing 
a. modified score test statistic whose null distribution ha.a its a.symptotic chi-squared approx­
imation error reduced from O{n-1) to O{n-312). Thus, improved score tests may be based 
on SR which are expected to deliver more accurate inferences with samples of typical sizes 
encountered by applied practitioners. 

Recently, Bartlett-type corrections leading to a better approximation of the null distri­
bution of the score statistic by the chi-squared distribution received a considerable attention 
in the literature. The recent developments have focused on two main problems, namely: (i) 
establishing various formulae for the Bartlett-type correction in general as well as for special classes of regression models; and (ii) showing that the distribution function of the corrected score statistic is closer to the x2 distribution than the distribution function of the usual score statistic. 

From the corrected score test introduced in Cordeiro and Ferrari (1991), many results 
have appeared in the literature for a great variety of regression models. Cordeiro, Ferrari and 
Paula (1993) obtained improved score tests in generalized linear models and Cribari-Neto and 
Ferrari (1995) extended their results for the case of unknown dispersion. Cordeiro and Ferrari 
{1996) derived corrected score test 11tatistics in proper dispersion models. Ferrari and Cordeiro 
(1996) and also Ferrari, Uribe-Opazo and Cribari-Neto (1997) derived this type of correction for exponential family nonlinear models. Some of the results in these previous papers are 
extended in Ferrari, Cordeiro and Cribari-Neto (2001). For other important applications of 
Bartlett-type corrections, see the references mentioned in Cribari-Neto a.nd Cordeiro (1996). 

The paper is organized in the following form. In Section 2 we define an extended class 
of generalized linear mod.ell! (GLMs), where the dispersion parameter of the response is a function of extra covariates. Our class of models allows the simultaneous modeling of the 
mean and the dispersion by ma.king use of the GLM framework. We also give the score statis­
tic for testing a composite hypothesis that some components in both mean and dispersion 
vectors of parameters have specified values. In Section 3, we obtain some joint cumulants 
of log-likelihood derivatives for the regression model defined in Section 2, a.nd present gen­
eral formulae for Bartlett-type corrections, in matrix notation, to improve score statistics to 
simultaneously test that some of the mean effects and some of the dispersion effects have 
specified values. In Section 4, we consider two special cases: one case where only mean 
effects are being tested and another case where only dispersion effects are being tested. In 
Section 5 we deal with the Bartlett-type correction for some special model structures of the 
covariates. Examples of iid sampling without covariates on the location or dispersion, two­parameter regression models for both linear predictors and one-way classification models are 
given. Section 6 presents some simulation results to illustrate the merits of the correctiom. 
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The final section of the pa.per illustra.tes the computation of the Bartlett-type corrections in 

a. heteroscedastic normal regression model using a dataMt (Simonofl and Tsai, 1994) from a. 

study on the monthly excess returns over the riskless rate for a market. Finally, for the sake 

of readability all proofs are deferred to the Appendix. 

2. MODEL SPECIFICATION 

We consider a class of models with more complex systematic components than those provided 

by standard generalized linear models (McCullagh and Nelder, 1989) for which the dispersion 

parameter is constant over the observations. Suppose that the random variables Y1, ••• , Yn 

are independent and each Y, haB a density (or probability function) in the following family 

of distributions 

(1) 

where b(·), c(•), a(•) and d(·) a.re known functions. The mean a.nd the variance of Yi are 

E(Y,) = µ, = db(81)/d81 and Var(Y,) = ef,11½, where Vi= dµ1/d61 and 61 = f v,-1dµ1 = q(µ1) 

is a known one-to-one function ofµ,. The parameters 81 a.nd ¢1 in (1) are called the canonical 

and the precision parameters, respectively. The inverse of ef,, is the dispersion parameter of 

the distribution. The choice of the variance function Vi determines the interpretation of </>1. 

For normal, gamma and inverse Gaussian distributions, the means and variances are 611
, 

-811 and (-28,)-1/2 and </>1\ ef,11µf and ef,11µf, respectively. 

We now assume that both parameters µ1 and ef>1 vary across observations through regres­

sion models which are parameterized as µ1 = µ1(/3) and ¢,1 = ¢,,(-y). In classical GLMs the 

precision parameter is constant although po68ibly unknown. The usual systema.tic component 

for the mean is d(µ,) = f/1 = xT/3, where d(·) is the mean link function, 'I== (1J1, ... ,'ln)T 

is the linear predictor, -z! == (x11, •.. , Xtp) is the l-th row of X, a specified n x p matrix of 

full rank p < n, and /J = (/31, .•• ,/Jp)T is a set of unknown parameters to be estimated. 

Analogously, the precision parameter ¢,, is assumed to vary in the following systematic way: 

g(<P1) =Tl= Bj -y, where ¢ = (¢1, ... , q,,.)T, T = (Ti, ... , Tn) T is the dispersion linear predic-

tor, g(•) is the dispersion link function, Bj = (s11, ... , s19) is the l-th row of S, a specified 

n x q matrix of full rank q < n, and -y = ( -y1, ••• , -y,) T is also a vector of unknown parameters. 

Both d(·) and g(•) are known one-to-one continuously twice differentiable functions. The 

linear structure 1'I = Bf -y measures the dispersion for the l-th observation. The dispersion 

link function g(•) is a positive valued function. A simple choice for g(•) is g(ef,,) = log ¢,. 

The idea of constructing and fitting formal models for the dependence of both µ1 and ¢1 

on several covariates was first put forward by Pregibon (1984). The dispersion covariates 

in S constitute, in general, although not necessarily, a subset of the covariates in X. The 

parameters /3 and 7 a.re assumed to be functionally independent, which leaves us with p + q 

parameters to be estimated. 

We are interested in simultaneously estimating fJ and -y which represent the effects of 

the explanatory variables on the mean response and dispersion parameter, respectively. Let 

l(/3, -y) be the total log-likelihood function for a given GLM with dispersion covariates, which 

is assumed to be regular (Cox and Hinkley, 1974; Chapter 9) with respect to all P and 

-y derivatives up to the fourth order. From now on, we use the following notation 
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11;1 == did(,t,1)/def>i and ef,;1 = di,t,,Jdrj for i = 1, ..• , 4 and l = 1, ... , n. Denote the efficient score by 

( 
8l(/3, -y)/8{3 ) 

U = U(/3,;) = 8l(f3,;)/frr 

whose components a.re 

where y =(Yi., ... ,y,.)T, µ. = (µ.1, ... ,µ..)T, 4i =diag{t/>i, ... ,ef,,.}, 4i1 = diag{t/>i1, ... ,4>t,.}, V = dia.g{\li, ... ,V"}, T = diag{dµifdf/l,•··,dµ,.fd77n} and v = (v1, ... ,v,.)T with v1 = y,61 - b(61) + c(y1) + d11. The partition (f3T,; T) T induces a corresponding partition on the total information matrix for these parameters. The information matrix K = K(/3, r) = diag{Kp,.B,K'Y,'Y} is block-diagonal, where Kp,.B = XTW4iX and K-y,,., = -STD24ifS, with W = diag{w1 , .•• ,w,.}, w, = v,-1 (dµ1/d111) 2 and D2 = dia.g{d21 1 •• ,,d:m}, are the informa-­tion matrices for f3 and;, respectively. Thus, the parameters /3 a.nd 'Y are r;lobally orthogonal (Cox and Reid, 1987), and their maximum likelihood estimates (MLF.s) /3 a.nd i' are asymp­totically independent. These estimates satisfy equations U(~, r) = O, which are in general non-linear but can be solved by Fisher's scoring method or, equivalently, by the iterative reweighted least squares method. In fact, the Fisher's scoring method can be used to esti­mate f3 and -y by iteratively solving the following equations: 

XTW(m)4i(m)X(/3(m+l) _ p(m)) = XTW(m)4i(m)zim), 
(-ST v!m)4i{m)ll S)(-y(m+l) _ 'Y(m)) = 5T (-vt>4i{m)ll)z~m), (2) 

where zp = T-1(y - µ.) and z.., = -(D24i1)-1v are n x 1 vectors. 
F,qua.tions {2) show that any software with a weighted regression routine ca.n ~ used to evaluate the MLF.s /3 and i'. In general terms we have to regress the 2n X 1 modified dependent variable (zj,z.~)T on then X (p + 9) model matrix (X,S) with the 2n x 2n 

modified weight matrix defined by diag{Wll, -D24iU. The process is iterative because both the adjusted dependent variable and the weights depend on the current estimates of /3 and 'Y· The iterative procedure {2) is easy to perform in the GLIM algorithm following the same lines described in Cordeiro and Paula (1989) and Cordeiro and Demetrio {1989). We define the model through the own directive and the starting procedure is done by choosing suitable initial values of /3 and 'Y· The cycle to obtain the increments of the current estimates of fJ and -y is repeated until convergence. 
We consider regular problems in which as n, the dimension of y, increases, the null distribution of the score statistic tends to a chi-squared distribution. For model (1) we are first interested in testing a subset of the /J and 'Y parameters. Partitioning the parameters as /J = (/3[. /fl) T and 'Y = (;l ,rI) T, where /J1 = (/31, ••. , /3'P1) T, th = (13,1 +1, ••. , /3,?, 'Y1 = (;1, ••• ,-y91 )T and 7:.i = (-y91+i, ... ,-y9)T, we are interested in teating the null hypothesis HJ : /31 = /3~0

), ;1 = 'Y~o) against Hf: violation of at lea.st one equality, where tJi01 a.nd -y!0> are specified vectors of dimensions Pl and 91 , respectively. We assume that O $ Pl $ p and 0 ~ 91 $ 9 but the trivial case Pt = 91 = 0 is excluded because there are no parameters left under the null hypothesis. Evidently, the simplest case p1 = p and q1 = q has little interest in practical applicatiorui since the null hypothesis becomes simple. The ca.sea Pl = 0 a.nd 91 = 0 
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are treated separately in Section 4. Following the partition induced by HJ, let X = (X1, X2) 

and S = (S1, S2) be the corresponding partitioned model matrices, where X1, X 2, S1 and S2 

are, respectively, n X Pl, n X (p- Pt), n X q1 and n x (q - q1) matrices of full ranks. We 

denote the unrestricted MLEs of /3 and 'Y by ~ and 'Y, while the restricted MLEs of the 

nuisance parameters f3'J and "(2 under HJ a.re denoted by h and 1:.l· Similarly, all quantities 

evaluated at the unrestricted MLEe will be denoted with the addition of a circumflex, while 

those evaluated at the restricted MLEs will be denoted by adding a tilde. 

The score statistic for the hypotheiis HJ : /31 = f3!0>, r1 = ri0> is SR= fiT K-10 which 

can be written as a sum of two quadratic forms 

(3) 

where then X n matrices zfJ = X(XTW~x)-1XT and z..., = S(-STD2~1 s)- 1sT are 

interpreted as the asymptotic covariance matrices of f; = X'fi and f = S7, reipectively. 

Equation (3) al.so holds for testing a null hypothesis of mean effects HJ : /31 = P!0> against 

the alternative hypothesis Hf : /31 j f3i0> and for testing a null hypothesis of dispersion effects 

H.3 (o) • H3 ..J. (o) 
o : 1'1 = 'Y1 agamst 1 : 'Y1 r 'Y1 • 

3. THE MAIN RESULTS 

Finite-sample corrections for score tests can be found in full generality in Cordeiro and Ferrari 

(1991). They showed that, in regular problems, the score statistic SR can be improved by 

a Bartlett-type correction which is not exactly a Bartlett correction because it involves a 

polynomial of second degree in the original statistic. Let SR be a continuous score statistic 

having a chi-squared distribution with v degrees of freedom asymptotically. Cordeiro and 

Ferrari proposed a modified score statistic given by 

(4) 

where the coefficients a, band c of order 0( n-1 ) make the modified score statistic in ( 4) have a 

x~ distribution under the null hypothesis when terms of order smaller than n-1 are neglected. 

These coefficients are functions of some joint cumulants of log-likelihood derivatives and they 

depend upon the hypotheiies being tested. When the coefficients a, b and c involve unknown 

parameters they should be replaced by their MLEs under the null hypothesis but this does 

not affect the order of approximation of the correction. Cordeiro and Ferrari (1998) expressed 

these coefficients as functions of the O ( n-1) terms of the expansions to the first three moments 

of the unmodified statistic SR thus giving a simple "method of moments" for obtaining the 

Bartlett-type correction in (4). However, for complex regression models such as GLMs with 

dispersion covariates, it is not possible to obtain the first three moments of SR to O(n-1 ) 

directly. Then, we have to compute a, band c from the three quantities A1, A2 and ,¼, all 

of order n-1, given in Harris's (1985) asymptotic expansion for the null distribution of SR 

to order n-1• Those quantities are obtainable from the cumulants of the total log-likelihood 

derivatives up to the fourth order, and will, in general, depend on unknown parameters. The 

coefficients in (4) are given by 

A3 b = (A2 - 2,¼) 

a=uv~+~~+~• Uv~+~• 
(5) 
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One difficulty encountered with the use of Sit rather than SR is the fact that the required coefficients a, b and c may be difficult to compute. For models where the joint cumulants of log-likelihood derivatives are invariant under permutation of parameters, we can obtain these coefficients using Harris's formulae for the quantities Ai, A2 and A.3. Equation (4) is a general result which can be given to improve many important tests in econometrics and statistics. However, the improved statistic Sil is not always a monotone transformation. To overcome this, Kakizawa (1996) suggested a monotone transformation K(SR) =SR+ P(SR) involving the statistic SR itself and the coefficients a, b and c, where P(SR) is a polynomial of 5th degree in the original score statistic Sn and is of order O,,(n-2
). P(SR) is given by 

P(SR) = i { c
2 
SR+ 2bcS1 + ( 2ac + ~b2

) Sj + 3abSJi + :a2 
S~} . 

Also, Cordeiro, Ferrari and Cysneiros (1998) presented an alternative formula for the im­proved score statistic which is a monotone tranaformation of SR.• The alternative statistic SR is expressed in terms of the normal distribution function~(·) by 

if a> 0 (a is always non negative) and 

- 1 Sn= 2b exp(-c){l - exp(-26S)} 

if a = 0 and b ::/= O. Note that, if a= b = 0, SR is a monotone transformation of S and there is no need to define an alternative corrected statistic. The three statistics SR, K(SR) and SR a.re equivalent to the second order, i.e. they typically differ by O,,(n-312). 
The goal here is to apply formulae (4) and (5) to improve the score statistic SR Wied in 

(3) to test the hypothesis HJ : /31 = 13{0>,1'1 = -rf0> in model (1). From the log-likelihood function l = l(/3,'Y) for the pan.meters f3 and 'Y defined in Section 2, we now introduce the notation used throughout the paper. The total log-likelihood derivatives with respect to the unknown parameters are indicated by subscripts, where lower-<ase letters r, a, t, ... correspond to derivatives with respect to the fJ parameters, while upper-<:aae letters R, S, T, ... cormipond to derivatives with respect to the "/ parameters. Thus, U,. = IJl/lJfJ,., Un= {Ji/lJ,yR, U1u = IJ~i/lJ-rRIJf3., U,..T = lfJt/8{3,.IJfJ.IJ,yT and so on. The standard notation for joint cumulants of these derivatives is used (Lawley, 1956; Cordeiro, 1993): ,c,., = E(U,..), 
"R.S = E(URUs), "r•,T = E(UuUT), ICr.r = E(U,..,), ICr•,TU = E(U,.,Uro) - Kr,"TU, ,;..,,.,TU= E(U,.U.UTu)-Kr,,"Tll, etc., where all ,e's refer to a. total over the sample, and are, in 
general, of order n. Also, their derivatives are denoted by 41 = 8,;..,./8{3,. "~~ = IJ,c,.s/8-rr, etc. These cumulants satisfy standard regularity equations which usually facilitate their calculations, such as ,c,.,. = -,c,.., ,.,.,.,1 = -,c.,., - ,c,..,1 - "re,. - "n,r, ,;..,.,t = -,c,.., + J-1, etc. Moreover, the information matrices for f3 and 'Y are denoted by K/J and K., with their typical elements given by ,c,.,. and "R.S, respectively. We assume that Kp and K-, are nonsingular and denote the typical elements of their inverses by K.r,• and ,cR.5 , respectively. 

Some joint cumulants for the model under study are "'"• = - E, 4>1w1z1,.z1., 
If.RS = E, ef11d21B1RB1s, "R.1 = - E 4>11w1z1.z1,s1R, K.rST = "R..r = 0 and lf.RST = E1(d314>f1 + 
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3d214>11th1)s1RB1ssrr. The other cumulants needed for the derivation of the corrected score 

statistic Sii for testing HJ are given in the Appendix. 

Let 81 and 82 be defined as 8[ = (fJl, -yl} and BJ = (fJI, -yl). Hence, 81 represents 

a. (pi + q1)-dimensiona.l vector with the para.meters of interest, while 82 is a. ~ + 'h)­

dimensiona.l vector with the nuisance para.meters, P2 = p - Pt and 'h = q - q1 • We write, 

correspondingly, the total score function U as UT= (Ul, U!}, where U1 = fJl(/3, -y)/lJ81 and 

U2 = lJl(fJ,-y)/fJ62. Accordingly, consider the total Fisher information matrix K = E(UUT) 

a.nd its inverse x-1 partitioned as 

-1 ( Kll Kl2) 
and K = Ku x22 . (6) 

From the global orthogonality between fJ and 'Y, it is easy to show that a.II the ma.trices Ki; de­

fined above are block-diagonal, and they are given by Ki;= dia.g{X[W~X;, -Sl D2~?S;}, 

for i,j = 1,2. Following the partition considered here, we define 

and let M = K-1 -A. Then, if a;; and m;; denote the (i,j)th elements of A and M, respec­

tively, we obtain from Harris {1985) and Cordeiro, Ferrari and Paula (1993) the coefficients 

A1, A2 and Aa that define the null Edgeworth expansion of SR up to an error of order n-3/ 2 

and also the Bartlett-type correction in (4) to the score statistic. We ca.n write from these 

authors the formulae for A1, A2 and Aa as 

Ai = 3Au - 6Au1 + 6A13 - 6Au, 

A2 = -3A21 + 6A22 - 6A23 + 3A2•, 

Aa = 3~1 + 2Aa2, 

(7) 

where the ~; 's are given by the corresponding summations in the expressions of the ~ 's. 

From the partitioned information matrix K given in (6) we can obtain the submatrices 

in K-1 as Kii - diag{JC.; Ki;} where 
- fJ• "I ' 

K}1 = {XlW~(X1 - X:l{12) }-1, K~1 = {-S[ D2~~(S1 - S2P12) }-1, 

Kj2 = {X[Wli(X1 -XK12)}-1{~, Kj1 = K}2T, 

K u_ { sTn .... 2(s S )}-1 T K21 _ Kl2T 
..., - - - 1 2'""1 1 - 2P12 P12, -, - -, · 

Here, {12 = (X:[W•X2)-1 x:-w•x1 and P12 = (-Sl D2+1 S2)-1s:r D2+f S1 have the forms 

of linear weighted least-squares equations with dependent variables X1 and S1 and weights 

w• and -D2+J, respectively. Using these submatrices we ca.n obtain the inverse of the 

information matrix K a.lgebra.ically and then the asymptotic cova.ria.nces matrices of the 

unrestricted estimates P1, ~. 11 and 12, explicitly. The asymptotic covariance matrix of the 

restricted estimates P2 and :Y2 is simply diag{ (XlW+X2)-1, (-Sl D2+f S2)-1 }. 

F,quation (3), which uses the matrices Zp and z.., to obtain the score statistic SR for 

testing HJ : /J1 = f3!0>, 11 = 1!0
), has an disadvantage since it depends on inverting matrices 

of orders p and q. Large values of these numbers can give rise to numerical instability from 
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rounding errors in the calculations. To overcome this problem, we give an alternative formula for Sn which requires the inversion of matrices of orders Pl,~, 91 and 92. Using the inverses given before we can obtain 

(8) 
Under the null hypothesis HJ the score statistic (8) converges in distribution, as n in­creases, to a chi-squared distribution with Pl + 91 degrees of freedom, the error of this ap­proximation being O(n-1). However, this asymptotic approximation may not work well if n 

is not sufficiently large. It is then important to obtaln a.n improved teat which can be based on the modified statistic Sit in equa.tion {4) and the X:
1+,, reference distribution. 

In fact, when the null hypothesis is true and under some regularity conditions, P(Sn > z,.) = OI + O(n-312) whereas P(Sn > z 0 ) = 0t + O(n-1), where z,. is such that P(x!, +
91 

> z,.) = a and a is the desired significance level for the test. Then, improved score 
te5ts based on Sn have an error of order O(n-312) under the null hypothesis HJ, whereas inference based on the original statistic Sn has an error of order O(n-1). We now obtain 
matrix fonnulae for the A.;'s in the specific test of HJ : .81 = .B~o), 'YI = 'Y~o) in order to define Sn from (4), (5) and (7). Improved likelihood ratio teats for GLMs with dispersion covariates were obtained by Botter and Cordeiro (1997) using the Lawley's (1956) general formulae. 

Some additional notation is in order. Similarly to Zp and Z-,, we define the following n x n matrices: Zf¾ = X2(XlW•X2)- 1Xl and z"/2 = S2(-S[D2iJ1S2)-1s[. The subscript d indicates that the off-diagonal elements of the matrix were set equal to zero, 1 is an n-vector of ones, 0 denotes the Hadamard (direct) product with further notation z(2) = Z0Z, z(3) = 
z(2) 0 Z, and tr(A) denotes the trace of the matrix A. Next, we define 

1 dV, (dµ1)
3 

1 (dµ1)'{(dV,)
2 

d
2
V,} 91 = /1 - v,2 dµ1 d7J1 ' b1 = V,3 d7J1 dµ1 + V, dµ1 ' 

h1 = _!_ dV, (d"'')2 d2~1 + ~ d2~ (d"'')' v,2 dµ1 d'll dq1 V, dµ1 d711 
and the diagonal matrices F = diag{/1, ... , /n}, G = diag{g1, ... , 9n}, B = diag{bi, ... 1 bn}, H = diag{h1,••-,h,,}, Di= diag{<41,•••,'4n}, for i = 3,4, and 4i2 = diag{<,6;u, ... ,ef>2n}-These matrices are functions of the first two derivatives of the variance and link functions and the function d( •) through its second, third and fourth derivatives. 

Plugging the cumulants given in the Appendix into the expressions for the A.; 's and using the definitions above, we are able to write the quantities Ai;'e in matrix notation. From the A.;'s, we can obtain Ai, A2 and AJ using (7), and, finally, we arrive at the coefficients a, b and c in (5). The algebraic details of the derivation of the ~; 's are too lengthy and tedious to be given here but they follow similar algebraic developments of Cordeiro, Ferrari and Paula (1993). These mathematical details can be obtained from the authors upon request. After a lengthy calculation, we arrive at the following results: 

Au= lTiJFZ/¾<l(Zp - Z/¾)Z/¾rlF4il 
+ 1T 4ii{WZtJ,i1 + (D3 + (12D,)Z"l2,1}(Z-, - Z"l2){WZf¾rl + (D3 + 4i2D2)Z"12<l}4i1l, (9) 

An= -lTiJFZf¾rlZf¾(Zp,i- Zf¾.i)(F-G)iJl 
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- 1 T it1{WZti-.id + (-°3 + it2D2)Z"l2.i}Z"l2{W(Zp.i - Z2pt1) + D3(Z--,t1 - Z"l2t1)}+1l, (10) 

A13 = -lT +(2G- F)z<~) 0 (Zp - Z112)Fc)l + lTc)1Wz<~l 0 (Z,., - ~)Wit1l 

+ lT •1(D3 - •2D2)z<~) 0 (Z7 - Z..,.J(fla + c)2D2)cJ1l, (11) 

Au = tr{ itll Z112t1(Zpt1 - Zti-.it1)} + 2 tr{ it1c)?W Zti-.it1(Z,.,t1 - z"'l'l.,)} 

+ tr{(2it2•? - •1)WZ1"Jd(Zpd- Z112,,)} - tr{c)~(4>~D4 + c)2D3)Z..,..t1(Z..,., - z..,...,)},(12) 

A21 = 1 T c)(F - G)(Zpt1 - Zti-.i,1)Z112 (Zpt1 - Z113,1)(F - G)4>1 

+ 1 T +1 {W(Zp,1 - Z113,1) + D3(Z--,d - Z"l2,I) }Z"Pl {W(Zpd - Z113d) 

+ Ds(Z"ltl - ~,1)}4l1l, (13) 

A22 = -lT itFZ113t1(Zp - Z113)(Z.Bt1- Z1J,,)(F -G)4>1 

- lT +1{WZ1J,t1 + (Ds + 4l2D2)Z..,..t1}(Z,., - Z"'l'l){W(Zo,1 - Z1J,r1) 

+ D3(Z,.,,1 - Z..,..d)}4>1l, (14) 

A23 = 1 T +(F - G)(Zp - Z1J,)<2) 0 Z/J2 (F - G)4>1 

+ 21T4>1W(Zp - ZIJ,) 0 ZIJ2 0 (Z7 - Z12}Wit1l 

+ 1T+1W(Zp - Z1J,)(2
) 0 Z"l2W4>1l + 1TcJ1D3(Z,., -z,.J<2> 0z"l2D3cJ1l, (15) 

Au= tr{4>B(Z.sd - ZIJ2d) 2
} + 4 tr{it2it~W(Zpt1 - Zf½,1}(Z,.,t1 - Z12tt)} 

- tr{it~D4(Z7 ,1 - z12.,)1'}, (16) 

~1 = 1 T 4l(F - G)(Zpt1 - Z112,1)(Zp - Zf½)(Zpd - Zf½,1}(F - G}4ll 

+ 1Titi{W(Z.Bt1 - Z1J,t1) + Ds(Z7 t1 - Z12,1}}(Z,., - Z..,..){W(Zpd - Zf½,1) 

+ Da(Z-,d - Z..,..,1)}it1l (17) 

a.nd 

~2 = 1 T q,(F - G)(Zp - Z1J,)C3>(F - G)q,I 

+ 3 ITq,1W(Zp - Z113f2> 0 (Z7 - Z12)W4>1l + lT 4>1Ds(Z7 - Z..,..)C3)Ds4>1l. (18) 

Equations (9)-(18) represent the main result of our paper. These equatioM together with 

(7) and (5) yield the three coefficients a, band c that define the corrected statistic Skin (4) 

and also the asymptotically equivalent versions K(SR) and SR- Using these equations, one 

can design improved inference in GLMs with dispersion covariates baaed on these corrected 

statistics. Formulae (9)-(18) are functions of the matrices Z,8, Z[J,, z,., and z..,.., of the un­

known means µ,'sand of the unknown precision parameters 4>,'s. They only involve simple 

operations on matrices and vectors, and can be easily implemented into a computer algebra 

system such as MAPLE or MATHEMATICA, or into a programming language with support 

for matrix operations, such as GAUSS, Ox or S-PLUS. This will be done in future work. 

Our formulae are general enough to include a number of published result.a as special cases, 

such as those in Cordeiro, Ferrari and Paula (1993) and Cribari-Neto and Ferrari (1995), as 

will be shown in Sections 4 and 5. For special forms of the ma.trices X and S we can obtain 

closed-form expressions for the ~;'s (see Section 5). Finally, equations (9)-(18) a.re not easy 

to interpret since their individual t.erms a.re not invariant under reparameterization. More­

over, the ~;'s provide no indication as to wha.t structural aspects of the model contribute 

significantly to their magnitude. 

9 



4. TESTING MEAN AND DISPERSION EFFECTS SEPARATELY 
In this section we obtain the A; 's to improve two tests: first, the score test on mean parameters and, second, the score test on a subset of the 'Y para.meters. 

4.1. TESTING MEAN EFFECTS 
Now we a.re interested in testing a subset of the /J parameters. In thm situation, the null 
hypothesis is HJ : /h = tJi0l to be tested against Hf : /J1 :f; fJ~o}, where tJ1°) is a specified vector of dimension Pl, and /¾ and 'Y : (-rl, -yl) T are the vectors of nuisance parameters. 
Fbr testing HJ the score statistic reduces to the first term of (8) evaluated &t (P~o)T, Pl, 1T). In this case, z,., = Z'"/'J and equations (9)-(18) have some reduction leading to 

Ai = 3 lT+FZfJ,a(ZfJ - ZfJ,)ZfJ,aF+l + 6 lT +FZ(J,dZfJ,(Z13,i - Z113,i)(F - G)C,l 
+ 61TC11{WZ2prl+ (Ds-+ •2D:i)Z,.,,i}Z,.,(Zp,i - ZP,t1)Wc)1l 
- 61TCl(2G - F)z<~) 0 (Zp - ZP,)FC,1- 6 tr{+HZ112i1(Zptl - ZP,,i)} 
- 6 tr{(2ti2c)l - t>:i)WZ,.,,i(Zp,i - Z112,i)}, (19) 

A:i = -3 1 T c)(F - G)(Zptl - Z.BJ,i)Z.BJ(Zptl - Z.BJ,i)(F - G)•l 
- 3 1 T +1 W(Zpa - ZfJ,d)Z,.,(Zpa - ZfJ,d)W+1l 
- 6 1 T ~FZ.BJ,i(Zp - Z(J,)(Zpd - Z(J,,i)(F - G)c)l 
- 6 1 T •(F - G)(Zp - ZfJ,fl) 0 Z.BJ(F - G)•l 
- 6 1T•1W(ZfJ - Z.BJ)(2

) 0 Z,.,WC,11 + 3 tr{•B(Zp4 - ZfJad)(2
}}, (20) 

Aa = 31 T +(F - G)(Zpd - Z.BJd}(ZfJ - ZfJ,)(Zp,1 - ZP,,1)(F - G)C,1 
+ 2 1 T +(F - G)(Zp - Zp,1)<3>(F- G)+l. (21) 

When we plug expressions (19)-(21) evaluated at (fJ{0>T,,Bl,:YT) into equations (5) and (4) we obtain the corrected statistic Sit. The distribution of Sit can be approximated, under the null hypothesis, by a X:, distribution with an error of order O(n-312). F,quations (19)-(21) can be checked in some special cases. For standard GLMs with common precision parameter ,p we have q = 1 and these equations reduce to the A's given by Cribari-Neto and Ferrari (1995; equatioil5 (5a)-(5c), (7a)-(7b)). 
We can consider a test on all elements of p, i.e. HJ: p = fJ(0l. In this case, ZfJa = O and equations (19)-(21) lead to 

Ai = 61T+1(D3+~:iD:i)Z,.,,1Z,.,Zp,1W~1l -6tr{(•2it?- •2)WZ,.,,iZp,1}, 
A:i = -31T•1WZp,Z,.,Zp,1W.1l-61T•1wzj,2> 0z,.,w•11+atr{•nzj.,}, 
As = 1TC,(F-G){3ZfJ,ZpZp, + 2(Zp- Z1Jc1)C3l}(F-G)+l. 

Finally, for the test of HJ : f3 = fJ(O) in the class of GLMs (q = 1), the preceding three expressions reduce to the A's given by Cordeiro, Ferrari and Paula (1993; eq. (6.2)). 



4.2. TESTING DISPERSION EFFECTS 

We now consider the test of a subset of parameters whose covariates model only the precision 

parameter t/>. The null hypothesis is H8 : 11 = 1f o) to be tested against Hf : 11 ::/- 1f O), where 

1!
0

) is a specified vector of dimension q1. For this test, the score statistic is just given by the 

second term of (8) with the functions being evaluated a.t (PT, 1io)T, 7I). Using Zp = ZfJ-J the 

general expressions for the A.'s come from (9)-(18) and simplify to 

Ai = 31T4'1{WZp4 + (D3 + +2D2)Z"Y'J4}(Z.., - Z-n){WZpa+ (D3 ++2D2)Z-na}+1l 

+ 61T+i{WZp4+ (~ + +2D2)Z-n,lZ-n{D3(Z..,c1- Z"Y'Jc1)}+1l 

+ 61T+1W~2) 0 (Z.., - Z-n)W+1l 

+ 6 1 T cJ1 (~ - +2D2)z<~) 0 (Z.., - Z'Y'J)(Da + +2D2)+1l 

- 12 tr{+2•~WZp4(Z..,c1- z"Y'J,)} + 6 tr{+~(•~v. + •2~)Z-nc1(Z..,4 - Z-nc1H, (22) 

A:i = -3 1TcJ1D3 (Z..,, - Z'Y'J4)Z'Y'J(Z..,c1 - Z'Y'Jc1)Da+1l 

- 61T+i{wz,,.,+ (D3+•2D2)Z1'2,i}(Z..,-Z'l"J)(Z..,.,- Z'Y'Jc1)D34'1l 

- 6 lT+1~(Z.., - Z-n)(2
) 0 Z-nD3+1l - 3 tr{(lfD.(Z-,c1- Z-na)2

}, (23) 

Aa = 1 T +1~{3(Z..,c1 - Z"l24)(Z.., - Z"Y'J)(Z-,d - Z:,-,c1) + 2(Z.., - Z-n)C3l}D3+1l- (24) 

If the null hypothesis specifies the complete set of dispersion parameters, i.e., HJ : r = 

r<0>, which implies q1 = q and Z'Y'J = 0, equations (22)-(24) become 

A, = 31T+1wz,,.,z..,z,,.,wcJ11+61T +1w~
2> 0z..,w+11 - 12 tr{•:i•~wz.,.,z..,"}, 

A2 = -61T~1WZpi1Z-,Z-,.i.Da~1l - 3 tr{~1D,.z;.,}, 

Aa = 1T+1Da{3Z-,,Z-,Z-,,+2~3l}Da+1l. 

Fbr q = 1, these Ai's above are in agreement with equations (5.3) given by Cordeiro, Ferrari 

and Paula (1993). The improved statistic s;, for testing H3 : -y1 = -rf0l is obtained from 

(22)-(24), (5) and (4). Sii is distributed as ~ 11 under the null hypothesis, with an error of 

order O(n-312). 

5. SPECIAL MODELS 

F.quations (9)-(18) involve only simple operations on ma.trices and vectors and can be 

used to derive Bartlett-type corrections for several GLMs with dispersion cova.ria.tes. In this 

section we briefly discU88 three special models: the simple model, the one-way classification 

structures for both linear predictors ff and r and the model defined by simple linear regression 

structures for these predictors. For all these cases, the mean and the precision parameters, 

under the null hypothesis, are constant over the observations. We then use the following 

notation: V, = V, µ1 = µ, '11 = 'I, 4>1 = ,p, ef>u = t/>i, t/>:i, = t/>:i, di1 = ~. for l = 1, ... , n and 

i = 2,3,4. 
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5.1. THE SIMPLE MODEL 

We begin with the simple model where the observations are independent and identica.lly 
distributed (iid). For this caBe, p = q = 1 and X and S are n--vectors of ones. We consider 
a test of the null hypothesis HJ : fJ = p(o), r = r<0

) against Hf : HJ is false. We have 
Zp = (dq/dµf'V(n<P>- 111T and z,., = -(dr/dtp)2(nd2)-111T. After some algebra, we obtain 
from (9)-(18) and (5) 

Ai = 0, {25) 

A2 = 3 { d
2
V 1 (dVr} 12 3d4 

n<f, dµ2 + V dµ n</12d2 n~' 
(26) 

Aa = _ 5_ (dVr _ _ 9 _ + 6d3 _ 54 
n<f,V dµ n<f,:ld:, ~ n4· (27) 

The Ba.rtlett-type correction obtained from (25)-(27) does not involve any estimation since 
the null hypothesis specifies the model completely. For the normal model, we have V = 1 
and d(<P) = Qog<P)/2 and equations (25)-(27) and (5) yield a= 41/(288n), b = -13/(12n) 
and c = 11/(12n). The Bartlett-type correction here does not involve any estimation since 
the null hypothesis 11pecifies the model completely. 

5.2. ONE-WAY CLASSIFICATION MODELS 

We now consider the analysis of variance model. Each observation is classified into one 
of p different categories, where observations in the ith category have mean µ; and precision 
parameter <Pi and we express the linear predictors f/i and Ti as f/i = fJ + /Ji and Ti = r + 'Yi, 
for each i = 1, ... , p, where we fix fl,. = r., = 0. Then, we have the one-way classification 
strncture for both predictors fJ and r. For this model, we consider the t.est of HJ : /J1 = ... = /J.,,-1 = 'Yl = ... = 'Y,-1 = 0 against Hf : violation of at least one equality. 
Let ffi be the number of observations in category i, which means that n1 + ... + n,. = n. 
Under the null hypothesis HJ, the matrix Zp has a typica.l element given by <;1.,,./(niw<P), 
where Vm = 1 if I and m index observations in the same population and zero otherwise. 
Analogously, the matrix z,., under HJ has a typical element given by -(1m/(n1d2</if.). After 
some algebra we can obtain from (9)-(18) and (5) 

6(p- l) { 2 ft\ ( 2d2V ) 2} A1 = ntp2~ <P (d2dt - -.,1 + tf,d.:, -"2 dµ2 + 2d3 + 3d2 , (28) 

A2 ~~~{(p-l)ef,d.2[4(!:/ -2d3V] +v[(p+s)4-(p-1)~24]} 
3 { [(dV) 2 d2V] 2 } { " 1 1 -2p} + <1>24V 4>4 dµ + V dµ2 -V(4d:,+~ "4) ~ Ri + - n - ' (29) 

~= 1 {t/,4 (dV)2 - V(4 + ~24)} {st 2._ - 3p2 + 6p- 4} </>2,4V dµ i=l Ri n 

+ 3d3 (t 2._ _ p2). 
~ i=l Ri n (30) 
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We note from equations (28)-(30) that the Bartlett-type correction for this test does not 

depend on the link functions as expected, since the restricted MLEs of µ and ¢, a.re just 

sample moments which do not involve these functions. For the normal model we have d2(¢,) = 

(log</>)/2 and V =land equations (28)-(30) become 

12(p- 1) 

5.3. SIMPLE LINEAR REGRESSION MODEL 

We now consider tw<rpa.ra.meter regression models for both predictors T/ and r. The 

systematic components are expressed by d(µ1) = T/1 = /32 + /31z1 and g(,t,,) =Tl= ,2 + 11st, 

where x1 and s1 denote the values of the explanatory variables :r; and s, for l = I, ... , n. We 

consider the test of HJ : /Ji = -y1 = 0 against Hf : HJ is false. We use the notation o;; = 

n-1 E1(z1-zY(s1 - s)i, for i,j = O, ... , 4, where z = n-1 E1 x, ands= n-1 E, s,. Under the 

unrestricted model, X = (1 z) and S = (1 s) with z = (xi, ... , Zn)T and s = (81, .•. , sn)T, 

the (1, m)th elements of the ma.trices ZfJ and z,.,, evaluated at {31 = -y1 = O, a.re given by 

ZfJ,.,. = (nw4>o2o)-1{~ + (z1-z)(zm -z)} and Zn ... = (nwd2</>10o2)-1{0o2+(s1-i)(sm -i)}, 

respectively. 

After some algebraic development we find the A;'s from (9)-(18) and (5) a.a functions of 

n, µ and <I> as 

6 { 2 ( 
2 d

2
V 2 ) } 

A1 = n~wd2 
d3<l><J>1 + #2 - ¢1 - dµ 2 <I> w d2 

+ n</>2:~,4 {-4</>2</>~ + (3d3<l><J>~ - 2d3</>
2"'2 + d44>

2¢nd2 + (4>"'2 + 2¢,~)dn, (31) 

3 {,...,.a,3 (dV)2 2 2 2} 
A2 = n</>2V ~ ..,.,,...2 dµ + av d2 - 2</>V d3d2 + 34> V "3 

3 [ 2 { 1 (dV)2 d2V} 2 2 2 2 ] 1 ) 

+ n</>2~al2<1&fu 4d2~~(011 - ½2) + V dµ + dµl 4'd204fl002 - <I> d40o40:,io "32 

A3 = n<P4l~iSt { t ( !: ) 2 

</>40~0~2 - 9d~o~16:iooi2 + 64'd2d30<J1 D~o0o20o3 

-~4~~}- ~~ 

It is clear from A2 and AJ that the ~ approximation to the score test is particularly 

sensitive to changes in the sample joint moments 01m of z and 8. For the normal model 

with identity link function for the mean and log link function for the precision parameter, 
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equations (31)-(33) reduce to 

A1 = -~(¼+a), A2 = ;{4(t~1)+t-19}, 

.¼ = nl) ~ {96~16~2 + 12~1&m~cb + 20653.i220}. 
20 02 

6. SIMULATION R.EsULTS 

In order to check our theoretical result.a, simulations a.re performed to study the finitEH1aJI1ple distributions of the likelihood ratio a.nd score sta.tistics and their corrected versions. The .Bartlett correction for the likelihood ratio test was ta.ken from Botter and Cordeiro (1997). The simulation results are based on a ga.mma regression model with /Ji = '1i1 and logq,i = ri, where '7 = X f:J and r = S-y. In what follows, we report the null rejection rates of some test.a of the null hypothesis HJ : {:J1 = 0 against a two sided alternative, i.e., the percentage of times that they exceed the appropriate 10% and 5% upper point.a of a x!
1 distribution, where 

Pt = dim(,81). 
We considered the likelihood ratio test sta.tistic (LR), it.a Bartletkorrected version LR", the score statistic (SR) and three corrected versions: the corrected score sta.tistic Sii given in (4) and the monotone corrected 8COre statistics SR and K(SR) proposed by Cordeiro, Ferrari and Cysneiros (1998) and Kakizawa (1996), respectively. The covariate values for the second column of X and the first column of S were set equal 1, and all the other covariates were obtained as independent draws from a standard uniform distribution U(0, 1). We set Pt= 1, 

p = 4,6, q = 3,5, n = 20,30,40,50 and fJ2 = ... =/JP= 11 = ... = -y9 = 1 and report the result.a for two different nominal significance levels, namely: a = 0.10, 0.05. The results a.re presented in Tables 1-4. Entries are percentages. All simulations were performed using the Ox matrix programming language (Doomik, 1999). The nonlinear maximizations of the relevant log-likelihood were carried out using a quasi-Newton algorithm known as 'BFGS' and all results are based on 10,000 replications. 
The figures in Tables 1-4 reveal important information. First, the likelihood ratio and score test.a are largely liberal, overrejecting the null hypothesis more frequently than ex­pected based on the selected nominal levels. In fact, the likelihood ratio and score test.a tend to overestimate considerably the magnitude of the upper ta.ila of the x1 approximation. The asymptotic x1 approximation for the unmodified statistics only works well for very large n in agreement with the large sample asymptotic result.a. We also note that the unmodified score statistic yields a more accurate test when compared with the x~ distribution than the unmodified likelihood ratio statistic. Second, the corrected likelihood ratio and score sta.tis­tics, which are deflations of the raw sta.tistics, are really necessary even for relatively large sample sizes. The corrected likelihood ratio and score sta.tistiai do well, even for very small sample sizes. For all cases reported in Tables 1-4, the Bartlett and Bartlett-type corrections for the likelihood ratio and score sta.tistics are very effective in pushing the rejection rates of the modified sta.tistics toward to the nominal levels. Clearly, the corrections have less impact as the sample size increases. Third, for fixed p (q), the~ approximation for the likelihood ratio and score statistics deteriorates when q (p) increases. For example, for n = 30 and 
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(p, q) = (4, 3) and (p, q) = ( 4, 5), the sizes of the likelihood ratio (score) test corresponding to 

a= 5% are 10.6% (7.2%) and 17.3% (8.0%), respectively. Thus, the tendency of overreject­

ing the unmodified likelihood ratio and score tests becomes more evident as the number of 

nuisance para.meters increases. Fourth, the modified score statistic Sh outperforms slightly 

the monotonic corrected statistics Sn and K(SR) as far as size distortions are concerned, and 

then it delivers the most accurate of the four score tests. Finally, from the simulation results 

presented here, it seems reasonable to judge the xl tests baaed on the modified statistics as 

much better tests than those baaed on the unadjusted statistics. 

Table 1: :Estimated sizes of the likelihood ratio, corrected 

likelihood ratio, ecore and three corrected ecore tests; p = 4, q = 3 

Sample Nominal 

size size LR ur Sn s· .B Sn K(Sn) 

20 10.0 21.8 15.1 12.1 10.0 9.8 10.1 

5.0 14.4 8.4 5.7 4.8 4.8 4.9 

30 10.0 17.7 12.5 13.5 10.2 10.1 10.4 

50 10.6 6.9 7.2 5.2 4.9 5.3 

40 10.0 14.2 10.9 11.4 10.1 10.2 10.1 

5.0 7.6 5.6 5.7 5.1 5.1 5.1 

50 10.0 13.2 10.4 11.2 9.8 9.9 9.8 

5.0 7.5 5.5 5.8 5.1 5.1 5.1 

Table 2: &timated sizes of the likelihood ratio, corrected 
likelihood ratio, ecore and three corrected score tests; p = 4, q = 5 

Sample Nominal 

size size LR LR* Sn s· B Sn K (Sn) 

20 10.0 40.5 27.1 17.3 11.0 12.3 11.2 

5.0 31.1 18.0 8.9 5.3 6.0 5.5 

30 10.0 25.6 17.1 15.3 10.7 11.5 10.8 

5.0 17.3 10.1 8.0 5.4 5.8 5.4 

40 10.0 17.1 12.3 12.4 10.3 10.6 10.3 

5.0 10.2 6.5 6.2 5.2 5.2 5.2 

50 10.0 15.6 11.2 11.3 9.8 10.0 9.8 

5.0 8.7 6.0 5.9 5.1 5.2 5.1 
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Table 3: Estimated ~ of the likelihood ratio, corrected 
likelihood ratio, aoore and three corrected eoore tests; p = 6, IJ = 3 
Sample Nominal 

size size LR Lil' SR s• B SR K(SR) 
20 10.0 26.6 18.2 17.4 10.9 12.9 11.3 

5.0 18.6 11.3 9.9 5.3 6.6 5.4 
30 10.0 21.7 14.9 16.0 10.7 10.1 11.3 

5.0 14.0 8.4 8.5 5.6 5.2 5.7 
40 10.0 16.9 12.5 13.5 10.6 11.6 10.6 

5.0 10.2 6.8 6.9 5.3 5.8 5.3 
50 10.0 15.0 10.9 12.8 10.0 10.1 10.0 

5.0 8.3 5.5 6.3 4.9 4.9 5.0 

Table 4: Estimated sizes of the lilrelihood ratio, conected 
likelihood ratio, acore and three oonected IIOOre tests; p = 6, q = 5 
Sample Nominal 

size size LR Lil" SR Sn SR K (SR) 
20 10.0 38.8 26.6 17.7 10.2 10.1 11.0 

5.0 30.0 17.8 9.9 5.4 5.3 5.8 
30 10.0 29.2 19.4 17.0 10.8 11.5 11.1 

5.0 20.4 11.9 9.7 5.5 5.8 5.6 
40 10.0 22.4 14.9 15.2 10.2 9.8 10.6 

5.0 14.4 8.2 8.1 5.1 4.8 5.2 
50 10.0 17.0 12.1 12.5 10.2 10.9 10.2 

5.0 10.2 6.2 6.5 5.0 5.3 5.0 

7. AN EXAMPLE 
In modern portfolio theory, a.n importa.nt concept is the relative volatility of the return of 
a security compared to the return of the market. The regression coefficient of the return 
of the security (Y) on the return of the market (z) is a.n index of the systematic risk of 
the security. Quite often, the response variable that represents the return of a. security 
displays heteroscedasticity. We consider the data given in Simonoff and Tsai (1994). These 
data represent the monthly excess returns over the riskless rate for the Acme Cleveland 
Corporation (Y) and for the market (z) for the period January 1986 - December 1990. 

In the original analysis of these data, they suggested a heteroecedastic normal regression 
model N(µ1, of) to predict Yi in terms of a linear function of the return of the market z1 
by considering two systematic components for the mean #'I and the precision parameter 
(</>1 = o-12

): #JI = /h + /Jtz1 and -log </>1 = 'Y2 + 'YtZI, for l = 1, ..• , 59, where the unusual 
observation 22 corresponding to October 1987 has been removed from the analysis. We a.re 
interested in testing the null hypothesis HJ : 'Yt = 0 of homoscedasticity. 

Under the alternative hypothesis Hf; 'Yt f O of heteroscedasticity, we obtain Pt= 1.253, P2 = -0.005, 71 = 8.092 and :Y:i = -4.410. Under HJ, the restricted estimates a.re Pt = 1.172, 
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h = -0.010 and f2 = -4.739. The large value of 72 indicates potential, but not definite, 

heteroscedasticity. The likelihood ratio and score statistics are LR = 7.33 and SR = 2.69 

on one degree of freedom yielding p-values of 6.8% and 10.1%, respectively. For the test 

of Hg : 71 = O of homoscedasticity in the normal model, equations (22)-(24) give A1 = 

6(3-ylz- 47:zs - 8)/n, A:.i = 12(-2-ylz + 312s + 2)/n and A3 = 40-yf,,,/n, where ,1:r = ~/~2 

and ,:.iz = 04.0/f,2"°' with the !S's defined in Section 5.3, are the sample measures of skewness 

and kurtosis of x. Th118, the corrected score statistics are SR= SR= 2.89 and K(SR) = 2.88. 

The p-values for all the modified score statistics a.re now reduced to 8.91%. Using Botter 

and Cordeiro's (1997) results, we obtain LR" = 3.12 yielding a p-value of 7.73%. The 

absolute difference between the p-values for the corrected likelihood ratio and score statistics 

is smaller than that for the unmodified statistics. Moreover, the reduction in the p-values 

for the corrected score statistics is in agreement with the concl11Sion expected based on the 

10% nominal size of both modified and unmodified likelihood ratio tests. Then, the Bartlett­

type correction for the score test gives further evidence to reject the null hypothesis of the 

homoscedasticity at least at a 10% nominal level. 

APPENDIX: JOINT CUMULANTS OF LOG-LIKELIHOOD DERIVATIVES 

IN GLMS WITH DISPERSION COVARIATES 

Differentiating the log-likelihood l(/3, -y) and using some regularity conditions and the orthog­

onality between ~ and -y, we can obtain the following third-order cumulants 

~., = - ~ <J,,(/1 + 2g1)x1rX1aX1t, ~r.,t = L </>1g1:t1,.x1.x1t, ~ •• ,t = L </>1(/1 - g1):t1r:tz.:r:1t, 

I l I 

~R.,t = L 4>11w1x1.x1tS/R, ~R,•,t = - L 4>t1w1z1.z1,s1R, ~RS.T = - L d21<l>11ef>-i1s1Rs1ss1r, 

I I I 

~.s,T = ~R,n = ".-s,T = ~RS,t = 0, ~R,S,T = - L d31</>~1s1Rs1ssrr. 
I 

The fourth-order cumulants are given by 
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