





Paula (1993) and Cribari-Neto and Ferrari (1995). Similar corrections for the likelihood ratio
statistics were obtained by Botter and Cordeiro (1997). The mean and the dispersion of
the dependent variable are nonlinear functions of linear combinations of some explanatory
variables. The null hypothesis that specify fixed values for some of the coefficients of those
linear combinations is considered. The score test with a Bartlett-type correction is used to
test this hypothesis. We develop the specific calculations that are needed to implement this
correction in the class of models under study.

The basic idea of transforming the score test statistic in such a way that it becomes better
approximated by the reference chi-squared distribution is due to Cordeiro and Ferrari (1991).
The corrected score statistic S proposed by these authors is obtained by multiplying the
original score statistic Sg by a second-degree polynomial in the statistic Sk, itself, producing
a modified score test statistic whose null distribution has its asymptotic chi-squared approx-
imation error reduced from O(n~!) to O(n~%/2). Thus, improved score tests may be based
on Sp which are expected to deliver more accurate inferences with samples of typical sizes
encountered by applied practitioners.

Recently, Bartlett-type corrections leading to a better approximation of the null distri-
bution of the score statistic by the chi-squared distribution received a considerable attention
in the literature. The recent developments have focused on two main problems, namely: (i)
establishing various formulae for the Bartlett-type correction in general as well as for special
classes of regression models; and (ii) showing that the distribution function of the corrected
score statistic is cloger to the x? distribution than the distribution function of the usual score
statistic.

From the corrected score test introduced in Cordeiro and Ferrari (1991), many results
have appeared in the literature for a great variety of regression models. Cordeiro, Ferrari and
Paula (1993) obtained improved score tests in generalized linear models and Cribari-Neto and
Ferrari (1995) extended their results for the case of unknown dispersion. Cordeiro and Ferrari
(1996) derived corrected score test statistics in proper dispersion models. Ferrari and Cordeiro
(1996) and also Ferrari, Uribe-Opazo and Cribari-Neto (1997) derived this type of correction
for exponential family nonlinear models. Some of the results in these previous papers are
extended in Ferrari, Cordeiro and Cribari-Neto (2001). For other important applications of
Bartlett-type corrections, see the references mentioned in Cribari-Neto and Cordeiro ( 1996).

The paper is organized in the following form. In Section 2 we define an extended class
of generalized linear models (GLMs), where the dispersion parameter of the response is a
function of extra covariates. Our class of models allows the simultaneous modeling of the
mean and the dispersion by making use of the GLM framework. We also give the score statis-
tic for testing a composite hypothesis that some components in both mean and dispersion
vectors of parameters have specified values. In Section 3, we obtain some joint cumulants
of log-likelihood derivatives for the regression model defined in Section 2, and present gen-
eral formulae for Bartlett-type corrections, in matrix notation, to improve score statistics to
simultaneously test that some of the mean effects and some of the dispersion effects have
specified values. In Section 4, we consider two special cases: one case where only mean
effects are being tested and another case where only dispersion effects are being tested. In
Section 5 we deal with the Bartlett-type correction for some special model structures of the
covariates. Examples of iid sampling without covariates on the location or dispersion, two-
parameter regression models for both linear predictors and one-way classification models are
given. Section 6 presents some simulation results to illustrate the merits of the corrections.



The final section of the paper illustrates the computation of the Bartlett-type corrections in
a heteroscedastic normal regression model using a dataset (Simonoff and Tsai, 1994) from a
study on the monthly excess returns over the riskless rate for a market. Finally, for the sake
of readability all proofs are deferred to the Appendix.

2. MODEL SPECIFICATION

We consider a class of models with more complex systematic components than those provided
by standard generalized linear models (McCullagh and Nelder, 1989) for which the dispersion
parameter is constant over the observations. Suppose that the random variables Y1,y Ya
are independent and each Y; has a density {or probability function) in the following family
of distributions

x{(y; 61, &) = explou{yds — b(6r) + c(v)} + a(y) + (&), (1)

where b(-), ¢(-), a(-) and d(-) are known functions. The mean and the variance of Y; are
EM=m= db(6;)/d6; and Var(Y;) = ¢,-1Vz, where V; = dy; /d6; and 8, = fV,_ldm = q(w)
is a known one-to-one function of y;. The parameters 6; and ¢ in (1) are called the canonical
and the precision parameters, respectively. The inverse of ¢ is the dispersion parameter of
the distribution. The choice of the variance function V; determines the interpretation of ¢.
For normal, gamma and inverse Gaussian distributions, the means and variances are 0,"1,
—67" and (~20,)~Y/3 and #', ¢y} and &7 i}, respectively.

We now assume that both parameters p; and ¢; vary across observations through regres-
gion models which are parameterized as p; = w(f) and ¢ = #1(7). In classical GLMs the
precision parameter is constant although possibly unknown. The usual systematic component
for the mean is d(w) = m = z] B, where d(;) i8 the mean link function, 7 = (1,+--, )"
is the linear predictor, zf = (T, zjp) is the i-th row of X, a specified n X p matrix of
full rank p < n, and 8 = (ﬂl,...,B,)T is a set of unknown parameters to be estimated.
Analogously, the precision parameter ¢ is assumed to vary in the following systematic way:
g(¢r) =11 = 8] 7, where ¢ = (¢1,. wesdn)T, 7= (11,...,Ta) is the dispersion linear predic-
tor, g(-) is the dispersion link function, 8§ = (s11,.-.,81) is the [-th row of S, a specified
n X ¢ matrix of full rank ¢ < n, and y = (71y--- + o) is also a vector of unknown parameters.
Both d(-) and g(-) are known one-to-one continuously twice differentiable functions. The
linear structure 1 = s;r'( measures the dispersion for the I-th observation. The dispersion
link function g(-) is a positive valued function. A simple choice for g(-) is g(¢1) = log ¢r.
The idea of constructing and fitting formal models for the dependence of both y; and ¢
on several covariates was first put forward by Pregibon (1984). The dispersion covariates
in S constitute, in general, although not necessarily, a subset of the covariates in X. The
parameters B and 7 are assumed to be functionally independent, which leaves us with p+ ¢
parameters to be estimated.

We are interested in simultaneously estimating B and v which represent the effects of
the explanatory variables on the mean response and dispersion parameter, respectively. Let
£(8,7) be the total log-likelihood function for a given GLM with dispersion covariates, which
is assumed to be regular (Cox and Hinkley, 1974; Chapter 9) with respect to all B8 and
4 derivatives up to the fourth order. From now on, we use the following notation



diy = d'd(¢y)/d¢} and ¢y = digyfdri fori=1,...,4 and I = 1,...,n. Denote the efficient
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whose components are

848,
’9__‘2%7) =XT®TV(y—p) and -%l) =ST®y,

wherey = (yls --'1yn)Tv = (ﬂla-“vl‘u)-r’ L3 =d13-8{¢1, ---1¢n}7 ¢l = dia'g{¢lla- --’¢ln}y
V = diag{Wy,...,Va}, T = diag{dp1/dm,...,dp,/d7,} and v = (v1y.0.,9,)7 with vy =
w61 ~ b(61) + c(w) + dy. The partition (8T,9)T induces a corresponding partition on the
total information matrix for these parameters. The information matrix K = K(B,7) =
diag{Kpp, K4} is block-diagonal, where Kpg = X TW®X and K, = -STD,®%8, with
W = diag{w,,...,w,}, w; = Vi (dpi/dm)? and D; = diag{dz1,...,ds,}, are the informa-
tion matrices for 8 and v, respectively. Thus, the parameters 8 and 7 are globally orthogonal
(Cox and Reid, 1987), and their maximum kikelihood estimates (MLEs) § and 4 are asymp-
totically independent. These estimates satisfy equations U(B, %) = 0, which are in general
non-linear but can be solved by Fisher’s scoring method or, equivalently, by the iterative
reweighted least squares method. In fact, the Fisher’s scoring method can be used to esti-
mate 8 and 7 by iteratively solving the following equations:

XTwm)gm) x (gtm+1) _ By = XTwm)gm) zg"),
(=STD{VR{M5) (4D _ ) = gT(-pmIg(mm), 2)

where 25 = T~!(y — i) and z, = —(D3®;) v are n X 1 vectors.

Equations (2) show that any software with a weighted regression routine can be used
to evaluate the MLEs 5 and 4. In general terms we have to regress the 2n X 1 modified
dependent variable (z],27) on the n x (p + ) model matrix (X,S) with the 2n x 2n
modified weight matrix defined by diag {W®, —D;®7}. The process is iterative because both
the adjusted dependent variable and the weights depend on the current estimates of B and
7- The iterative procedure (2) is easy to perform in the GLIM algorithm following the same
lines described in Cordeiro and Paula (1989) and Cordeiro and Demétrio (1989). We define
the model through the own directive and the starting procedure is done by choosing suitable
initial values of 8 and . The cycle to obtain the increments of the current estimates of 8
and 7 is repeated until convergence.

We consider regular problems in which as n, the dimension of y, increases, the null
distribution of the score statistic tends to a chi-squared distribution. For model (1) we are
first interested in testing a subset of the B and ¥ parameters. Partitioning the parameters
as f= (B;r’ﬂ;l')T and y= (7;:7;)1—, where 8, = 5,.. -'ﬂm)T|ﬂ2 = (ﬂp]_‘l-ll .. -’ﬁp)Ti7l =
(M4 179,)T and 4y = (Yas41+--+47) T, we are interested in testing the null hypothesis
H}:B = ﬂ{o),‘h = 11" against H}: violation of at least one equality, where ﬁ{o) and 7}0)
are gpecified vectors of dimensions 1 and gy, respectively. We assume that 0 <p <pand
0 < q1 < g but the trivial case P1 = q1 =0 is excluded because there are no parameters left
under the null hypothesis. Evidently, the simplest case P1 = pand q; = q has little interest in
practical applications since the null hypothesis becomes simple. The cases pr=0andg =0
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are treated separately in Section 4. Following the partition induced by H},let X = (X1, X3)
and § = (51,52) be the corresponding partitioned model matrices, where X1, X3, S1 and Sz
are, respectively, n X p1,n X (p— p1),n X g1 and 7 X (g - ;) matrices of full ranks. We
denote the unrestricted MLEs of 8 and 7 by B and 4, while the restricted MLEs of the
nuisance parameters 53 and vz under H} are denoted by 8; and 2. Similarly, all quantities
evaluated at the unrestricted MLEs will be denoted with the addition of a circumflex, while
those evaluated at the restricted MLEs will be denoted by adding a tilde.

The score statistic for the hypothesis Hj : fr = B = +9 is Sp = JTK-'U which
can be written as a sum of two quadratic forms

Sp = Z}WZs8W 35 + 2] D:812,81Da7y, 3)
where the n x n matrices Zg = X(XTW&X)™'XT and Z, = S(-STD;®; S)~1ST are
interpreted as the asymptotic covariance matrices of = XB and T = 59, respectively.
Equation (3) also holds for testing a null hypothesis of mean effects H::p= ,3{0) against
the alternative hypothesis H? : #; # ﬂ{"’ and for testing a null hypothesis of dispersion effects

3. — O aoai 3 (0)
Hi:m=17; egaimst Hi :m#m -

3. THE MAIN RESULTS

Finite-sample corrections for score tests can be found in full generality in Cordeiro and Ferrari
(1991). They showed that, in regular problems, the score statistic Sg can be improved by
a Bartlett-type correction which is not exactly a Bartlett correction because it involves a
polynomial of second degree in the original statistic. Let Sg be a continuous score statistic
having a chi-squared distribution with » degrees of freedom asymptotically. Cordeiro and
Ferrari proposed a modified score statistic given by

Sk = Sr{l — (c+bSr+aSh)}, @

where the coefficients @, b and ¢ of order O(n~') make the modified score statistic in (4) havea
x? distribution under the null hypothesis when terms of order smaller than n~! are neglected.
These coefficients are functions of some joint cumulants of log-likelihood derivatives and they
depend upon the hypotheses being tested. When the coefficients a, b and ¢ involve unknown
parameters they should be replaced by their MLEs under the null hypothesis but this does
not affect the order of approximation of the correction. Cordeiro and Ferrari (1998) expressed
these coefficients as functions of the O(n~") terms of the expansions to the first three moments
of the unmodified statistic Sg thus giving a simple “method of moments” for obtaining the
Bartlett-type correction in (4). However, for complex regression models such as GLMs with
dispersion covariates, it is not possible to obtain the first three moments of Sg to O(n~!)
directly. Then, we have to compute g, b and ¢ from the three quantities Ay, A2 and Aj, all
of order n~1, given in Harris's (1985) asymptotic expansion for the null distribution of Sr
to order n—!. Those quantities are obtainable from the cumulants of the total log-likelihood
derivatives up to the fourth order, and will, in general, depend on unknown parameters. The
coefficients in (4) are given by

A _ (A2-24s) _ (Ai-— A2+A3).

Tl +2)+4)’  12v(r+2) ¢ 12v (5)

a
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One difficulty encountered with the use of S rather than Sg is the fact that the required
coeflicients a, b and ¢ may be difficult to compute. For models where the joint cumulants
of log-likelihood derivatives are invariant under permutation of parameters, we can obtain
these coefficients using Harris’s formulae for the quantities Aj, Az and A;. Equation (4) is
a general result which can be given to improve many important tests in econometrics and
statistics. However, the improved statistic Sk is not always a monotone transformation. To
overcome this, Kakizawa (1996) suggested a monotone transformation K (Sr) = S§+ P(SRr)
involving the statistic Sg itself and the coefficients a, b and ¢, where P(Sg) is a polynomial
of 5th degree in the original score statistic Sk and is of order Oy(n~?). P(Sg) is given by

P(Sgp) = % {c’sn + 2beSh + (2ac+ i;-b’) Sh+ 3abSh+ ga’s;",} .

Also, Cordeiro, Ferrari and Cysneiros (1998) presented an alternative formula for the im-
proved score statistic which is a monotone transformation of Sgr. The alternative statistic

SR is expressed in terms of the normal distribution function ®(-) by

~ x b? 2 2
e o) o e ) ()
if a > 0 (a is always non negative) and

8n = o7 exp(~){1 - exp(~285))

ifa=0and b# 0. Note that, ifa = b= 0, Sg is 2 monotone transformation of S and there
is no need to define an alternative corrected statistic. The three statistics S, K(Sg) and
Sp are equivalent to the second order, i.e. they typically differ by O, (n=3/2).

The goal here is to apply formulae (4) and (5) to improve the score statistic SR used in
(3) to test the hypothesis Hj : 1 = A%, 11 = 7 in model (1). From the log-likelihood
function £ = ¢(B,7) for the parameters £ and v defined in Section 2, we now introduce
the notation used throughout the paper. The total log-likelihood derivatives with respect
to the unknown parameters are indicated by subscripts, where lower-case letters r, s t...
correspond to derivatives with respect to the B parameters, while upper-case letters R, S,
T,... correspond to derivatives with respect to the y parameters. Thus, U, = 0L/8B,,
Ur = 0L/31R, Up, = 8*¢/8vRdB,, U\ = 33t/06,08,8vr and so on. The standard notation
for joint cumulants of these derivatives is used (Lawley, 1956; Cordeiro, 1993): «,, = E(U,,),
KRS = E(URUs), Res T = E(U"UT), Brast = E(Unt)s RrsTU = E(UnUTU) -~ KesRTU,
Frs,10 = E(U, U, Ury)—rK, Jk707, etc., where all x’s refer to a total over the sample, and are, in
general, of order n. Also, their derivatives are denoted by s = Oxy, /08, n,(.? = 8x,s/0T,
etc. These cumulants satisfy standard regularity equations which usually facilitate their
calculations, such as Rras = —Krsy Kpgt = ~Kppt — Krat — Krts—Kgtyry Krsp = —FRpge +K‘('t.)' etc.
Moreover, the information matrices for B and « are denoted by K and K., with their typical
elements given by ., and KR,s, respectively. We assume that Ky and K., are nonsingular
and denote the typical elements of their inverses by 5™ and RS, respectively.

Some joint cumulants for the model under study are x,, = ~ Yoz zr,,

KRs = Y1 3, dusinsis, KRy = — X duwizi,zusiR, KesT = KRst =0 and Kpst = 3 (d3id3, +



3dyduda)sirsissir. The other cumulants needed for the derivation of the corrected score
statistic S}, for testing H§ are given in the Appendix.

Let 8, and 0; be defined as 6] = (87,]) and 6] = (87 ,77)- Hence, 6, represents
a (p1 + q1)-dimensional vector with the parameters of interest, while 8; is a (pz + @2)-
dimensional vector with the nuisance parameters, p2 = p— p1 and ¢ = ¢ — 1. We write,
correspondingly, the total score function U as UT = (Uf,U7), where Uy = 8¢(8,7)/86, and
U, = 8¢(B,7)/08,. Accordingly, consider the total Fisher information matrix K = E(UUT)
and its inverse K1 partitioned as

_ [ Kn Ku o _ [ K KV
K= ( Ky Ka and K™ = K® K% j° (6)
From the global orthogonality between 8 and 7, it is easy to show that all the matrices K;j de-

fined above are block-diagonal, and they are given by Kj; = diag{XJW®X;, ST D;®1S;},
for i, j = 1,2. Following the partition considered here, we define

0 0
A_(o K;,‘)

and let M = K—1 — A. Then, if a;; and m;; denote the (4, §)th elements of A and M, respec-
tively, we obtain from Harris (1985) and Cordeiro, Ferrari and Paula (1993) the coefficients
Aj, Ag and Aj that define the null Edgeworth expansion of Sg up to an error of order n—3/2
and also the Bartlett-type correction in (4) to the score statistic. We can write from these
authors the formulae for A;, Az and Az as

Ay 3A;, — 6412+ 6413 — 6Ars,
Ay = —3Ag; +6Az — 6433+ 342, (7)
A3 = 3Aa;+ 2A32,

where the A;;’s are given by the corresponding summations in the expressions of the A;'’s.
From the.pattitioned information matrix K given in (6) we can obtain the submatrices
in K- as K = diag{K}], K¥/}, where

K3 = {(XTW&(X) - Xat12)} 7 K= {-57 D:®}(S51 - Sap1a)} Y,
K12 = (XTWO(X, — Xot12)} €2, K3'= K},
K1 = —{-5] D:#}(5: - Swpa)} ol K3 =K.

Here, £12 = (X7 W®X3) ' X] WX, and p12 = (ST D1®352)~1S7 D;$15) have the forms
of linear weighted least-squares equations with dependent variables X; and S; and weights
W® and —D;®}, respectively. Using these submatrices we can obtain the inverse of the
information matrix K algebraically and then the asymptotic covariances matrices of the
unrestricted estimates B1, B2, %1 and Fq, explicitly. The asymptotic covariance matrix of the
restricted estimates Bz and ¥ is simply diag{(X. TW®X,) !, (-57 D:®] Sa)~t)

Equation (3), which uses the matrices Zg and Z, to obtain the score statistic Sg for
testing H} : p = ﬂ{"’, n= ,Ao)’ has an disadvantage since it depends on inverting matrices
of orders p and g. Large values of these numbers can give rise to numerical instability from



rounding errors in the calculations. To overcome this problem, we give an alternative formula
for Sp which requires the inversion of matrices of orders P1,P2, 1 and go. Using the inverses
given before we can obtain

Sr = FWIX {X]TWE(X, ~ Xaf1)} ' XT 877,
+ 2 Dy®151{~S7 D381 (S1 - Sapaa)} ST &,D,3,. (8)

Under the null hypothesis H} the score statistic (8) converges in distribution, as n in-
creases, to a chi-squared distribution with p; + ¢ degrees of freedom, the error of this ap-
proximation being O(n~1). However, this asymptotic approximation may not work well if n
is not sufficiently large. It is then important to obtain an improved test which can be based
on the modified statistic S§ in equation (4) and the X3+, reference distribution.

In fact, when the null hypothesis is true and under some regularity conditions,
P(SR > za) = a + O(n~%/?) whereas P(Sg > Ta) = a+ O(n~1), where z, is such that
P(xZ, 14y > Ta) = & and o is the desired significance level for the test. Then, improved score
tests based on S} have an error of order O(n=%/2) under the null hypothesis H§, whereas
inference based on the original statistic Sp has an error of order O(n!). We now obtain
matrix formulae for the A;;’s in the specific test of H}: B = ﬂ§°’, n= 7§°) in order to define
Sk from (4), (5) and (7). Improved likelihood ratio tests for GLMs with dispersion covariates
were obtained by Botter and Cordeiro (1997) using the Lawley’s (1956) general formulae.

Some additional notation is in order. Similarly to Zg and Z.,, we define the following nx n
matrices: Zg, = Xa(X;W®X3)"'X] aud Z,, = S3(—S7 D3®,5;)~'S]. The subscript d
indicates that the off-diagonal elements of the matrix were set equal to zero, 1 is an n-vector
of ones, © denotes the Hadamard (direct) product with further notation Z(?) = Z 0Z, 20 =
2 @ Z, and tr(A) denotes the trace of the matrix A, Next, we define

1 dpw &% 1dvi (dm)3 1 (dm )‘ (dV:)’ d*v;

=va- Tt I=fi—sa (2], b= () () 4V

"= Vamap 2= vag ) » "= (@) () + Frak
o (G L0

VP \dan) a7 T VIa \an
and the diagonal matrices F = diag{fy,..., fn}, G= diag{gi,...,0s}, B = diag{h,, ..., b.},
H = diag{hy,...,k,}, D; = diag{di,,...,din}, for i = 3,4, and &, = diag{dz1,...,ém}.
These matrices are functions of the first two derivatives of the variance and link functions
and the function d(-) through its second, third and fourth derivatives.

Plugging the cumulants given in the Appendix into the expressions for the A;;’s and using
the definitions above, we are able to write the quantities A;;’s in matrix notation. From the
A;;’s, we can obtain A,, 4, and A3 using (7), and, finally, we arrive at the coefficients a, b
and cin (5). The algebraic details of the derivation of the A;;'s are too lengthy and tedious to
be given here but they follow similar algebraic developments of Cordeiro, Ferrari and Paula

(1993). These mathematical details can be obtained from the authors upon request. After a
lengthy calculation, we arrive at the following results:

A = 1T¢FZ524(Zﬁ — Zg,)Zg,4F®1
+ 170, {WZg 4+ (D3 + 2D2)Z.y,a}(Zy ~ 2o ){W Zg,a + (D3 + ®,D;)Z,4}811, (9)
Ay = —ITQFZQ,de, (Zga — Zg,q) (F-G@)®1
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— 17 @ {WZpq + (D3 + 83D2) Zya} Zr AW (Zpa — Z2d) + Da(Ziya = Zpd)}811, (10)
A =-1T8(2G - F)Z5) © (%5 - Zg,)FO1 + 170, W23 © (Zy — Zp) Wil

+ 179, (Ds - 9:09) 2P © (2, — Z,)(Ds + 8:D2) 841, (11)
Ave = te{®H Z5,4(Zpa — Zgza)} + 2 tr{ @’ ®IW Zg,4(Za - Zna)}

+4e{(20%02 — B;)W Zya(Zpd — Zpya)} — 11{®}(@1 D4 + 2D3) Zi(Zna = Zna}1(12)
Agy = 1T &(F — G)(Zpd — Zp,d) 2, (Zpa ~ Zp,a) (F - G)21

+ 178 {W (254 — Zp,a) + Da(Zd ~ Zopa) Yoy {W (Zpa = Z2a)

+ D3{Zya — Zvnd)}@‘l, (13)
Agz = ~1V®F Zp,4(Zp — Zp,)(Z8a — Zp,a)(F — G)®1

~ 1@ {W Zpg,a + (Ds + 82D3) ZaaH(Zoy — 2, ){W (Z52 — Zy0)

+ D3(Z4q — Z.,,d)}@ll, (14)
Aga = 1T®(F - G)(Zs — Z5,)? © Z,(F - G)®1

+2170,W(Zp - Zp,) © Zg, O (Zy — Zp )W P11

+1T0,W(Zs — Z5,)® © Z, W11+ 17 81 D3(Z, - Z.,)? © Z,,Ds®41, (15)
Agy = tr{®B(Zg4 — Zﬁ,d)a} +4 tr{@’Q?W(Zpd - Z3,d)(Zva - Z'nd)}
~ t{@1D4(Zvi — Zrma)'} (16)

Asy = 1TO(F — G)(Zsa — Z,4)(Zp — Z8,)(Zpa — Zgpa) (F — )1
+ 178 {W (Zpa — Zpa) + Ds(Zna ~ Zond) 2 — Zop){W (Z2 = Z30)

+ D3(Zya — Z14) } 811 an
and
Ay =1T&(F - G)(2p — Z,) P (F - G)@1
+ 3178, W(Zs — 25,)P © (Zy — Zp) W11+ 1781D3(2Z, — Z,,)®D3®11. (18)

Equations (9)-(18) represent the main result of our paper. These equations together with
(7) and (5) yield the three coefficients @, b and ¢ that define the corrected statistic Sg in (4)
and also the asymptotically equivalent versions K(Sr) and Sg. Using these equations, one
can design improved inference in GLMs with dispersion covariates based on these corrected
statistics. Formulae (9)—(18) are functions of the matrices Zg, Zg,, Zy and Z,, of the un-
known means p’s and of the unknown precision parameters ¢r’s. They only involve simple
operations on matrices and vectors, and can be easily implemented into a computer algebra
system such as MAPLE or MATHEMATICA, or into a programming language with support
for matrix operations, such as GAUSS, Ox or S-PLUS. This will be done in future work.
Our formulae are general enough to include a number of published results as special cases,
such as those in Cordeiro, Ferrari and Paula (1993) and Cribari-Neto and Ferrari (1995), as
will be shown in Sections 4 and 5. For special forms of the matrices X and S we can obtain
closed-form expressions for the Ag;’s (see Section 5). Finally, equations (9)—(18) are not easy
to interpret since their individual terms are not invariant under reparameterization. More-
over, the A;;’s provide no indication as to what structural aspects of the model contribute
significantly to their magnitude.



4. TESTING MEAN AND DISPERSION EFFECTS SEPARATELY

In this section we obtain the A;’s to improve two tests: first, the score test on mean parameters
and, second, the score test on a subset of the ¥ parameters.

4.1. TESTING MEAN EFFECTS
Now we are interested in testing a subset of the B parameters. In this situation, the null
hypothesis is H3 : f1 = B{” to be tested against H? : §; # ), where B is a specified
vector of dimension p;, and 8; and v = (4, 77)7 are the vectors of nuisance parameters.

For testing HZ the score statistic reduces to the first term of (8) evaluated at (ﬁgo)r, B7,77).
In this case, Z, = Z,, and equations (9)—(18) have some reduction leading o

A 3 ITQFZp,,i(Zg — 78,)Z5,4F®1 + 6 ITQFZ&de, (Zpa — Zg,a)(F ~ G)®1
6 178, {W Zyp4+ (Ds + ®2D3) 23} 2. (Zga ~ Zp,a) W11
6179(2G ~ F)Z§) © (25 ~ 25,)F®1 - 6 te{®H Zp, o(Zpa Zs.2)}
6 tr{(29%®7 - )W Z.,4(Zpa — Zp,4)}, (19)
=3 1TO(F ~ G)(Zpa — Zp,a) Z5,(Z54 ~ Zp,0)(F - Q)81

- 3170\ W (Zpa — Z5,4) 2, (Zpa - Zp,a) W, 1

~ 61@FZp,4(Zp ~ Zg,)(Zpa ~ Zp,4)(F — G)®1

— 617%(F - G)(Z5 - Z5,)D © 24, (F - G)1

- 61'®W(Z5 - Z25,)P 0 Z, W1+ 3 tr{®B(Zsq — Zp,4)}, (20)
As = 317®(F - G)(Zpa~ Z5,4)(Zp - Z5,)(Zp4 - Zg,d)(F - G)®1

+ 2178(F - G)(Zs ~ Zpa) N(F - G)@1. (21)

[ |

Az

When we plug expressions (19)~(21) evaluated at (ﬂ§°’T,E,T »¥") into equations (5) and 4)
we obtain the corrected statistic Sk. The distribution of S can be approximated, under the
null hypothesis, by a x2, distribution with an error of order O(n~3/3). Equations (19)-(21)
can be checked in some special cases. For standard GLMs with common precision parameter
¢ we have ¢ = 1 and these equations reduce to the A’s given by Cribari-Neto and Ferrari
(1995; equations (5a)-(5c), (7a)-(7b))-

We can consider a test on all elements of 8, i.e. H2 : 8 = 8. In this case, Zp, = 0 and
equations (19)-(21) lead to

AL = 617®(Ds+ 8:D4)Z,4Z, ZpW®,1 — 6tc{(2%0F - B2)W Z,425,),
A = 31UTOWZpa2,Z5aW 11~ 6 1", WZD © 2, W1+ 3 tr{®BZ3,},
As 1T (F ~ G){82paZpZpa + 2(Zs — Z5q) D} (F - G)d1.

Finally, for the test of H2 : 8 = B8 in the class of GLMs (g = 1), the preceding three
expressions reduce to the A’s given by Cordeiro, Ferrari and Paula (1993; eq. (6.2)).
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4.2. TESTING DISPERSION EFFECTS

We now consider the test of a subset of parameters whose covariates model only the precision
parameter ¢. The null hypothesis is H3 : 11 = 1 to be tested against H} : 11 # +9, where
7§°) is a specified vector of dimension g;. For this test, the score statistic is just given by the
second term of (8) with the functions being evaluated at (87, 7$°)T, 73). Using Zg = Zp, the
general expressions for the A;’s come from (9)-(18) and simplify to

A 3178, {WZs4 + (D3 + 2:D3) Zpa}(Zy — Zy){W Zpd + (D3 + 22D3) Z,a} 811
6 178, {W Zpa + (D3 + 22D2) Z,a} 2y { D3(Zeya — Zpa) } 11
6 1T WZS) @ (Zy — Zy,) W11
6 170, (Ds — ®,05)2%) @ (Zy - Z,) (D3 + $2D2) 011
12 4e{®* W Zgg(Zya — Zopa)} + 6 t1{@3(@3Ds + ©2D5) Zpa(Zd — Zmd)}, (22)
—3178,D5(Zyg — Zyd) 2y (Zgd — Zpd) DaPr1
— 6178, {WZss+ (D3 + 2D2) ZogaH(Zy — Z1,)(Zoyd = Zpa) D3P11
— 6179,D3(Zy - Z0)? © Zy, D3®11 — 3 tr{®tDa(Za — Zma)’} (23)
As = 178,D3{3(Zyi — Zopd) (Zy — Zo)(Gyi — Daya) + 22y = Z5) N} D5l (29)

+ + +

Ay

If the null hypothesis specifies the complete set of dispersion parameters, ie, Hy:v=
40, which implies ¢ = ¢ and Z,, =0, equations (22)—(24) become
A = 31T, WZgaZ,ZpgW i1+ 6 IT&IWZY) © 2, W11 — 12 tr{D*SIW ZpaZya},
Az —6 1T®,W ZpaZ,Z,aDs®11 — 3 tr{®1 D123},
As = 178D5{3Z,4Z,Zna+ 229} Da®11.

I

For g = 1, these A;’s above are in agreement with equations (5.3) given by Cordeiro, Ferrari
and Paula (1993). The improved statistic Sk for testing H:y = 1{0) is obtained from
(22)-(24), (5) and (4). S is distributed as x3,, under the null hypothesis, with an error of
order O(n~3/%).

5. SPECIAL MODELS

Equations (9)—(18) involve only simple operations on matrices and vectors and can be
used to derive Bartlett-type corrections for several GLMs with dispersion covariates. In this
section we briefly discuss three special models: the simple model, the one-way classification
structures for both linear predictors n and r and the model defined by simple linear regression
structures for these predictors. For all these cases, the mean and the precision parameters,
under the null hypothesis, are constant over the observations. We then use the following
notation: Vi=V,ju=p, m=1m h =9 du = o, Pu = o2, dig = d;, for I=1,..,n and
i=23,4.
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5.1. THE SIMPLE MODEL

We begin with the simple model where the observations are independent and identically
distributed (iid). For this case, p=g¢ =1 and X and S are n-vectors of ones. We consider
a test of the null hypothesis H] : 8 = 8%,y = () against H} : H} is false. We have
Zg = (d9/dp)?V (ng)~'117 and Z, = —(dr/d¢)?(nd3)~'117. After some algebra, we obtain
from (9)—(18) and (5)

A = 0, (25)
_ 3 f@v 1gav\ 12 34,

=gl (@) e @)
= 5 (VN 9 | 6dy 543

o “plG) Tt (#)

The Bartlett-type correction obtained from (25)~(27) does not involve any estimation since
the null hypothesis specifies the model completely. For the normal model, we have V = 1
and d(¢) = (log ¢)/2 and equations (25)-(27) and (5) yield a = 41/(288n), b = -13/(12n)
and ¢ = 11/(12n). The Bartlett-type correction here does not involve any estimation since
the null hypothesis specifies the model completely.

5.2. ONE-WAY CLASSIFICATION MODELS

We now consider the analysis of variance model. Each observation is classified into ope
of p different categories, where observations in the ith category have mean u; and precision
parameter ¢; and we express the linear predictors nand as =B+ Biand 1; = ¥+ %,
for each i =1,..., p, where we fix Bp = vp = 0. Then, we have the one-way classification
structure for both predictors 5 and . For this model, we consider the test of
H:fh=..=fpy=mn=...= Tp-1 = 0 against H} : violation of at least one equality.
Let n; be the number of observations in category ¢, which means that n; + ... 4 n, = n.
Under the null hypothesis HJ, the matrix Zp has a typical element given by i,/ (miwg),
where (;, = 1 if [ and m index observations in the same population and zero otherwise.
Analogously, the matrix Z, under H} has a typical element given by —(im/(n1d2¢7). After
some algebra we can obtain from (9)-(18) and (5)

4= {¢‘(dzd4 ~ &)+ 4ds (—dg‘;—:‘:— I 243) + adg} , 28)
Ag=i(;,d—g:,) {(p— 1)¢dz [d§ (3_::): ~ 2d3V] +V[e+5)d- (- 1)¢2dg]}
+ﬁ7 {¢d§ [ :—K)z+ v%‘;’] - V(4d-.-+¢2d4)} {; %+ l’n—zp} (29)
1o~ g { o2 (3)' vgsop sl wrioil
+od Z:; ==} (30)
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We note from equations (28)~(30) that the Bartlett-type correction for this test does not
depend on the link functions as expected, since the restricted MLEs of p and ¢ are just
sample moments which do not involve these functions. For the normal model we have d3(¢) =
(log $)/2 and V = 1 and equations (28)(30) become

12(p—1
o= PO,
— p —
Ay = _w_*_so(z%_*_.l_nﬂ),
=1 "
_ ~1_7 21 _3p+6p—4
Az = 12(§m ")+10(5§"1’ ~ )

5.3. SIMPLE LINEAR REGRESSION MODEL

We now consider two-parameter regression models for both predictors 7 and 7. The
systematic components are expressed by d(u) = m = B2 + Bi1z; and g(d1) = 1 = Y2+ i,
where z; and s; denote the values of the explanatory variables z and s, forl=1,...,n. We
consider the test of H} : B; = 11 = 0 against H} : H} is false. We use the notation &; =
n- (21— F) (51 —3), fori,j=0,...,4, where T = n~13 ) z; and 3=n"1 3 8. Under the
unrestricted model, X = (1 z) and S = (1 s) with z = (z1,..-,2,)" and 8= (81y-+v5n)Ts
the (I, m)th elements of the matrices Zg and Z,, evaluated at B; = m = 0, are given by
on = (11090)~ {520 + (21~ ) (&m — )} 30d 2q,, = (n0dardos) ™ {boa+ (51~ F) om ~ D)},
respectively.

After some algebraic development we find the A;’s from (9)-(18) and (5) as functions of
n, p and ¢ as

2
A1=-L— {d3d>¢f + (¢¢2 - ¢¥ - (;‘T‘:¢zw) dﬂ}

n¢3wd2
b (B + (ot~ 20580+ dat* ) + (600 + 2608}, (31)
1
2
Ar= M;’;, & {34»43 (%—E) +3Vd} — 2¢Vdsd; + a¢’Vd§}
3 2 FNCVASINE: G4 W PR S 2
B, [4"’8”5“’(6“ ~ bt {v () + | ool - $dbucsa| 432
1 5 (dV? 2 ¢3 252 2 2
As= Py F TN {7 (a) Pd263,83, — 9d363, 82008, + 6dd2d3621 830802803
— 5 d36300 } - (33)

It is clear from Az and Az that the x3 approximation to the score test is particularly
sensitive to changes in the sample joint moments §im of z and s. For the normal model
with identity link function for the mean and log link function for the precision parameter,
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equations (31)-(33) reduce to

_ 6 [4(622—8}) | 6doy
‘?(5*3)' “‘"n{ bt T G, 19}’

As = —2o (95,5% + 126 buabs0bon + 206,52, ).
"520682

i

Ay

6. SIMULATION RESULTS

In order to check our theoretical results, simulations are performed to study the finite-sample
distributions of the likelihood ratio and score statistics and their corrected versions. The
Bartlett correction for the likelihood ratio test was taken from Botter and Cordeiro {(1997).
The simulation results are based on a gamma regression model with p; = 0! and logg; = T;,
where 7= X8 and 7 = S7. In what follows, we report the null rejection rates of some tests
of the null hypothesis H3 : B; = 0 against a two sided alternative, i.e., the percentage of
times that they exceed the appropriate 10% and 5% upper points of a x3, distribution, where
7 =dim(B).

We considered the likelihood ratio test statistic (LR), its Bartlett-corrected version LR*,
the score statistic (Sg) and three corrected versions: the corrected score statistic S given in
(4) and the monotone corrected score statistics Sg and K (Sg) proposed by Cordeiro, Ferrari
and Cysneiros (1998) and Kakizawa (1996), respectively. The covariate values for the second
column of X and the first column of § were set equal 1, and all the other covariates were
obtained as independent draws from a standard uniform distribution 2/ (0,1). Weset p; =1,
P=46,9=3,5n=2030,40,50and 8y = ... = p = 71 = ... =7, = 1 and report
the results for two different nominal significance levels, namely: a = 0.10,0.05. The results
are presented in Tables 1-4. Entries are percentages. All simulations were performed using
the Ox matrix programming language (Doornik, 1999). The nonlinear maximizations of the
relevant log-likelihood were carried out using a quasi-Newton algorithm known as ‘BFGS’
and all results are based on 10,000 replications.

The figures in Tables 14 reveal important information. First, the likelihood ratio and
score tests are largely liberal, overrejecting the null hypothesis more frequently than ex-
pected based on the selected nominal levels, In fact, the likelihood ratio and score tests tend
to overestimate considerably the magnitude of the upper tails of the x3 approximation. The
asymptotic x7 approximation for the unmodified statistics only works well for very large n
in agreement with the large sample asymptotic results. We also note that the unmodified
score statistic yields a more accurate test when compared with the x{ distribution than the
unmodified likelihood ratio statistic. Second, the corrected likelihood ratio and score statis-
tics, which are deflations of the raw statistics, are really necessary even for relatively large
sample sizes. The corrected likelihood ratio and score statistics do well, even for very small
sample sizes. For all cases reported in Tables 14, the Bartlett and Bartlett-type corrections
for the likelihood ratio and score statistics are very effective in pushing the rejection rates of
the modified statistics toward to the nominal levels. Clearly, the corrections have less impact
a8 the sample size increases. Third, for fixed P (g), the x} approximation for the likelihood
ratio and score statistics deteriorates when g (p) increases. For example, for n = 30 and
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(p,q) = (4,3) and (p,¢) = (4,5), the sizes of the likelihood ratio (score) test corresponding to
o = 5% are 10.6% (7.2%) and 17.3% (8.0%), respectively. Thus, the tendency of overreject-
ing the unmodified likelihood ratio and score tests becomes more evident as the number of
nuisance parameters increases. Fourth, the modified score statistic S5, outperforms slightly
the monotonic corrected statistics Sg and K (Sg) as far as size distortions are concerned, and
then it delivers the most accurate of the four score tests. Finally, from the simulation results
presented here, it seems reasonable to judge the x? tests based on the modified statistics as
much better tests than those based on the unadjusted statistics.

Table 1: Estimated sizes of the likelihood ratio, corrected
likelihood ratio, score and three corrected score tests; p=4, ¢ =3
Sample Nominal

size size LR LE* Sk Sz Sr K(Sr)
20 100 218 151 121 100 938  10.1
5.0 144 84 57 48 48 49
30 10.0 17.7 12,5 13,5 102 10.1 104
50 106 69 72 52 49 5.3
40 10.0 142 109 114 10.1 102 10.1
5.0 76 56 57 51 5.1 5.1
50 100 132 104 112 98 99 9.8

5.0 75 55 58 51 5.1 5.1

Table 2: Estimated sizes of the likelihood ratio, corrected
likelihood ratio, score and three corrected score tests; p=4,¢ =5

Sample Nominal ~
size size LR LR* Sr Sk Sr K(Snr)

20 10.0 405 271 173 110 123 11.2
5.0 311 180 89 53 6.0 5.5
30 10.0 256 17.1 153 10.7 115 10.8
5.0 173 101 80 54 58 5.4
40 10.0 171 123 124 103 106 10.3
5.0 102 65 62 52 52 5.2
50 10.0 156 11.2 113 9.8 10.0 9.8

5.0 87 60 59 51 5.2 5.1
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Table 3: Estimated sizes of the likelihood ratio, corrected
likelihood ratio, score and three corrected acore tests; p =6, ¢ = 3
Sample Nominal _

size size LR LR* Sy S4 Sr K(Sk)

20 10.0 266 182 174 109 129 11.3
5.0 186 11.3 99 53 6.6 5.4
30 10.0 21.7 149 16.0 10.7 10.1 11.3
5.0 140 84 85 56 52 5.7
40 10.0 169 125 135 106 116 10.6
5.0 102 68 69 53 5.8 5.3
50 10.0 150 109 128 10.0 10.1 10.0

5.0 83 55 63 49 49 5.0

Table 4: Estimated sizes of the likelihood ratio, corrected
likelihood ratio, score and three corrected score tests; p=6, ¢ = §
Sample Nominal

size size LR LR* Sp S Sr K(Sp)

20 10.0 388 266 17.7 102 10.1 11.0
5.0 300 178 99 54 53 5.8
30 10.0 29.2 194 17.0 108 115 11.1
5.0 204 119 97 55 58 5.6
40 10.0 224 149 152 102 98 10.6
5.0 144 82 81 51 438 5.2
50 10.0 170 121 125 102 109 10.2

5.0 102 62 65 50 53 5.0

7. AN EXAMPLE

In modern portfolio theory, an important concept is the relative volatility of the return of
a security compared to the return of the market. The regression coefficient of the return
of the security (Y) on the return of the market (z) is an index of the systematic risk of
the security. Quite often, the response variable that represents the return of a security
displays heteroscedasticity. We consider the data given in Simonoff and Tsai (1994). These
data represent the monthly excess returns over the riskless rate for the Acme Cleveland
Corporation (Y) and for the market (z) for the period January 1986 - December 1990.

In the original analysis of these data, they suggested a heteroscedastic normal regression
model N(u,0}) to predict ¥; in terms of a linear function of the return of the market =z,
by considering two systematic components for the mean y; and the precision parameter
(6 = a{z): = B2+ Piz; and —logdy = v3 + 12y, for I = 1,...,59, where the unusual
observation 22 corresponding to October 1987 has been removed from the analysis. We are
interested in testing the null hypothesis H? : v, = 0 of homoscedasticity.

.. Under the alternative hypothesis H? : v, # 0 of heteroscedasticity, we obtain 8, = 1.253,
P2 = —0.005, 51 = 8.092 and 7, = —4.410. Under H, the restricted estimates are §; = 1.172,

16



By = —0.010 and 7, = ~4.739. The large value of §; indicates potential, but not definite,
heteroscedasticity. The likelihood ratio and score statistics are LR = 7.33 and Sr = 2.69
on one degree of freedom yielding p-values of 6.8% and 10.1%, respectively. For the test
of H? : 71 = 0 of homoscedasticity in the normal model, equations (22)-(24) give 4; =
6(3v3, — 472 — 8)/n, A2 = 12(-293, 4+ 372: +2)/n and A3 = 40v%,/n, where 71 = 630/6%2
and v2- = 840/8%, with the §’s defined in Section 5.3, are the sample measures of skewness
and kurtosis of z. Thus, the corrected score statistics are S; = Sp = 2.89 and K(Sg) = 2.88.
The p-values for all the modified score statistics are now reduced to 8.91%. Using Botter
and Cordeiro’s (1997) results, we obtain LR* = 3.12 yielding a p-value of 7.73%. The
absolute difference between the p-values for the corrected likelihood ratio and score statistics
is smaller than that for the unmodified statistics. Moreover, the reduction in the p-values
for the corrected score statistics is in agreement with the conclusion expected based on the
10% nominal size of both modified and unmodified likelihood ratio tests. Then, the Bartlett-
type correction for the score test gives further evidence to reject the null hypothesis of the
homoscedasticity at least at a 10% nominal level.

APPENDIX: JOINT CUMULANTS OF LOG-LIKELIHOOD DERIVATIVES
IN GLMs WITH DISPERSION COVARIATES

Differentiating the log-likelihood £(8, ) and using some regularity conditions and the orthog-
onality between S and v, we can obtain the following third-order cumulants

Kewt = — 3 G fi + 20)T1r TLTlt, Krat = S dgiziznze, Krap= S ol fi — gz,
1 1 T
KRag = 3 PUWITLTUSIR, KRt = — S duwizizusin, KRST = — 3 dugudusirsissirs
i 1 1

3
Ky ST = KRst = KeST = #RSt =0, KRST = — > dughimrsissir.
1

The fourth-order cumulants are given by

6 (dV)2 (dp)‘ 3 d*v (dp)‘
= —_— _— + ==\ 5

2
124V fdp\?d% 3 {du 4 dud3p
ﬁ-cﬁ (Ir;) W—V 4] T Vdnd® TirZ1s T T lus
{

1 /dV\? 7dp\* 2 dV (dp\*d%p
Rragu = 2""{%(‘&5) (@) ~vrae ()

A CTA I G-
v dﬂ2 lzlr 1sZ1tTlus
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14V fdu\?d% 1 (dV)’(dp)‘
Kratu = z,:qSI{V’E(d’?) a?*ﬁ dp dn '-'L‘lrzhzuxlm

1 (dV\? rdp\* 1 42V /dp\*
Kratu = & { =2 (— (—) + e (-—) TirTls T1tTlu,
G z,: V3\de/ \dp VZdu? \dn/ |,

3wy
RRStu = KRStu =0, KRtsu=) ;' TUTWSIRSIS, KraTU = — Y $aWiZi 21,8810,
7 7

el
KRSTU = — Y dudlibusiRsisairsw, KRSy =2 X,: 3‘ TuTIuSIRIS)
I

4
KRsTU = — Y dndusirsisaray, KRSTU = — E dgudisRsissiTSIT-
I 1
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